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Abstract—In this paper, we investigate some properties of SIP, SSP and CS-Rickart modules.
We give equivalent conditions for SIP and SSP modules; establish connections between the class
of semisimple artinian rings and the class of SIP rings. It shows that R is a semisimple artinian
ring if and only if Rg is SIP and every right R-module has a SIP-cover. We also prove that R is
a semiregular ring and J(R) = Z(Rg) if only if every finitely generated projective module is a CS-
Rickart module which is also a C'2 module.
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1. INTRODUCTION AND NOTATION

Throughout this paper R denotes an associative ring with identity, and modules will be unitary right
R-modules. The Jacobson radical ideal in R is denoted by J(R). The notations N < M, N <. M,
N <M, or N C4 M mean that N is a submodule, an essential submodule, a fully invariant submodule,
and a direct summand of M, respectively. We refer to [6, 9, 18], and [23] for all the undefined notions in
this paper.

Recall that a module M is called a SIP module (respectively, SSP module) if the intersection (or the
sum) of any two direct summands of M is also a direct summand of M (see[12, 14, 22]). It is known that
every Rickart right R-module M (i.e., every endomorphism of M has the kernel a direct summand) has
the SIP (see [16, Proposition 2.16]) and every d-Rickart right R-module M (i.e., every endomorphism
of M has the image a direct summand) has the SSP ([17, Proposition 2.11]).

module M is called an S/IP-CS module if the intersection of any two direct summands of M is
e tial in a direct summand of M. It is known that every CS-Rickart module has the CS-SIP (see[2,
Proposition 1.(4)]).

In this paper, we provide some characterizations of SIP, SSP, SIP-CS and CS-Rickart modules.
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F. Karabacak and A. Tercan introduced the notion of SIP-CS module.



MODULES CLOSE TO SSP- AND SIP-MODULES 17
2. SIP MODULES AND SSP MODULES

Let f: A — B be a homomorphism. We denote by (f) the submodule of A @ B as follows: (f) =
{a+ f(a) | a € A}. The following result is obvious and we can omit its proof.

Lemma2.1. let M =X ®Y and f: A —Y,a homomorphism with A < X. Then

(HWAaY =(f)aY;

(2) Ker(f) = X N (f).

We next study some properties of SIP and SSP modules via homomorphisms:

Proposition 2.2. The following conditions are equivalent for a module M:

(1) M is SSP;

(2) For any split monomorphism f : A — M with A a direct summand of M, A + Im(f) is a direct
summand of M;

(3) For any split epimorphism f : M — M /A with A a direct summand of M, A + Ker(f) is a direct
summand of M.

Proof. (1) = (2), (3) are obvious.

(2) = (1). Assume that M = A; & Ay and f: Ay — Ay an R-homomorphism. Call T'= (f) a
submodule of M and hence M =T & Ay;. We consider the homomorphism ¢ : A; — M given by
Y(x) =z + f(x). Itis easily to see that ¢ is a split monomorphism. By (2), A1 + ¥(A;1) = A1+ Tisa
direct summand of M. Furthermore, Ay + T = Ay ® Im(f), which implies Im(f) is a direct summand
of AQ.

(3) = (1). Suppose that M = A; @ Ay and f : A} — Ay an R-homomorphism. Let T' = (f) be a
submodule of M. Then M =T @ A,. Call the homomorphism ¢ : M — M /T given by ¥(a; + a2) =
ag + T for all a1 € Aj,a9 € Ay. Clearly, 1 is a split epimorphism and Ker(y)) = A;. By (3), A1+ T
is a direct summand of M. On the other hand, A; + T = A; @ Im(f), which implies Im(f) is a direct
summand of As. O

Corollary 2.3. The following conditions are equivalent for a module M:

(1) M is SSP;

(2) For any two direct summands Ay and Ay with A1 ~ As, then A; 4+ As is a direct summand of M.
Similarly with SIP, we also have some characterizations of SIP-modules:

Proposition 2.4. The following conditions are equivalent for a module M:

1. M is SIP;

2. For any split monomorphism f: A — M with A a direct summand of M, AN f(A) is a
direct summand of M;

3. For any split epimorphism f: M — M/A with A a direct summand of M, ANKer(f)isa
direct summand of M.

Corollary 2.5. The following conditions are equivalent for a module M:

1. M is SIP;
2. For any two direct summands A; and Ay with A7 ~ A,, then A1 N As is a direct summand of M.
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18 ABYZOV et al.

Proposition 2.6. Lef R be a ring, M an R-R-bimodule and T = R «x M the corresponding
trivial extension. The following conditions are equivalent: (1)T has the SSP;

(2)(a)R has the SSP;

(b) For every regular x of R with x = xyx, we have xM (1 — xy) = 0.

Proof. (1) = (2). By[12, Proposition 4.5].

(2) = (1). Assume that x = zyz. For any m € M, call z=axm(1 —xy). It follows that z =
(xy)z(1 — zy). Note that zy is idempotent of R. By [12, Proposition 4.5], z = (zy)z(1 —zy) =0. O

Let R be a ring and €2, a class of right R-modules which is closed under isomorphisms and
summands. According to Enochs in [10], we study the notion of Q-envelope and the notion of Q-cover:

An R-homomorphism g : M — FE is called an Q-envelope of a right R-module M; if E € Q such
that any diagram:

M—2-F

!

ho
g .

E/
with E' € Q, can be completed, and the diagram:
M—1E

ho

E
can be completed only by an automorphism h.

An R-homomorphism g : E— M is called an Q-cover of a right R-module M;if E € § such that
any diagram:

E—2 M

y.

: s
with E’ € €, can be completed, and the diagram:
E—1+M

. h
-9

B
can be completed only by an automorphism h.

A right R-module M is called a C3-module if whenever A and B are direct summands of M with
ANB =0, then A® B is a direct summand of M. Dually, M is called a D3-module if whenever M
and My are direct summands of M and M = My + Ms, then My N M, is a direct summand of M.

Proposition 2.7. The following conditions are equivalent for a ring R:
(1) Ris asemisimple artinian ring,

(2) Every right R-module has a D3-cover,;

(3) Every 2-generated right R-module has a D3-cover;

(4) Every right R-module has a D3-envelope;

(5) Every 2-generated right R-module has a D3-envelope.

Proof. (1) = (2) = (3). Clear.
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MODULES CLOSE TO SSP- AND SIP-MODULES 19

(3) = (1). Let S be a simple right R-module. Call ¢ : Rg — S an epimorphism. By (3), M =
Rpr @ S has aD3-cover, say o : C — M where C'is a D3-module. Let 1 : S — M and 1o : Rg — M be
the inclusion maps for all ¢ = 1, 2. Note that S and Rp are D3-modules, and there are homomorphisms
B1:S8 — C,Bs: Rp — C such that af; = ;. Clearly, idy; = 11 ® 1o = a(f1 @ B2). This shows that M
is isomorphic to a direct summand of C, which implies that M is a D3-module. We deduce that Ker(¢p)
is a direct summand of Rg by [4, Proposition 4]. It follows that S is a projective module. Thus R is
semisimple.

(1) = (4) = (5). Clear.

(5) = (1). Let S be a simple right R-module. Call ¢ : Rg — S an epimorphism. By (5), M =
Rr ® S has a D3-envelope, named +: M — F where E is a D3-module. Since S and R are D3-
modules, there exist fi : £ — S, fo: E — R such that f;u = m;, wheremy : M — Sand my: M — R
are the projections. There exists ¢ : £ — M such that m;¢p = f; foralli = 1, 2. It follows that ¢ = idjy,
and hence ¢ is a split monomorphism. Thus N & E(N) is isomorphic to a direct summand of E. This
gives that S @ R is also a D3-module. We deduce that Ker(yp) is a direct summand of Rg. So S'is a
projective module. Thus R is semisimple. 0

Corollary 2.8. The following conditions are equivalent for a ring R:

(1) R is a semisimple artinian ring;

(2) Rg is SIP and every right R-module has a SIP-cover;

(3) Rg is SIP and every 2-generated right R-module has a SIP-cover;

(4) Rp is SIP and every right R-module has a SIP-envelope;

(5) Rp is SIP and every 2-generated right R-module has a SIP-envelope.

A ring R is called a right V-ring if every simple right R-module is injective.
Proposition 2.9. The following conditions are equivalent for a ring R:
(l)Risaright V-ring;

(2) Every finitely cogenerated right R-module has a C3-envelope;

(3) Every finitely cogenerated right R-module has a C3-cover.

Proof. (1) = (2), (3) are obvious.

(2) = (1) Let N be an arbitrary simple module. Assume that¢: M = N & E(N) — E is the C3-
envelope, where F is a C3-module. Since N and E (V) are C3-modules, there exist f1 : B — N, fo:
E — E(N) such that f;u = m;, where m : M — N; and 7o : M — E(N) are the projections. There
exists  : E — M suchthat ;¢ = f; foralli = 1, 2. It follows that ¢« = idy;, and so the monomorphism
¢ splits. Thus N @ E(N) is isomorphic to a direct summand of E. It follows that N @ E(N) is also a
C3-module. Therefore N is a direct summand of E(N). This gives N is injective. Thus R is a right
V-ring.

(3) = (1) The proof is similar to the proof (3) = (1) of Proposition 2.7. O
Similarly, we also get the following result for injectivity of semisimple modules:

Proposition 2.10. The following conditions are equivalent for a ring R:

(l)Ris aright Noetherian right V-ring,

(2) Every right R-module with essential socle has a C3-envelope;

(3) Every right R-module with essential socle has a C3-cover.
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3. SIP-CS MODULES

A module M is called relatively CS-Rickart to N (or N-CS-Rickart)ii for every ¢ € Endr(M, N),
Keryp is an essential submodule of a direct summand of M. A module M is called relatively d-CS-
Rickart to N (or N-d-CS-Rickart) if for every ¢ € Endgr (N, M), Ime lies above a direct summand
of M. A module M is called CS-Rickart (d-CS-Rickart) it M is M-CS-Rickart (resp., M-d-CS-
Rickart). M is called a SIP-CS module if A; is essential in a direct summand of M foralli € Z, T is a
finite index set, then ();c7 A; is essential in a direct summand of M. M is called a lifting SSP module if
A; lies above a direct summand of M forall i € 7, Z is a finite index set, then ), 7 A; lies above a direct
summand of M. The class of CS-Rickart (d-CS-Rickart, SIP-CS, lifting SSP) modules is studied by
the authors in[1, 2].

Lemma 3.1. The following implications hold for a module M = My & ... & My:

(1)if M is relatively CS-Rickart to N then M; relatively CS-Rickart to N,

(2)if M is relatively d-CS-Rickart to N then M; relatively d-CS-Rickart fto N.

Proof. We only need to prove for the case n = 2,7 = 1.

(1) Assume that M = M; & M, is relatively CS-Rickart to N. There exists ¢ : M — N such that
© =1 @ 0|y, foreach ¢ : My — N. By assumption, there exists a direct summand D of M such that
Ker(¢) <. D. Since Ker(y) = Ker(v)) ® My and D = (D N M) & Mo, it follows that Ker(¢) & Ma <.
(D N My) & M,. Therefore Ker(y)) <. D N M. Since D is a direct summand of M, D N M; is a direct
summand of M;. Hence Mj is relatively CS-Rickart to N.

(2) Assume that M = M; & M, is relatively d-CS-Rickart to V. There exists ¢ : M — N such that
@ =1 @ 0| for each ¢ : My — N. By assumption, Imep = Imq) lies above a direct summand of N.
Thus, M is relatively d-CS-Rickart to V. O

Proposition 3.2. The following implications hold for a module M:

(1) if M is a SIP-CS module with C2 condition and M = My & M, then M, relatively CS-
Rickart to My;

(2) if M is a lifting SSP module with D2 condition and M = My & Ms then My relatively d
-CS-Rickart to Ms.

Proof. Let f : My — Ms be an R-homomorphism. Then M = (f) & M.

(1) We have that Ker(f) = (f) N My <., eM for some e = e € S, by M is SIP-CS. Let 7y : M; &
My — M be the canonical projection and hence eM N My = 0, implies that w1 (eM) = eM. Since M is
a C2 module, w1 (eM) is a direct summand of M. Then, since Ker(f) <. eM, Ker(f) = m1(Ker(f)) <.
m1(eM). Hence, M is relatively CS-Rickart to Ms.

(2) We have that Im(f) @ My = (f) + M lies above eM for some e =e € S, by M is lifting
SSP. Since <f> + M +My=M, eM + My =M by [8, 32(1)] Let 71 : M1 ©® My — My be the
canonical projection. Then 7y ¢ splits by D2 condition. It follows that eM = (eM N M) @ N by
Ker(my|ear) = eM N My. Wehave N © My = N + (eM N My + Ma) = eM + My = M and obtain that
N & Im(f) =M, & Im(f) DeM.

Im(f)e My M

By modular law, eM =N & eM NIm(f). As — < ar Ve have that
N @ Im(f) N & M, . . Im(f) My .
. Th | hich
NoeMaim() S NaeMalm(py s is equivalent to Zomams < o m ey Ve
implies that Im(f) lies above the direct summand eM N Im(f) of M. O

Corollary 3.3. The following implications hold for a module M = My & ... & M,:

(1)if M is a SIP-CS module with C2 condition then M; is relatively CS-Rickart to M; for every
L7 J;

(2)if M is a liiting SSP with D2 condition then M; is relatively d-CS-Rickart to M; for every i # j.

Proof. 1f M is a SIP-CS module with C2 condition (respectively, lifting SSP with D2 condition),
then by Proposition 3.2, @#j M; is relatively CS-Rickart to M (respectively, relatively d-CS-Rickart
to M;). By Lemma 3.1, M; is relatively CS-Rickart to M (respectively, relatively d-CS-Rickart to M)
forevery i # j. O

Corollary 3.4. The following implications hold for a module M:
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(1)if M & M is a SIP-CS module with C2 condition then M is a CS-Rickart module;

(2)if M & M is a lifting SSP with D2 condition then M is a d-CS-Rickart module.

Proof. Follow from Corollary 3.3. O

The singular submodule Z (M) of a right R-module M is defined as Z(M) = {m € M : annlz(m)
is an essential right ideal of R} where ann;(m) denotes the right annihilator of m in R. The singular

submodule of Rp is called the (right) singular ideal of the ring R and is denoted by Z(Rp). It is well
known that Z(Rp) is indeed an ideal of R.

Next we give a necessary and sufficient condition for a ring over which every finitely generated
projective module to be a SIP-CS-module which is also a C'2 module.

Theorem 3.5. The following conditions are equivalent for a ring R:
(1) Ris a semiregular ring and J(R) = Z(RR);
(2) Every finitely generated projective module is a CS-Rickart module which is also a C2
module;
(3) Every finitely generated projective module is a SIP-CS module which is also a C2 module;
(4) Every finitely generated projective module is a SIP-CS module which is also a C3 module.
Proof. (1) = (2). Follows from [2, Theorem 2].
(2) = (3). Follows from [2, Proposition 1].

(3) = (2). Let P be a finitely generated projective module. By the hypothesis, P is a SIP-CS
module which is also a C2 module. Then P & P is a SIP-CS module which is also a C2 module. Since
Proposition 3.2, P is relatively CS-Rickart to P, it means that P is a CS-Rickart module.

(3) & (2). Follows from [1, Corollary 3.5]. 0
Lemma 3.6. The following conditions are equivalent for a module M:

(1) M is a SIP-CS module;

(2) Intersection of every pair of direct summands of M is essential in a direct summand of M.
Proof. 1t is obvious. O

Proposition 3.7. Assume that M is a SIP-CS module. Then for any decomposition M =
Ml @ My and f: My — Ms is a homomorphism, then Ker(f) is essential in a direct summand of

Proof Assume that M = M; & My and f: M; — M an R-homomorphism. Call T'= (f) a
submodule of M. So M =T @& M, and Ker(f) = T'N M;. On the other hand, by the hypothesis, M
is a SIP-CS and hence Ker(f) is essential in a direct summand of M by Lemma 3.6.

Corollary 3.8. Let M be a module and N, a nonsingular module. If M & N is a SIP-CS module,
then every homomorphism from M to N has the kernel a direct summand of M.

Proof. Let f: M — N be a non-zero homomorphism. By Proposition 3.7, Ker(f) is essential in
a direct summand of M @& N. Assume that A is a direct summand of M @& N such that Ker(f) <. A.
Call mpr : M @ N — M the canonical projection and h = (f ompr)|a : A — N. Therefore Ker(h) =
Ker(f) @ (N N A). We have that Ker(f) <. A and obtain that Ker(f) & (VN A) <. A. It follows that
Ker(f)® (NN A) = A. Thus Ker(f) is a direct summand of M. 0

Corollary 3.9. Let M be an indecomposable module and N be a nonsingular module. If M & N is a
SIP-CS module, then every nonzero homomorphism from M to N is a monomorphism.

Proposition 3.10. Let M be a nonsingular right R-module. If (R @ M)g is a SIP-CS module,
then every cyclic submodule of M is projective.

Proof. Let m be a non-zero arbitrary element of M. Call the homomorphism ¢ : Rr — M given by
o(x) =ma. As (R® M)g is a SIP-CS module, Ker(y) is a direct summand of Rg by Corollary 3.8. It
follows that Im(¢p) is isomorphic to a direct summand of Rg. Thus mR is a projective module. O

A ring R is called right (semi)hereditary if every (finitely generated) right ideal of R is projective.
Theorem 3.11. The following statements are equivalent for a right nonsingular ring R:

(1) Ris right hereditary;

(2) Every projective right R-module is a SIP-CS module.

Proof. (1) = (2) is obvious.
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(2) = (1) Let I be aright ideal of R. We will show that I is a projective module. Call an epimorphism
¢ F'— N for some iree right R-module F'. Let ¢ be the inclusion map from I to Rg. Consider the
homomorphism to ¢ : FF — Rg. By (2), F & Rpr is a SIP-CS module. We have irom Corollary 3.8,
Ker(yp) = Ker(c o @) is a direct summand F'. This gives that F' = Ker(yp) @ B for some submodule B of
F. Thus, I is projective. 0

The author Warfied proved that if R is right serial, then R is right nonsingular if and only if R is right
semihereditary.

The same argument of the proof of Theorem 3.11, we also have the following result of semihereditary
rings:

Theorem 3.12. The following statements are equivalent for a right nonsingular ring R:
(1) R isright semihereditary,
(2) Every finitely generated projective right R-module is a SIP-CS module;
(3) Every finitely generated free right R-module is a SIP-CS module.
Let M be a right R-module and S = End(M). We denote
A(S) = {f € S| Ker(f) <. M}.

An R-moduleis called a self-generator if it generates all its submodules.

Theorem 3.13. The following conditions are equivalent for a self-generator module M with
S =End(M):

(1) S is a semiregular ring with J(S) = A(S);
(2) M is a CS-Rickart and C2 module.

Proof. (1) = (2) Assume that S is a semiregular ring with J(S) = A(S). As M is a self-generator,
J(S) = A(S) < Z(Ss). We deduce that S is right C2. This gives that M is a C2-module by [20,
Theorem 7.14(1)]. Let o : M — M be an endomorphism of M. As S is a semiregular ring, there
exists 8 € S such that g = faf and a — afa € J(S) by [19, Theorem 2.9|Ni. Call e =1 — SBa. Then

e2=cc€S. Asa—aBac A(S), Ker(a — afa) <. M and hence Ker(a — aBa) Ne(P) <, e(M). It
is easily to check that Ker(a — afa) Ne(M) = Ker(a). We deduce that Ker(«) <. e(M).

(2) = (1) By[21, Theorem 3.2]. O

Corollary 3.14. The following conditions are equivalent for a seli-generator module M with S =
End(M®):

(1) Sis a semiregular ring with J(.5) = A(S);
(2) MM is a CS-Rickart and C2 module;

(3) MM is a SIP-CS and C2 module.
Proof.By Proposition 3.2 and Theorem 3.13. O
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