DddekTnBHO peasn3yeMbie UTEPAITUOHHBIE METOABI JJ9 JIMHEMHBIX
JIJIUTITUYECKUX BAPUAIMOHHBIX HEPABEHCTB C OTPAHUYEHUSAMH HA TPAJTUEHT
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Annomanus CrponTtes 1 MccaeyeTcs HOBbI UTepalOHHbI MeTO/I /1Sl KOHEYHOMEPHOI Cej1J10-
BOIT 331a9u ¢ orpanudeHusgMu. [loydeHHbe pe3yIbTaThl TPUMEHSIOTCA K 0OOCHOBAHUIO CXOJIM-
MOCTHU Pa3JIUYHBIX UTEPAIIMOHHBIX METOJ0B Jjid CETOUYHBIX AlIIPOKCUMAIINil JUHENHBIX 3JI/IUITH-
YeCKUX BAPUAIMOHHBIX HEPABEHCTB C OTPAHUYIEHUSIMHI HA IPAJINEHT pereHus. B wactHocTu, oboc-
HOBBIBAETCH CXOJAMMOCTH JIBYXCTYIIEHUATHIX UTEPAIMOHHBIX MeT010B. OCHOBHBIM JIOCTOMHCTBOM
[IPeJIIaraeMbIX METOOB SIBJISETCH ITPOCTOTA UX YUCJACHHOM peasm3anun. Pe3yIbTarbl YuCIEHHBIX
pacdeToB JIEMOHCTPUPYIOT BBICOKYIO CKOPOCTH CXOJINMOCTH METO0B.
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Abstract A new iterative method for a finite dimensional constrained saddle point problem
is constructed and investigated. The obtained results are applied to prove the convergence of
different iterative methods for the mesh approximations of variational inequalities with constraints
to the gradient of solution. In particular, convergence of two-stage iterative methods is proved.
The main advantage of the proposed methods is the simplicity of their implementation. The
results of the numerical testing demonstrate high convergence rate.
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BBenenune

Pa3BI/ITI/Ie YUCJICHHBIX METO/0B pelIeHrusdA BapUalUuOHHBIX HEPABECHCTB U 3a/4a4 CO CBO-
OOHBIMU TPAHUIIAMU MATEMATHIYECKOl (DU3UKM OCTAaeTCs aKTyaJbHON 3aja4ueil HeCMOTps
Ha IPOBeJEHHBbIE B IIOCJIEIHAE HECKOJbKO JeCATH/IeTHIl ITyOOKHMe HCCJIeI0BaHUs B TOM
obsactu. OcoOeHHO BaKHOM HpOOJIEMOil SBJISIETCS MOCTPOEHUE OBICTPO CXOMSIIUXCS U
9 PEKTUBHO pean3yeMblX HTePAIMOHHBIX METOIOB PEIleHHs] CeTOYHBIX BapHAIMOHHBIX
HEPaBEHCTB OOJIBINON PA3MEPHOCTH, AMMPOKCUMUPYIOMUX HepaBeHCTBA ¢ JAuddepentim-
AJIbHBIMU OTIEPATOPAMU.

JI71s1 BAPHAIMOHHBIX HEPABEHCTB ¢ OrPAHUYEHUSME Ha TPAJUEHT pelleHns (Wi ¢ He
b depernupyembivu byHKIIMOHATAMA OT TPAJIMEHTA PellleHnsl) Haubo/ee N3BeCTHBIME 1
XOPOIIIO 3aPEeKOMEHTOBABIIIMH CeOsI METOJAME PeIleHns SABISIOTCS METOIbI, OCHOBAHHBIE
Ha MCIIOJIb30BaHUK paciiupenHoit ¢pyukimu Jlarpanxka, u ux o0o0IIeHUs B C/lydae Helo-
TEeHIUAJbHBIX OIIEepaTOPOB. OCHOBbI TeoOpuu MTEPAUMOHHBIX METOA0B C HUCIIOJIB30BaAHUEM
pacmupennoil dyukiuu Jlarpanzxa usnoxkensl B Kaurax [1| u [2]. Cxomumocts pazimd-
HBIX BapHAHTOB 9THX METOJO0B 0DOCHOBAHA /I 337a4 B HCXOAHOIN auddepeHnuaabHOi
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MIOCTAaHOBKE C MCIIOJIb30BAHHMEM allllapaTta HeJWHEefiHbIX MOHOTOHHBIX OIEPATOPOB B I'MJIb-
0epTOBBIX W OAHAXOBHIX NMpocTpaHcTBaX. Tepannonubie MeTOAbI JJisi HauboJiee 0DIIero
KJIACC BapHUAIlMOHHBIX HEPAaBEHCTB — € OOpPaTHO CUJIHHO MOHOTOHHBIMHU OIlepaTOpaMu —
u3ydensl B [3], [4].

[Ipumenenue TexHuku paciiupeHHoit dynkiuu Jlarpanzka K ceTOYHbIM AIIPOKCUMAa-
UM BapHAIMOHHBIX HEPABEHCTB C OIPDAHUYEHUSIMHU Ha T'PAJUEHT PENIeHUus TPUBOIAT
K KOHEYHOMEDHBIM CeJIOBBIM 3aJadaM ¢ OrpaHuYeHusMEu U '3amosHeHHON" omepaTop-
MaTpuiieil, JielicTBYIONMell Ha IpsMble IepeMeHHbIe, COOTBETCTBYIOIINE PEIICHUI0O U €ro
rpajiuedTy. B cBg3u ¢ 3TUM Ipe/jIOKeHHbIE B IMUTHPOBAHHBIX paboTaX HTEpAIMOHHBIE
MEeTO/IbI OCHOBAHBI Ha MPUHIUIAX KOMOHHAIIMK METOI0B OJIOYHON pelaKcalud U Cpau-
€HTHOI'O 110/beMa, 110 JIBOHCTBEHHBIM IT€PEMEHHBIM.

JIpyroit ox0/1 K TOCTPOEHUIO NTEPAIIMOHHBIX METO/IOB JIJIsI PEIeHNsT KOHETHOMEPHBIX
CeJIJIOBBIX 3318 ¢ OTPAHIMYEHISIMHI OB MTPeIOZKEH B [5] i 3aTeM pa3sut B paborax [6], [7].
DTOT MMOJAXO0J COCTOUT B IpeoOpPa30BAHUU HCXOIHOI CeITOBOi 3a1a4l K dKBHBAJIEHTHOI
3aja4e ¢ 6JIOYHO-TPEYTOJbHOI U TMOJOXKUTETBHO ONpeIe/IeHHON MaTpunei, JeiicTByomei
Ha 1psiMble 1iepemMennbie. Jljis pernienust oCTPOeHHOI Ce/IJI0BOM 3a/a9i MOZKHO IPUMEHHUTH
HEIOCPEe/ICTBEHHO O0O0OIIEeHHBIN MeTO/1 Y 3aBbl (Fpa;meHTHblﬁ MEeTOJ] MO JBOWCTBEHHBIM
lepeMeHHbBIM ).

[Ipu perennn ceTOYHBIX BapUAIMOHHLIX HEPABEHCTB C JIUHEHHBIME OLlepATOPAMU JI0-
OBIM U3 YIOMAHYTBHIX BBIIIIE METOJIOB Ha KaKI0il mTepamuu TpedbyeTcs pPemIiuTh CHCTe-
MY JIMHEHHBIX (CeTOYHBIX) YPABHEHUIT U HECBSI3HYIO CHCTEMY 339 MUHUMHU3AIMN MAJIOH
pa3MepHOCTH, COOTBETCTBYIOIINX TOYKaM ceTKH. [Ipu oboCcHOBaHNM CXOAMMOCTH METOI0B
CUMTAETCSI, YTO CUCTEMBI JIMHEHHBIX CETOYHBIX yPaBHEHUH PETNTafoTcsi TOYHO.

B nammoit pabore mocTpoeH HOBBIII UTEPAIMOHHBIA METOJ I KOHEIHOMEPHOM cel-
JIOBOI 3a/Ia4N C OrpaHUYeHUSIMI U JUHEHHLIMH omepaTropaMiu. /loka3zaHa Teopema O CXO-
JIIMOCTH METOJIA, IPH 9TOM OCHOBHBIM KOHCTPYKTHBHBIM YCJIOBUEM CXOAUMOCTH SIBJISETCS
OJTHO OIIePATOPHOE HEPABEHCTBO, KOTOPOE TO3BOJISIET ITOJIYIUTh HHTEPBAJ CXOIUMOCTH JIJIsi
urepanmonHoro napamerpa. [Ipeiokenubiit MeTo 1 BKIIOYaeT B ce0st 0000IIEeHHbBI MeTO/I
VY3assl [5] 1 Tak Ha3bIBaeMbIil aaropuT™ 2 u3 [2| Kak gactmbie caydan. Bosee Toro, obrmast
TeopeMa 0 CXOANMOCTH HTEePAIHOHHOTO MEeTO/1a JI/IsI CeIIOBOM 3a1a9i MOKEeT OBITH IIPUMe-
HeHA 1 JIJTT 000CHOBAHUSA CXOAUMOCTH JAPYTUX HTEPAITHOHHBIX METO/IOB PEITeHUT CeTOUHBIX
BapHaIlMOHHBIX HepaBeHCTB. B yacTHOCTH, B cTaThe /I0Ka3aHa CXOAUMOCTD JIBYXCTYIIeHYa~
THIX BAPUAHTOB METO0B, B KOTOPHIX CUCTEMbI CETOYHBIX YPABHEHUI Ha KayKJI0i nrepaiun
OCHOBHOTO (BHEIIHEro) MeTo/[a penraioTes ¢ (PUKCHPOBAHHON TOYHOCTHIO BHYTPEHHUM HTe-
PAIMOHHBIM IPOIIECCOM.

B orcyTcTBHE TEOpeTHUECKHX OIEHOK CKOPOCTH CXOAMMOCTH OCHOBHBIM KPHUTEpHEM
orneHKH dPPEKTUBHOCTU UTEPAIMOHHBIX METO/I0B CTAHOBATCS YUCJAEHHbIE SKCIIEPUMEHTHI.
[TposeierHbIe TECTOBBIE pacYeThl JJId MOJEJAbHBIX 3a/a49 IMOKa3ad BBICOKYIO CKOPOCTh
CXOAUMOCTH IIPE/IJI0ZKEHHBIX METOI0B, UTO HAPsI/Ly C IIPOCTOTOM UX YUCIEHHON peain3alliui
SABJISI€TCS HECOMHEHHBIM JOCTOMHCTBOM IIPE/IJIOZKEHHBIX METOI0B.



1 Ce,[[J'IOBbIe 3aJa4Yn C OrpaHUYCeHUAMU 1M UTEPAINOHHbIE METOAbI NX PEIIEeHMsA

Bynem pemarts cemoByIo 3a/1ady

4D

¢ 3amaHabIiMu BekTopaMu f € R™ u g € R® B npeanooKeHnu, 910

marpuna A € R™" 10/10:KUTeIbHO OlIpejieIeHa,
Marpuia B € R**™ numeer noJabiit panr: rank B = s < n,
¢ : R* - R — BblmyKjas, COOCTBEHHAS H HOJTyHeIpepbIBHAS
cHU3Yy (DyHKIIHL.

Teopema 1. ([7]) IIycmv evinoanenv yeaosus (2) u
{z € R": Bz = g} Nintdom # 0. (3)

Toeda 3adaua (1) umeem nenycmoe mmoocecmeo pewenuts X = {(x,\)} u x onpedens-
emca 00H03HAUHO.

[Tpumenum st penterust (1) uTepanuoHHbIH METOJ

Azk+t 4+ O (2* ) 5 BTAF + f, (4)
NFL = AP 4 7D (g — BaFh).

B ciyaae cummerpuanoit Mmarpuipl A Meros (4) MOXKHO cYuTaTh 0000MEHHBIM (ITPEI0-

OyCJIOBJIEHHBIM) METOIOM Y3aBbl JIJIsi OTHICKAHWs CeyI0Boi Toukn (yHKmn JlarpaHnxa
1

L(x,\) = §(A:r;, z)—(f,x)+(x) — (Bxr—g, ), coorBercTByIomeii 3amaue (1). Tocrarod-

HO€ YCJIOBHE CXOIMMOCTH MTePAIMOHHOTO MeTosa (4) NPUBEIEHO B CJELYIOINIel TeopeMe.

Teopema 2. ([5]) ITycmv svinoanens yeaosus (2), (3). Ecau

aT

(Az,x) > T(D_lBl‘, Bz) Yz € R" (5)

¢ nexkomopum « > 1, mo umepayuonnod memod (4) cxodumes 0as 1100020 HAUAALHOZO
npubausicenus \°: (28, \F) — (2%, \*) € X npu k — .
[Iycrb Temeph Marpuia A paciieriena Ha CyMMY MaTDHIL:
A= A; + Ay, rae A; NOJOKATETHLHO ONPEIe/ICHA. (6)

Nrepanumonnbiit MmeTo

APt b Ay — BTNE 4+ 0y (2 5 f,

1
—DO\ = \F) 4 BaFtt =g 7 > 0, (7)
-

¢ CHMMETPHUYHOM U IOJIOKUTEIbHOI MaTpuieir D HazoBeM MeTo10M OJIOUHON pesiakcaimu-
V3aBhl.



Teopema 3. [Tycmov swnoanenv, yeaosusa (2), (3) u (6). Ecau cywecmeyrom wucao
a > 1 u nenpepwvisnas neompuuamenrvhas dynkyus p: R — R, p(0) = 0, maxue wmo

QT
(A1, z) + (Agy, x) > T(D_lBa:, Bzx) + p(z) — p(y) Yo,y € R", (8)

mo umepayuonrviti memod (7) czodumea daa m06020 nauarvrozo npubiuscernus (x A0):
(2, NF) — (2%, 0*) € X npu k — ..

Joxasamenvcmeo. OTMETHM, HpezKIe BCero, 9T0 MeTO] KOPPEKTHO OIpejieseH, TaK Kak
priodenne AjrFtt + Oy (2th) > f — Asa® + BTAF onmosmaumno paspemmno B cmity Tmo-

JIOXKHUTETHHOM OIpeIeIeHHOCTH MATPHUIIBL Aj.

Iycrs (7, \) — pemenue sagaun (1), 2% = 2% —2 u nf = \¥— \. Ymnoxus coornomenns

1
AP ApF 4 O (2T — O(x) — BTk 30, ;D(n’“rl —nF)+ B =0

Ha 272 u 2rnF*l | cooTBeTCTBEHHO, TIOTYUMM
27 (AL 2T Ap2® M —2r(B2AT M) <0,
"5 = " 1D + I = n*I1% + 27(B2 ) = 0.
OTciofa, Toc/Ie CI0KeHHs, CaeIyeT

I S = 111D + 0 = 0"l + 2B g — %) + 270 (Ar™T + Apet M) <.

[Tockosibky
2
.
27(B" =) < (L= o)™ = llp + T I1BZ D,

TO B cuIy (8) Jijist JOCTATOTHO MAJIOTO TOJIOKUTENBHOTO € Haiigercs 3 > 0 Takoe, 410

2

-
27(Auz 4 Ap2h, 2 — T [|B2" [ 2 BT B [ + p(2FT) — p(2).

Takum obpasoM, clipaBe/IJIMBO HEPABEHCTBO

(=% + 27p(=" ) = ("1 + 27p(2%)) +
+elln™ ™t =it p + B BB <0 (9)
U3 mepasencrsa (9) caemyer, 9To

e OrpaHmUYeHHas CHH3Y Hy/JdeM TociaeaoBaTeabHocTh {|[nf||% + 27p(z%)} momoTommo
YOBIBACT W CXOMUTCSA K KOHEUHOMY YHCIIY;

o Bz 5o = 0= [l2M] = [l — 2] — 0;
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o |[NFL— XE||p = || —0¥||p — 0 npu k — oco.

[ockonbky 2% — 0, To p(2*) — 0 u Bumecte ¢ {||n*]|% + 27p(2*)} cxomures mocaemoba-
tesbrocThb {||0*]|p}, a smaunt nocaenosarenvrocts {AF} orpanmuena. [ycts {A\¥} — ee
CXOJISAIIASICS TTOJIIOCIIEI0BATEIBLHOCT: A¥ — \* 1pu k; — oo. Torma takxke A\l — \*,
ITockobKy ¥ — z m omepatop O 3aMKHYT, TO TIepexojis K Tpejeay npu k; — oo B
(7), momyunm, uro napa (x, \*) seasiercs pemenneMm (1). Ilycts Temepb A = A* BO Beex
TIpeIBIIYTIIX BHIKAaKaxX. Tak Kak mocaenosateabaocTs { || A —\*||p} cxommTea, a ee moa-
nocseiosarebiocth { | A¥ —\*||p} erpemures k nymo, To {||A\¥—\*|| p} Taxue crpemuTcsa
K HYJIIO. [

Bameuanne 1. ITonroocue Ay =0 u p = 0, Mol NPUTOdUM K UMEPAUUOHHOMY METMO-
dy (4) u yeaosuwro crodumocmu (7) meopemo, 2. Taxum obpazom, meopema 3 AGAAEMCA
obobuieruem meopemoi 2.

2 KOHe‘{HO-paBHOCTHbIe AIIIIPOKCUMaN ABYX MOJAEJIbHbIX BAPDHUAIIMOHHbBIX HEpa-
BEHCTB

[Iycts Q = (0,1) x (0,1), V = H}(R2) — npoctpancrso Coboresa n K = {u € V :

|IVu(z)| <1 . Be. B Q} — BblyK/10€ 1 3aMKHYTOE MHOZKECTBO. OUpPEIeIuM BbIILYKJIbIH 1

HenpepbiBHbI Ha V' dynkumonan I(u) = /|Vu| dr m GuIMHEHRHYIO 1 HenpephIBHYIO Ha

V xV dopmy

af,v) = / Vu- Vods + / 1(@) - Vavdz, 4(z) = (@u(z), g:(2)),
Q Q

rae dyuxiun ¢ (z) u go(x) HenpepbiBHbL 1 HeoTpUNATEbHB B ). PaccMoTpum Bapuanu-
OHHbIE HEPABEHCTBA

ue K: a(u,v—u)}/f(v—u)dx Yo e K, (10)
0

ueV: a(u,v—u)—i—](v)—[(u)E/f(v—u)d:v YveV. (11)
Q

O6oznaunM 4epes ¢ = max 1/ ¢3(x) + ¢2(x) u gepes \g = 272 — MEHEMAJILHOE COOCTBEHHOE
xe)

aucio oneparopa Jlamaca B Q ¢ ognopogubivmu yesosusivu Jupuxie. Ipu ¢ < Vo
ousnHeitnass popmMa a MOJIOKUTEJBLHO Olpe/ie/IeHa:

ofura) > (1-03") [ [Vu dz = (1 - 035 Julf
Q
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nosromy Bapuanuonubie HepapencTBa (10) u (11) ogHO3HAYHO pa3pemIUMbI JJisi JHOOBIX
f € H1(Q) (cm., nanpumep, [9]).

[TocTpouM KOHEUHO-PA3HOCTHBIE ANNPOKCUMAIME BapUAIMOHHBIX HepaseHcTs (10) m
(11) nma pasuomepmnoii cerke w = {x = (ih,jh) : 0 < i,j < m+ 1, (m+ 1)h = 1}
Ucnosnb3yem cieyronpe 0603HaYe s Ui CeTOIHBIX MHOXKecTB: w = {x € @ : 1 < @ <
m,1<j<m} ow=0u\w,w = {.7c€w:1<z<m—|—11 Jj<m), wy =
{rew:1<i<m1<j<m+1} nw" =w Uw. [lycts V}, — 370 mpocTpancTBO
cerouHbIX (DYHKIMA, OIPE/IEICHHBIX B Y3/1aX CETKU W U PABHBIX HYJIIO B DAHUYHBIX y3/1aX
Ow, a Wy, — npocTpancTBa ceTouHbIX (bYHKIHiT, ONpPe/IeJeHHbIX B y3/1aX CeTKH W,
1,2. OupesenmM KOHEIHO-PA3HOCTHBIE ATMIPOKCUMAINE OUIMHENHOH (hOPMBI, MHOKECTB
u GYHKIMOHATIOB, CUATas /st IPOCTOTH f () HenpepblBHO (yHKIMeil:

an(up,vp) = h? ZZE)uh )0;un( )—i—hQZZqi(x)auh(x)vh(x),

rewt i=1 rEw i=1

Z =

Kn={un € Vi : (D1un(2))® + Daun(x))? <1 Vo€ w'},

n(un) =0 \/|51uh(x)\2 +[Dun ()2, fulon) =12 fz)vn()
zEwt TEW
Baech Oyup(z) = h™(up(ih, jh) — up((i — 1)k, jh)) n Oyup(z) = b (up((i + 1)k, jh) —
up(ih, jh)) — pa3HOCTHBIE MPOU3BOJHBIE 110 T B y3Je cerku * = (ih, jh) U aHAJOTHYIHO
OIIpe/Ie/IeHbl PA3HOCTHDIE POU3BOIHBIE 110 To.
KoHe4uHOo-pa3sHOCTHBIE ANMIPOKCHMATINE BAPHAIMOHHBIX HepaBeHcTB (10) u (11) nmeror
BUL

up € Ky o ap(up, v — up) = frn(vy — up) Yo, € Ky, (12)
up € Vit an(un, vn — up) + In(vn) — In(un) = frn(vn — un) Yo, € V. (13)

HaJgee Oy1eM nCIoib30BaTh (GOPMYJINPOBKY ITUX CETOYHBIX BaPUAIMOHHBIX HEPABEHCTB B
"mMarpuano-sekTopHOM" Bume. C 3T0il MEIbI0 ONMpeIeJ M TPOCTPAHCTBA BEKTOPOB y3J10-
BBIX IIapaMeTPOB CETOYHBIX (DYHKIHiI, a TaK:Ke MATPHUIbI, COOTBETCTBYIOININE CETOUYHBIM
omeparopaM. Ilycts u,v € R™, n = m? — BeKTOPH Y3I0BBIX IAPaMETPOB CETOTHBIX
dbynkuuit up, vy, u3 Vi, a w; € R™™ — pexropbl y3/10BbIX HAPaMETPOB CeTOYHbIX (DYHKIMI
wip, € Wip. Onpenenum npamoyrosbabie (n+m) X n marpunst Ly, Ly, KBaApaTHYIO 1 X N
matpuity S u Bektop f € R" paBencrBamu

(Liu,wy) = Z Orup(x)wipy(2), (Lou, ws) Z Ot () wap (2),

(Su,v) Z Z qi(z)Oiun(w)vn(z), (f,v) = Z f(@)on(z),

cuntast, uT0 CKOOKH (,) B JIEBOil 4aCTH PABEHCTB O3HAYAIOT €BKJIMI0BO CKAJSPHOE MPOM3-
BeJIeHUEe B TIPOCTPAHCTBE BEKTOPOB COOTBETCTRYIONIEH PAa3MEPHOCTH.



ITo nocrpoenmio LTL = LT L, + LT L, — 310 Marpuna cerounoro oneparopa Jlamiaca
—Aj, = =010y — 030, B npoctpancTie Vy,. OHa CUMMeTPUYHA U TTOJIOKUTEJIHHO OIPeIesie-
ma: || Lul|? > i ||u)|?, pimin = 8h2sin?(0.57h). dnga cerounsix bynxmuit uy, v, € Vi, u
COOTBETCTBYIONNX UM BEKTOPOB Y3/I0BBIX HapaMeTPOB U M U CIIPABEIIBO HEPABEHCTBO

(S 0) < (303 @) (3 e Zqz )" < allLul| o]

rcw 1=1 TEW

1/2 .

nosromy marpuna G = LT L + S nojoxurensno onpeenena npn q < p i

(Gu,u) = || Lull* + (Su,u) > (1= qugsl?) [ Lul]* > 0'Yu £ 0.

MHOKeCTBO OrpaHHICHHUIT /1S BEKTOPOB Y3/IOBELX APAMETPOB U CeTOUHBIX (byHKum”I up €

K), npnotperaer Bug K = {u € R" : (Lyu)? + (Lyu); < 1Vj =1,2,....,n+ m} u ero
n—+m

MHIUKATOPHAST (DYHKIUS ONpee/seTcst paBeHcTBoM ¢( L) Z I ((Lyw) 4, ((Lau);), Toe
j=1

I,(z1, 7o) — unauKaTopHas GyHKIMe egunudnoro kpyra {z € R? : 22 + 22 < 1}. B cBoio
n+m

ouepeap, dbyuknus p(Lu) = Z \/(Lluﬁ + (Lau)j coorserctsyer Iy(up) B ceTodnom
j=1
BapuanuoHHOM Hepasencrse (13).
B pesysibrate 06a ceTOYHBIX BapHAMOHHBIX HepaseHcTsa, (12) m (13), moryT ObITH
3aIICAHBI B BUJE CJIEIYIONIEr0 BAPHAIMOHHOIO HEPABEHCTBA /I BEKTOPA y3/IOBBIX Iapa-
MEeTPOB:

ueR": (Gu,v—u)+ p(Lv) —o(Lu) > (f,v —u) Yv e R" (14)
IIpn g < /Lrln/ii marpuna (G MOJIOXKUTE/IBHO OmpejeeHa, a (GpyHkus ¢ o L — BBIITYK-

Jast, cOOCTBeHHAsT W TIOJYHelpephiBHAs CHU3Y (HempepbhiBHAS B CIydae BapUAIMOHHOTO
HepaseHcTBa (13)), mosTOMY BapHAIMOHHOE HEPABEHCTBO (14) mMeeT eMHCTBEHHOE elre-
nue. Bektop v = 0 TtakoB, uyro Lu = 0 € intdom ¢, mo3TOMYy CIpaBeInBO PABEHCTBO
Ilp(Lu)] = LT0p(Lu) (cMm., maupumep. [9], crp. 36) n Bapuanuonnoe HepaBeHcTBO (14)
MO2KeT ObITh 3aliuCcaHO B (popMe BKJIFOUEHUSI

Gu+ L"0p(Lu) > f, G=L"L+ S.

Beesem B pacemorpenne BeKTopsl p = Lu u A € p + dp(p). Torma rpoiika (u, p, A) yao-
BJI€eTBOpdeT cucremMe

Su+LTA=f, Aep+dp(p), p=Lu.

VHpIME cJI0BaMH, 3TO CeIJIOBas 3aJada

S 0 LT u 0 f
0 E —E||lp]|+|0ep]|>(0]. (15)
L —-E 0 A 0 0



Teopema 4. 3adaua (15) umeem pewenue (u,p, ) ¢ eOUHCMBEHHBIMU BEKMOPAMU
(u,p), npu amom u — amo pewenuve (14), a p = Lu.

Jlokasameavcmso. Tlpeobpasyem (15) K SKBUBAJIEHTHON 3ajade, HpubaB/sst K I€PBOMY
ypaBHEHHIO TpeThe, ymuoxkennoe na LY, r > 0, n BeIYnTAd W3 BTOPOTO BKIIOYEHUS TPe-
The ypaBHEHUE, YMHOXKEHHOE Ha 7'

S+rL'L —rLT LT u 0 f
—rL (I1+rmE —E||p|+|0e]|>(0]. (16)
L —-F 0 A 0 0

Bagaua (16) siBistercst wacTHbIM ciydaeM (1) npn

() v (1) 4= (T ) e

Marpuna B nmeer nosnbiit panr u 0 € int dom ¢, mosTomy BbIIOIHEHO ycaoBue (3) Teo-
pembl 1. [Ins mpuMeHeRust 3TOi TeopeMbl OCTAIOCh J0Ka3aTh MOJOKHTEILHYIO ONmpee-

—1/2
JIEHHOCTH MaTpuipl A npu HekoropoMm r > 0. Ob6o3nauyus 0 = 1 — q,umh{ > (0, moyInm:

(Az,2) > (Gu,u) + (r = Dl Lul* + (r + Dlpll* — 2r|| Lu] [Ip]| >
> (o +r =D Lul® + (r + Dllpl* = 2r|[ Lullllp].

Ipu 7 > 0~ (1 — o) xBagpatuanasa dbopma (o + 1 — 1)t* + (r + 1)s* — 2rts HOTOKHTETBHO
ompejenena, mycrb co(r) > 0 — ee MUHIMATBHOE COOCTBEHHOE YUCT0. Toraa

(Az, z) = co(r)(|| Lull* + |[plI*) > 0 ¥x # 0.

3 I/ITepa]_(I/IOHHbIe METOJAbI pEIIEHNA CETOYHBIX CEAJIOBBIX 3aJa4

3.1 O06o001IeHHbIE METOAbl Y3aBbl U OJIOYHON peJlakcanuu-y 3aBbl

PaccMoTpuM BHavasie 9acTHBI ciydail Bapuannornoro Hepaserncrsa (10) ¢ g(x) =0,
KOTOPOMY COOTBETCTBYET CeTOuHas cejjioBasi 3ajada (15) ¢ marpuneit S = 0. B srom
caydae mMarpura A ceanoBoii 3amaun (16) MONOKUTENBHO ONMpPe/IeeHa IPH JTIOOOM MOJI0-
xuresbHoM 7. [Tpumennm st pemenus (16) urepannoHHbii MeTOT

rLTLub+t —rLTpk = f — LTNK,
(14 7)p"* + Op(p"*!) 5 A 47 Lubt, (17)
)\k+1 — /\k + T(Luk:—i—l _ pk-i-l)

¢ navaabHBIMu puoamkennavu A0 u pP.



Teopema 5. Memod (17) daa 3adauu (16) cxodumes dasn 2106020 HA%AABIHO20 NPU-
I+

1+4+2r
loxasamenvcmeo. Urepanuonustii Metos (17) sBisiercst 9acTHbIM ciaydaeM (7) ¢ MaTpu-

mamMn
rLTL 0 0 —rLT
Al_(—rL (1+r)E>’ A2_(0 0 )“D_E'

[Monoxkum =z = (u,p), y = (v,$) ¥ NOJIyYIUM yCJIOBHE HA MTEPANUOHHBLIA mapamerp T,
obecrednBaoIee CIpaBeinBoCTh Hepasencrsa (8) ¢ kakum-mbo o > 1. CrupaseuBo

bausicenua (N p°) npu 0 < 7 < 2 r.

cJIeYIONINe COOTHOTIIEHUS:

(Arz, 2) + (Agy, @) = vl Lull* + (1+ ) plI* = r(p, Lu) — r(s, Lu), ||Bx|* = || Lu — p|*,

L4717, o r? )
Lu)| < — || Lu||”.
i L)l < S5 s+ s
B cuny sTux cooTHONTEHMI
aT 2r+r?  ar
A A — —||Bz|]* > — —)|| Lu)?
(A12,2) + (Agy, ) ~ S Bl > -~ ST LufP+
1 1 1
(= DIl = sl Ll + P — sl
L+7,
[Mosnoxkum p(x) = 5 IIp||*. Torma wepaBencTBoO (8) Oyaer crpaBeIMBBIM, €CJIH HEOT-
o <2r+7“2 a7>t2+<1+r cm') )
HIATETHHO OMpe/e/ieHa KBaIpaTndHas (hopma - — — —) 5" —
P ped P PRTr T 22
147
|aT — r|ts. IIpsaMble BBIYHCIEHHUS TPUBOJIAT K HEPABEHCTBY OT < QHT, 9TO COOT-
r

BETCTBYET yCJOBHIO TeopeMbl. Bee ocrajibHbIe YCJIOBUsT TEOPEMbI 3 OY€BHU/IHO BHIITOJIHEHBI,
OTKY/Ia cJiejiyeT chOpMyTUPOBAHHOE YTBEPZKJIEHUE O CXOJMMOCTH UTEPAIIMOHHOTO METO/Ia

(17). O

PaccmorpuM cHOBa YacTHBI coiydaii Bapuamuonnoro Hepasercta (10) ¢ ¢(z) =0 u
ceuioBy10 3ajady (15) ¢ S = 0 upeobpasyeMm K 9KBUBAJIEHTHON 3ajiaue

rL'L —rLT LT u 0 f
0 E —E|[p|+]|0elp)]|>]0 (18)
L -k 0 A 0 0

rL'L —rL”
0 E

JKuTesIbHO onpefenena mpu 0 < r < 4. B srom ciayvae mist perenns 3agaau (18) MoKHO

IPUMEHHTH 0000IeHHbIT MeTo, Y3aBbl (4) ¢ npemobycaosausarenem D = E:

P = (B4 0p) ' (\F);
rLTLubtt = f 4 r LTpk+t — LT )k (19)
)\k—i—l — /\k 4 T(Luk-H _ pk-i-l)'

¢ OJI0YHO TPEeyroJIbHOIl Marpureir A = ( ) Jlerko nposepurn, uro A moso-



Teopema 6. Umepayuonnoii memod (19) pewenus sadavu (18) cxodumes das ao-
2

,
6020 nanarvrozo npubausicenus \° npu 0 < 7 < 2r — 5 (0<r<4).

Jlokasamenvcmso. JI0CTATOUHO IPOBEPUTH BHITIOJIHEHNE YCIOBHs (5) TEOPeMbI 2, KOTOpOe
B pacCMATpPUBAEMOM CJlydae HpuodpeTaer Bu/l

aT aT
(Az, ) = | Be|” = rl| Lull® + |lpl* = r(Lu, p) = Z-|1Lu = p]* =

aT aT
= (= D)Lul + (1 = ED) bl — a7 = 7l(Lu,p) > 0

npu HEKOTOpOM « > 1. JlaHHOe HepaBEHCTBO BHIMOJHEHO, €CJIM HEOTPUIATETHHO Ope-
art, o art,
Jesena kBajgparnanast dbopma f(t,s) = (r — 7)75 + (1 — 7) — |r — arlts, T.e. npn

7”2

O<ar<2r— —. ]
2
[Ipumenum 0OOOIIEHHBI METOJ Y3aBbl K CETOYHOW AalNPOKCUMAIIMN BaPHAIMOHHOTO
nepaserncrBa (10) B obmem ciaywae ¢(z) # 0. IlpoBemem sKBHUBaJeHTHOE TMpeobpPa3oOBa-
HUe COOTBETCTBYIOMIEH ceioBoii 3amaun (15), npubasiisis K mepBOMY yPAaBHEHUIO TPEThE,
yMHOXKeHHOoe Ha 1L, r > 0, 1 BbIUYATag U3 BTOPOIrO BKJIIOUEHHUS TPEThe YpaBHEHHE, YMHO-
JKEHHOE Ha T

S+rLTL —rLT LT u 0 f
0 E  —E|(p]+|0e|>]0]. (20)
L —-FE 0 A 0 0

[osyanm ycaosusi, obecequBaiomee MoJI0KITEIHHYI0 OlpeIeleHHOCTh MaTpuipl A =
S+rL"L —rL™\ (G+(r—1)L"L —rLT
()= (FrEE )
[Iycts z = (u,p)’. Byaem mcnonbsoBath nepasencrso (Gu,u) > ollul|?, 0 = 1 —

qu;ilf > 0. Torza

(Az,2) > (o +7 = D[ Lull® + [lp|* — 7| Lul[Ip

1 MaTpuia A MOJOKATENBHO ONPe/IeJIeHa, eCJIU MOJOKUTEIHHO OlpejieieHa KBapaTH -
nas popma f(t,s) = (o0 +r — 1)t? + s — rts. Orciona ciegyer ycjaoBue HA TAPAMETD 7
2(1 — /o) <r < 2(1 + o).
[Tpumenum Jiist peienust ceioBoil 3aja4un (20) urepanuoHHbIi MeTO/
P = (B + 0p) " (AY);
rLT Lubtt = —Suk 4 r LTpktt — LTNF + f; (21)
)\k+1 — /\k + T(Luk+1 _pk+1)

KOTODBIii SIBJISIETCST YaCTHBIM cyrydaeM (7) ¢ MaTpuiamu

rLTL —rLT S 0

10



Teopema 7. Umepayuonnvti memod (21) das pewenus cedrosoti 3adawu (20) ¢ r €
(2(1 = /0),2(1 + /o)) crodumca, ecau

2

1 -
T<—(20’+27’—2—%), 20ec=1—qu_/?
o

min

> 0.

B wacmmnocmu, npu r = 2 memod (21) cxodumca, ecau T < 2.
Jowxasamenvcmeo. Tockounky ||Bx||? = ||[Lu — p||? u || Lul|* > fimin||ul|?, To
aTt aTt
(Avz, ) + (Asy, ) = (1Bl = rl|Lull* + [Ip|]* = r(Lu, p) + (Sv,u) = || Lu—p]* =

= (r= ) Lull + (1 = D) pl> = (r = a7} (Lu,p) + (Sv,u) >

2
aT aT k
> (r = ) Lull® + (= =)lpll* = Ir = ar |l Lulllpll = —7 [ Lolll| Lu] >
ar  k 9 aTt 9 k 9
> (r— 5 = )Ll + (= =)lpl” = r — |l Lulllpll + —75 (1 Lull” = | Lo [ Lul).
aT
[Ipy BBLIIOJHEHUU YCJIOBUS TEOPEMbl Ha HapaMerp T CIPaBEIIMBO HEPABEHCTBO — <

2
r
—(oc+r—1-— Z> ¢ HEKOTOPBIM v > 1. B ¢BOIO 04epeb, 3T0 HepaBeHCTBO 00CCIedYnBaeT

o
. aT ko,
HEOTPHUIATEILHYIO OTPEIEJIEHHOCTD KBaaparuaHoi dpopmor f(s,t) = (r — o 1—/2)8 -
aT min
(1— 7)152 —|r—art|st, nosromy HepaBeHCTBO Bujia (8) TeopeMbl 3 BBIIOJHEHO ¢ (DYHKITHE

q
pl@) = = | Lu?:

min

T q
(Arz, @) + (Azy, ) — 7!\31’”2 > — 75 (| Lul* = || Lo[?).
min
OTCIO,ZL& B CUJIy T€OPEMbIL 3 ciaeayeTr CXOAuMOCTb UTEPallMOHHOTO MeToda. O
3.2 JByxcTyneHYaThie UT€PAIMOHHBIE METOIbI

Pacemorpum Metos (19), B KOTOPOM JIjisl OIPEJIETIEHHOCTH BO3bMeM Tapamerp r = 1:

PP = (B + 0p) (W)
LTLukJrl — f + LTpk+1 _ LT/\k;
)\k—i-l — )\k + T(Luk—H _ pk-i-l)'

Ilycts ypasuenne LT Luf*tt = f + LTpFtl — LT)A* pemaerca ¢ moMompio Kakoro-am6o
BHYTPEHHEr0 UTEPAIMOHHOIO MeTO/a, HPH 9TOM B KadeCTBe HAYAJIbHOIO NPUOIMAKEHUs]

11



Gepercs uF. OBO3HAYUM M-yI0 HTEPAIIIO ITOTO METOAA Yepe3 Uy, U IyCTh 1}, — pa3pela-
it onepatop (MaTpuIia) m-oro Imara:

Uy — uk+1 — Tm(uk o uk+1) = ukJrl — (E - Tm>71(um o muk)
Orcioga ciaeayer, 9To U, YAOBAETBOPSIET YPaBHEHHIO
LTL(E — T,,) Yy, — TrpuF) = f + LTpH — LTAF
[Ipumem m-yio urepamnuio BHYTPEHHEIO UTEPAIMOHHOIO MPOIECca U, 3a HOBOe, k + 1-oe,
npubJIMKeHne B OCHOBHOM HUTEPAIMOHHOM MeTOoJe, TOrJAa OH NPHOOpeTeT BU/I:

P = (E+ 0p) " (AY);
LTL(E _ Tm)—luk+1 _ LTL(E _ Tm)—leuk‘ - f + LTpk—H _ LT)\k; (22)
NeAL = b 7Lyt — phth),

Teopema 8. ITycmv vinoarero ycaosue
IL(E = T) ™ Tl * < || L%, (23)

ede v > 0 docmamouno manoe wucao. Tozda memod (22) das zadawu (18) cxodumes c
1106020 nauanvrozo npubasuscenus (A°, p°) npu

3 — 8yl/2

0<T<—2—471/2.

Jloxasamenvcmeo. Utepanuonuslii MeTo (22) saBisieTcst 9acTHBIM caydaeM (7) ¢ MaTpu-
mavMu D = E n

L"L(E-T,)" —L" ~L"L(E-T,)"'T,, 0
A= 0 g ) A= 0 0)"

TTostyuM yCJIOBHE Ha UTEPAIMOHHBIN ITApaMeTp T, 06eciiednBaoIIee CIIPABELJINBOCTh HePa-
sercrsa (8). [lomoxkum = = (u,p)”, y = (v,s)’. Toraa

(A, @) + (Aay, 2) = (LT Lu, (E = T))"'u) + [[pl|* — (Lu, p)—
— (LTLu, (E — Ty) ") = || Lul|® + (LT Lu, (E — Tp) ™ " Tu)—
— (L"Lu, (B = T,) "' Tv) + |lpll* = (Lu, p) = || Lull® + |[p]I*~
— (Lu,p) + (Lu, L(E — T,,) 'Th,u) — (Lu, L(E — T,,,)) ' T,,v).

[IpuMenuB e-HEpPaBEHCTBO K JBYM IIOCIEIHUM CJaraeMbIM B ITPABOil 4aCTU HEPABEHCTBA,
HOJIy YUM

1
(A1z, z) + (Agy, @) > (1 — )| Luf® — 5 IL(E — Tn) ™ Tul*~
1 _ 1 _
~ 5 IL(E = T) Tl” + [lpll* = (Lu, p) = (1 = &) || Lul|* — ZIL(E = To) Tul*+

1 _ 1 _
+ 5 |L(E = Tn) Tull* = 22 IAE = T) Tvl” + Ipll* = (Lu, ).

12



Ob6o3naunMm
1 B 1 _
p(e,x) = —||L(E — T,,) "Tuull®, ple,y) = —||L(E — T,n) Tl
2¢e 2e
Torna
Y
(Avz,z) + (Agy,2) > (1 — e — g)HLU\!z + [Ipll* = (Lu, p) + p(x) — p:(y).

BriGpas € = 7'/2, mony4nM HepaBeHcTBO

(Avz,2) + (Agy, ) = (1= 29"2) || Lul* + [|p||* — (Lu, p) + p(x) = p(y),

1/2 1/2

,y). Teneps Jj1st mpou3BOJIBHOTO (@ > 1

re p(x) = p(v'/%,2), p(y) = p(y

aT aT
(Arw, ) + (Asy, ) — —-[|Bal* > (1 - 29'/% — S ) Lull*+
aT
+(1- 7)HpH2 — 1 —arl|[Lullllpll + p(z) — p(y).

YceioBue HEOTPUIIATEILHOIT OTIPeIeJIEHHOCTH KBaApaTuuHOoil (hopmbl f (1, s) = ( A2 —
/2

at T
7)152 +(1— 5 —)s* — |1 — at|ts upusomur K orpanuyenuo ot < (3 — 8y1/?)(2 1/2) :
9TO COOTBETCTBYET yCJIOBUIO HA MAPAMETD T B (DOPMYJIHPOBKE TEODEMBI. O

3ameuanme 2. [Ipu v = 0, m.e. 8 cayuae mouwHo20 peuweHus cCucmems, yYypasHerul,
3 — 8yl/? 3

ycaosue cxodumocmu T < m coenadaem ¢ yeaosuem T < 5 U3 meopemdl 6 (npu
-

r=1).

Sameuanmne 3. [Ipednonroscum, wmo mampuya T, xommymupyem ¢ mampuuet Ay =
LTL (nanpumep, T,, — paspewarowas mampuya 6 Memode ConpaiceHnvT 2paduenmos).
B amom cayuae ycaosue (23) swvinoaneno, ecau

o
T, < ——. 24

Jleticmeumenvro, npu evnosnenuu ycrosus (24) cnpasedauso rnepasercmeo
I(E = T) ™ Tl < 1Tl (1 = [ Tl) ™

Ob6osnavue Ay = LTL u eocnoavsosaswucy dannoti ouenkot, nosywum

|L(E — Tp) " Tul)* = (Ao(E — Tp) T, (E — Tp) ' Thpu) =
= ((E — Tpn) T Ay *u, (B — Tn) " T Ay *u) < ]| A *ul)? = ]| L.
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[Ipeamonozknum Ternepb, ato B Meroge (17) ypasuenume mis ut! pemaercs ¢ momo-

IO BHYTPEHHET0 MTEePAIMOHHOTO Mpolecca. 1ora1a aHAJOTHYIHO MPeIbIIyIIeMy CayYaio
MOJIYIUM UTEPAIMOHHBIN METO/I

LTL(E — Tp) "t — LTL(E — T,) "\ Tu* — LTpk = f — LTAF,
2pkz+1 +ago(pk+l> =) 2k + Luk+1, (25)
)\k+1 — /\k + T(Luk+1 _karl)‘
3aJaHHBIMI CIUTAIOTCS HAYAJIHHBIE TPUOTHKEHU ST )\0, pO uP.

Teopema 9. ITycmov ewnoaneno yeaosue (23). Tozda memod (25) das sadavu (16)
cxodumes 0an 106020 HAUAALHOZ0 NPUOAUNCEHUSA NPU

4 — 16712

0<T<—3_871/2.

Joxazamenvcmeso. Urepanuonustii Meros (25) saBiisiercst 9acTHbIM ciaydaeM (7) ¢ marpu-
mavun D = F n

4 = L"L(E-T,)"" 0 A — ~L"L(E-T,)"'T,, —L*
e —L 2E ) 2T 0 0 )

[lonoxum = = (u,p)?, y = (v,s)T. Torna

(A, ) + (Agy, ) = (L' Lu, (B = Tn) ") + 2{p||* = (Lu, p)~
(LT Lu, (E — T,,) ""T,0v) — (s, Lu) = || Lu||® + (LT Lu, (E — T,,)) " Tpu)—
— (L' Lu, (E = T) ' Tv) + 2lIp)1* = (Lu, p) = (s, Lu) = || Lul|* + 2|[p|I*~
— (Lu, p) — (s, Lu) + (Lu, L(E — Tp) "Tou) — (Lu, L(E — Tp,) ™' T0).

[IpnMeHnB e-HEPABEHCTBO K JIBYM IOCJIEIHUM CJIAraeéMbIM B MIPABOH IaCTH HEPABEHCTBA U
nepanenctio (s, Lu)| < ||s||* + Z||Lu||2, TOJLYy 9UM
3 o 1 -1 2 2
(Arz,2) + (Agy, 2) > (7 = )| Lull” = ZIL(E = Tn) ™ Tonu|” + Ip Il = (L, p)+
1 _ 1 _
+ (Ipll* + S IE(E = To) ™ Tol*) = (sl + G-I LE = Ton) ™ T [[)-

Ob6o3nauum

1 _ 1 _

ple,0) = IpI° + - IL(E = To) T, ple,y) = sl + o L(E = T) ™ Lo

/2 cuny yeosus (23) m0ayanM HEPABEHCTBO

Torpa pu € =7y
3
(Arz,2) + (Aoy,2) = (7 = 29| Lul® + Ip]* = (Zu, p) + p(2) = p(v),
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¢ p(x) = p(v'/%,2), p(y) = p(v'/%,y). Teneps

oT 3
(Arz, ) + (Azy, x) — 7\|3w1\2 > (3~

+(1

29" = )| LulP+
aT
= Pl = 1= arlliLulllp] + ple) - py).

3 QaT
VcsioBre HEOTPHUIATE/IBHOI OIpe IeIeHHOCTH KBaIpaTHIHOH (hopMBbI (Z — 271/ 2 7)152 +

(1-— %)52 — |1 — a7|ts npusoauT k orpannuenuio ar < (4 — 1671/2)(3 — 871/2)_1/2 upu

HEKoTOpoM o > 1. ]

4 PeByJ'IbTaTbI YUCJIEHHBIX 3KCIIEPDNMMEHTOB

Pemrasincs koneano-paznocrusie anmpokcumann (12), (13) Bapuannonnbix HepaBeHCTB
(10) u (11), nassiBaemble gasee 3a1ada 1 u 3aga4a 2, coorpercrBento. Koadbdunuenr npu
KOHBEKTHUBHOM 'ieHe BbiOupascsa paBubiM ¢(z) = (g,0), ¢ = const > 0. IlpaBag gactb B
sajade 1 f(x) = C' = const. B 3aja4e 2 npasas yacrs f(z) = ¢d;,j, () — by (), rae
811, () — cerounas d-pynknms, paBuasg h~? B TOUKe CETKH T;j, U HYJTIO B OCTAJIbHBIX,
¢ = const. Bt BeiOpamnst 2;,5, = (0.1,0.1) u z,,;, = (0.9,0.9).

JI/11 pelenns cOOTBETCTBY IOIUX CE/IIOBBIX CETOUHBIX 3a,4a4 ObLIH UCIIOJIb30BAHbI CJIe-
JIYIOIIAE MeTOJIbL:

cejuioBas 3aja4a (15) ¢ marpuneit S = 0 (ko3hdunuenT 1pu KOHBEKTUBHOM YJI€HE

= 0) upu BeIGOpE T = 1 pemasack MeToOM 6J0YHON penakcanuu-Y3asbt (17),
cesutoBast 3aza4a (18) ¢ marpuneit S = 0 npu BbiGope r = 1 pemanach 0600OIIEHHBIM
MeTomoM Y3assl (19),

cejuoBast 3amaua (18) ¢ marpureit S # 0 (ko3dduiuenT npn KOHBEKTHBHOM tIEHE
k > 0) mpu BeiGOpe r = 1 pemanach 0GOGIIEHHBIM METOJOM Y3aBbl ¢ BBIUHCIEHUEM
KOHBEKTHBHOI'O CJIAIAEMOr0 Ha mpejblaynieii nrepamun (21).

BbLn peaau3oBanbl TaKzKe JIBYXCTYHEHYATHIC TPOLELyPhI, IPH 9TOM B KA9eCTBE BHYT-
PEHHEr0 UTEPAIMOHHOIO METO/A J/IS PeIleHHd CHCTEM YPABHEHHII ¢ CETOYHBLIM OIIEPATO-

pom Jlamnaca BeiGupasicss Meto, Bepxueil peaakcanun (SOR-meron).

n2

OcyecTBsIcst KORTpotb Lo-HopMbt HeBst3ku na k-oft wrepammu |||, = h( E (rf)?)
i=1
rjle BEKTOD HEBA3KH Onpejiefien pasencrsom r¥ = LuF — pP.

Pesynbrarsl pacdeToB npejicTaBIeHbl B CJASAYIONIAX TaOIUIAaX U rpadukax.
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I, <h | llr e, < | Pz, < 0.01 | {Ir¥lz, <0.01

n~h~t | Bwmerone (19) | B Merone (17) | B meroze (19) | B merome (17)
100 26 27 26 27
300 44 48 26 28
200 95 62 26 28

4 16 18 20 22 24 26 28

Tabauna 1: Pemenne 3amaun 1 npu ¢ = 0, C' = 10, urepannoHHbIA HapaMeTp BbIOpaH
7 = 0.5. B Tabaune npusBeeHo ducjgo urepanuit N s JOCTUZKEHUSA YKa3aHHON TOYHO-
cru. Ha rpaduke npuBeeHo TOBeJIeHHE HOPMBI HEBSI3KH JIJisi 060MX MeTOI0B (rpadbuku
npakTHYeckn copiajgaor). Ha pucyHKe 4epHbIM 3aKpalieHa 4acTh 00JacTd, B KOTOPOi
3HAYEHWe MO/LYJIsi CeTOYHOI0 I'pPaJIieHTa MeHbIe 1.

k=0|k=1|k=3

XXX

Tabsuna 2: Pemmenne 3agaqan 1 merogom (21) npu C' = 10 u pazanaubix koaddunuenrax
¢ TIpU KOHBEKTUBHOM djeHe. B Tabuiure npuseeHo qucao ureparuit N it JOCTHZKEHHS
tounoctn |7z, < 0.01.
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I, <h | llr iz, < | ez, < 001 | {Ir¥lz, < 0.01

n~h~t | Bwmerone (19) | B meroge (17) | B meroze (19) | B merone (17)
100 9 13 9 13
300 11 13 9 13
200 13 15 9 13

Tabauna 3: Pemenune 3amaun 2 npu ¢ = 0, ¢ = 1, urepanuoHublii mapamMerp BBIOpaH
7 = 0.5. B Tabaune npuseieHO Yucj0 urepanuit N s JOCTUZKEHUSA YKa3aHHOH TOYHO-
cru. Ha rpaduke npuBejieHO TOBejieHIe HOPMBI HEBSI3KH JIIs 000uX MeTo10B (Meros (19)
obicTpee). Ha pucynke depHbIM 3aKpaliieHa 9acTh 00JaCTH, B KOTOPOI CeTOYHBIN IPaJIMeHT

pagen 0.

q=0]g=1]qg=5

9 11 13

Tabsnma 4: Permenne 3amaqu 2 merogom (21) npu ¢ = 1 u pasananbix koaddunmenrax
Ipu KOHBEKTHBHOM 4jeHe. B Tabmune mpuemeno dmcjio uteparuit N g JOCTHZKEHUS
tounoctu ||V, < 0.01.
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Yucso nrepannit SOR-meroma | N B 3amade 1 | N B 3amade 2
100 27 83
500 26 9
1000 26 9

Tabmuma 5: 3aBucumocth uncaa N BHENTHUX WTEPANnii OT YNC/Ia BHYTPEHHUX HTepaIuii
ana poctuzenns Toanoctn |1V ||p, < h npm pemenun 3a1a4 ABYXCTYHEHIATHIM METOTOM:
BHemHue ureparun — Metos (19) u BayTpennne urepamuu — SOR-mero.

13 pacueros cieayer, aro meroast (19) u (17), ucnossszosanusie B ciaydae ¢ = 0,

CpaBHUMbBI MeXKIy cODOOif M0 CKOPOCTH CXOJMMOCTHU IMPHU TOYHOM OOpAIIEHWU CETOTHOTO
oreparopa Jlammaca u CKOpoCTb CXOJMMOCTH OOOMX METOJIOB He 3aBHUCHUT OT IIara CEeTKH.
Pemmenne 3agaqu npu ¢ > 0 MeTooM (21) HECYIIECTBEHHO CHUZKAET CKOPOCThH CXOAUMOCTH
MeTOJIa 0 cpaBHeHU0 co caydaeM q = (. Biauguue TouHOCTH NpHOINZKEHHOTO oOparie-
HUS BHYTPEHHUM MTEPAIMOHHBIM IIPOIECCOM CETOYHOIO oneparopa Jlamiaca Ha CKOpOCTh
CXOJIMMOCTHU BHEINTHEr0 MeTOJla BO MHOTOM 3aBUCHUT OT peltaeMoOil 3a/IauM.
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