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Puc. 4. CkpeleHHbI KOJIAK C KPbIIIKO 1 IucT Mebuyca Ha HEM.
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TORUS AND ONE-SIDED SURFACES
M.A. Cheshkova

We study the torus M which is different from the classic torus T obtained by rotating a circle along the
axis. We consider the torus M as the surface of parallel transfer of one circle along the other. We define
a closed curve on the torus M using 4r-periodic vector-function p = p(v). Using the obtained function
we define equations of the Mobius band, Klein bottle and cross-cap. We constructed the studied sur-
faces in Euclidean space E® with the help of mathematical package.

Keywords: surface of parallel transfer, torus, periodic function, Klein bottle, M6bius band, cross-cap.
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PACITPEJEJIEHNMS HA TTOJIYT'OJIOHOMHOM IVIAZIKOM MHOI'OOBPA3UUN
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C nomouybto cmpykmypHsix ypasHeHuti Jlanmesa onpedesieHsl 2010HOMHOE, N0JIY2010HOMHOE,
B8HYMpEHHE U 8HeuUlHe Hez0JIOHOMHble 21adkue MH02000pa3us. Ha znadkom MH02000pasuu
pPaccMompeHo 20710HOMHOe pacnpedeieHue, Komopoe nopoxoaem axmop-mHoz0006pasue.
Jlokazaxo, umo (pakmop-mHo2000pasue noay20J10HOMHO20 MH02000pA3USA A6J11emCcsl 6HYM -
peHHe U 8HeulHe He20IOHOMHBIM, d (PaKkmop-mH02000pasue 2010HOMHO20 MHO2000pa3us 20-
JIOHOMHO.

KmioueBbie cnoBa: [ooHOMHOe MHOTooGpasyue, IMOTYrOJIOHOMHOE MHOTroobpasue,
BHYTpEHHE ¥ BHEIITHe HeIrOJIOHOMHbIE MHOTO00Pa3usl.
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1. ['oiloHOMHBIE, IMOJIYTOJIOHOMHbBIE€ M HETOJIOHOMHbIE IVIaAKNe MHOFOO6paBI/IH

[l n-MepHOTrOo I7afKoro MHOToo6pasust M, CTpyKTypHbie ypaBHeHus .. JlanTeBa
[1] umeroT BUL,
do' =0’ A0 (1,],..=Tn).
[Tpomormkas ux, moayuynum
dwf = wf Ak +of A w}K,
IIpUYeM BbIIIOHSIOTCS YCIOBUS

1 J K _ 1 _al L I _ 1 _
w]K/\w AN —OQw[]K]_A]KLw ’ /l(]K)L—O’ A{]KL}_O’

e KBaJgpaTHbIe CKOOKM 0003HAYAIOT aJIbTePHUPOBAHME, KPYT/Ible CKOOKM — CUMMeTpPU-
poBaHue, PUTYpHbIe — LUKIUPOBaHMUE.

MHoroo6pa3sue, iJjis KOTOPOTO BBITIOTHSIOTCS 3T YCIOBMSI, Ha30BeM (cp. [2]) momy-
TOJIOHOMHBIM I7TIaJIKUM MHOTO0Opa3uem Mg. Ecnu yciioBus TOKaJIBHOM CMMMETPUN BbI-

POKIAIOTCS B YCIOBUS CUMMETPUU w[I]K] = 0, TOo Ha30BeM M, TOJIOHOMHBIM IJIaJAKUM
mHoroo6pasuem M. Ecin dopmbl wﬁK He 006/1aaI0T JIOKAJIbHOM CMMMeTpueit (w[I Teha

A1 ®"), TO GyieM rOBOPUTb O BHYTPeHHe HeroJIOHOMHOM I7IaIkoM MHOrooGpasuu M.
HaxkoHelr, ecyi UMeIOT MeCTO 6osiee 001/ e CTPYKTYpHbIE YpaBHEHMS

I_ K I K I I Al K, ol
da)]—w] ANWyg+o /\w]K+G), @)];éa) AQ]K’

TO 6yzieM TOBOPUTD O BHEIIHe HeTOMOHOMHOM IIaJiKoM MHOroo6pasuu N M,,.

2. PacmipenenieHnne Ha MHOTOOOpa3uy 1 TEH30P HETOJIOHOMHOCTH

Paccmotpum pacnipenenenne Ty, (M;) m-MepHBIX ITIOAIIPOCTPAHCTB 1}, Ha IJIaAKOM
MHOT006pa3uu Mj, KOTOpoe SBJISIeTCS TIOTYTOIOHOMHBIM MHOTO0Opa3uem Mg, B 4acT-
HOCTM, TOJIOHOMHBIM MHOT000pasuem M,Ij . IIlpousBenem paszbueHne 3HaUYe€HU UHOEK-
COB

I=0,a); i,...=1,m; a,..=m+1,n.

ITbaddossl ypaBHeHMs pacnpenenerdust 1y, (M) UMeIOT BUI

a_ ra, J
w; —Ai]a).

I[Ipomoskast MX ¢ IOMOIIbIo JeMMbl Kaprana, Haiigem guddepeHiaabHble CpaBHeHMS
AAS +0f; = 0 (mod o),

rae A - TeH30pHbIN nuddepeHIMaNbHbIN oriepaTop. M3 HUX C1eqyioT CpaBHEeHMS Ale"j =

0 1 TeH30pa HeroJIoHOMHOCTU le"j = Aﬁ.j], KOTOPBIN MOSIBJISIETCS IIPU MOAPOOHOI 3a-
TIACU CTPYKTYPHBIX ypaBHeHMIT 6a3MCHBIX GopM w!:

do' :wj/\wj.+a)“/\wfx, (1)
dw® :wﬁ/\Qg+Nf‘jwi/\wf, )

Qg = a)g — A?ﬁwl. 3)
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3. ®akTOp-MHOroo6pasue, MOPOKAEHHOE TOJIOHOMHBIM pacIipeieieHueM

[Ipy aHHY/IMPOBaHMM TeH30pa HETOJIOHOMHOCTY pacIipefieieHyie Ha3bIBaeTCsl rojlo-
HOHMHBIM, a CTPYKTypHbIe YpaBHeHUs (2) YyIIPOIIAI0TCS:

do® = wP A Qg. (4)

B saTom ciryuae cucrema w® = 0 BIIOJTHE MHTETpUpyeMa U BbIAEISIET 71-MepHOe TTOJMHO-
roobpasmue M,, € M; cO CTPYKTypPHBIMM YPaBHEHUSIMMU
_ _ i
do' = o' /\a)], w] wjlwazo.

ITommHOTOOOpasue M, SIBJISETCSI TUIIOBBIM ciaoeM pacciaoenuss M, = My, (F,—,) co
CTPYKTYPHBIMM YpaBHeHUSIMU (4,1), 6a30if KOTOPOTO CIIYSKUT (1 — m)-MepHoe ¢GaKTop-
MHOroobpasue F,,_;, - MHOXXeCTBO 1-MePHbIX IIOAMHOI000pa3uii, ormdéaeMbIX MOAIIPO-
CTPaHCTBAaMM IOJIOHOMHOTIO pacIipeleneHus.

4. Hero1oHOMHOCTb (haKTOp-MHOT000pa3us

BbISICHMM CTereHb HerOJIOHOMHOCTU TVIaJIKOTO MHOT006pasus F,_,; CO CTPYKTyp-
HbIMM ypaBHeHUsIMU (4). BHemHme nuddepenimanbl hdopm (3) IpUBOASTCS K BULY

a Y a Y
dQ _Qﬁ/\Q +w /\QM

rae Ngij - 00beKT BHeIlIHel HeroJIOHOMHOCTH [3] pakTop-mHOro06pasus F,_;,. Anbrep-

HaIMM TPeXMHAEKCHBIX hopm ng MMEIOT BUT,

o' A/,
ﬁl]

[ﬁY Aﬁyﬁw + ﬂww’

rae Ngyi - 00bEKT BHYTPeHHe HeroJIOHOMHOCTH [3] hakTop-MHOr006pasust Fy_,.

Teopema. @akmop-mH02000pa3ue, NOPoIOeHHOe 20/I0HOMHbIM pacnpedesieHuem
Tm(M;j) HA NOJY20JI0HOMHOM 271A0KOM MH02000pasuu M,g, A6/151emcst BHeUWHe U 6HYmMpeHHe
HE20710HOMHBIM 271a0KUM MHo2000pasuem N FN.

CnenctBus

1) Eciit 06'beKThI HETOJIOHOMHOCTY 00paTsITCS B HYJIb, TO GaKTOp-MHOTroo6pase 6y-
IeT IMOTYTOIOHOMHBIM

— _ _ S
N§ =0, N§ =0 = Fypm=F,_,
a

2) Ecin, KpoMe TOTro, yCI0BMe JTOKAJIbHOM cuMmmeTpun hopm py CTAHET YCIOBYEM

CUMMETpPUH, TO PaKTOp-MHOTO0Opa3ye 6ymeT roIOHOMHbBIM F,f_ m
3) Ecnu romoHOMHOe pacIipeiesieHye 3ajaH0 Ha TOJIOHOMHOM IVIaZKOM MHOTroo0pa-
sun M1, T0 hakTOp-MHOr006pase roTOHOMHO

/1§KL=0 = Fyp_m=FH1

5. YcroBusI TEH30PHOCTY 00bEKTOB MOMYTOIOHOMHOCTY ¥ HETOJIOHOMHOCTHU
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IOuddepenumanbHble cpaBHEeHMS 1151 KOIDGUIIMEHTOB MOJTYTOTOHOMHOCTY M KOM-
TTOHEHT 0ObEKTOB HETOJIOHOMHOCTY MPUBOISTCS K BULY

a ~ ~
B 0611eM ciyuae 3T 00beKTbI He 00pa3yIoT TEH30Pbl, HO IIPU YCIOBUSIX UX TEH30PHOCTU

1 ~ a ~ a ~
WKL = 0> w[ij]ﬁ = 0, w[ﬁy]i =0,

MHBapMaHTHbI paBeHCTBa

AL jkL=0=>N ﬁl] =0, ﬁw =0,
durypupyioiue B cieacTBusx 1), 3).
JIuteparypa

1. JlanrreBT. ®. OcHo8Hble UHPUHUMESUMATBHBIE CMPYKMYPbl 8bICUUX NOPSAOKO8 HA 2/1a0KOM MH02006pasuul
// Tp. reom. cemuHapa. —1966. — T.1 -M. — C. 139-189.

2. IlleBuenko 0. . OcHauwjeHust 2010HOMHbIX U HE20JIOHOMHbIX 21A0KUX MH02000pasuii // KanuHuHrpam. —
1998. - 83c.

3. ShevchenkoJu.I., Skrydlova E. V. About non-holonomicity of quotient manifold of holonomic distribution on
semi-holonomic smooth manifold // MexxagyHap. KOH(. 110 anre6pe, aHanu3y u reomerpun. Kaszans. —2016. —
C. 67-68.

NON-HOLONOMICITY OF QUOTIENT MANIFOLD OF HOLONOMIC DISTRIBUTION ON
SEMI-HOLONOMIC SMOOTH MANIFOLD

Yu.I. Shevchenko, E.V. Skrydlova

Using the Laptev structure equations, holonomic, semi-holonomic, internally and externally non-
holonomic smooth manifolds are defined. On a smooth manifold we consider a holonomic distribution
that generates the factor manifold. It is proved that the factor manifold of a semi-holonomic manifold
is internally and externally non-holonomic, and the factor manifold of a holonomic manifold is holo-
nomic.

Keywords: Holonomic manifold, semi-holonomic manifold, internally and externally nonholonomic man-
ifolds.
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