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General points of work

Relevancy. This dissertation is about isomorphism an automorphism problem

for formal matrix rings. This work mainly concern formal matrix rings over ring and

upper triangular matrix rings.

Homological classi�cation of rings is one of the classical problems of algebra. It

was questioned how ring properties a�ects structure category of modules over ring.

This problem was studied by K. Morita 1, who in 1958 described equivalent rings in

terms of Morita context. It is ordered tuple (R,S,M,N,ϕ, ψ), where R, S � rings,

M , N � bimodules, which are connected by bimodule homomorhisms ϕ è ψ.

Given Morita context one can de�ne matrix ring

(
R M

N S

)
with usual opera-

tions of matrix addiction and multiplication. Those rings are called Morita context

rings or formal matrix rings of order 2. Similarly it is easy to de�ne formal matrix

rings of arbitrary order n. If ring R contains nontrivial idempotent e, ring R can

be viewed as formal matrix ring

(
eRe eR(1− e)

(1− e)Re (1− e)R(1− e)

)
. Thus endomor-

pism ring of decomposable module is formal matrix ring. So it is necessary to study

formal matrix rings. Ring-theoretic properties of formal matrix rings were studied

recently 2 3 4 5 6.

Upper triangular formal matrix rings are used for providing examples of rings

with asymmetric properties (e.g. left noetherian, but not right noetherian). While

studying of upper triangular formal matrix question arise: given upper triangular

1Morita, K. Duality for modules and its applications to the theory of rings with minimum

condition // Sci. Rep. Tokyo Kyoiku Daigaku. � 1958. � V. 6. � P. 83�142.
2Goodearl K.R. Ring Theory. � New York-Basel: Dekker, 1976.
3Yardykov E.Yu. Modules over generalized matrix rings: diss. on cand. of ph.-math. sciences:

01.01.06 // Tomsk. � 2009. � 80 pp.
4Krylov P.A., Tuganbaev A.A. Modules over formal matrix rings // J. Math. Sci. � 2010. �

V.171 � � 2. � P. 248�295.
5Krylov P.A., Tuganbaev A.A. Formal matrices and their determinants // J. Math. Sci. � 2015.

� V.211 � � 3. � P. 341�380.
6Abyzov A.N., Tuganbaev A.A. Formal matrices and rings close to regular // J. Math. Sci. �

2018. � V.233 � � 5. � P. 604�615.
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matrix ring can one found its diagonal rings 7? In original paper and in 8 explicit

form of isomorphism of upper triangular Morita context rings was found: at �rst

with restriction of diagonal rings not having nontrivial idempotents, and then with

restriction with diagonal rings be semicentral reduced. In paper 9 explicit form of

isomorphism of Morita context rings with zero trace ideals was found. In paper 10

explicit form of isomorphism of upper triangular formal matrix rings was found, but

it has iterative form: for a series of rings there are series of isomorphisms. Problem

of describing explicit form of isomorpism is still open.

Natural special case of formal matrix rings is Morita context rings over ring R,

that is formal matrix rings of the form

(
R R

R R

)
. Such rings were introduced and

studied by P.A. Krylov in paper 11. They were marked as Ks(R), where s � central

element of R, which de�ne multiplication in Ks(R). For those rings isomorphism

problem was studied and solved: under which restriction on s and t rings Ks(R)

and Kt(R) are isomorphic? Under some assumption on ring R, this isomorphism is

equivalent to s and t di�er by invertible element, up to automorphism of R. This

paper started series of publications. In 12 this criteria lowered assumptions on R,

and in paper 13 new class of formal matrix rings over R of order n was introduced,

with similar isomorphism condition. For formal matrix rings over ring notions of

determinant, characteristic polynomial werr introduced, Hamilton-Caley theorem

was proved. Isomorphism problem was prooved even for greater class of formal

7Khazal R., Dascalescu S., van Wyk L. Isomorphisms of generalized triangular matrix-rings and

recovery of tiles // Internat. J. Math. Math. Sci. � 2003. � V. 2003. � � 9. � P. 533�538.
8Anh P.N., van Wyk L. Automorphism group of generalized triangular matrix rings// Linear

Algebra and its Appl. � 2011. � V. 434. � P. 1018�1026.
9Boboc C., Dascalescu S., van Wyk L. Isomorphisms between Morita context rings // Linear

and Multilinear Algebra. � 2012. � V. 60. � P. 545�563.
10Anh P.N., vanWyk L. Isomorphisms between strongly triangular matrix rings // Linear Algebra

and its Appl. � 2013. � V. 438. � P. 4374�4381.
11Krylov P.A. Isomorphisms of generalized matrix rings // Algebra Logic. � 2008. � V.47 � �

4. � P. 258�262.
12Tang G., Li C., Zhou Y. Study of Morita contexts // Comm. in Algebra. � 2014. � V. 42. �

� 4. � P. 1668�1681.
13Tang G., Zhou Y. A class of formal matrix rings // Linear Algebra and its Appl. � 2013. � V.

438. � � 12. � P. 4672�4688.
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matrix rings 14. Grothendieck and Whitehead groups were studied. Big collection

of research on formal matrix rings can be found in 15.

Since formal matrix rings extends matrix rings, it is natural to study the same

problems. It is fairly known that Skolem-Noether theorem implies that all auto-

morphisms of matrix ring over �eld are inner. However that doesn't hold even for

arbitrary commutative ring. Outer automorphism group was introduced as measure

of di�erence between group of all automorphisms and group of inner automorphisms.

In paper 16 it was shown that given matrix algebra of �nite order there is a �xed

power, in which any automorphism is inner.

It is hard to describe automorphism group of arbitrary matrix algebra, but it

is easy to see that isomorphism M2(R) ∼= M2(S) over commutative rings R and

S is equivalent to isomorphisms of rings R and S. That doesn't hold true for

noncommutative case. It was studied in papers 17 18, 19, where examples were

provided. Next step was studying incidence algebras, which are a special case of

formal matrix rings.

Incidence algebras 20 I(X,R) of locally-�nite partially ordered set X over com-

mutative ring R was introduced by Gian-Carlo Rota Æàí-Êàðëî Ðîòà 21 as natural

tool for combinatorics. Mobius function was de�ned, Mobius invertion formula and

Inclusion�exclusion principle were proved. Soon it became clear that incidence al-

gebras are interested as standalone object. They contains R.P. Stanley introduced

14Krylov P.A., Tuganbaev A.A. Formal matrices and their determinants // J. Math. Sci. � 2015.

� V.211 � � 3. � P. 341�380.
15Krylov P.A., Tuganbaev A.A. Formal matrices. � Springer, 2017. � 165 pp.
16Isaacs I.M. Automorphisms of Matrix Algebras Over Commutative Rings // Linear Algebra

and its Appl. � 1980. � V. 31. � P. 215�231.
17Swan R.G. Projective modules over group rings and maximal orders // Ann. of Math. � 1962.

� V. 76 � � 2. � P. 55 � 61.
18Smith S.P. An example of a ring Morita equivalent to the Weyl algebra A1 // J. Algebra. �

1981. � V. 73. � � 2. � P. 552�555.
19Chatters A.W. Nonisomorphic rings with isomorphic matrix rings // Proc. Edinburgh Math.

Soc. � 1993. � V. 36. � � 2. � P. 339�348.
20Spigel E., O'Donnell C.J. Incidence Algebras � New York: Marcel Dekker, Inc., 1997.
21Rota G.-C. On the foundations of combinatorial theory I: Theory of Mobius functions // Z.

Wahrscheinlichiketstheorie. � 1964. � V. 2. P. 340�368.
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and solved 22 23 isomorphism problem for incidence algebras of posets over �eld. It

was stated that I(X,F ) ∼= I(Y, F ) implies isomorphism of orders X and Y . W. R.

Belding 24 extended this theorem on qosets, under assumptions that at least one

of the qosets is �nite. It was followed by series of papers 25 26 27 28 29. Review

of all results can be found in last papers. Hovewer sometimes base order can not

be retrieved. In paper 30 was given an example of ring R, which is isomorphic to

rings M2(R), T2(R), R ⊕ R. Isomorphism problem was studied and for groupoids
31, semirings 32. Explicit form of isomorphisms of incidence algebras was found 33

34 35.

This dissertation continues study of isomorphism problem for formal matrix rings

over ring. During research it became clear that it is natural to study formal matrix

rings with every bimodule being either 0 or RRR. Since it is similar to incidence

algebras, it was called generalized incidence algebras.

22Stanley R.P. Structure of incidence algebras and their automorphism groups // Bull. AMS. �

1970. � V. 76 � P. 1936�1939.
23Doubilet P, Rota G.-C., Stanley R.P. On the foundations of combinatorial theory IV: The idea

of generating function // New York: Academic Press, 1975.
24Belding W.R. Incidence rings of ore-ordered sets // Journal of Formal Logic. � 1973. � V. 14.

� P. 482�509.
25Nachev N.A., Incidence rings // Vestnik MSU. Ser. 1, Mathematics and mechanics. � 1977. �

V. 32 � P. 29�34.
26Voss E.R. On the isomorphism problem for incidence rings // Illinois J. Math. �1980. � V. 24

� P. 624�638.
27Haack J.K. Isomorphisms of incidence rings // Illinois J. Math. �1984. � V. 28. � � 4. � P.

676�683.
28Dascalescu S. , van Wyk L. Do Isomorphic Structural Matrix Rings have Isomorphic Graphs?

// Proc. Amer. Math. Soc. � 1996. � V. 124. � � 5. � P. 1385�1391.
29Abrams G., Haefner J., del Rio A. The isomorphism problem for incidence rings // Paci�c

Journal of Mathematics. � 2002. � V. 207. � P. 497�506.
30Dascalescu S. , van Wyk L. Do Isomorphic Structural Matrix Rings have Isomorphic Graphs?

// Proc. Amer. Math. Soc. � 1996. � V. 124. � � 5. � P. 1385�1391.
31Shmatkov V.D. On isomorphisms of incidence algebras // Discrete Mathematics and Applica-

tions � 1992. � � 2. � � 4. � P. 395�496.
32Shmatkov V.D. Semiring Isomorphisms and Automorphisms of Matrix Algebras // J. Math.

Sci. � 2017. � V. 221. � � 3. � P. 479�485.
33Baclawski K. Automorphisms and derivations of incidence algebras // Proc. AMS. � 1972. �

V. 36. � 351�356.
34Coelho S. P. The automorphism group of structural matrix algebra // Linear Algebra and its

Appl. � 1993 � V. 95 � P. 35�58.
35Spigel E., O'Donnell C.J. Incidence Algebras � New York: Marcel Dekker, Inc., 1997.
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Goals and problems of dissertation. Goals of dissertations:

1. study of isomorphism problem for formal matrix rings;

2. explicit form of automorphism of formal matrix rings.

Main problems of dissertation:

1. �nding isomorphism criteria of formal matrix rings in terms om multiplicative

coe�cients (similar to Krylov's theorem);

2. explicit form of automorphism of upper-triangular formal matrix rings and

formal matrix rings with zero trace ideals;

3. describing formal matrix rings up to isomorphisms;

4. studying automorphisms of formal matrix rings, conditions for all automor-

phisms being inner, �nding outer automorphisms group.

Results applied for defense. Main results applied for defense are:

1. Solution of isomorphism problem for formal matrix rings of the form

Mβ,0,...,0(R) and Mβ,β,...,β(R) under some restrictions on ring R.

2. Gaining explicit form of isomorphisms of upper triangular matrix rings and

formal matrix rings with zero trace ideals. Su�cient isomorphism conditions

in term of multiplicative elements. As an application, description of automor-

phisms for some algebras of upper triangular matrix rings we provided.

3. Natural extension of incidence algebras on formal matrix rings were introduced

and studied.

4. Solution of isomorphism problem for formal matrix incidence rings over com-

mutative local ring. Generalization of Krylov theorem on this case. For formal

matrices of order 3 and 4 counter examples are given.

5. Classi�cation of generalized incidence algebras of order less or equal 4 up to

isomorphism.

Scienti�cal contribution of thesis results Main results of thesis are new

and proved by author himself. In collaboration papers with scienti�c supervisor,

A.N. Abyzov author not included in thesis results, problems de�nition and research

methods. Propositions 1.1.15 and 1.2.10 are prooved in collaboration with scienti�c
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supervisor. All other results are proved by author himself. In conclusion open

problems that arise in this research area were formulated.

Research methods. Thesis utilize classical methods of theory of rings and

modules. Accuracy of results provided are guaranteed by correct proofs.

Creditability and approbation. Main results of thesis published in 9

(nine) papers [1-9], 4 (four) of them [1-4] published in `'Ïåðå÷åíü ÂÀÊ ïðè

Ìèíîáðíàóêè Ðîññèè ðåöåíçèðóåìûõ íàó÷íûõ èçäàíèé, â êîòîðûõ äîëæíû áûòü

îïóáëèêîâàíû îñíîâíûå íàó÷íûå ðåçóëüòàòû äèññåðòàöèé íà ñîèñêàíèå ó÷åíîé

ñòåïåíè êàíäèäàòà íàóê, íà ñîèñêàíèå ó÷åíîé ñòåïåíè äîêòîðà íàóê�.

Theoretical and practical results of thesis. Thesis results are pure theoretic.

They can be used in future research in theory of rings and modules. Moreover,

thesis results an be used for writing manuscripts and teaching additional courses at

universities.

Approbation Main results of thesis were presented at following conferences and

seminars:

1. XII International conference `'Algebra, number theory and discrete geometry:

modern problems and applications�, Tula, May 25�30 2015

2. XIV Russian junior conference `'Lobachevsky meetings�2015�, Kazan, October

22�27, 2015

3. International conference on algebra, analysis and geometry, Kazan, June 26 �

July 2, 2016

4. Scienti�c seminar at chair of algebra of faculty of mechanics and mathematics

of TSU, Tomsk, November 17, 2016

5. International conference `'Maltcev meetings�, Novosibirsk, November 21�25,

2016

6. XIV Russian junior conference `'Lobachevsky meetings�2017�, Kazan, Novem-

ber 24�29, 2017

7. Scienti�c seminar at chair of algebra of faculty of mechanics and mathematics

of MSU, Moscow, November 27, 2017

8. Scienti�c seminars and overall conferences at chair of algebra and mathematical

logic of Institute of mathematics and mechanics Kazan Federal University,

Kazan, 2015�2018
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Thesis structure and size. Thesis consists of introduction, three chapters,

which are organized in paragraphs, conclusion and bibliography with 53 (�fty three)

titles, included works by author on the same research. Thesis size � 156 (one hundred

�fty six) pages.

Content of dissertation.

In introduction relevancy of work is justi�ed, goals and problems are formu-

lated, a brief overview of content is provided.

In chapter 1 basic notions of theory of rings and modules are introduced. Formal

matrix rings over ring are studied.

In paragraph 1.1 introduced notions of formal matrix ring and formal matrix

ring over ring.

In de�nition 1.1.1 notion of Morita context is introduced. Morita context rings

over R can be described by single element s ∈ C(R) 36. Such tings are marked as

Ks(R). In proposition 1.1.4 37 stated theorem of P.A. Krylov on isomorphism of

Ks(R), Kt(R) in terms of s, t.

Similarly, one can introduce notions of formal matrix ring of order n 38 and

formal matrix ring of order n over R. In later case we have a set of coe�cients.

Let Kn(R : {ϕijk}) be a formal matrix ring over R of order n. De�ne

ηijk = ϕ(1 ⊗ 1) for all 1 ≤ i, j, k ≤ n. Formal matrix ring Kn(R : {ϕikj}) is

uniquely de�ne bet set of central elements {ηijk | 1 ≤ i, j, k ≤ n}. In this case formal
matrix ring Kn(R : {ϕikj}) will be marked as Kn(R : {ηikj}).

De�nition 1.1.11. Let K = Kn(R : {ηikj}) be a formal matrix ring. Set

η = {ηikj} will be called a set of multiplicative coe�cients(or multiplicative set) and

we will write K = Kn(R; η).

In paragraph 1.2 special cases of formal matrix ring are considered. Notion of

Mn(R; s) 39 introduced, for which holds true the result similar to Krylov's theorem.

36Krylov P.A., Tuganbaev A.A. Formal matrices. � Springer, 2017. � 165 pp.
37Krylov P.A. Isomorphisms of generalized matrix rings // Algebra Logic. � 2008. � V.47 � �

4. � P. 258�262.
38Krylov P.A., Tuganbaev A.A. Formal matrices. � Springer, 2017. � 165 pp.
39Tang G., Zhou Y. A class of formal matrix rings // Linear Algebra and its Appl. � 2013. � V.

438. � � 12. � P. 4672�4688.
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De�nition 1.2.7 Let R be a ring, n ≥ 2 è β1, ..., βn ∈ C(R). Let

ηijk = β
δik−δij
i β

1−δjk
j =


1, åñëè i = j èëè j = k,

βj , åñëè i, j, k ðàçëè÷íû,

βiβj , åñëè k = i 6= j.

It is straightforward that Kn(R; {ηikj}) is a formal matrix ring, which we will

write as Mβ1,...,βn(R).

Rings Mn(R; s) are a special case of this construction: Mn(R; s) = Ms,...,s(R).

For this class of formal matrix ring isomorphism problem was partly solved. In every

case solveed, results similar to Krylov's theorem hold true.

Theorem 1.2.12. Let R be a commutative ring, n ≥ 3, β, γ1, ..., γn ∈ R and

annR(β) ⊆ J(R). Then Mβ, 0, ..., 0︸ ︷︷ ︸
n

(R) ∼= Mγ1,γ2,...,γn(R) i� γi = α(β)viai for all

1 ≤ i ≤ n, where α ∈ Aut(R), vi ∈ U(R), è 1 = a1 +a2 + ...+an is a decomposition

to a sum of orthogonal idempotents ai.

Theorem 1.2.15. Let R be a commutative ring, such that Z(R) ⊆ J(R). Let

n ≥ 3 and β, γ1, ..., γn ∈ R. Then Mβ, β, ..., β︸ ︷︷ ︸
n

(R) ∼= Mγ1,γ2,...,γn(R) i� γi = α(β)vi

for all 1 ≤ i ≤ n, where α ∈ Aut(R) and vi ∈ U(R).

In paragraph 1.3 automorphisms of algebra Ks(Z) are considered. In case of

s = ±1 this algebra is isomorphic to M2(Z). It is straightforward that for s 6= ±1

there exists non-inner automorphism.

Theorem 1.3.8. Let Z 3 s 6= 0,±1, A = Ks(Z). Then for s = pα1
1 ...pαn

n with

pi being pairwise di�erent primes, we have OutZ(A) ∼= Z2 × ...× Z2︸ ︷︷ ︸
n

.

Chapter 2 concerns automorphisms of formal matrix ring with zero trace ideals.

Paragraph 2.1 provide brief overview of history of this problem as well as latest
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known results. In theorems 2.1.9 40 and 2.1.12 41 stated results that gives explicit

form of isomorphisms between formal matrix rings of order 2: in upper triangular

case and in case of zero trace ideals respectively.

In theorem 2.1.12 42 stated similar result for upper triangular formal matrix rings

of order n. However, last theorem solves isomorphism problem in iterative form: it

is equivalent to existing a series of special isomorphisms.

We will denote ring of upper triangular formal matrices of the form
R1 M12 · · · M1n

0 R2 · · · M2n

...
...

. . .
...

0 0 · · · Rn


as Tn({Ri}, {Mij}).

De�nition 2.2.1. Ring of formal matrices of the form
R1 M12 · · · M1n

M21 R2 · · · M2n

...
...

. . .
...

Mn1 Mn2 · · · Rn


is called formal matrix ring with zero trace ideal, if for every i < j we have

MijMji = 0 = MjiMij .

Theorems 2.2.9 and 2.2.19 provide explicit form of isomorphisms of upper trian-

gular formal matrix rings and formal matrix rings with zero trace ideals respectively.

Theorem 2.2.9 Let n ∈ N, A1 = Tn({Ri}; {Mij}), A2 = Tn({R′i}; {M ′ij}) and

rings R1, ..., Rn be semicentral reduced. Let Φ : A1 → A2 be an isomorphisms. Then

40Anh P.N., van Wyk L. Automorphism group of generalized triangular matrix rings // Linear

Algebra and its Appl. � 2011. � V. 434. � P. 1018�1026.
41Boboc C., Dascalescu S., van Wyk L. Isomorphisms between Morita context rings // Linear

and Multilinear Algebra. � 2012. � V. 60. � P. 545�563.
42Anh P.N., van Wyk L. Isomorphisms between strongly triangular matrix rings// Linear Algebra

and its Appl. � 2013. � V. 438. � P. 4374�4381.
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there exist permutation τ ∈ Sn and invertible matrix U ∈ U(A2), such that

Φ ([aij ]) = U
[
χij(aτ(i)τ(j))

]
U−1,

with

(1) χii : Rτ(i) → R′i is a ring isomorphism, 1 ≤ i ≤ n;

(2) χij : Mτ(i)τ(j) → M ′ij � Rτ(i)-Rτ(j) is a bimodule isomorphisms with respect

to χii and χjj, 1 ≤ i < j ≤ n;

(3) for every 1 ≤ i, k, j ≤ n, a ∈Mτ(i)τ(k), b ∈Mτ(k)τ(j),

χij (a ◦ b) = χik(a) ◦ χkj(b).

Moreover, if conditions 1�3 hold, then the mapping

Φ ([aij ]) = U
[
χij(aτ(i)τ(j))

]
U−1 is a ring isomorphism.

Theorem 2.2.19 Let t ∈ N, A1 = Dt({Ri}; {Mij}) = (Xij),

A2 = Dt({R′i}; {M ′ij}) = (Yij) and rings R1, ..., Rt does not contain nontrivial idem-

potents. Let ϕ : A1 → A2 be an isomorphism. Then there exust permutation τ ∈ St
and invertible matrix U ∈ U(A2), such that

Φ ([aij ]) = U
[
χij(aτ(i)τ(j))

]
U−1,

with

(1) χii : Rτ(i) → R′i is a ring isomorphism, 1 ≤ i ≤ t;

(2) χij : Xτ(i)τ(j) → Yij � Rτ(i)-Rτ(j) is a bimodule isomorphism with respect to

χii è χjj, 1 ≤ i, j ≤ t;

(3) for every 1 ≤ i, k, j ≤ n, a ∈ Xτ(i)τ(k), b ∈ Xτ(k)τ(j),

χij (a ◦ b) = χik(a) ◦ χkj(b).

Moreover, if conditions 1�3 hold, then the mapping

Φ ([aij ]) = U
[
χij(aτ(i)τ(j))

]
U−1 is a ring isomorphism.

Paragraph 2.3 provides applications of results above to describing automorphisms

of formal matrix rings.
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As Q(R) we will denote total quotient ring of R.

Theorem 2.3.3 Let R be a commutative ring without nontrivial idempotents,

n ∈ N è {Iij}1≤i<j≤n be a set of ideals of R, each of them containing at least

of non-zero divisor, with the property IijIjk ⊆ Iik for every i < j < k. Let

A = Tn((R); {Iij}) ⊆ Tn(Q(R)) be a formal matrix ring with usual operations of

matrix addition and multiplication. Then every R-automorphism of ring A can be

decomposed as CU ◦ CV , with U ∈ U(A), V = diag(h1, ..., hn) ∈ U(Tn(Q(R))),

CV (A) = A.

As it shown in theorem 2.3.3, R-automorphisms of Tn((R); {Iij}) are `'almost�
inner. However, in general case this result can not be speci�ed to being just inner.

Example 2.3.4 Let S = Z[x, x−1] be a ring of integer Laurent polynomials,

and I = 2Z[x, x−1] be an ideal of S. Then R = Z + 2Z[x, x−1] is a subring of S,

consisting of all Laurent polynomials, with even coe�cients at nonzero powers of x.

R is a commutative ring without nontrivial idempotents. Mapping(
a b

0 c

)
7→

(
x 0

0 1

)(
a b

0 c

)(
x−1 0

0 1

)
=

(
a xb

0 c

)

is a non-inner R-automorphism of a ring A =

(
R I

0 R

)
.

However, for R being Dedekind of factorial ring theorem 2.3.3 can be speci�ed

to all automorphisms of Tn((R); {Iij}) being inner.
In chapter 3 isomorphism problem is considered for formal matrix rings over

ring. Paragraph 3.1 provide brief overview of ring-theoretic properties of incidence

algebras.

Paragraph 3.2 consider formal matrix rings, with every bimoduleMij being either

zero or RRR for a �xed ring R. Basic properties are given.

De�nition 3.2.1. Let R be a ring, X be a set with binary relation ≤ and

η = {ηabc | a, b, c ∈ X} be a set of central elements of R, such that following hold:

(1) a ≤ a for every a ∈ X (re�exivity);

13



(2) a ≤ b, b ≤ c, ηabc 6= 0 implies a ≤ c for every a, b, c ∈ X (η-transitivity);

(3) a set {c ∈ X | a ≤ c ≤ b, ηacb 6= 0} is �nite for every a, b ∈ X (generalize local

�niteness);

(4) ηaab = ηabb = 1 for every a ≤ b ∈ X;

(5) ηabc ηacd = ηabd ηbcd for every a ≤ b ≤ c ≤ d ∈ X.

Such set η is called multiplicative set, and its elements are called multiplicative coef-

�cients. Elements ηaab and ηabb are called trivial for a ≤ b.
Relation ≤ is called η-qoset. η-qoset on X is called total, if a ≤ b for every

a, b ∈ X.

De�nition 3.2.2. Let R be a ring, and on set X we have η-qoset. Consider set

K(X,R; η) = {f : X ×X → R | f(x, y) = 0, åñëè x 6≤ y} .

De�ne on K(X,R; η) element-wise operations of addiction and multiplication on

a scalar. De�ne multiplication as:

(f · g)(x, y) =
∑

x≤z≤y

f(x, z)g(z, y) ηxzy.

It is straightforward that under those operations set K(X,R; η) becomes a ring,

that we will call formal matrix incidence ring

De�nition 3.2.3. η-poset on X is an η-qoset on X, such that a ≤ b, b ≤ a,

ηaba 6= 0 implies a = b.

De�nition 3.2.4. Let R be a commutative ring. Then K(X,R; η) becomes R-

algebra, that we will call generalized incidence algebra and will denote by I(X,R; η).

Let R be a ring, X be an η-qoset. De�ne equivalence relation on X as:

x ∼ y ⇔ x ≤ y, y ≤ x, ηxyx ∈ U(R).

Corollary 3.2.25. Let R be a commutative local ring, X be a �nite η-qoset.

Then

J(I(X,R; η)) = {f ∈ I(X,R; η) | f(x, y) ∈ J(R), if x ∼ y}.
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On the set X̂ = {[r1], ..., [rk]} of equivalence classes we can de�ne relation ≤ as:

[ri] ≤ [rj ] ⇔ ri ≤X rj . Then for x′ ∼ x , y′ ∼ y, z′ ∼ z we have ηxyz = v ηx′y′z′ ,

v ∈ U(R). In particular, for x ∼ y ∼ z we have ηxyz ∈ U(R).

In paragraph 3.3 isomorphism problem is considered for generalized incidence

algebras over commutative local ring.

Theorem 3.3.4. Let R be a commutative local ring, X be a �nite η-qoset, Y be

a �nite µ-qoset. Then algebras A = I(X,R; η) and B = I(Y,R;µ) are isomorphic

as R-algebras i� following hold:

(1) there exists a bijection ϕ : X → Y , that keep orders ′ ≤′ and ′ ∼′;

(2) there exists a function g : Y × Y → U(R) with

ηxyz g(ϕ(x)ϕ(z)) = µϕ(x)ϕ(y)ϕ(z) g(ϕ(x)ϕ(y)) g(ϕ(y)ϕ(z)),

for every x ≤ y ≤ z ∈ X.

It is relatively hard to check for existence of function g. But if we drop su�ciency

condition last theorem can be greatly simpli�ed.

Theorem 3.3.11. (isomorphism theorem in Krylov's form) Let R be

a commutative local ring, X be a �nite η-qoset, and Y be a �nite µ-qoset. If

I(X,R; η) ∼= I(Y,R;µ) as algebras, then there exists a bijection ϕ : X → Y that

keep order ≤, such that for every x ≤ y ≤ z ∈ X we have ηxyz = vxyz µϕ(x)ϕ(y)ϕ(z),

vxyz ∈ U(R).

It is natural to ask whether theorem 3.3.11 provides a su�cient condition of

isomorphism. For |X| = 2 it is holds due to theorem by Krylov.

Theorem 3.3.12. Condition in theorem 3.3.11 is not su�cient for commuta-

tive local rings even for |X| = 3.

Example in the proof 3.3.12 is not just any generalized incidence algebra, but

a formal matrix ring over ring R. However, this example greatly utilize nontrivial
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idempotents in ring R. So we should consider case of R = F be a �eld. In this case

we can formulate the problem if inversing theorem 3.3.11 in explicit form.

De�nition 3.3.14. Let R be a commutative ring, X be an η-qoset. Multi-

plicative set η is called {0, 1}-multiplicative set, if every ηijk ∈ η is either 0 or 1.

Generalized incidence algebra I(X,R; η) with {0, 1}-multiplicative set η is called

{0, 1}-algebra.

Given generalized incidence algebra I(X,F ; η) over �eld F one can construct

{0, 1}-algebra I(X,F ; η̄) as: ηijk 6= 0 ⇔ η̄ijk = 1. It is straightforward that

inversibility of theorem 3.3.11 is equivalent to algebras I(X,F ; η) and I(X,F ; η̄)

being isomorphic.

Theorem 3.3.14. For a �eld F and |X| = 3 theorem 3.3.11 provides su�cient

condition of isomorphism.

In paragraph 3.4 considered problem of inversing theorem 3.3.11 for generalized

incidence algebras over �eld with |X| = 4. Two one-parameter classes of generalized

incidence algebras of order 4 over a �eld F are introduced: A4(s;F ) and Ar4(s;F )

with s ∈ F . For every algebra in both of this classes every multiplicative coe�cient,

except one, in equal either to 0 or 1.

Theorem 3.4.3. Let F be a �eld, s, t ∈ F . Algebras A4(s;F ) and A4(t;F )

isomorphic i� s = t.

Corollary 3.4.4. Let F be a �eld, containing at least 3 elements, and |X| = 4.

Then theorem 3.3.11 does not provide su�cient condition of isomorphism for alge-

bras I(X,F ; η).

Due to this negative result it became interesting to �nd all isomorphism classes.

In particular, if A = I(X,F ; η), B = I(X,F ; η) its {0, 1}-algebra and A 6∼= B, could

algebra A be isomorphic to some other {0, 1}-algebra of order |X|?

Proposition 3.4.6. Let R be a commutative local ring, X be a �nite η-qoset,

A = I(X,F ; η), B = I(X,F ; η) its {0, 1}-algebra. If algebra A is isomorphic to

some {0, 1}-algebra I(Y,R;µ), then |Y | = |X| and A ∼= B.
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Next theorem describes all generalized incidence algebras of order 4 over a �eld

up to isomorphism.

Theorem 3.4.8. Let F be a �eld and |X| ≤ 4. Let A = I(X,F ; η) be a

generalized incidence algebra and A′ = I(X,F ; η̄) its {0, 1}-algebra. Then one and

only one of the following conditions hold:

(1) algebras A and A′ are isomorphic;

(2) algebra A is isomorphic to A4(s;F ) for some unique s not equal to 0 and 1;

(3) algebra A is isomorphic to Ar4(t;F ) for some unique t not equal to 0 è 1.

Paragraph 3.5 provided a technique for extending all results from chapter 3 from

generalized incidence algebras to formal matrix incidence rings. Those results gives

a partial answer to problems by P.A. Krylov and A.A. Tuganbaev43.

In conclusion open problems that arise in this research area were formulated.

Conclusion

In thesis isomorphism problem for formal matrix rings were considered. As a

brief overview of thesis results, one can distinguish those:

1. Solving isomorphism problem for formal matrix rings Mβ,0,...,0(R) and

Mβ,...,β(R).

2. Describing outer automorphism group of Krylov ring over integers.

3. Explicit form of isomorphisms of formal matrix rings with zero trace ideals.

4. Introduction and study of natural extension of incidence algebras to formal

matrix rings.

5. Solving isomorphism problem for formal matrix rings over commutative local

ring.

6. Describing generalized incidence algebras of order 4 over �eld up to isomor-

phism.

Author i greatly thankful to his research advisor associate professor Abyzov Adel

Nailevich for problem suggestion and useful advices.
43Krylov P.A., Tuganbaev A.A. Formal matrices and their determinants // J. Math. Sci. � 2015.
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