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Î ÄÇÅÒÀ-ÔÓÍÊÖÈÈ ÊÎÐÍÅÉ

ÃÎËÎÌÎÐÔÍÎÉ ÔÓÍÊÖÈÈ

Äàííàÿ ðàáîòà ïîñâÿùåíà ïîëó÷åíèþ èíòåãðàëüíîãî ïðåä-

ñòàâëåíèÿ äëÿ äçåòà-ôóíêöèè êîðíåé íåêîòîðîãî êëàññà öåëûõ

ôóíêöèé.

Ïóñòü f (z) � öåëàÿ ôóíêöèÿ íóëåâîãî ïîðÿäêà â C . Ðàñ-
ñìîòðèì óðàâíåíèå

f (z) = 0. (1)

Îáîçíà÷èì ÷åðåç Nf = f−1 (0) ìíîæåñòâî âñåõ êîðíåé óðàâ-

íåíèÿ (1), êàæäûé êîðåíü ñ÷èòàåòñÿ ñòîëüêî ðàç, êàêîâà åãî

êðàòíîñòü.

Íàøà öåëü � ïîëó÷èòü èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ

äçåòà-ôóíêöèè ζf (s) óðàâíåíèÿ (1), êîòîðàÿ îïðåäåëÿåòñÿ ñëå-

äóþùèì îáðàçîì:

ζf (s) =
∑
a∈Nf

(−a)−s ,

ãäå s ∈ C . Çíàê ìèíóñ ïåðåä êîðíÿìè â îïðåäåëåíèè äçåòà-

ôóíêöèè âçÿò äëÿ óäîáñòâà çàïèñè èíòåãðàëüíûõ ôîðìóë.

Ïóñòü z = x + iy . Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f íå ðàâíà

íóëþ íè â îäíîé òî÷êå ìíîæåñòâà R+ := {z ∈ C : x > 0, y=0} .

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî 0 < Re s < 1 . Òîãäà

ζf (s) =
sinπs

π

∞∫
0

{
f ′ (x)

f (x)
− ω0

}
x−s dx,
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ãäå ω0 åñòü ïðåäåëüíîå çíà÷åíèå äëÿ âûðàæåíèÿ
f ′ (x)

f (x)
íà áåñ-

êîíå÷íîñòè.

Â äàëüíåéøåì ðàññìîòðèì öåëóþ ôóíêöèþ f (z) ïîðÿäêà ρ

è ïðèâåäåì åùå îäíî èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ äçåòà-

ôóíêöèè ζf (s) íóëåé zn ôóíêöèè f , êîòîðûå èìåþò âèä

zn = −qn + isn, qn > 0.

Ïðåäïîëîæèì, ÷òî Re s = σ > 1 è âûïîëíåíû ñëåäóþùèå óñëî-

âèÿ:

lim
n→∞

qn
n
> 0, (2)

ðÿä
∞∑
n=1

(
1

qn

)σ−1

ñõîäèòñÿ. (3)

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (2) è (3) è Re s>1 .

Òîãäà

ζf (s) =
1

Γ (s)

∞∫
0

xs−1F (f, x) dx,

ãäå F (f, x) =

∞∑
n=1

eznx , à Γ (s) � ýòî ãàììà-ôóíêöèÿ Ýéëåðà.

Ñëåäñòâèå. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Òîãäà

äëÿ 0 < Re s < 1 ñïðàâåäëèâî ðàâåíñòâî

ζf (s) Γ (s) =

∞∫
0

(
F (f, x)− 1

x

)
xs−1 dx.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðî-

åêòû � 12-01-00007-à, � 14-01-00283-à).




