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Àííîòàöèÿ

Ïîëó÷åíî ïðèáëèæåííîå àíàëèòè÷åñêîå ðåøåíèå çàäà÷è îá îñàæäåíèè âçâåøåííûõ ÷à-
ñòèö â êðóãîâîì êàíàëå âíóòðè ïîðèñòîé ñðåäû íà îñíîâå ìîäåëè òå÷åíèÿ Ïóàçåéëÿ äëÿ
íåñóùåé ôàçû è óðàâíåíèÿ êîíâåêòèâíî-äèôôóçèîííîãî ïåðåíîñà ÷àñòèö. Ïðèâîäÿòñÿ
âûðàæåíèÿ äëÿ ïðîôèëÿ ñêîðîñòè ãàçà, ïðîñòðàíñòâåííîãî ðàñïðåäåëåíèÿ êîíöåíòðàöèè
è êîýôôèöèåíòà ïðîïóñêà ÷àñòèö, êîòîðûå âêëþ÷àþò â ñåáÿ òàêèå ïàðàìåòðû êàê ÷èñëî
Äàðñè è êîýôôèöèåíò ñêîëüæåíèÿ íà ãðàíèöå ðàçäåëà ìåæäó ïîðèñòîé ñðåäîé è ïðèëå-
ãàþùåé ê íåé ñâîáîäíîé æèäêîñòüþ.

Êëþ÷åâûå ñëîâà: (àýðîçîëüíûé ôèëüòð, ïîðèñòàÿ ñðåäà, êîíöåíòðàöèÿ ÷àñòèö, ýô-
ôåêòèâíîñòü ïðîíèêíîâåíèÿ)

Ðåøåíà çàäà÷à îá îñàæäåíèè äèñïåðñíîé ïðèìåñè â êàíàëå âíóòðè ïîðèñòîé ñðå-
äû. Òàêàÿ çàäà÷à âîçíèêàåò â ñâÿçè íåîáõîäèìîñòüþ îöåíêè õàðàêòåðèñòèê àýðî-
çîëüíûõ ôèëüòðîâ ïðè íàðóøåíèè åãî öåëîñòíîñòè â ðåçóëüòàòå îáðàçîâàíèÿ â íåì
ìèêðîîòâåðñòèé [1].

1. Ïîñòàíîâêà è ðåøåíèå ìàòåìàòè÷åñêîé çàäà÷è

Ðàññìîòðèì çàäà÷ó äâèæåíèÿ àýðîçîëÿ â êðóãîâîì êàíàëå ðàäèóñà Rc âíóòðè
ïîðèñòîé ñðåäû áåç ó÷åòà âëèÿíèÿ ÷àñòèö íà òå÷åíèå ãàçà. Òå÷åíèå ãàçà ÷åðåç ïî-
ðèñòóþ ñðåäó è ÷åðåç êàíàë äëèíû L â íàïðàâëåíèè X îáåñïå÷èâàåòñÿ ïåðåïàäîì
äàâëåíèÿ △P (ðèñ. 1).

Ïðåäïîëàãàåòñÿ, ÷òî ñêîðîñòü ôèëüòðàöèè V â ïîðèñòîé ñðåäå îïðåäåëÿåòñÿ
çàêîíîì Äàðñè

V = −k

µ

dP

dX
=

k

µ

△P

L
, (1)

ãäå µ � âÿçêîñòü ãàçà, k � ïðîíèöàåìîñòü ïîðèñòîé ñðåäû. Äëÿ ñòàöèîíàðíîãî
ëàìèíàðíîãî òå÷åíèÿ íåñæèìàåìîé æèäêîñòè âíóòðè êàíàëà ïðèíÿòà îäíîìåðíàÿ
ìîäåëü òå÷åíèÿ Ïóàçåéëÿ, â ðàìêàõ êîòîðîé ñêîðîñòü ãàçà U = U(R) îïðåäåëÿåòñÿ
èç óðàâíåíèÿ [2]:

1

R

d

dR

(
R
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)
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1

µ
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k
. (2)

Íà ãðàíèöå ðàçäåëà ìåæäó ïîðèñòîé ñðåäîé è ïðèëåãàþùåé ñâîáîäíîé æèäêîñòüþ
ïðèíÿòî óñëîâèå, âïåðâûå ñôîðìóëèðîâàííîå â ðàáîòå [3],

dU

dR

∣∣∣∣
R=Rc

= − α√
k
(U(Rc)− V ), (3)

ãäå α � áåçðàçìåðíûé êîýôôèöèåíò ñêîëüæåíèÿ. Â îáùåì ñëó÷àå, êîýôôèöèåíò α
ìîæåò áûòü îïðåäåëåí èç ýêñïåðèìåíòà èëè èç ðåøåíèÿ ãèäðîäèíàìè÷åñêîé çàäà÷è
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Ðèñ. 1. Ñõåìà òå÷åíèÿ â êðóãîâîì îòâåðñòèè âíóòðè ïîðèñòîé ñðåäû

ñ çàäàííîé ðåàëüíîé ñòðóêòóðîé ïîðèñòîé ñðåäû [3, 4]. Íà îñè êàíàëà ïðèìåì
óñëîâèå îãðàíè÷åííîñòè ñêîðîñòè ãàçà

U(0) < ∞. (4)

Ðåøàÿ (2) ñ óñëîâèÿìè (3), (4), ïîëó÷àåì:

U(R) =
R2

c△P

4µL

[
1−

(
R

Rc

)2

+ 2τ

]
, (5)

τ = α−1
√
k
(
1 + 2α

√
k/Rc

)
/Rc, (6)

ãäå ïàðàìåòð τ ó÷èòûâàåò èçìåíåíèå ñêîðîñòè ïîòîêà, âûçâàííîå íåíóëåâîé ñêîðî-
ñòüþ íà ãðàíèöå ñ ïîðèñòîé ñðåäîé. Óðàâíåíèå (5) ïðè τ = 0 äàåò ðåøåíèå çàäà÷è
î òå÷åíèè æèäêîñòè â òðóáå ñ íåïðîíèöàåìûìè ñòåíêàìè. Ââåäåì áåçðàçìåðíîå
÷èñëî Äàðñè Da = k/R2

c , òîãäà (6) ìîæíî ïåðåïèñàòü â âèäå

τ =
√
Da

(
α−1 + 2

√
Da

)
. (7)

Ñðåäíÿÿ ñêîðîñòü ïîòîêà U0 â êàíàëå îïðåäåëÿåòñÿ êàê îòíîøåíèå ðàñõîäà ãàçà
Qc ê ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ Sc

U0 =
Qc

Sc
=

R2
c△P

8µL
(1 + 4τ). (8)

Ñ ó÷åòîì (8) ðåøåíèå (5) çàïèñûâàåòñÿ â áåçðàçìåðíîì âèäå

u = 2(1− r2 + 2τ)/(1 + 4τ), 0 6 r 6 1, (9)

ãäå u = U/U0 , r = R/Rc . Ïàðàìåòð τ îïðåäåëÿåòñÿ çíà÷åíèÿìè k è α .
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Äèôôóçèîííûé ïåðåíîñ àýðîçîëüíûõ ÷àñòèö â êðóãîâîì êàíàëå îïèñûâàåòñÿ
óðàâíåíèåì êîíâåêöèè-äèôôóçèè äëÿ êîíöåíòðàöèè C(X,R) ÷àñòèö (îñåâàÿ äèô-
ôóçèÿ ìàëà ïî ñðàâíåíèþ ñ êîíâåêòèâíûì ïåðåíîñîì ÷àñòèö)

U
∂C

∂X
= D

(
∂2C

∂R2
+

1

R

∂C

∂R

)
, (10)

ãäå D � êîýôôèöèåíò äèôôóçèè. Ââîäÿ âåëè÷èíû c = C/C0 , x = X/L , β =
8µDL2/R4

c△P , ïåðåïèøåì (10) â áåçðàçìåðíîé ôîðìå

2(1− r2 + 2τ)
∂c

∂x
= β

(
∂2c

∂r2
+

1

r

∂c

∂r

)
. (11)

Óðàâíåíèå (11) äîïîëíÿåòñÿ ãðàíè÷íûìè óñëîâèÿìè

c(r, 0) = 1, 0 6 r 6 1, (12)

c(1, x) = 0, x > 0, (13)

∂c/∂r = 0, r = 0. (14)

Êàê áûëî ïîêàçàíî â [5], äëÿ êàíàëà ñ íåïðîíèöàåìîé ñòåíêîé (Da = 0) ïðîôèëü
êîíöåíòðàöèè ñòàíîâèòñÿ ïîëíîñòüþ ðàçâèòûì, íà÷èíàÿ ñ áåçðàçìåðíîãî ðàññòîÿ-
íèÿ îò âõîäà êàíàëà x = 0.2/β . Â ýòîé îáëàñòè îòíîøåíèå f(r) = c(r, x)/cmax(x)
çàâèñèò òîëüêî îò ðàäèàëüíîé êîîðäèíàòû r (cmax(x) = c(0, x) � ýòî ìàêñèìàëüíîå
çíà÷åíèå êîíöåíòðàöèè ÷àñòèö â òî÷êå x), ò.å.

c(r, x) = cmax(x)f(r), βx > 0.2. (15)

Ïîäñòàâëÿÿ (15) â (11), ïîëó÷èì:

1

βcmax

dcmax

dx
=

1

2(1− r2 + 2τ)f

(
d2f

dr2
+

1

r

df

dr

)
= −λ, (16)

ãäå λ = const > 0 . Èç (16) çàïèøåì óðàâíåíèå äëÿ ôóíêöèé cmax(x) è f(r)

cmax(x) = δ exp(−λβx), (17)

f ′′ +
1

r
f ′ = −2(1− r2 + 2τ)λf. (18)

Ñëåäóÿ ìåòîäó, èçëîæåííîìó â [5], íàéäåì ðåøåíèå f(r) â âèäå

f(r) = 1 + a2r
2 + a4r

4 + a6r
6, (19)

ãäå a2 = −3(6− ν)/(11− ν) , a4 = 3(3− ν)/(11− ν) , a6 = −(2− ν)/(11− ν) , ν = λτ .
Äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîíñòàíò δ è λ â (17)�(18) êðàåâàÿ çàäà÷à äëÿ

(11) â ïðåäïîëîæåíèè β = 1 ðåøàëàñü ÷èñëåííî ìåòîäîì Êðàíêà-Íèêîëñîíà. Íà
îñíîâå àïïðîêñèìàöèè ïîëó÷åííûõ ðàñïðåäåëåíèé êîíöåíòðàöèè ÷àñòèö c(0, x) íà
îñè ïðè ðàçëè÷íûõ çíà÷åíèÿõ τ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ ïîñòðîåíû ïðè-
áëèæåííûå çàâèñèìîñòè δ(τ) è λ(τ)

δ(τ) = (δ1 + δ2τ)/(1 + δ3τ); δ1 = 1.351, δ2 = 3.204, δ3 = 4.516, (20)

λ(τ) = (λ1 + λ2τ)/(1 + λ3τ); λ1 = 3.426, λ2 = 2.563, λ3 = 0.011. (21)
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Òàêèì îáðàçîì ðàñïðåäåëåíèå êîíöåíòðàöèè c(r, x) â êàíàëå âíóòðè ïîðèñòîé ñðå-
äû ìîæåò áûòü ïðåäñòàâëåíî

c(r, x) = δ(τ) exp(−λβ(τ)x)(1 + a2r
2 + a4r

4 + a6r
6), (22)

ãäå δ, λ, a2, a4, a6 îïðåäåëÿþòñÿ ïî ïðèâåäåííûì âûøå ôîðìóëàì.
Ðèñ. 2 äåìîíñòðèðóåò êðèâûå c(0, x) = cmax(x) äëÿ ðàçëè÷íûõ ÷èñåë Da .

Ñïëîøíûå êðèâûå ñîîòâåòñòâóþò ðàñïðåäåëåíèÿì, ïîëó÷åííûì èç ÷èñëåííîãî ðå-
øåíèÿ (13). Êîíöåíòðàöèÿ àýðîçîëüíûõ ÷àñòèö c(0, x) = cmax(x) âäîëü îñè óìåíü-
øàåòñÿ ìåäëåííåå ñ óâåëè÷åíèåì Da . Òå÷åíèå ãàçà â ïîðèñòîé ñðåäå (Da ̸= 0)
ïðèâîäèò ê íåíóëåâîé ñêîðîñòè U(Rc) = τR2

c△p/2µL íà ãðàíèöå îòâåðñòèÿ. Ïî-
ýòîìó óâåëè÷èâàåòñÿ ñêîðîñòü ïîòîêà â êàíàëå è äîïîëíèòåëüíàÿ îñåâàÿ êîíâåêöèÿ
óìåíüøàåò îñàæäåíèå ÷àñòèö. Â öåëîì, èç ðèñ.2 âèäíî, ÷òî êðèâûå, ïîëó÷åííûå
ïî àíàëèòè÷åñêîé è ÷èñëåííîé ìîäåëè íåïëîõî ñîãëàñóþòñÿ.
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Ðèñ. 2. Îñåâûå ðàñïðåäåëåíèÿ êîíöåíòðàöèè ÷àñòèö c(x, 0)

×àñòü âçâåøåííûõ ÷àñòèö ïðè äâèæåíèè áóäóò îñåäàòü â ðåçóëüòàòå äèôôó-
çèè ê ñòåíêàì êàíàëà. Äëÿ ðàñ÷åòà äîëè îñòàâøèõñÿ â êàíàëå ÷àñòèö ââîäèòñÿ
êîýôôèöèåíò ïðîïóñêà ÷àñòèö P , âûðàæàåìûé ïî ôîðìóëå

P (x) =

∫ 1

0
ru(r)c(r, x)dr∫ 1

0
ru(r)dr

. (23)

Ïîñëå ïîäñòàíîâêè àíàëèòè÷åñêèõ âûðàæåíèé u(r) , c(r, x) â (23) ïîëó÷èì:

P (x) = δ(τ) exp[−λ(τ)x]
6.3 + 18τ − (τ + 0.4)ν

(1 + 4τ)(11− ν)
. (24)

Êðèâûå P (x) , ðàññ÷èòàííûå ïî ïðèáëèæåííîé ôîðìóëå (24) è ïî (23) ñ ðàñïðåäåëå-
íèÿìè u(r) , c(r, x) , ïîëó÷åííûìè èç ÷èñëåííîãî ðåøåíèÿ êðàåâîé çàäà÷è äëÿ (13),
ïðèâåäåíû íà ðèñ. 3. Ñèìâîëû ñîîòâåòñòâóþò øèðîêî èçâåñòíîé ôîðìóëå èç ðàáî-
òû [6]. Âèäíî, ÷òî ðàçíèöà ìåæäó ÷èñëåííûìè è àíàëèòè÷åñêèìè çàâèñèìîñòÿìè
P (x) âîçðàñòàåò ñ ðîñòîì Da è óìåíüøàåòñÿ ñ óâåëè÷åíèåì x .
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Ðèñ. 3. Êîýôôèöèåíò ïðîïóñêà P (x)

2. Çàêëþ÷åíèå

Íà îñíîâå ìîäåëè òå÷åíèÿ Ïóàçåéëÿ äëÿ íåñóùåé ôàçû è óðàâíåíèÿ
êîíâåêòèâíî-äèôôóçèîííîãî ïåðåíîñà ïðèìåñè ïîëó÷åíî ïðèáëèæåííîå àíàëèòè-
÷åñêîå ðåøåíèå çàäà÷è îá îñàæäåíèè âçâåøåííûõ ÷àñòèö â êðóãîâîì êàíàëå âíóòðè
ïîðèñòîé ñðåäû. Ïðèâîäÿòñÿ âûðàæåíèÿ äëÿ ïðîôèëÿ ñêîðîñòè æèäêîñòè, ïðî-
ñòðàíñòâåííîãî ðàñïðåäåëåíèÿ êîíöåíòðàöèè è êîýôôèöèåíòà ïðîïóñêà ÷àñòèö,
âêëþ÷àþùèå â ñåáÿ òàêèå ïàðàìåòðû êàê ÷èñëî Äàðñè è êîýôôèöèåíò ñêîëüæå-
íèÿ íà ãðàíèöå ðàçäåëà ìåæäó ïîðèñòîé ñðåäîé è ïðèëåãàþùåé ê íåé ñâîáîäíîé
æèäêîñòüþ. Àíàëèòè÷åñêèå ðåøåíèÿ íàõîäÿòñÿ â õîðîøåì ñîãëàñèè ñ ðåçóëüòàòàìè
÷èñëåííîé ìîäåëè. Ïîêàçàíî, ÷òî óâåëè÷åíèå ÷èñëà Äàðñè óìåíüøàåò îñàæäåíèå
÷àñòèö çà ñ÷åò óâåëè÷åíèÿ ñêîðîñòè ïîòîêà â îòâåðñòèè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû N 12�01�00333,
14-01-31118).

Summary

O.V. Solov'eva, Sh.Kh. Zaripov, E.V. Scvortsov. Analytical model of the transport of
aerosol particles in a circular hole inside porous medium.

Ànalytical solution of equation the suspendended particle transport in a circular hole in a
porous medium is obtained. The Poiseuille's �ow model is used to describe the carrier phase
motion. The expressions for the �uid �ow velocity pro�le, the space distribution of particle
concentration and the penetration as a Darcy number and slip coe�cient function are given.

Key words: aerosol �lter, porous medium, particle concentration, penetration e�ciency
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