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Abstract—Let M be a von Neumann algebra of operators on a Hilbert space H, 7 be a faithful
normal semifinite trace on M. We define two (closed in the topology of convergence in measure 7)
classes P and P; of T-measurable operators and investigate their properties. The class P2 contains
P;. If a T-measurable operator T is hyponormal, then T lies in Py; if an operator T' lies in Py, then
UTU* belongs to Py, for all isometries U from M and k = 1,2; if an operator T" from P; admits the
bounded inverse T~! then T~ lies in P;. If a bounded operator T lies in P; then T is normaloid, T"
belongs to P and a rearrangement ¢ (T™) > p: (7)™ for all t > 0 and natural n. If a 7-measurable
operator T" is hyponormal and 7™ is 7-compact operator for some natural number n then 7' is both
normal and 7-compact. If an operator T lies in Py then T2 belongs to Py. If M = B(H) and 7 = tr,
then the class P; coincides with the set of all paranormal operators on . If a T-measurable operator
Ais g-hyponormal (1 > ¢ > 0)and |A*| > poo(A)I then Aisnormal. In particular, every 7-compact
g-hyponormal (or g-cohyponormal) operator is normal. Consider a 7-measurable nilpotent operator
Z # 0 and numbers a,b € R. Then an operator Z*Z — ZZ* + aRZ + b Z cannot be nonpositive
or nonnegative. Hence a T-measurable hyponormal operator Z # 0 cannot be nilpotent.
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1. INTRODUCTION

Let M be a von Neumann operator algebra on a Hilbert space H, 7 be a faithful normal semifinite

trace on M, M be the x-algebra of all 7-measurable operators, a number 0 < p < oo and L,(M, 7) be
the space of integrable (with respect to 7) in p-th degree operators. Let M1 ={X € M : || X|| =1},

u(X) be a rearrangement of operator X € M and o (X) = tli)m we(X). In this paper we introduce
two classes

P ={T € M: ||T?A4|| > ||TA||? forall A€ M; with TAe M},

Py ={T € M: 1y(T?) > e(T)? forall t > 0}

of 7-measurable operators and investigate their properties. The classes P; and Po are closed in the
topology of convergence in measure 7 and P; C Py (Propositions 3.5 and 3.30). In Theorem 3.1 we
obtain an equivalent definition of the class Py, that allows us to call P; a class of all paranormal 7-

measurable operators. If an operator 7' € M is hyponormal then T" € Py; if an operator T' € P; has
the inverse T-! € M then T—! € P; (Theorem 3.6). If an operator T' € P, then UTU* € P, for all
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732 BIKCHENTAEV

isometries U € M and k = 1,2. If an operator T" € P; N M then T" € P; for allm € N(Theorem 3.12).
Consider an operator 7' € Py "M and n € N. Then p(T™) > pt(T)" for all t > 0 (Theorem 3.16)
and we have the equivalences: an operator 7' is 7-compact < an operator 7™ is 7-compact; T €
Lypn(M,7) & T" € L,(M,71),0 < p < 400 (Corollary 3.17). Every operator T" € P; N M is normaloid
(Corollary 3.18). If an operator (0 #)T € M is quasinilpotent then T ¢ Py (Corollary 3.19). If an

operator T' € M is hyponormal and T™ is 7-compact operator for some natural number n then T is both
normal and 7-compact (Corollary 3.7); it is a strengthening of item (i) assertion of Corollary 3.2 [2]. If
T € P then T? € Py (Theorem 3.21).

The assertions of items (ii)—(iii) of Corollary 3.2, Corollaries 3.4, 3.17 and 3.20, Propositions 3.5,
3.22, 3.27 and Theorems 3.16, 4.1 and 4.6 are new even for x-algebra B(H) of all bounded linear
operators on H. Let M = B(H) and 7 = tr. Then the class P; coincides with the set of all paranormal
operators on H (Corollary 3.3). The class P; is sequentially closed in the strong operator topology
(Corollary 3.4) and contains a non-hyponormal operator (Corollary 3.13). The class P, is closed in the
|| - ||-topology (Corollary 3.31). If H is separable and infinite-dimensional then P; # Ps (Corollary 3.23).
[f M = My (C) and 7 = try is the canonical trace then P; = Ps is the set of all normal matrices from M
(Theorem 3.32). Some of these results without proofs were announced in the brief note [4].

Let 1 > ¢ > 0. We prove that if an operator A € M is g-hyponormal and |A*| > poo(A)I then A is
normal (Theorem 4.1). The proof of Theorem 4.1 is based on a deep result from [7]. Every T-compact ¢-

hyponormal (or g-cohyponormal) operator is normal (Corollary 4.3; see also [2]). If an operator A € M is
hyponormal and |AI + A*| > poo (AL + A*)I for some X\ € C then A is normal (Corollary 4.4). Consider

a nilpotent operator Z € M, Z # 0 and numbers a,b € R. Then an operator Z*Z — ZZ* 4+ aRZ + b3 Z
cannot be nonpositive or nonnegative (Theorem 4.6). Hence a non-zero hyponormal operator Z € M
cannot be nilpotent (Corollary 4.7). If an operator Q@ € M and Q% = Q # Q* then for any number
b € R the operator Q*Q — QQ* + bIQ cannot be nonpositive or nonnegative (Corollary 4.8). If an

operator S € Mand $2 = I, S # S* then for any number b € R the operator $*S — SS* + b3S cannot
be nonpositive or nonnegative (Corollary 4.9).

2. NOTATION, DEFINITIONS AND PRELIMINARIES

Let M be a von Neumann algebra of operators on a Hilbert space #, let MP" be the lattice of
projections in M, and let M™ be the cone of positive elements in M. Let I be the unit of M and
P-=1—PiorPec M,

A mapping ¢ : Mt — [0, +00] is called a trace, if (X +Y) = p(X) + oY), p(AX) = Ap(X)
forall X,Y € M*, A > 0(moreover, 0- (+00) = 0)and ¢(Z2*Z) = o(ZZ*) forall Z € M. A trace pis
called faithful,if o(X) > Oforall X € M™, X # 0; finite,if o(X) < +ooforall X € MT; semifinite, if
o(X) =sup{p(Y): Y e MTY < X,9(Y) < +oc} forevery X € M™; normal,ii X; /' X (X;, X €
M) = o(X) = sup p(X;).

An operator on #H (not necessarily bounded or densely defined) is said to be affiliated with a von
Neumann algebra M if it commutes with any unitary operator from the commutant M’ of the algebra
M. A seli-adjoint operator is affiliated with M if and only if all the projections from its spectral
decomposition of unity belong to M.

Let 7 be a faithful normal semifinite trace on M. A closed operator X of everywhere dense in ‘H
domain D(X) and affiliated with M is said to be 7-measurable if for any € > 0 there exists such a
projection P € MP" that PH C D(X) and 7(P+) < e. The set M of all T-measurable operators is a
x-algebra under transition to the adjoint operator, multiplication by a scalar, and strong addition and
multiplication operations defined as closure of the usual operations [17, 18]. Let £ and £3? denote

the positive and Hermitian parts of a family £ C M, respectively. We denote by < the partial order in
M generated by its proper cone MJF. If an operator X € M then its real and imaginary components
RX = (X + X*)/2,3X = (X — X*)/(2i) liein M

If X is a closed densely defined linear operator affiliated with M and | X| = v/ X*X then the spectral
decomposition PIXI(.) is contained in M and X belongs to M if and only if there exists a number
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PARANORMAL MEASURABLE OPERATORS 733
A € R such that 7(PIXI((\, +00))) < +00. If X € M and X = U|X]| is the polar decomposition
N oo
of X then U e M and |X| € M". Also if |X|= [ APIXI(d)) is a spectral decomposition then
0

7(PIXI((A, +00))) = 0 as A — 4o0. Let 1,(X) denote the rearrangement of the operator X € M,
i. e. the nonincreasing right continuous function u(X): (0, +00) — [0, +00) given by the formula

pe(X) = inf{||XP||: P € M, 7(Pt)<t}, t>0. (1)

The sets U(e,8) = {X € M: (|| XP|| <& and 7(PL) < § forsome P € MP)}, where £ > 0,6 > 0,
form a base at 0 for a metrizable vector topology ¢, on M, called the measure topology ([17, 20, p. 18]).
Equ1pped with this topology, Misa complete topologlcal x-algebra in which M is dense. We will write
X, — X if a sequence {X,,}°° | converges to X € M in the measure topology on M.

The set of 7-compact operators Mo ={X € M : t_lgrn ue(X) = 0} is an ideal in M [21]. The set
of elementary operators F(M) = {X € M : u;(X) = 0 forsome ¢ > 0} is an ideal in M. Let m be a
linear Lebesgue measure on R. A noncommutative L,-Lebesgue space (0 < p < +o0) affiliated with
(M, 7) can be defined as L,(M,7) = {X € M : pu(X) € L,(R*, m)} with the F-norm (the norm for
1 <p<+o0) || X|lp = ||e(X)|lp, X € Lp(M,T). We have F(M) C L,(M,T) C Mg forall 0 <p <
+00.

If 7(I) < +o0o then M = M, consists of all closed linear operators on H affiliated with M and
F(M) = M. Furthermore, t, is independent of a concrete choice of a trace 7 and is minimal among
all metrizable topologies which agree with the ring structure of M [5, Theorem 2.

Lemma 2.1 (see [9, 21]). Let X,Y,Z € M. Then 1) pe(X) = (| X)) = e (X*) for all t > 0;
2) il X,Y € M then jy(XZY) < ||X|[|[|[Y||(Z) Jor all t > 05 3) (| X|P) = pu(X)P Jor all p >0
and t > 0; 4) if | X| < |Y| then p(X) < (V) for all t > 0; 5) ps1+(X +Y) < ps(X) + e (Y) for
all s,t > 0; 6) p(AX) = [Awe(X) for all e C and t > 0; 7) th%lJr”t(X) = ||X]|| if X € M and

_>

Jim g (X) = 0o if X ¢ M.

Lemma 2.2 (see [8], p. 720). I X, Y € MJF and Z € M then the inequality X <Y implies that
ZIX7Z* < ZYZ*.

An operator A € M is said to be normal, it A*A = AA*; quasinormal, if A commute with A*A,
ie. A-A*A=A*A-A. Let1l>¢q>0. An operator A € M is said to be g-hyponormal if (A*A)? >
(AA*)4. If ¢ = 1 then A is said to be hyponormal. An operator A € M is said to be g-cohyponormal
it A* is g-hyponormal; nilpotent if A™ = 0 for some n € N.

If M =B(H), i.e. the =-algebra of all linear bounded operators on #, and 7 = tr is the canonical

trace then M coincides with B(H). In this case M is the compact operators ideal on H, F(M) is the
finite-dimensional operators ideal on ‘H and

an X[n— ln(t) t>0,

where {s,(X)} /2] is a sequence of the operator X s-numbers [11, Ch. 1], here x4 is the indicator

function of a set A C R. Then the space L,(M, 1) is a Shatten—von Neumann ideal &,, 0 < p < +o0.
An operator T' € B(H) is said to be quasinilpotent, if its spectrum o(T) = {0}; paranormal,

it ||[T2z|]y > ||Tz|3, for all € Hy={yeH:|lyllx =1}, see [14, 10]; normaloid, if ||T|| =

sup |(Tx,z)|. It is known that T is normaloid < its spectral radius equals ||T’||, or, equivalently,

yEH1

|| T"|| = ||T||™ for all n € N [12]. It is shown in [15, Problem 9.5] that an operator T" € B(H) is

paranormal <

TP < ST 4 AT forall A > 0. (2)
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Let (€2, v) be a measure space and M be the von Neumann algebra of multiplicator operators My by
functions f from Lo (€2,v) on a space Lo(£2,v). The algebra M contains no compact operators < the
measure v has no atoms [1, Theorem 8.4].

3. TWO CLASSES OF 7-MEASURABLE OPERATORS
Let 7 be a faithful normal semifinite trace on a von Neumann algebra M. Assume that || X|| = +o0

for all X € M\ M. Put My ={X € M:||X||=1}. We introduce two classes of -measurable
operators:

PL={T € M :||T?A|| > ||TA|]? forall A€ M; with TA e M},

Py ={T € M : pu(T?) > pu(T)? forall t > 0}.
It is obvious that
T € Py ANT € Py, forall e C\ {0},k=1,2. (3)

Theorem 3.1. For an operatorT € M the following conditions are equivalent: (i) T € Py; (i) T
meets condition (2).

Proof. (i) = (ii). Assume that for an operator T € P; condition (2) does not hold. Then there exists
a number A > 0 such that

1
SO+ M) = T = X - Y, (4)

where X, Y € MJF, XY =0andY #0. Let Y = [tPY(dt) be the spectral decomposition and n € N
0

be such that a projection P = PY((n=1,n)) # 0. Then PXP =0 and PYP > n~'P. Relation (4)
multiplication by the projection P from the left and the right-hand sides, leads us to

1 1
P|T]*P = §(>\_1P|T2|2P + AP) 4+ PYP > §(>\_1P|T2|2P + (A +2n"HP).

Since P is a unit in the reduced von Neumann algebra M p, we have
1 1
ITP|* = ||PIT*P|| > §|I>\_1PIT2|2P +(A+2n"HP|| = §(>\_1||T2P||2 +(A+2n71).

[[T?P = 0then ||TP|? > X2~ +n~1 > ||T?P|| = 0. i T2P # 0 then by the inequality a® + b* > 2|ab|
forall a,b € R we have

1
ITPIE > 5 -2y AT+ 2070) - IT2P)| > |[T2P.

Thus, in both cases T' ¢ P; — a contradiction.

(ii) = (i). Consider an operator A € M; such that TA € M. Then A*A < T and |[T|Ae M. Ii
T2A ¢ M then the assertion is met. Let 724 € M. Inequality (2) multiplication from the left-hand side
by the operator A* and from the right-hand side by the operator A, leads us to

A*|T|?PA < %(A‘lA*\Tz\zA + AA*A) < %(A‘lA*|T2\2A + ) forall A > 0.

Therefore ||A*|T]2A|| = ||TA||? < =(A7Y|T?A|2 + \) for all A > 0. Put here A = ||T?A|| and obtain
[ITA||? < ||T?A||. Theorem is proved. O

Corollary 3.2. Consider operators T € Py, A € M and numbers k € N, 0 < p,q,r < oo with
1/p+1/q=1/r. Then

(i)if TFA, T*2A € M then T*1A € M;

(ii)if TFA € M, T2 A€ F(M)orTFA € F(M), TF2A € M then T A € F(M);

(iii) if T*+2A € My then TF+1A € My;

N —
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(iv)if TFA € Ly(M,7), TF*2A € Ly(M,7) then TFt1A € Lo (M, 7).

Proof. Forall ¢, A\ > 0 and k € N by Theorem 3.1, items 3)—5), 6), and 7) of Lemma 2.1, Lemma 2.2
and inequality (2) we have the following estimates for the rearrangements:

2,Uft(Tk+1A)2 — 2/J,t(A*(T*)k+lTk+lA) — Qut(A*T*k LT . Tk:A)
< ,ut(A*T*k(A_lT*QTQ + )\I)TkA) < )\—lut/Q(A*(T*)k+2Tk+2A)
+ )\Mt/z(A*T*kaA) = )\_lﬂt/2(Tk+2A)2 + )\Nt/2(TkA)2-
Note that /i\nfo A ta+ Ab=2Vabiorall a,b > 0. Hence
>

pe(TFPE AN < gy o (T2 A) 1y o (TFA) Torall > 0.

In order to check item (i) we apply item 6) of Lemma 2.1. The assertion is proved. O

Corollary 3.3. If M = B(H) then the class Py coincides with the class of all paranormal
operators on H.

Since the product operation is sequentially jointly continuous in the strong operator topology in
B(H)[12, Problem 93], Corollary 3.3 implies

Corollary 3.4. If M = B(H) then the class P; is sequentially closed in the strong operator
topology.

Proposition 3.5. Let 7 be a faithful normal semifinite trace on a von Neumann algebra M.
Then Py C Ps.

Proof. Let t > 0 be fixed. From relation (1) for X = T2 we have
Ve > 03P. € MP(7(PL) <t e+ w(T?) > ||T?Pe|| > s (T?)),

thereby ||TP.||? < e+ ps(T?). Note that a projection P. is included in the right-hand side of (1)
for X =T. Therefore u(T) < ||TP.|| and because of the arbitrariness of the number € > 0 we get
we(T?) > s (T)2. Proposition is proved. m

I an operator T € M is hyponormal or cohyponormal then i, (T2) = p(T)? for all ¢ > 0 [2, Theo-
rem 3.1]and T € P,. If T € M is nilpotent of second order (T' # 0 = T?) then T ¢ Ps.

Theorem 3.6. (i) /f an operator T € M is hyponormal then T € Py.
(ii) If an operator T' € Py then UTU* € Py for all isometries U € M.
(iii) If an operator T € Py has an inverse T~ € M then T~' € Py.

Proof. (i). Consider a hyponormal operator T' € M and A € M, such that TA € M. I T2A ¢ M
then the assertion is obvious. For 724 € M by Lemma 2.2 we have

IT2A|| = ||A*THT?A||Y? = ||A*T* - T*T - TA||Y/? > ||A*T* - TT* - TA||*/?
=|[ITP - All > [|A"- [T - Al| = [|TA*
(ii). Consider A € M such that UTU*-Ae M. 1f (UTU*)?-A¢ M or U*A =0 then the
assertion is obvious. Let (UTU*)?- A € M and U*A # 0. Then 0 < ||[U*A|| < 1 and
[(UTU*)? - A|| = [[UT?U* - A|| > ||[U* - UT?U* - A|| = [|T*U*A||

|7 - U AP
|U=All

- |17 1

|U*A\|H oAl 2 HT

ol ol = > [T U AP = UTU" - Al

\U*AH
(iii). Consider A € My, it is necessary to prove that ||[T=2A|| > ||[T-1A||>. 1f T-2A =0 then

T-T72A=T71A =0 and the assertion holds. If T2 A ;é 0 then

T2A

I ==l = el
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A 1 T1A|?
i.e ||1L| 2|J4|| = T > HT_2AH2 and the assertion is proved. O

Corollary 3.7. [fan operator T € Mis hyponormal and T™ € My forsomen € NthenT € Mo
and is normal.

Proof. By item (i) of Theorem 3.6 we have T' € P;. Applying n — 1 times item (iii) of Corollary 3.2
with the operator A = I, we obtain T € M, and can apply Theorem 3.2 from [2]. O

Corollary 3.8. /f an operator T € M is quasinormal then T € Py.
Proof. Every quasinormal operator T' € Mis hyponormal [3, Theorem 2.9]. O

[f an operator T € M is quasinormal then T is also quasinormal [6, Proposition 2.10] and u(7T™) =
pe(T)" forall t > 0 and n € N[6, Theorem 2.6]. Similarly to Lemma 1 from [19] one can prove

Proposition 3.9. /f an operator T € M is hyponormal and (T — zI)~* € M for some z € C
then (T — zI)~ ! is hyponormal.

Lemma 3.10. /f an operator T € Py then

IT3A|| > ||T?A|| - [|TA|| forall Ae My with TAe M. (5)

Proof. I T3A ¢ M\ M then the assertion is obvious. Let T3A € M. Without loss of generality,
assume that T'A # 0. Then

IT°All = ||TA||'HT2||TA||H H IITAIIH

IT2A[]? _ |T2A]l - |ITA]]? 2
= > = [[T=All - [[TA]|
1T Al 1T Al|
and Lemma is proved. O
Lemma 3.11. If an operator T € P, then
([TFFLA|2 > ||ITFA||? - ||T?A|| forall Ae My with TAe M and k € N. (61)

Proof. The proof is by induction. For & = 1 we have
IT2A|[? = [|T?A]l - [|T*Al| > [|TA|? - [|T* Al
and (61) is met. Let (6;) hold for k and T'A # 0, then

TA
k42 4112 _ 2 || pk+1 2 k 72
L vt IR il
T3 A||
— Tk+1A 2|| Tk+1A 2' T2A
= [T AR = T LAY 72
by item (5) of Lemma 3.10 and (6¢). Therefore (65+1) holds and Lemma is proved. O

Theorem 3.12. If an operator T € Py N M then T™ € Py for all n € N.

Proof. The proof is by induction. It suffices to show that if T, T% € P; N M then T*+1 € P;. Let
A€ Mypand T?A # 0. Then

2(k+1) 41 — ||2k 2 4 k 2
e = [ T e T
IT*F2A2 _ [IT*A? - T2 Al k1 4012
2 I T R "
by (651) of Lemma 3.11. Theorem is proved. 0

Corollary 3.13. If M = B(H) then Py possesses a non-hyponormal operator.
Proof. P. Halmos ([12, Problem 164]) presented an example of a hyponormal operator T' € M

such that T2 is non-hyponormal. We have T € P; by item (i) of Theorem 3.5, hence T2 € P; by
Theorem 3.12. 0
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Proposition 3.14. The set Py N M is || - ||-closed in M.

Proof. Consider T,, e PiNM, T € M and A e My. i ||T, —T|| — 0 as n — oo then ||T,,A —
TA|| =0 and ||[T?A—T?A|| — 0 as n — oo via || - ||-continuity of the product operation in M.
Therefore || T}, A|| — ||TA|| and ||T2A|| — ||T?A|| as n — oo. O

Lemma 3.15. Let a sequence {ay, }5°; of positive numbers be so that ag > a% and apan—o > ‘%21—1
foralln > 3. Then a, > af for alln > 2.

Proof. If k > 2 then agay_o > a?_|,ap_1a—3 > ai_,,...,asas > a3,azay > a3. Multiplying all
the left-hand sides and all the right-hand sides of these inequalities, after obvious contractions, we
obtain aga; > ay_yas, hence ay/ay_1 > az/a; > ay and a, > a1a,_1 > aa,_2 > ... > a?. Lemma
is proved. 0

Theorem 3.16. /f an operator T € Py N M then puy(T™) > pu(T)" for allt > 0 and n € N.

Proof. Let¢ > 0 and n € N be fixed. From (1) for X = T™ we have

Ve > 03P, € MP(1(PL) <t e+ pe(T™) > ||T"P.|| > pe(T™)).
Since
T —2P TF2P. | T P.||?
| TH—2 | | TH—2 |
and ||T2P.|| > ||TP.||?, for a number sequence a; = ||T*P.||, k € N, all the conditions of Lemma 3.15
are met. Hence a,, > a7, i.e. ||[T"P:|| > ||TP.||" for all n € N. Thus, € + p(T™) > || T FPe||™ > pue(T)"

2
TP = ||T? [ irs=2p =

AR 2 |7

and Theorem is proved. 0
Corollary 3.17. Consider an operator TePrNMand neN. We have the equivalences:
(VT eFM)=Tre FIM); (i) T € Mo < T € My, (i) T € Lpypy(M,7) & T" € L,(M,T1),0<
< +00.
g Corollary 3.18. Every operator T € P1 N M is normaloid.
Corollary 3.19. If an operator (0 #)T € M is quasinilpotent then T ¢ P;.
Corollary 3.3 and Theorem 3.16 put together imply
Corollary 3.20. /f an operator T € B(H) is paranormal then s,(T*) > s,(T) foralln, k € N.
Theorem 3.21. [f an operator T € Py then T?" € Py for alln € N. Moreover, ju,(T*") > p(T)*"
forallt > 0andn e N.

Proof. It suffices to verify that if T € P; then T2 € P;. Let A € My and T2A € M. It is necessary
to show that || T*A|| > ||T2A|2. I T*A ¢ M or T?A = 0 then the inequality is satisfied. If T*4 € M
and T?A # 0 then T3 A € M by item (i) of Corollary 3.2 with k = 1 and repeating the calculations (7)

with & = 1 we obtain T2 € P;. Applying successively n times Proposition 3.5 and the fact established
above, we have

(M) = (T)%) 2 (1) = (T 7)) > (T ) > > (1)
Theorem is proved. O
Proposition 3.22. for T € M we have T € Py & T* € Po.
Proof. (=). Forall T' € Py and ¢t > 0 by item 1) of Lemma 2.1 we have
e (T*)?) = pe(T?)*) = me(T?) > pe(T)? = pue(T*)?. (8)

(«<). Holds by the equality (T%*)* = T forall T € M and (8). O
Corollary 3.23. If M = B(H) for separable and infinite dimensional H then Py # Po.

Proof. Let {e,, }72 , be an orthonormal basis in . The unilateral shift T'e,, = e,+1 (n =0,1,2,...)
is a hyponormal operator (an isometry) and T' € Py by item (i) of Theorem 3.6. The null-space KerT* is
generated by vector eg, and the null-space Ker(7T*)? is generated by vectors eq and e;. We have

0= [[(T")*All < ||IT*A* =1

and T* ¢ Py for the one-dimensional projection A = (-, e1)ey . The assertion is proved. 0
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Proposition 3.24. For T € P, we have the equivalences: (i) T € M & T? ¢ M; (ii) T €

FM) & T? € FIM); (i) T € My < T? € My; (iv) T € Lop(M,7) & T? € Ly(M,7), 0<p <
+00.

Lemma 3.25. If T € M and operators U,V € M are isometries then u,(UTV*) = u,(T) for all
t > 0.

Proof. Forall t > 0 by item 2) of Lemma 2.1 we have

we(T) = pe(U*-UTV - V) < [U[|V] - pe(UTVT) = pue(UTV) < [UWIVF] - p1e(T) = pa(T)
and Lemma is proved. O

Proposition 3.26. /[ T € P, and an operator U € M is an isometry then UTU* € P,.

Proof. Double application of Lemma 3.25 for all £ > 0 yields

p((UTU*)?) = m(UT?U*) = i (T?) > ju(T)* = e (UTU™)?.
The assertion is proved. O

Proposition 3.27. Let T € M and a unitary operator S € M be so that ST =TS. Then
TeP,e STeP, k=1,2.

Proof. We have S? = I and (ST)? = T2.

(=). Letk =1and A € M, be sothat TA € M. Then

I(ST)?Al| = [IT?A|| > [|TA|* = [|AT*T A|| = || A"T*S*TA|| = [|STA||*.

If £ = 2 then for all ¢ > 0 by Lemma 3.25 we obtain ju;((ST)?) = s (T?) > pe(T)? = s (ST)2.
(«). If ST € Py, then by the above proved results ' = S - ST € Py, k =1,2. O

Example 3.28. Assume that T € M and T2=1. 1f T € P, then T belongs to M** and is
unitary. Indeed, the equality 7% = I implies that T = 2P — I with P = P? € M. Since T € Py, we
have pi(I) =1 > ps(2P — I)?, i.e. (2P —1) € [0,1] for all t > 0. Therefore, ||2P — I|| <1 and
2P| = ||(2P —I) + I|| < ||2P — I|| + ||I|] < 2. Thus P = P* € MP"and T both belongs to M** and
is unitary.

Example 3.29. Consider T' € MandT2=T. IiT € Py then T € MP". Indeed, we have p;(T?) =
we(T) > s (T)?, ice. u(T) € [0,1] for all t > 0. Therefore, ||T'|| <1 by item 7) of Lemma 2.1 and
T=T*"¢ M.

Proposition 3.30. The classes Py and Ps are closed in the measure topology t.

Proof. Condition (2) is equivalent to the condition T2*T2 — 2\T*T + X2I > 0 for all A > 0. Hence
t--closedness of the class P; follows from Theorem 3.1, ¢--continuity of the involution, ¢,-continuity of

the product operation on M and t,-closedness of the cone /\7+ in M.

We show t,--closedness of the class Py in M. Let T, € Py, T € M and T,, —— T as n — oo. Then
T2 =5 T2 as n — oo via t,-continuity of the product operation on M. Now we note that if Xn, X € M
and X,, — X as n — oo, then (X)) — p¢(X) as n — oo in every continuity point ¢ of the function
(X)) [9]. The assertion is proved. 0

Corollary 3.31. If M = B(H) then the class Pz is closed in || - ||-topology.

Theorem 3.32. /] M = My(C) and T = try is the canonical trace then Py = Ps is the set M"™"
of all normal matrices in M.

Proof. By Proposition 3.5 and item (i) of Theorem 3.6 we have M"" C P; C Po. We show that if
T eMandT ¢ M™ then T ¢ Py. Recall that every matrix A € M,,(C) is unitarily similar to upper
triangular matrix B via Shur decomposition A = UBU* [13, Theorem 2.3.1]. Wherein si(A) = si(B),
k=1,2,...,n,see Lemma 3.25. Ii A € P5 then by items 1)and 3) of Lemma 2.1 we have

sp(A2)2 > s1(A)* = sk(|AD* = sp((A*4)?), k=1,2,...,n
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Without loss of generality we assume that the matrix 7' ¢ M"" has the form T = (C a)’ where
0b
a,b,c€C, a#0. If ¢=0 then T? =bT and s1(T)% = |a|? + |b|>. Therefore s1(T?) = |b|s1(T) <
s1(T)% and T ¢ P,. If ¢ # 0 then with allowance for (3), we can assume that ¢ = 1. Put
f(a,b) =1+ 2laf* +|al* + 2|al*[b]* + [b*, g(a, b) = 1+ |al*|1 + bf* + [b]*
fora,b € C,a # 0. Since

(T*T)2 — 1 + |CL‘2 CL(l + ‘CL|2 + |b|2)
a(l+lal* + %) |a* + (la|* + |b]*)?

we have
SU(T*TY) = 5(F(a,b) + V/F(a D — 4P). (9)
Since
— ( 1 a(1+) )
a(l+0b) lal?|]1+ b2 + |b|*
we have
$1((T?)2) = 3 (9(a,b) + /ol D)2 — 4oP). (10)

We show that s1(T?) < s1(T)?,i.e. T ¢ Py. It suffices to establish the inequality g(a, b) < f(a, b) for all
a,b € C, a # 0, and use monotonocity of the real function ¢ — v/£(t > 0), see (9), (10). By the triangle
inequality and the Cauchy—Bunyakovsky inequality we obtain |1 + b2 < 1+ [b|2 + 2/b| < 2 + 2|b|?,

hence g(a,b) < f(a,b) foralla,b € C, a # 0, and Theorem is proved. O
Example 3.33. For T' € B(H) the inequality
Sk(TQ) < Sk(T)Q (11)

holds for k = 1; for k = 2 in the general case relation (11) does not hold true. Indeed,
s1(T?) = |72 < |T1| - 17| = [IT* = s1(T)?

1 1
by submultiplicativity of the C*-norm. Let T' = ( ) .ThenT? = I and T ¢ P, via Example 3.28.

0 -1
By items 1) and 3) of Lemma 2.1 we have s9(T2) =1 > (3 — v/5)/2 = s5o(T*T) = so(|T|)? = so(T)>.

4. HYPONORMAL 7-MEASURABLE OPERATORS

Theorem4.1. Let 1 > q > 0, an operator A € M be g-hyponormal and |A*| > poo(A)I. Then A
is normal.

Proof. By items 1)and 3) of Lemma 2.1 for A € M we have
pe((A*A)T) = e (|APT) = pe(A)*? = (| A = e ((AA*)?) Torall ¢ > 0. (12)

Let a g-hyponormal operator A be not normal. Then there exists 0 # B € MJF such that (A*A)? =
(AA)T+ B. i X, Y € /\N/IJF, Y # 0and X > poo(X)I then there exists a number s > 0 such that
ps(X) < ps(X +Y), (13)
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see Proposition 2.2 [7]. From the inequality | A*| > uoo(A)I by monotonocity of the real function f(\) =
A24()\ > 0) we obtain (AA*)? > o ((AA*)9)I, see items 1) and 3) of Lemma 2.1. For X = (AA*)4,
Y = Bvia(12) we have

we(X) = p((AA")) = p((A*A)?) = (X 4+ Y) forall ¢ > 0.
We have a contradiction with (13). ThusY = B = 0 and (A*A)? = (AA*)9. Therefore A*A = AA* and
Theorem is proved. 0

Corollary 4.2. Let an operator A € M be g-cohyponormal and |A| > pe(A)I. Then A is
normal.

Corollary 4.3 ([2]). Every T-compact q-hyponormal (or g-cohyponormal) operator is normal.

Corollary 4.4. Let an operator A € M be hyponormal and |\ + A*| > poo(A + A*)I for some
A € C. Then Ais normal.

Proof. An operator \I + A is also hyponormal (the bar sign over a symbol stands for complex
conjugation). 0

Example4.5. [f A = XY with X, Y € B(H)** is hyponormal then A is normal (see Corollary on p. 49
in [16]). There exists a nonnormal hyponormal operator A = XY Z with X, Y, Z € B(#)*, see p. 51
in[16]. Therefore the condition |A*| > peo(A)I does not hold for such an operator A by Theorem 4.1.

Theorem 4.6. Consider a nilpotent operator Z € Mv, Z # 0 and numbers a,b € R. Then the
operator

Tyap = 27 — Z2* + aRZ + bSZ (14)

cannot be nonpositive or nonnegative.

Proof. Let a number n € N be such that Z"~! £ 0 = Z™.

Step 1. Assume that Tz , ;, > 0 for some pair a,b € R. We multiply both sides of equality (14) by the
operator (Z*)"~! from the left and by the operator Z"~! from the right, and achieve

(Z*)n_lTZ,men_l — _(Z*)n—lZZ*Zn—l — —|Z*Zn_l|2.

By Lemma 2.2 we have (Z*)" " 'Ty,,2" 1 >0, and at the same time —|Z*Z"~}2 < 0. Hence
|Z*Z" | =0and Z*Z" 1 =0. in=2then Z" ' =Z =0;ifn > 2 then 0 = (Z*)" 2. Z2* 27" =
|Z"=12. Consequently Z"~! = 0, which is a contradiction.

Step 2. Assume now that Tz , ;, < 0 for some pair a,b € R. Then the nilpotent V' = —Z* is subject
to the conditions V"1 £ 0= V" and Ty, —p = —Tz.4p > 0. By Step 1 we have V"~ = 0, which is a
contradiction. This completes the proof. O

Fora = b = 0 we have

Corollary 4.7 ([6], Theorem 2.4). A non-zero hyponormal operator Z € M cannot be nilpotent.

Assume that an operator @ € M and Q2 = Q. Then there exists a unique projection P € MP" such
that QP = P, PQ = @ and PM = QMV (see Theorem 2.21 in [3]). There is a unique decomposition
Q= P+ Z,where Z? =0 = ZP and PZ = Z (see Theorem 2.23 in [3]). Therefore ) € M, ifand only
it P e M. By Theorem 4.6 for a = 2 by using the above mentioned decomposition we have

Corollary 4.8. If an operator Q € M and Q? = Q # Q* then for any number b € R the operator
Q*Q — QQ* + bIQ cannot be nonpositive or nonnegative.

Corollary 4.9. If an operator S € Mand S2=1, S =+ S*, then for any number b € R the
operator §*S — S5* 4+ b3S cannot be nonpositive or nonnegative.

Proof. The formula S = 2Q) — I defines a one-to-one correspondence between the symmetries .S
(S% = I) and the idempotents Q = Q2. O
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