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OnucaHsl asmopckue npozpammHole npoyedypsl asmomamuduposaHHo20 Ucc1e008aHus U
8U3YANU3AYUU HeNUHELIHbIX OUHAMUYECKUX CUCMEM U UX NPUJIOXEHUS K 3adauyam MexaHu-
KU U KOCMOJ102Ul. B uacmiocmu, onucaxsl npouyedypsl asmomamu3upo8aHHozo ycpeoHeHuUs
ObICMPO OCUUTUPYIOWUX YUCIEHHBIX PeUuleHUT.

KnroueBbie Cj1oBa: CIIJIaliHOBAs aIllipoKCMManysd, YMCJIeHHble MeTOAbl MHTEIrpMmMpoBa-
HUd, BU3yalIn3alusa BI)I‘{I/ICJIEHI/If/'I, HeJIMHelHas MeEXaHMKa, KOCMOJIOIrus, MpuKIagHbIe
MaTeMaTnyeCKue I1akeThl.

1. CepBucHbIe NporpamMMHbIe IPOIeAYyPbl BU3yaIU3alMM JUHAMMNYECKUX MOJe-
Jieli Ha OCHOBe CIUIaifHOBOM anIIPOKCMMAaIMY YUCI€HHbIX pellleHU

1.1. Aemomamu3uposaHHsiii 661600 UUC/IEHHbIX peuwleHuli cucmemol OY 6 popme
cnaaitiHoé

ABTopckuit maker DifEqTools [4] COmEpXUT NPOrpaMMHYI0 [pOLEeLypy
ODESpline(Egs,ICS, Method,t1,N, [i,j],x,r) aBTOMaTU3MPOBAHHOIO BBIBOLA
YMCIeHHBIX pemeHnii cucrtembl OIY B dhopme paBHOMEPHBIX N - KYCOUHBIX CIUIAfHOB
MopsAKa r Ha OTpe3Ke tl, rae X — I0Jb30BaTe/IbCKOe MM He3aBUCUMOI IlepeMeHHON
(cm. [1, 2]).

> Egs:=[(De@2)(x)(t)=-0.1*D(y)(t)-x(t),(Dee2)(y)(t)=-0.1*D(x)(t)-y(t)];

Eqs:= [D(Z) (X)(5) = —.1D) (1) — x(£), D? (1)) (1) = —.1D(x) (1) - y(t)] (1)
> ICS:=[x(0)=2,D(x)(©®)=1,y(0)=0,D(y)(0)=07];
ICS:= [x(0) =2,D(x)(0) = 1, y(0) = 0,D(y)(0) = 0] (2)

[IpuBemeM mpuMep aBTOMATU3UPOBAHHOTO IMOCTPOeHMS 12-TH KyCOUHOTO KyOMYECKOro
cIIaiiHa ymciaeHHoro perenus cuctemMbl O (5) — (6) Ha oTpe3sKe [ £y, 1277] OTHOCUTETBHO
IIepBOi IIPOMU3BOLHON MePBO IIepeMeHHOI C Iepenavyeil UMeHU X He3aBUCUMOM (Bpe-
MEeHHOI1) mepeMeHHOM, TIpuYeM JJIs1 COKpallleHMs 3alCy BbIBeieM CIIaliH C TOYHOCTbIO
1o 4-x 3Havanux 1udp (cm. Puc. 1):

>eval f(DifEqTool s[ODESpline](Egs,ICS, [method=rkf45],12%Pi,12,[1,1],x,3),4);

B iuTHpoBaHHbBIX paboTax MoKa3aHo, YTO YMCJIO KYCKOB CIUIaiiHa MPaKTUYeCcKuit He
BJIMSIET HAa BpeMs IIOCTPOeHMs CIlIaliHa, HO 3aTO YBeJINMUYMBaeT TOYHOCTb BbIBOAVIMOIO
YMCJIEHHOTO peliieHus1. [IoaToMy /11 BbIBOJA pellleHii MOKHO He 0CO6@HHO SKOHOMMUTD
Ha 4yicjIe KyCKOB CIlIaliHa.
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ne i 162 3
1. — 1.130x—2.827107%7 + 0.04938x° x<3.142
~2.063 + 03322+ 0.4654 (x — 3.142)% — 0.1146 (x — 3.142)°  x < 6.284

-

1.924 — 0.1369x — 0.6147 (x — 6.284)% + 0.1386 (x— 6.284)°  x<9.426
-2.116 + 0.1040 x + 0.6914 (x — 9.426) — 0.1542 (x— 9.426)° x< 12.57
2.754 — 0.1210x— 0.7630 (x — 12.57)% + 0.1712 (x— 1257)°  x< 1571
-3.736 + 0.1506 1 + 0.8495 (x — 15.71)2 — 0.1917 (x— 15.71)°  x< 18.85
4.999 — 0.1832x — 0.9558 (x— 18.85)° + 02162 (x— 18.85)°  x<2199
-6.362 + 0.2092x + 1.081 (x — 21.99)° — 0.2442 (x— 21.99)° x<25.14

8308 — 0.2514x — 1.227 (x — 25.14)> + 02776 (x — 25.14)°  x< 2828
2

-9.491 + 0.2542x + 1.388 (x — 28.28)% — 0.3068 (x — 2828)° x< 3142
5.961 — 01044 x — 1502 (x — 31.42)2 + 03012 (x— 3142)°  x< 3456

4

18.60 — 0.6286x + 1.335 (x — 34.56)> — 0.1418 (x — 34.56)°  orherwise

Puc. 1. 12-Tu KyCOUHBIN CIIIaiiH cuctembl (5) — (6) Ha OoTpe3Ke [fy, 127].

1.2. Aemomamu3upoeaHHoe nocmpoeHue KOH(uzypauuoHHwIX U (ha3oewvix duazpamm
HA 0CHOB€e CNAAaliHOBbIX peuleHUll

HenmHeliHble KojiebaHMsI B IOTEHIIMAIbHOM I10JIe 4-TO TOPSAKa.

> Eq_non:=[diff(x(t),t$2) = -.1*diff(x(t),t)+.1*¥x(t)-2*x(t)A3];

> ICO:=[x(0)=0,D(x)(0)=17;

[TocTpoum rpadmk x(t) pelieHuss ITOr0 HeIMHEHOTO ypaBHeHMsI KojebaHuii Ha 248-
KycouHOM crariHe (Puc.2) :

> DifEqTools[SplineConf](Eq_non,ICO,[method=rkf45,abserr=10/(-8),
relerr=10"(-8),maxfun=2000007],48*%Pi,248,[1,0],x,3,blue);

PaccmoTpuM Takke CucTeMy IBYX HeslMHelHbIX O/Y BTOpPOro mopsigka:

> EQs2X2:=[(De@2)(x)(t)=-0.1*D(y)(t)+0.1*x(t)-0.0001%y(t)"2,
(De@2)(y)(t)=-0.1*D(x)(t)+0.1*y(t)-0.0001*x(t)*y(t)];

C HaYaJIbHBIMU YCITOBUSMU
> ICS:=[x(08)=0,D(x)(0)=0.5,y(0)=0,D(y)(0)=0];

[Toctpoum rpaduk y(f) 3TOrO0 HEIMHENHHOro ypaBHeHMs KojebaHwmit Ha 200-
KyCOUHOM crjiariHe Ha otpeske [0, 167] (Puc. 3):

> DifEqTools[SplineConf](Egs2X2,ICS, [method=rkf45],16%Pi, 200,[2,0],x,3,navy);

[TorbITKa MpOCIEaUTb OAJIbHENMIIYIO UCTOPUIO CUCTEMBI Eqs2X2 - ICS HaTaJKuBa-
eTCs Ha CoollIeHue:

>DifEqTools[SplineConf](Eqs2X2,ICS, [method=rkf457],24%P1i,200,[2,0],%x,3,blue);
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Puc. 2. KoHdwurypanmoHHasi Tpaek-
TOpUSI YMCJIEHHO- TO pelleHusT 3a7auu
Komm Eq non - ICO Ha oTpe3ke [0,48r],
MOJIyyeHHas] Ha OCHOBe 248-KyCOYHOTO
cruiaiiHa. Haammen Ha KOOpAMHATHBIX OCSX
reHepUPYIOTCS aBTOMATUYECKU.
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Puc. 3. KoHdwurypaumoHHast Tpaek-
TOpUSI UMCIEHHOTO pelleHus 3a7auu
Komm Eqs2X2 - ICS Ha oTpe3ske [0,167],
MojiyueHHasi Ha OcCHOBe 200-KyCOYHOTO
cruiaiiHa. Haammcen Ha KOOpAMHATHBIX OCSIX
reHepUPYIOTCS aBTOMATUYECKU.

Error, (in unknown) cannot evaluate the solution further right of 60.720201, maxfun limit
exceeded (see ?dsolve,maxfun for details)

Cucrema MpoCUT yYBEJIMUNTh 3HAUEHMe IMapaMeTpa UYMCIeHHOTO MHTEerPUPOBAHMS
maxfun, paBHOTO MaKCMMaJIbHOMY UMC/TY LIar0OB MHTETpUPOBaHus. DTa mpobiemMa Impe-
0[0JIeBaeTCs YIyUYlleHHbIMMU [TapaMeTpaMy YMCIIeHHOTO MHTErPUPOBAHMS, B YaCTHOCTHU,
yBeJauyeHueM rnapaMmerpa maxfun o sHaueHus 5000000 (Puc. 4):

> DifEqTools[SplineConf](Eqs2X2,ICS, [method=rkf45,abserr=10/(-8),
relerr=10"(-8),maxfun=50000007],24*%Pi,1000,[2,0],x,3,navy);

PaccMOTpUM Takke MOCTPOeHME NBYMepHO ¢Ga30Boit TpaeKTopum ISl TPUBEIeHHOTO
BhIlIe mpumepa (Puc. 5):

> DifEqTools[SplinePhase2d](Eq_non,ICO,[method=rkf45],48%Pi, 248,
[[1,0],[1,17],x,3,navy);

[IpuBenem MpumMep MOCTPOEHMS TpexMepHOi (ha30B0i1 TpaeKTOPUM Ha OCHOBE CIUIaliHa
ILJIS1 CYLLIeCTBEHHO HeJIMHEMHOM 3-X MepHO AMHaMUuecKoit cucremsbl (Puc. 6):

> Eqgs3n:=[(Dee2)(x)(t)=-D(y)(t)-x(t)"3,(Dee2)(yI(t)=D(x)(t)-y(t)"3,
(Dee2)(z)(t)=0];
%
> ICS3:=[x(0)=0,D(x)(0)=1,y(08)=0,D(y)(0)=1,2(0)=0,D(z)(0)=1];
[x(@) = 8, D(x2(6) = 1, y(B) = @, D(y)(@) =1, z(0) = 0,

> DifEqTools[SplinePhase3d](Eqs3n,ICS3,
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Puc. 4. KouHdwurypanmoHHasi  Tpaek-
TOpUSI UMCIEHHOTO pelleHus 3a7auu
Komm Egs2X2 - ICS Ha orpeske [0,24rn],
rnonydyeHHast Ha ocHoBe 1000 - KycouyHO-
ro CIUIaiiHa C YIyYIIEHHbIMM ONUMUSIMU
YMCIIEHHOTO MHTErPUPOBAHMSI.

Puc. 5. KoHdurypalmoHHasi TpaeKToO-
pusl YUCIIeHHOTO pelieHus 3agauu Koim
Eg_non - ICO Ha oTpes3ke [0,48n], IIO-
JIydeHHas] Ha OCHOBe 248 - KyCOYHOrO
CIUIaliHa.

Puc. 6. TpexmepHas ¢asoBasi TpaeKTOPHS UMC/IeHHOTO pelieHus 3agaun Komm Eqs3n - ICS3
Ha oTpe3sKe [0, 1277], Toy4eHHas Ha OCHOBe 48 - KyCOUHOTO KyOuUecKoro CIiiaifHa.

[method=rkf45,abserr=10~(-8),relerr=10~(-8),maxfun=5000000],
12*Pi,48,[[1,0],[2,9],[3,9]],%,3,navy);

OTMeTHM, 4YTO Ha OCHOBE CO3[JaHHbIX MTPOLIeAYp MOCTpoeHMs (a30BbIX TPAEKTOPUIT MOXK-
HO CTpOUTH (a30Bble TpaeKTOpUM (BepHee, MX TMPOEKLUM) U OJis 4-X MepHBIX U N-
MepHBIX. PaccMOTpuMm npumep 4-X MepHOI HeJIMHeNHOM CUCTeMBbI:

> Egs4n:=[(D@a2)(x)(t)=-D(y)(t)-x(t)N3+0.01*u(t)"3,
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(Dee2)(y)(t)=D(x)(t)-y(t)"3+0.01*z(t)"3, (Dee2)(z)(t)=08.01*u(t),

(Dee2)(w)(t)=-D(z)(t)-0.1*y(t)"3];

> ICS4:=[x(0)=0,D(x)(0)=1,y(0)=0,D(y)(0)=1,2(0)=0,D(z)(0)=1,u(@)=1,D(u)(0)=07;

Cnepymoiiiye 1Ba MpuMepa MOKa3bIBalOT, KAK MOXeT BO3HUKHYTh MHUMAs «CUHTYISP-

HOCTBb» B TOUKe t=25.787255:

> DifEqTools[SplinePhase3d](Eqs4n,ICS4,[method=rkf45],

26,96,[[1,0],[2,0],[4,0]],x,3,navy);

Error, (in unknown) cannot evaluate the solution further right of 25.787255, maxfun limit
exceeded (see ?dsolve,maxfun for details) Yiy4imyum rnapameTpbl UMCTI€HHOTO MHTETPUPO-

BaHus (Puc. 7, 8).

> DifEqTools[SplinePhase3d](Eqs4n,ICS4,[method=rkf45,abserr=10/(-6),
relerr=10"(-6),maxfun=100000007,26,96,[[1,0],[2,9],[4,0]].,%,3,navy);

> DifEgTools[SplinePhase3d](Egqs4n,ICS4,[method=rkf45],24,100,

[[1,0],[2,0],[3,0]],x,3,navy);

300
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x(t)

Puc. 7. TpexmepHass mOpoeKkUus B TU-
TePIIOCKOCTY {X Y U} yeThipexMepHoii da-
30BOJ TPaeKTOPUM UUCIIEHHOTO pPelleHUs
3agaun Komm Egs4n - ICS4 Ha OTpeske
[0,26], TTOTy4eHHAas: Ha OCHOBe 96 - Kycou-
HOTO CIlJIaiHa.

180 160 140

=30

o 0 x(1)

Puc. 8. TpexmepHass mnpoekuuss B TU-
TIePIIOCKOCTY {X Y Z} YeTbIpexMepHoii dha-
30BOJ TPaeKTOPUM UUCIIEHHOTO pPelleHMUs
3agaun Komm Egs4n - ICS4 Ha OTpeske
[0,24], momyyeHHas Ha ocHOBe 100 - Kycou-
HOTO CIUJIaiHa.
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2. IIporpaMmHbIe HpoLEAYypPbl aBTOMAaTU3UPOBAHHOTO ycpegHeHMs1 (YHKIMI
YYC/IEHHBIX pelnieHun

YacTo Aj1s aHanu3a MoBeaeHUs] HeJIMHEMHBIX JMHAMUYECKUX CUCTEM HeO6XO,£[I/IMO
BbIOEC/INTDb MEOJIEHHO MEHAIOIIYIOCA U 6bICTpO OCIMW/VIMPYIOIIYIO YaCTU 3TOM (I)YHKLU/II/IZ

F(t)= f()+p0elVD,  |f, ¢l <|U!. 3)

[lyctp F(t) — HeKoTopas uHTerpupyemas byHkiuus. Onpenennm ee cpegHee 3HaUeHMe
Fo(t) Ha ipoMexyTKe [t — At/2, t + At/2] cnegyoomumM o6pa3om:

t+At/2

_1 Nt
Fo() =+ f F(hdt'. @)
t—At/2

Taxske orpenenm Ha 3TOM ke TpoMexyTke Qurykryauu byHkunm 6 F(1):
OF(t) = F(t)— Fy(1). (5)

Taxyke onpenenM cpegHeKBagpaTUUYHbIe (bJIYKTyaLH/II/IZ

t+At/2
1

(6F(t)2):A—t f SF2(thdt'. (6)
t—At/2

3aMeTMM, UTO JIJisI yBepEHHOTO OT/Ie/IeHMsI OCHWITUPYIOIei yacTy GyHKIMY HeoOXomu-
MO BBITIOJTHEHME 2-X YCJIIOBUIA:
T<At<t, (7)

rae T — xapaKTepHbIN Iepuo, OCHM/IISLMiA. [IporpaMMHbIe TTpoLeypbl, COOTBETCTBYIO-
e onpeneneHusim (4) — (6), B makete DifEqTool s peann3yoOTCs CAeAYOMMM 00pa3oM:

1. DifEqTools[Middle](£ff,T,tau,N,k) - (4);
2. DifEqTools[0sc](ff,T,tau,N,k) - (5);
3. DifEqTools[0scQuadr](£ff,T,tau,N,k) — (6),

roe ff=[t,F(t)], T = At, tau — He3aBUCKMAas BpeMeHHas [lepeMeHHas B JIeBbIX YaCTIX
dbopmyn (4) — (6), N - uncIo pasbueHnit MHTepBana ycpeguenust T = At, k — meToq UH-
TerpupoBaHus: k=T — MmeTop, Tpanenui, k=S — metog, CMMIICOHA.

B KauecTBe MpuMepa pacCMOTPUM CIey0ILy0 GYHKIIMIO:

b=t 1 sin(10¢%)
T 1+12 7 1+¢2

> phi:=(t)->1/(1+tA2)+0.1*sin(10%t)/(1+tA2);

)

Omnpenenum cpenHee 3TOV GYHKLMM IIPO MHTEPBAJTY 71/5, 3aMeTUB, UTO 3TOT MHTEP-
BaJI COOTBETCTBYET OJJHOMY Ilepuoy KojaebaHuii. Bbrumcanum cpegHee 3HaueHMe C IOMO-
IIbI0 MeTOoa MHTerpupoBanusi CUMIICOHA, pa30uBast OTpe30K uHTerpupoBauus Ha 1000
yacTeii:
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Puc. 9. Tpaduk pyukuun ¢(7) (8). Puc. 10. Tpadmuk cpemHero 3HAUYEHUS
byHRIMM p(T), — YepHast SKUPHAsT JTMHMUS;
KpacHasl TOHKasl IMHUS — rpaduk menjieH-
HO MEHSIIOIIENCST 9acTu 3TOi (GYHKUMM:
1/(1+72).

> phiS__@:=(tau)->DifEqTools[Middle]([t,phi(t)],Pi/5,tau,1000,S);

Ha Puc. 9 u 10 noka3ausl rpaduku GyHKIMK ((T) U ee cpesHero 3HaueHusI.
Boienum Ternepb OCUMUIMPYIOIIYIO YacTh GYHKUMU ¢p(f) C TOMOIIbI0 KOMaHIbl U
rocrpouM rpaduk ocunmasinii (Puc. 11):

> plot(DifEqTools[0sc]([t,phi(t)],Pi/5,tau,1000,S),tau=-2%Pi..2*Pi);
[TocTpoum Takxke rpaduk cpegHeKBaapaTUUHbIX QuIyKTyaiuit aToi yukimm (Puc. 12):
> d2phi:=(tau)->DifEqTools[0scQuadr]([t,phi(t)],Pi/50,tau,100,S);

> plot(d2phi(tau),tau=-2*Pi..2%Pi);

AHAJIOTMYHO TIpeabIayIIMM OIpelesieHbl M IPOrpaMMHbIe MPOLeAypbl yCpeIHeHUs
(bYHKIIMIT YMCIEHHBIX pellleHnii HeJIMHeMHOV CUCTeMbl OOBIKHOBEHHBIX IuddepeHIn-
QJIbHBIX YDAaBHEHUI:

1. DifEqTools[NumericDsolveMiddle](Egs,ICs,metod,ff,T,tau,N,k);
2. DifEqTools[NumericDsolveOsc](Eqgs,ICs,metod,ff,T,tau,N,k);
3. DifEqTools[NumericDsolveQuadr](Egs,ICs,metod,ff,T,tau,N, k),

rae Eqs — ynopspmoueHHas cucrema OV, ICs — yrmopsimoyeHHasi cucTeMa Hayallb-
HbBIX YUJIOBUIA, metod — YIIOPSIIOUEHHAs CUCTeMa Ol meToga uHterpupoBanus O/Y,
OCTaJIbHBbIE TTapaMeTpbl KOMaHJ, Takue ke, KaK M I KOMaH[, yCpeaHeHMsI 3aJaHHbIX
byHKUMIA.

[TokaskeM peann3alyio KOMaH/I Ha IpUMepe YpaBHEeHMSI CBOOOAHBIX KOJIeOaHMIiA.

> Eq_osc:=[diff(x(t),t$2)=-x(t)];
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Puc. 11. Tpaduk dyukuun ¢(r) (8). Puc.12. CpenHexkBagpaTuyHbie QIyKTya-
Uy QyHKIUM ¢(T).

-2n 3n -

2

d
ﬁx(l‘) =—x(1) )

C HAaYaJIbHBIMM YCJIOBUSIMU
> IC_osc:=[x(0)=0,D(x)(0)=17;
IC osc:=[x(0)=0,D(x)(0)=1] (10)

Ornpenenum cpefHee Ha YMC/IeHHOM pelneHuu 3agauun Komwu (9) — (10), 3aogHOo npoge-
MOHCTPMPOBAB BO3MOKHOCTb MaHUITY/ISILIUY TapaMeTpaMi ONLMKU metod.

> G:=(tau)->DifEqTools[NumericDsolveMiddle](Eq_osc,IC_osc,[method=rkf45,
maxfun=50000,abserr = 1.*10~(-7), relerr = 1.*10"(-7)],
[t,sin(x(t))],2*Pi,tau,1000,S);

YBennunum ToUHOCTD perteHust OIY Ha MopsaoK

> Gl:=(tau)->DifEqTools[NumericDsolveMiddle](Eq_osc,IC_osc,[method=dverk78,
maxfun=50000,abserr = 1.*107(-8), relerr = 1.*10"(-8)],
[t,sin(x(t))],2*Pi,tau,1000,S);

¥ TIOCTPOUM COOTBETCTBYIOIIME TpadMKM, YIUTHIBAS TOT (PaKT, UTO TOUYHBIM pelieHNeM
yKaszaHHO 3amaun Komn sasisercs x(f) = sin(f).

> GM1:=plot(G(tau),tau=0..4*%Pi,labels=[tau,phi__07],labelfont=[TIMES,ROMAN,14],
color=black);
plot(Gl(tau),tau=0. .4*%Pi,labels=[tau,phi__07],labelfont=[TIMES,ROMAN,147);

[TocKO/BbKY pellieHte SIBJISIETCSI CTPOTO Mepuoandeckoit (M Jaske rapMOHMYECKO) PyHK-
LMel, CpeflHee ero 3HaueHue OO/DKHO PaBHATHCS Hymto. [IpuBeneHHble Ha Puc. 13 — 14
rpaduKy Kak pas ¥ MOKa3bIBaIoT 3TO0. [Ipy 3TOM yBemueHne abCcoaI0THOM M OTHOCUTETh-
HOM TOYHOCTU unciaeHHoro pemenus OlY Ha 1 mOpsagoK JaeT mouTu Ha 2 MopsigKa JIyd-
LN pe3yybTar.

BcienmcTBue paBeHCTBA HYJTIO CpeaHero sHaueHust QyHKIUY ee QIyKTyaluy JOJIKHBI
COBIMAZaTh CO 3HAUEHUSIMU caMoiil GyHKIMM. [IpoBepuM 3TO.
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Puc. 13. CpenHee 3HaueHME YMCIEHHOTO Puc. 14. CpenHee 3HaueHMeE YMCIEHHOTO
pelieHusl ypaBHEHUsSI CBOOOIHBIX KoJeba- pelieHusl ypaBHEHUSI CBOOOIHBIX KoJeba-
HWI1, BBIYMCIIEHHOTO € TOYHOCTBIO 1077, HUI1, BBIYMCIIEHHOTO € TOYHOCThI0 1078,

> GSinl:=plot(sin(sin(t)),t=0..3*¥Pi,color=black,linestyle=dashdot);
plots[display](GSin1l,0sGM1);

0.8 —

0.67 1 \

0.4+ ; \

0.2 . \

o) 8

70'2.

-0.4

-0.6

70'8.

Puc. 15. CoBmernieHne rpadmKOB OCHVIIISIIMN YMCIEHHOTO peleHys (CTUIONIHAS IMHUS) U Tpa-
¢dbuka sin r — TyHKTUPHAS JIVHUS.

MbI BUAMM IIOJTHOE COBIIaieHye rpadmKoB.

3. HpI/IJIO)KEHI/IH K HeJIMHEMHBIM MeXaHMYeCKMM CHUCTeMaM

Kak 13BeCTHO, KoJieOaHMsI CBSI3aHHBIX CUCTEM BOJIM3Y TOUKM PAaBHOBECHS SIBJISIIOTCS
OmHMM M3 Hambosee GyHIAMEHTAJIbHBIX MX CBOVCTB. IIpucyliyu Takue KojebaHUS U
HeJIMHEeHbIM AMHAMMUUYeCKMM cucteMaM. I1oaTomy /ISl aHaaM3a TaKUX OMHAMMUYECKUX
CUCTEM BasKHO BBIJIEUTH OBICTPO OCUMJUIMPYIONIYIO ¥ MeAJIEHHO MEeHSIONIYIOCS YacTu.
AHanmuTMyecKku Takas 3azava pemiaetcss MetTomoM boromo6osa - Kpsutosa [9]. O6b14HO
OCIHWITMPYIOIIMe YaCTy IMHAMUYECKUX ITepeMeHHbBIX CBSI3bIBAIOT C KWHETUUYeCKO SHep-
rueit KojebaHmit, a MeIJIeHHO MeHSIIOIIMECST YaCTU — C BHYTPEHHEel SHeprueii CUCTeMBbI.



52 MATEPWAJTbI HAYYHOTO CEMMHAPA «GRACOS-17» W LLIKOJTbl-CEMUHAPA «KAZCAS-17»

ATOMy IIOAXOMY COOTBETCTBYET M KBAHTOBO - MeXaHM4YecKas / IojieBas KapTuHA, B
KOTOPOJi KojieOaHMsI CBSI3bIBAIOTCSI C KBa3MYACTUIIAMM, @ MeJIJIEHHO MEeHSIOIIAsICSI YaCTh
— ¢ BakyymoM. Co3maHHbIe HaMM IIPOTPaMMHbIe MPOLEIYPhI ITO3BOJISIOT MPOBOIUTD
COOTBETCTBYIOIIVE OTlepalluy yCpeqHEeHUS U BbifeNe s ObICTPbIX OCLIVIIISIINIA.

3.1. HenumneiiHble 00HOMeEpPHble K0J1eOaHUs 8 nOmeHuuaibHoM noje Xuzzca u Xuzzcoe
MexXaHu3M CNOHIMAHHO20 HapyuwleHUs1 cummempuu

BaskHeMIIMM MMPUMEPOM HEJIMHENHON MeXaHUYeCKOM CUCTEMBI SIBJISIETCSI MOZENb
OIIHOMEPHBIX MeXaHMueCKMxX KojebaHMii B 1oJjie ToTeHI[ana XUrrca, mpeacTaBisiionem
MOoTeH1an 4-ro nopsiaka (CM., Harpumep, [5], [6]). CooTBeTcTBYyIOIIEe ypaBHEHME KOJie-
6aHMit MMeeT BULI

d*x _dx 3
ﬁ+ﬁa—x+x =0, (11)

roe B — koapduimeHT TpeHusi. [loreHuman XuUrrca onmMcbiBaeTCss CUMMETPUYHOM T0-
TeHIMATbHO SIMOJ C IBYMSI MMHMMYMaMM ¥ OOHUM HEHTPaTbHbIM MaKCMMYMOM, UTO
IT03BOJISIET OMMCATh IPOCTENMIINIT MexXaHU3M XUTTCa CIIOHTAHHOTI'O HAPYIIEHNUSI CUMMET-
pun. ITocsienHee 3aKI0YaeTCs B TOM, UTO B pe3y/ibTaTe OUCCUTIAIMY SHEPTUM CBOOOIHbIE
Kojie6aHMsI CUCTEeMbI CO BpeMeHeM 3aTyXaloT, B pe3y/bTaTe uero CucTemMa OKa3bIBaeTCst
B OJTHOM M3 MMHMMYMOB (JIEBOM MJIM IIPABOM).

4. da3o0Bble TPAEKTOPUU

[TokaxkeM, KaK C TOMOIIIbIO ITPOCThIX KOMaH MOXXHO peain30BaTh KOHOUTYpaIMOH-
HYI0 ¥ ()a30BYI0 TPAEKTOPUM HEJIMHETHBIX KojiebaHmii. BBemeMm ypaBHenne (11) ¢ koad-
dbutmentom B =0.05.

> EqNon:=[(D@@2)(x)(t)=-08.05*D(x)(t)+x(t)-x(t) 3];
EqNon:=[(D@@2)(x)(t) = —0.05D(x)(£) + x(£) — x(£)°] (12)
BBe,ZleM Tellepb HavaJIbHbI€ YCJIOBUS 3ada4l:
> IC:=[x(0)=0,D(x)(0)=57;
IC:= [x(0) = 0, (D(x))(0) = 5] (13)

", HAaKOHeEII, C TOMOIIIbI0 KoMaH[a GraphConf 1 1 GraphPhase2d mocTpoum KOHGUTypaly-
OHHYIO 1 $a30BYyI0 TpaekTopuu cucremsl (Puc. 16, 17)2:

> DifEqTools[GraphConfl](EgNon,IC, [method=rkf45],[1,0],48%Pi,navy);

> T:=time():

> DifEqTools[GraphPhase2d](EgNon,IC, [ method=rkf45,maxfun=1000000],
[[1,0],[1,1]],32*%Pi,COLOR(RGB,0.0,0,0.5));

time()-T;
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Puc. 16. KoHdurypaimoHHasi TpPaeKkToO-
pus OuHammuyeckoi cucremsl (12) ¢ Ha-
YanbHbIMU ycnoBusimu (13). MHTerpmupoBa-
HHMe mpoBeneHO merogom rkf45. MmMeHa
KOOPIVHATHBIX OCeli CreHepupoOBaHbl aBTO-
Matuuecku. HapyieHue cuMmeTpum Hajle-
BO MPOUCXOIUT B MOMEHT BpeMeHU ¢ ~ 167.

=

Puc. 17. ®a3oBasi TpaeKTOpUS OAUHAMMU-
YyecKko cuctemsbl (12) ¢ HAaUaJIbHBIMM YCII0-
BusiMu (13). lHTerpuMpoBaHue IpoBeLeHO
meTtonom rkf45 c onueit maxfun=1000000.
3eJIeHOJ TOYKOM aBTOMAaTUYeCKU IoMeva-
eTCsl HavyaJio TpaeKTOpUM, KpacHol ee KO-
Hell.

YcpenHeHue Koe0aHMii MO ObICTPBHIM OCIHIV/UISIUSIM

[IpuBenenunie Ha Puc. 16, 17 rpadmkmu mokasbIBalOT BO3MOXKHOCTb UM HE0OXO-
IMMOCTb MCCIeQOBAHMUSI OCUMWUISLINI HeIMHEeNHbIX KoyebaHMii. JleiicTBUTEeNbHO, BO-
MepBbIX, Tpad MKy 0OHAPYKMBAIOT KOJle6aTe/bHbIM XapaKTep ABVKeHMS, a, BO-BTOPBIX,
aMILUTATYIA 9TUX KOJIeOaHMIA ITaJiaeT JOCTATOYHO MeJIEHHO, KpOMe KPUTUUECKOTO YUaCT-
Ka B 00/IacT¥ HapylleHUs CUMMMeTpUM. BbrumMcamm cpefiHue 10 YMCIeHHOMY pellleHUI0
ypaBHeHMs (12) ¢ TOMOIIBIO OMMCAHHOM BhILIE TPOrpaMMHOM Ipouenypsl (M. Puc. 18
19.)

> GN:=(tau)->DifEqTools[NumericDsolveMiddle](EgNon,IC, [method=dverk78,
maxfun=500000,abserr = 1.%¥10"(-6),
relerr = 1.%¥107(-6)],[t,x(t)],Pi,tau,100,S);

> GN(1);GN(100);
-0.15527961939736498
-0.9713948576870406

> GN_middle:=plot(GN(tau),tau=0..48%Pi,labels=[t,x__0(t)],
Labelfont=[TIMES,ROMAN, 147 ,color=black);

> GN_Osc:=(tau)->DifEqTools[NumericDsolveOsc](EgNon,IC, [ method=dverk78,
maxfun=500000,abserr = 1.*10°(-6), relerr = 1.*¥107(-6)],[t,x(t)],
Pi,tau,100,S);

1 VpaBHeHue Koje6aHMit 3aIMcaHoO B 6e3pa3sMepHbIX ITePEMEHHBIX, K KOTOPbIM MOKHO IIE€PETH C ITOMO-
b0 MaCIITaOHBIX TPeoOpa30BaHMIA.
2 TMogkmoueHa GyHKIMS time IJIs1 aBTOMATUUECKOTO BBIUMCIEHNST BpeMeH! VCIIOTHEH VST KOMaH/Ibl.
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Puc. 18. CpenHee OT aMIUINTYIbI Koyie6a- Puc. 19. BbigeneHue ocUM/IISIIMIT KoJe-
Huit 3agauu Komu (12) — (13). YepenHeHme 6aTesIbHOTO IpOllecca, OMMChIBAEMOTO 3a-
[IPOBELEHO M0 OJIUTEIbHOCTH 7. nmauveit Komn (12) - (13).

5. TIpwiokeHMSI K KOCMOJIOTUA
5.1. Cmaundapmnasn Kocmonozuueckas mooeib
Kaxk 13BecTHO, /151 IPOCTPAaHCTBEHHO-TVIOCKOI KOCMOJIOTMYECKOH Moienn
ds® =dt* —a*(t)(dx* + dy* + dz?) (14)

cucTeMa ypaBHeHMI1 DWHIITeiHa ¢ KocMojormuyeckuM wieHoMm A u Kierlina-T'opmoHa
npuHumaeT Bun (f=df/dt.):

3—=P*+ mPe’+ 1>
. 1. .
H? = A% = - (&% + m*®* + 1), (15)
3

— eIMHCTBEHHOe HeTPMBMA/IbHOE ypaBHeHMe JIHIITeliHA ¥ ypaBHeHMe KIacCuyecKoro
MAacCCUMBHOTO CKaJISPHOTO TTOJIS:

b +3HD + m*® =0, (16)

rge H(t) - mocrossHHas Xab6ma

A =In(a); ZEA:H(L‘), 17

IIpy 5TOM TEH30p SHEPIUM — MMITY/JIbCA CKAJISPHOIO ITOJIS MMEEeT CTPYKTYpy TeH30pa
SHEPIUM — UMITY/IbCa U30TPOIHOI KUIKOCTHU C INIOTHOCTHIO SHEPTUM U JaBIeHUEM:

_L-z 22,_L-2_22
s_8ﬂ(q> +mCD),p—8ﬂ(CD m-®?). (18)
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5.2. IIpueedenue cucmembul ypasHeHuil K HOPMAAbHOMY 6UDY

[Tonb3ysch TeM, UTO IMOCTOSIHHYI0 Xa66j1a MOXKHO BbIpasuTb U3 ypaBHeHUST DiiH-
mteitHa (4) yepes dyHkuuyu @, ®, nepexosns K 6e3pasMepHOMY KOMIITOHOBCKOMY Bpe-
MEeHMU:

mt=1; (M#£0)

Y TIPOBOJIS CTAHAAPTHYIO 3aMeHY riepeMeHHbIX @' = Z (1), mpuBeaeM CUCTeMY YpaBHEHMIA
rionst (4), (16) Kk 6e3pazaMepHOMY BUY.

5.3. Kocmonozuueckue ¢pazoesie mpaekmopuu CKaisspHozo Nous

Wtak, 3anuiieM ypaBHeHMe 110714 (16) B Buzge:

> EqF:=(lambda)->[(D@@2)(Phi)(tau)=-sqrt(3*Pi)*sqgrt(lambda+8*Pi*
((D(Phi)(tau))N2+Phi(tau)”2))*D(Phi)(tau)-Phi(tau)];

EqF:=A— D@R®xn:—w@%¢&+8nﬂﬂ®xﬂ2+®uﬂﬁx®nw—@uﬂ

(19)
> convert(EqF(lambda),diff);
‘ffg) v”¢f¢1+8 dfﬁ2+®uﬂ]d3$)—®u) (20)
3agagum ajiee HayajJbHbIe YCI0BUA
> TCF:=[Phi(@)=1,D(Phi)(0)=0];
ICF:= [®(0) = 1,D(®)(0) = 0] 21)

1 BeIBeZleM (Pa30BYIO TPAEKTOPHMIO CKAISIPHOTO IT0JISI Ha O0IBIIIOM BpeMEeHHOM MHTepBaJe
t€1[0,1000 mpu A = 0,001 c momoibio KoMaHAbl DifEqTool s[GraphPhase2d]:

> DifEqTools[GraphPhase2d](EqF(0.001),ICF,[method=rkf45],
[[1,9],[1,1]],[9,1000],COLOR(RGB,0,0,0.5));

BoiBeeM Terepb MO3AHMI yUaCTOK SBOMIOLMY CKAJISIPHOTO TOJIST HA BpeMEeHHOM UHTep-
Base t € [900,2000] mpu A =0,001:

> DifEqTools[GraphPhase2d](EqF(0.001),ICF, [method=rkf45],[[1,0],[1,1]],
[900,2000],COLOR(RGB,0,0,08.5));

1 Ha BpeMeHHOM MHTepBaje t € [900,1000] mpu A =0,001:

> DifEqTools[GraphPhase2d](EqF(0.001),ICF, [method=rkf45],[[1,0],[1,1]],
[900,10007, COLOR(RGB,0,0,0.5));



56 MATEPWAJTbI HAYYHOTO CEMMHAPA «GRACOS-17» W LLIKOJTbl-CEMUHAPA «KAZCAS-17»

0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
@(1)

Puc. 20. Kocmosnorndeckast ¢pasoBast Tpa€KTOPMS KJIaCCUUECKOTO CKaJISIPHOTO IT0JIST Ha OOIBIINX
BpeMeHHbIX MHTepBanax 7 = 0+ 103. 3eJIeH0i1 TOUKO1 aBTOMAaTHMYeCKM OTMEYEHO HAa4daJo TPaeK-
TOpUM, KPACHOJ — ee KOHell; Ha3BaHMS KOOPAMHATHBIX 0Ceii FTeHEPUPYIOTCS aBTOMATUYECKHA.

Puc. 21. Mertop, rkf45. Puc. 22. Mertop, rkf45.

CrpaHHOe MoBefeHNe pelleHus Ha MO30HUX BpeMeHax SBOILUM CBULETeNbCTBYET O
HeI0CTaTOYHOM TOYHOCTU METO/Ia YMCI€HHOTO MHTerpupoBanms rkf45. 3aMeHMUB MeTOf,
MHTErpupoBaHus Ha 60Jiee TOUHBI — MeTo[ PyHre - KyTTa 7-8 MopsiAKoB, IMOIYIMM ITpa-
BUJIbHOeE pelieHue [7]:

> DifEqTools[GraphPhase2d](EqF(@.001),ICF, [method=dverk78],[[1,0],[1,1]],
[9000,100007, COLOR(RGB,0,0,0.5));

> DifEqTools[GraphPhase2d](EqF(@),ICF, [method=dverk787,[[1,0],[1,1]],
[99900,1000007, COLOR(RGB,0,0,0.5));



t0.I. Urnatbes, A.P. Camurynnuna 57

3aMeTyM, UTO Ha MTO3IHMX BpeMeHax 3BOJIIOIUM T >> 1, BO-TIePBbIX,
|| ~ D] (22)

", BO-BTOPBIX, 3TU BEJIMYMHBI BECbMa MeAJIEHHO YOBIBAIOT. DTO AAJI0 MOBOM, IPEeIII0/I0-
SKUTb, UTO IIPpU T — +00 CUCTEeMa VMeeT KOHeYHbIN UMK [8]. [I/151 BbISICHeHUS [I0BefeHNs
CUCTeMbl Ha KOHEUHbBIX CTaAMIX SBOJIOLMM M ITOHAmoOmicsa 6osee TOUHBINA UMC/IEH-
HbIII aHa/n3, KOTOPBI/ ObLI OCYIIECTB/JIEH YKa3aHHbIMM BbIIle CPeNCTBaMM ITaKeTa
DifEqTools [7].

-3.x10

Puc. 23. Metop dverk78. Puc. 24. Metop dverk78.

5.4. Ycpednenue KocMoM02UUECKO20 CKAIAPHO20 NOJIAA NO OBICMPBIM OCUULAAUUAM

Takum 06pa3om, KOCMOJIOTMYECKasl MOZIe/Ib, OCHOBAaHHAsI HA KJIaCCMUYeCKOM CKaJIsIp-
HOM I10j1e, OOHAPYKMBAET TUIIMYHbIE YePThl HEJIMHEMHOM IMHAMMUYECKON CUCTEMBI CO
c1aboit guccumnanyeii SHeprum: 6bICTpble OCIMIIISIIN, C OLHOM CTOPOHBI, U X MeJIJIeH-
HOe 3aTyxaHue — C IPYyroi. DTO TOBOPUT O HEOOXOOMMOCTHM aHa/IN3a CPeIHUX BeTUUNH
" BBIJIEJIEHMS OBICTPO OCHMIIUPYIOIIEl yacTu. IMEHHO € 3TOJ 1e/IbI0 U ObUIM CO3IaHbI
OIMCaHHbIe BhIlIe [IPOrpaMMHbIe ITPOoLeAyPbl YCpeLHEeHNS.

BprumMcauMm  CcHavana  CpegHMe  BeIMYMHBI  OUMHAMMUYECKUX  IepeMeHHBIX
(®(1)) = ®g(t) u (Z(t)) = Zp(t) C IOMOIILIO MPOTPAMMHBIX IPOLIEAYP YCpPeLHEeHUS
DifEqTools[NumericDsolveMiddle] 1o uHTepBany 7 € [t — 27, t + 27]:

> CM:=(t)->DifEqTools[NumericDsolveMiddle](EqF(@),ICF, [method=dverk78,
maxfun=500000, abserr = 1.*10°(-6), relerr = 1.*¥107(-6)],
[tau,Phi(tau)],4*Pi,t,100,S);

> GM_middle:=plot(CM(t),t=0..100,labels=[tau,Phi__0(tau)],
Labelfont=[TIMES,ROMAN,147],color=black);

> CMZ:=(t)->DifEqTools[NumericDsolveMiddle](EqF(@),ICF,[method=dverk78,
maxfun=500000,abserr = 1.*¥107(-6), relerr = 1.*¥107(-6)],
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[tau,D(Phi)(tau)],4*Pi,t,100,S);
> GMZ_middle:=plot(CMZ(t),t=0..100,labels=[tau,Z__0(tau)],
labelfont=[TIMES,ROMAN,147,color=black);

Ha Puc. 25 u 25 mpencraBieHbl TpadMKM 3aBUCUMOCTM CpPeIHUX OT KOCMOJIO-
IMYECKOr0 BpeMeHM T. Bbigenum Temepb OBICTpPble OCHWUISIUM OUHAMUYECKUX

0.6
0.5
0 =\ — —r ; i
2 40 60 80 100
0.4 T
-0.014
@,(1) o3
-0.024
0.2 Zﬂ(‘c) 0.03
014 -0.04+
-0.054
0 T
0 20 40 60 80 100
T -0.06+
Puc. 25. CpepHee 3HaueHMe IMOTEHLMAJIA Puc. 26. CpenHee 3HaueHMe MPOU3BO[-
cKansgpHoro nond, ®(r), metron dverk?78. HOJM TMOTEeHILMaNia CKaJSIPHOTO IIOJsl, Z =

®(1), meTon, dverk78.

rnepemeHHbIXx O0D(f) M 6Z(f) C TOMOIIbIO IPOrPAaMMHBIX IIPOLIEAYP YCPeTHEeHMUS
DifEqTools[NumericDsolveOsc] 110 MHTepBaNy T € [t — 27, t + 27]:

> CMF_Osc:=(t)->DifEqTools[NumericDsolveOsc](EgF(@),ICF,[method=dverk78,
maxfun=500000,abserr = 1.*107(-6), relerr = 1.*¥107(-6)],[tau,Phi(tau)],
4%Pi,t,100,S);

> CMZ_0Osc:=(t)->DifEqTools[NumericDsolveOsc](EgF(®),ICF, [ method=dverk78,

maxfun=500000,abserr = 1.*%¥10~(-6), relerr = 1.*10~A(-6)],[tau,D(Phi)(tau)],

4*Pi,t,100,S);
> GCMZ_Osc:=plot(CMZ_0Osc(t),t=0..100,labels=[tau,delta Z],
Labelfont=[TIMES,ROMAN,147,color=black);

Boerumcium Terepb CpeaHIOI0 IVIOTHOCTb SHEPI'MM CKAJISAPHOTO ITI0JIA U CpegHee OTHOIIe-
HUA — cpeaHee 3HAUEHUe noxkasames 6ap0mp0nb1:

K=(=) (23)
£

1o dopmysnam (18).

> CME_s:=(t)->DifEgTools[NumericDsolveMiddle](EqF(@),ICF,[method=dverk78,
maxfun=500000,abserr = 1.*107(-6), relerr = 1.*¥107(-6)],
[tau,1/(8*Pi)*(D(Phi)(tau)”*2+Phi(tau)”*2)],4*Pi,t,100,S);

> plot(log[10](CME_s(t)),t=0..1000,color=black,axes=BOXED,
labels=[tau,epsilon__s(tau)]);
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Puc. 27. Ocumnisiiuy moTeHlMaja cKa- Puc. 28. Ocumnnasuyy Ipou3BOIHONM MO-
JIIPHOTO 110J181, 6D (1), MeToq, dverk78. TeHIMa/la CKaJISIPHOTO I10JisL, & Z(T), MeTO[,

dverk78.

> CMPE_s:=(t)->DifEqTools[NumericDsolveMiddle](EqF (@), ICF,
[method=dverk78,maxfun=500000, abserr = 1.*%¥10"(-6),
relerr = 1.%*107(-6)],
[tau, (D(Phi)(tau)A2-Phi(tau)”2)/(D(Phi)(tau)*2+Phi(tau)”2)],4*P1i,t,100,S);
> plot(CMPE_s(t),t=0..1000,color=black, axes=BOXED,
labels=[tau,p__s/epsilon__s]);
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Puc. 29. CpenHee 3HaueHMUe MJIOTHOCTU Puc. 30. CpenHee 3HaueHMe MOKa3aTes
9HEPIUU CKAJASIPHOTO MO, 6apOTPOIIBI KJIACCUUECKOT0 CKAISIPHOTO I0-
JIs.

Kak BugHO 13 rpadmka Ha Puc. 30, mokasaTenb 6apOTPOITbl OUEHb OBICTPO BBIXOAUT Ha
HyJIeBOe 3HayeHMe. DTO rOBOPUT, C OGHON CTOPOHbBI, O TOM, YTO C MAaKPOCKOIIMYECKO
TOYKM 3PEHMS YPaBHEHME COCTOSIHMS CKaJISIPHOTO I10J1S1 CTAHOBUTCSI HEPEISITUBUCTCKUM,
a C IPyrovi CTOPOHbBI, — UTO CpeHMe 3HaUeHM s KBaJpaTa ITOTeHI[1ajia M ero MPOU3BOSHOMN
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co BpeMeHeM commkatores [10], [11]:
(@ (1)) =(Z*(1)), T— 400, (24)
6. 3axkimouyeHue

HpOBe,HeHHbIe ycciaensoBaHy ITOKa3aJy Ba>KHOCTD pa3BUTHUS UMCII€HHO - aHAJIUTU -
YeCKMX METOOOB MaTeMaTUUYeCKOIro M KOMIIbIOTEPpHOI'O MOOeJIMPOBAHUSA HeJIMHEeMHbIX
JVMHaMn4YeCKux cmcrem, B TOM uncie, BBICOKOM pPa3sMepPHOCTN. B YaCTHOCTH, IIpMMEHEHNE
3TUX METOOOB ITO3BOJIMJIO YCTAHOBUTD DAL HOBbBIX CBOJCTB KOCMOJIOTUYECKUX MO,ELEHEV[,
OCHOBAHHBIX Ha CKaJIAPHBIX ITOJIAX, U 3(b(b€KTI/IBHO X nccjiengoBarThb.
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AUTOMATED VISUALIZATION OF NON-LINEAR DYNAMIC SYSTEMS AND ITS APPLICATIONS
TO MECHANICS AND COSMOLOGY

Yu.G. Ignatev, A.R. Samigullina

Author’s program procedures for automated research and visualization of nonlinear dynamical sys-
tems and their applications to the problems of mechanics and cosmology are described. In particular,
procedures of the automated averaging of rapidly oscillating numerical solutions are described.
Keywords: nonlinear dynamical systems, mathematical modeling, qualitative theory of differential equa-
tions.
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YNCJIIEHHO-AHAJIMTUYECKUE METObI MATEMATHUYECKOI'O
MOJIEJIMPOBAHNS HEJITMHEMHBIX TMHAMWYECKUX CUCTEM B CKM MAPLE
A.P. Camurynnuaal

1 alsu_sam@mail.ru; Kazaunckuit ([IpuBoskcKkuit) GemepanbHblii YHUBEPCUTET

OnucaHsl UHCMPYMEHMbl A8MOMAMU3UPOBAHHO20 pelleHUs U 8U3yanu3ayuul YucieHHbIX pe-
weHuti cucmem HenuHetliHbIX 006IKHOBEHHBIX OUpPepeHUUANbHBIX YPABHEHUTI NPOU3BOTbHO20
nopsoKa, paspeweHHslX OMHOCUMENbHO CIAapuwux NPou3eo0HbIX.

KnroueBsble c10Ba: HelMHeliHble AMHaMUYeCKye CMCTeMbl, MaTeMaTyeCckoe MOAeInpo-
BaHlMe, KauecTBeHHas Teopust quddepeHIMaTbHbIX YpaBHEHUIA.

IIporpaMmHubIe MpoHeaypPbl ABTOMATU3MPOBAHHON BU3YAJIM3AINM HEIMHEIHbIX
auHaMudeckux cucreMm B nmakere DifEqTools

1. CepBucHbIe IIPpOrpaMMHbIe IIPOLEAYPbI AaBTOMATU3MPOBAHHOTO MOCTPOEHMUA
rpadmKoB QPYHKUMIT YMCIEeHHBIX pelleHUM

ITycts 3amana 3amava Ko 111 ccTeMbl HeJTMHEITHBIX OOBIKHOBEHHBIX TV depeH-
L[MaTbHbIX YPaBHEHMIA, pa3pelieHHbIX OTHOCUTEbHO CTapIINX TPOU3BOJHbBIX:

(n;)

yi = Fi()’l,---,J/N,J/i»---»y;VyJ/i/,---,yxp---,‘)/inrl),---,J/§nN_1),t); (l:L_N)r
= y'"= F, 1)

rae y =d"y/dt" — o603HaueHMe N-TOji MPOM3BOAHOM QYHKIMYU Y(f) IO He3aBUCUMOIL
nepeMeHHOJ t, BpeMeHHOJi IepeMeHHOii', a F; — HempepbiBHO-AuddepeHIpyeMble
dbyHKIMM CBOMX ITepeMeHHbIX. ByzieM B JanbHejlilliem rojaraTh BbIITOJTHEHHbIMY Hava/lb-
HbI€ YCII0BUS AJ1s1 cucteMsl (1):

y® ) t:toch; (k=T,n;-1;i=1,N), 2)

cooTBeTcTByIOLIMe 3ataue Koun, raoe Clk = yl,(k) (fp)- HaYaIbHbIE 3HAUEHMS TIPOU3BOIHBIX
k-ro nopsimka GyHKLMIA y; (t).

1 XOTsI 3TO MOXKET GBITh U He 06513aTeJIbHO ClJI/ISI/I‘leCKOE BpeMsi.



