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¾±É°Ï Å°À°ºÂµÀ¸ÁÂ¸º° À°±¾ÂË
°ÚâãÐÛìÝÞáâì âÕÜë. ¼ÐâÕÜÐâØçÕáÚÞÕ ÜÞÔÕÛØàÞÒÐÝØÕ ïÒÛïÕâáï èØàÞÚÞ

ØáßÞÛì×ãÕÜÞÙ ÜÕâÞÔÞÛÞÓØÕÙ ÝÐãçÝëå ØááÛÕÔÞÒÐÝØÙ ÜÝÞÓÞçØáÛÕÝÝëå ×ÐÔÐç Ò
àÐ×ÛØçÝëå ßàÐÚâØçÕáÚØå ÞÑÛÐáâïå � Ò ÜÕåÐÝØÚØ, äØ×ØÚÕ, íÚÞÝÞÜØÚØ, ÜÕÔØ-
æØÝÕ Ø Ôà. ¿àØ ÜÐâÕÜÐâØçÕáÚÞÜ ÞßØáÐÝØØ ÜÝÞÓØå ßàÞæÕááÞÒ Ø ïÒÛÕÝØÙ Øá-
ßÞÛì×ãîâáï ÝÕÛØÝÕÙÝëÕ ãàÐÒÝÕÝØï Ø ÒÐàØÐæØÞÝÝëÕ ÝÕàÐÒÕÝáâÒÐ. ¿ÞíâÞÜã
àÐ×àÐÑÞâÚÐ ÜÕâÞÔÞÒ àÕèÕÝØï ÝÕÛØÝÕÙÝëå ãàÐÒÝÕÝØÙ Ø ÒÐàØÐæØÞÝÝëå ÝÕàÐ-
ÒÕÝáâÒ ßàÕÔáâÐÒÛïÕâ ÝÕáÞÜÝÕÝÝëÙ ØÝâÕàÕá. ´Þ ÝÕÔÐÒÝÕÓÞ ÒàÕÜÕÝØ Ø×ãçÐÛØáì, Ò
ÞáÝÞÒÝÞÜ, ÒÐàØÐæØÞÝÝëÕ ÝÕàÐÒÕÝáâÒÐ á áØÛìÝÞ ÜÞÝÞâÞÝÝëÜØ Ø ÜÐÚáØÜÐÛìÝÞ
ÜÞÝÞâÞÝÝëÜØ ÞßÕàÐâÞàÐÜØ Ò ÚÞÝÕçÝÞÜÕàÝëå Ø ÓØÛìÑÕàâÞÒëå ßàÞáâàÐÝáâÒÐå,
ÞÔÝÐÚÞ ÞßØáÐÝØÕ àïÔÐ ÒÐÖÝëå ×ÐÔÐç âàÕÑãÕâ ØáßÞÛì×ÞÒÐÝØï ßáÕÒÔÞÜÞÝÞâÞÝ-
Ýëå ÞßÕàÐâÞàÞÒ. ¼ÕâÞÔë àÕèÕÝØï ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ á âÐÚØÜØ ÞßÕàÐ-
âÞàÐÜØ àÐ×àÐÑÞâÐÝë áàÐÒÝØâÕÛìÝÞ ÜÐÛÞ.

¾ÔÝÞÙ Ø× ÞÑÛÐáâÕÙ, ÓÔÕ ÒÞ×ÝØÚÐîâ ÒÐàØÐæØÞÝÝëÕ ÝÕàÐÒÕÝáâÒÐ, ïÒÛïÕâáï
âÕÞàØï äØÛìâàÐæØØ ÐÝÞÜÐÛìÝÞÙ ÖØÔÚÞáâØ. ² çÐáâÝÞáâØ, íâÞ - ×ÐÔÐçØ äØÛì-
âàÐæØØ ÝÕáÖØÜÐÕÜÞÙ ÖØÔÚÞáâØ, áÛÕÔãîéÕÙ àÐ×àëÒÝÞÜã ×ÐÚÞÝã äØÛìâàÐæØØ,
×ÐÔÐçØ ÞÑ ÞßàÕÔÕÛÕÝØØ ßàÕÔÕÛìÝÞ àÐÒÝÞÒÕáÝëå æÕÛØÚÞÒ ÞáâÐâÞçÝÞÙ Òï×ÚÞßÛÐ-
áâØçÝÞÙ ÝÕäâØ Ø â.Ô., ØÓàÐîéØÕ ÒÐÖÝãî àÞÛì Ò ÒÞßàÞáÐå ãÒÕÛØçÕÝØï ÝÕäâÕ-
ÞâÔÐçØ, ÞßâØÜØ×ÐæØØ àÐ×àÐÑÞâÚØ ÝÕäâïÝëå ÜÕáâÞàÞÖÔÕÝØÙ. ÍâØ ×ÐÔÐçØ ßàØ-
ÒÛÕÚÐîâ ÒÝØÜÐÝØÕ ÜÝÞÓØå áßÕæØÐÛØáâÞÒ. ´Ûï íâØå ×ÐÔÐç ÔÛï àïÔÐ ÞÑÛÐáâÕÙ Ø
×ÐÚÞÝÞÒ äØÛìâàÐæØØ Ø×ÒÕáâÝë âÞçÝëÕ àÕèÕÝØï. ¾ÔÝÐÚÞ áÛãçÐØ ßàÞØ×ÒÞÛìÝëå
ÞÑÛÐáâÕÙ Ø ×ÐÚÞÝÞÒ äØÛìâàÐæØØ, âàÕÑãîéØÕ, Ò áØÛã áÛÞÖÝÞáâØ ÒÞ×ÝØÚÐîéØå
×ÔÕáì ×ÐÔÐç, ßàØÜÕÝÕÝØï ßàØÑÛØÖÕÝÝëå ÜÕâÞÔÞÒ, Ø×ãçÕÝë ÝÕÔÞáâÐâÞçÝÞ.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, àÐááÜÐâàØÒÐÕÜëÕ Ò ÔØááÕàâÐæØØ ÒÞßàÞáë ïÒÛïîâáï ÐÚâã-
ÐÛìÝëÜØ, ÚÐÚ á âÕÞàÕâØçÕáÚÞÙ, âÐÚ Ø á ßàÐÚâØçÕáÚÞÙ âÞçÕÚ ×àÕÝØï.

ÆÕÛì ØááÛÕÔÞÒÐÝØÙ. ÆÕÛì àÐÑÞâë - ßÞáâàÞÕÝØÕ Ø ØááÛÕÔÞÒÐÝØÕ ßàØ-
ÑÛØÖÕÝÝëå ÜÕâÞÔÞÒ àÕèÕÝØï ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ á ßáÕÒ-
ÔÞÜÞÝÞâÞÝÝëÜØ ÞßÕàÐâÞàÐÜØ Ø ÝÕÔØääÕàÕÝæØàãÕÜëÜØ ÒëßãÚÛëÜØ äãÝÚæØ-
ÞÝÐÛÐÜØ ÝÐ ÒëßãÚÛëå ×ÐÜÚÝãâëå ÜÝÞÖÕáâÒÐå Ò ÑÐÝÐåÞÒëå Ø ÓØÛìÑÕàâÞÒëå
ßàÞáâàÐÝáâÒÐå, ÒÞ×ÝØÚÐîéØå ßàØ ÞßØáÐÝØØ ÝÕÛØÝÕÙÝëå áâÐæØÞÝÐàÝëå ×ÐÔÐç
äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ ÖØÔÚÞáâØ.

¼ÕâÞÔë ØááÛÕÔÞÒÐÝØÙ. ¿àØ Ø×ãçÕÝØØ àÐááÜÐâàØÒÐÕÜëå Ò àÐÑÞâÕ ×ÐÔÐç
ØáßÞÛì×ãîâáï ÜÕâÞÔë ÒëßãÚÛÞÓÞ ÐÝÐÛØ×Ð, âÕÞàØï ÜÞÝÞâÞÝÝëå ÞßÕàÐâÞàÞÒ,
ÜÕâÞÔ ÚÞÝÕçÝëå íÛÕÜÕÝâÞÒ.
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½ÐãçÝÐï ÝÞÒØ×ÝÐ. ¾áÝÞÒÝëÕ àÕ×ãÛìâÐâë àÐÑÞâë ïÒÛïîâáï ÝÞÒëÜØ Ø áÞ-
áâÞïâ Ò ßÞáâàÞÕÝØØ Ø ØááÛÕÔÞÒÐÝØØ ßàØÑÛØÖÕÝÝëå ÜÕâÞÔÞÒ ÔÛï àÕèÕÝØï ÒÐ-
àØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ Ò ÑÐÝÐåÞÒëå Ø ÓØÛìÑÕàâÞÒëå ßàÞáâàÐÝ-
áâÒÐå, ÚÞâÞàëÕ ÒÞ×ÝØÚÐîâ ßàØ ÜÐâÕÜÐâØçÕáÚÞÜ ÞßØáÐÝØØ ÝÕÛØÝÕÙÝëå áâÐæØÞ-
ÝÐàÝëå ×ÐÔÐç äØÛìâàÐæØØ.

¿àÐÚâØçÕáÚÐï æÕÝÝÞáâì. ÀÐ×àÐÑÞâÐÝÝëÕ çØáÛÕÝÝëÕ ÜÕâÞÔë ÜÞÓãâ Ñëâì
ØáßÞÛì×ÞÒÐÝë ßàØ àÕèÕÝØØ ÚÞÝÚàÕâÝëå áâÐæØÞÝÐàÝëå ×ÐÔÐç äØÛìâàÐæØØ �
×ÐÔÐç äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜëå ÖØÔÚÞáâÕÙ, áÛÕÔãîéØå àÐ×àëÒÝÞÜã ×ÐÚÞÝã
äØÛìâàÐæØØ, Ø ×ÐÔÐç ÞÑ ÞßàÕÔÕÛÕÝØØ ßàÕÔÕÛìÝÞ àÐÒÝÞÒÕáÝëå æÕÛØÚÞÒ ÞáâÐ-
âÞçÝÞÙ Òï×ÚÞ ßÛÐáâØçÕáÚÞÙ ÝÕäâØ.

°ßàÞÑÐæØï àÐÑÞâë. ÀÕ×ãÛìâÐâë ÔØááÕàâÐæØØ ÔÞÚÛÐÔëÒÐÛØáì ÝÐ ÝÐãçÝÞÙ
ÚÞÝäÕàÕÝæØØ "°ÚâãÐÛìÝëÕ ßàÞÑÛÕÜë ÜÐâÕÜÐâØçÕáÚÞÓÞ ÜÞÔÕÛØàÞÒÐÝØï Ø ØÝ-
äÞàÜÐâØÚØ" (Ó. ºÐ×ÐÝì, 2002 Ó.), 4-Ü Ø 5-Ü ²áÕàÞááØÙáÚØå áÕÜØÝÐàÐå "ÁÕ-
âÞçÝëÕ ÜÕâÞÔë ÔÛï ÚàÐÕÒëå ×ÐÔÐç Ø ßàØÛÞÖÕÝØï"(Ó. ºÐ×ÐÝì, 2002, 2004 Ó.Ó.),
ÒÕáÕÝÝØå ÜÐâÕÜÐâØçÕáÚØå èÚÞÛÐå "¿ÞÝâàïÓØÝáÚØÕ çâÕÝØï - XIV, XV � ÁÞ-
ÒàÕÜÕÝÝëÕ ÜÕâÞÔë âÕÞàØØ ÚàÐÕÒëå ×ÐÔÐç"(Ó. ²ÞàÞÝÕÖ, 2003, 2004 Ó.Ó.), 12-Ù
¼ÕÖÔãÝÐàÞÔÝÞÙ ÚÞÝäÕàÕÝæØØ ßÞ ÒëçØáÛØâÕÛìÝÞÙ ÜÕåÐÝØÚÕ Ø áÞÒàÕÜÕÝÝëÜ
ßàØÚÛÐÔÝëÜ áØáâÕÜÐÜ (Ó. ²ÛÐÔØÜØà, 2003 Ó.), ¼ÕÖÔãÝÐàÞÔÝÞÙ ÚÞÝäÕàÕÝæØØ
ßÞ ÒëçØáÛØâÕÛìÝÞÙ ÜÐâÕÜÐâØÚÕ "¼º²¼ - 2004"(Ó. ½ÞÒÞáØÑØàáÚ), ¼ÕÖÔã-
ÝÐàÞÔÝÞÙ ÝÐãçÝÞÙ ÚÞÝäÕàÕÝæØØ "°ÚâãÐÛìÝëÕ ßàÞÑÛÕÜë ÜÐâÕÜÐâØÚØ Ø ÜÕåÐ-
ÝØÚØ", ßÞáÒïéÕÝÝÞÙ 70-ÛÕâØî ½¸¸¼¼ ØÜ. ÇÕÑÞâÐàÕÒÐ (Ó. ºÐ×ÐÝì, 2004 Ó.),
ØâÞÓÞÒëå ÝÐãçÝëå ÚÞÝäÕàÕÝæØïå ºÐ×ÐÝáÚÞÓÞ ÓÞáãÔÐàáâÒÕÝÝÞÓÞ ãÝØÒÕàáØâÕâÐ
2002-2005 Ó.Ó., ÝÐãçÝëå áÕÜØÝÐàÐå ÚÐäÕÔàë ÒëçØáÛØâÕÛìÝÞÙ ÜÐâÕÜÐâØÚØ º³Ã,
ÛÐÑÞàÐâÞàØØ ÜÐâÕÜÐâØçÕáÚÞÓÞ ÜÞÔÕÛØàÞÒÐÝØï ¸ÝáâØâãâÐ ØÝäÞàÜÐâØÚØ º³Ã.

¿ãÑÛØÚÐæØØ. ¾áÝÞÒÝëÕ àÕ×ãÛìâÐâë ÔØááÕàâÐæØØ ÞßãÑÛØÚÞÒÐÝë Ò 11 àÐ-
ÑÞâÐå.

¾ÑêÕÜ Ø áâàãÚâãàÐ àÐÑÞâë. ´ØááÕàâÐæØï áÞáâÞØâ Ø× ÒÒÕÔÕÝØï, çÕâëàÕå
ÓÛÐÒ, áßØáÚÐ ÛØâÕàÐâãàë Ø Ø×ÛÞÖÕÝÐ ÝÐ 140 áâàÐÝØæÐå, ØÛÛîáâàØàÞÒÐÝÝëå 45
àØáãÝÚÐÜØ. ÁßØáÞÚ ÛØâÕàÐâãàë áÞáâÞØâ Ø× 146 ÝÐØÜÕÝÞÒÐÝØÙ.

ÀÐÑÞâÐ ÒëßÞÛÝÕÝÐ ßàØ äØÝÐÝáÞÒÞÙ ßÞÔÔÕàÖÚÕ ÀÞááØÙáÚÞÓÞ ÄÞÝÔÐ ÄãÝÔÐ-
ÜÕÝâÐÛìÝëå ¸ááÛÕÔÞÒÐÝØÙ (ÓàÐÝâë 03-01-00380, 04-01-00821) Ø ºÆÄµ ¼Ø-
ÝÞÑàÝÐãÚØ ÀÄ (ÓàÐÝâ °03-2.8-659).

ºÀ°Âº¾µ Á¾´µÀ¶°½¸µ À°±¾ÂË
²Þ ÒÒÕÔÕÝØØ ÞÑÞáÝÞÒÐÝÐ ÐÚâãÐÛìÝÞáâì âÕÜë ØááÛÕÔÞÒÐÝØÙ, ÔÐÝ ÞÑ×Þà àÐ-
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ÑÞâ, ÑÛØ×ÚØå Ú âÕÜÕ ÔØááÕàâÐæØØ, Ø×ÛÐÓÐÕâáï áÞÔÕàÖÐÝØÕ ÔØááÕàâÐæØØ.
² ßÕàÒÞÙ ÓÛÐÒÕ àÐááÜÐâàØÒÐîâáï ßÞáâÐÝÞÒÚØ áâÐæØÞÝÐàÝëå ×ÐÔÐç äØÛì-

âàÐæØØ, ÚÞâÞàëÕ ÜÐâÕÜÐâØçÕáÚØ äÞàÜãÛØàãîâáï Ò ÒØÔÕ ÒÐàØÐæØÞÝÝëå ÝÕàÐ-
ÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ. ¿àØÒÕÔÕÝë ßÞáâÐÝÞÒÚØ ×ÐÔÐçØ äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ
ÖØÔÚÞáâØ, áÛÕÔãîéÕÙ àÐ×àëÒÝÞÜã ×ÐÚÞÝã äØÛìâàÐæØØ á ßàÕÔÕÛìÝëÜ ÓàÐÔØ-
ÕÝâÞÜ, Ø ×ÐÔÐçØ ÞÑ ÞßàÕÔÕÛÕÝØØ ßàÕÔÕÛìÝÞ àÐÒÝÞÒÕáÝëå æÕÛØÚÞÒ ÞáâÐâÞçÝÞÙ
Òï×ÚÞßÛÐáâØçÝÞÙ ÝÕäâØ.

² ý 1 ÔÐÕâáï ßÞáâÐÝÞÒÚÐ áâÐæØÞÝÐàÝÞÙ ×ÐÔÐçØ äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ
ÖØÔÚÞáâØ, áÛÕÔãîéÕÙ àÐ×àëÒÝÞÜã ×ÐÚÞÝã á ßàÕÔÕÛìÝëÜ ÓàÐÔØÕÝâÞÜ.

ÀÐááÜÐâàØÒÐÕâáï ãáâÐÝÞÒØÒèÕÙáï ßàÞæÕáá äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ ÖØÔ-
ÚÞáâØ. ÄØÛìâàÐæØï ßàÞØáåÞÔØâ Ò ÞÓàÐÝØçÕÝÝÞÙ ÞÑÛÐáâØ Ω ⊂ Rm, m ≥ 1 á
ÝÕßàÕàëÒÝÞÙ ßÞ »ØßèØæã ÓàÐÝØæÕÙ Γ = Γ1 ∪Γ2, Γ1 ∩Γ2 = ∅, mes Γ2 > 0, ÓÔÕ
Γ1 � ÞÓàÐÝØçÕÝÝÞÕ ÞâÚàëâÞÕ ßÞÔÜÝÞÖÕáâÒÞ Γ, Γ2 � ÒÝãâàÕÝÝÞáâì Γ\Γ1. ·ÐÚÞÝ
äØÛìâàÐæØØ ÑãÔÕÜ ×ÐßØáëÒÐâì Ò ÒØÔÕ

v = −g(|∇u|2)∇u, (1)

ÓÔÕ v � áÚÞàÞáâì äØÛìâàÐæØØ, u � ÔÐÒÛÕÝØÕ, ξ → g(ξ2)ξ � äãÝÚæØï, ÞßàÕÔÕÛï-
îéÐï ×ÐÚÞÝ äØÛìâàÐæØØ, ÞâÝÞáØâÕÛìÝÞ ÚÞâÞàÞÙ ßàÕÔßÞÛÐÓÐÕÜ áÛÕÔãîéÕÕ:

g(ξ2)ξ = g0(ξ
2)ξ + g1(ξ

2)ξ, (2)

ξ → g0(ξ
2) ξ � ÝÕÞâàØæÐâÕÛìÝÐï, ÝÕßàÕàëÒÝÐï, äãÝÚæØï, àÐÒÝÐï ÝãÛî ßàØ

ξ ≤ β (β ≥ 0 � ßàÕÔÕÛìÝëÙ ÓàÐÔØÕÝâ), ÝÕ ãÑëÒÐîéÐï ßàØ ξ ≥ 0, ØÜÕî-
éÐï ÝÐ ÑÕáÚÞÝÕçÝÞáâØ áâÕßÕÝÝÞÙ àÞáâ ßÞàïÔÚÐ p−1 > 0, äãÝÚæØï ξ → g1(ξ

2) ξ

ØÜÕÕâ ÒØÔ
g1(ξ

2)ξ =

{
0, ξ ≤ β,

ϑ, ξ > β, ϑ ≥ 0.

¿àÕÔßÞÛÐÓÐÕÜ, çâÞ ÒëßÞÛÝÕÝë áÛÕÔãîéØÕ ÚàÐÕÒëÕ ãáÛÞÒØï:

(v(x), n) = 0, x ∈ Γ1, n � ÒÝÕèÝïï ÝÞàÜÐÛì Ú Γ1, u = 0, x ∈ Γ2.

¾âÜÕâØÜ, çâÞ ÝÐ ßàÐÚâØÚÕ ÒÐÖÝëÜ ÜÞÜÕÝâÞÜ ßàØ àÕèÕÝØØ ×ÐÔÐç ÝÕÛØÝÕÙ-
ÝÞÙ äØÛìâàÐæØØ á ßàÕÔÕÛìÝëÜ ÓàÐÔØÕÝâÞÜ ïÒÛïÕâáï ÝÐåÞÖÔÕÝØÕ ÓàÐÝØæ ×Ð-
áâÞÙÝëå ×ÞÝ � ÓàÐÝØæ ÞÑÛÐáâÕÙ, ÓÔÕ âÕçÕÝØÕ ÖØÔÚÞáâØ ÝÕ ßàÞØáåÞÔØâ, â.Õ. ÛØ-
ÝØÙ, ÓÔÕ |∇u| = β.

¿ÕàÕÙÔÕÜ Ú ÜÐâÕÜÐâØçÕáÚÞÙ äÞàÜãÛØàÞÒÚÕ ÞßØáÐÝÝÞÙ ÒëèÕ ×ÐÔÐçØ.
¿ãáâì V =

{
u ∈ W 1

p (Ω) : u(x) = 0, x ∈ Γ2
}

, A0 : V → V ∗ � ÞßÕàÐâÞà,
ßÞàÞÖÔÐÕÜëÙ äÞàÜÞÙ
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〈A0u, η〉 =

∫

Ω

g0(|∇u| 2) (∇u,∇η) dx, (3)

äãÝÚæØÞÝÐÛ F1 : V → R 1 ÞßàÕÔÕÛÕÝ áÞÞâÝÞèÕÝØÕÜ

F1(η) =

∫

Ω

|∇η|∫

0

g1(ξ
2)ξdξdx = ϑ

∫

Ω

h(|∇η|−β) dx, h(ζ) =

{
0, ζ < 0,

ζ, ζ ≥ 0.
(4)

¿ÞÔ àÕèÕÝØÕÜ áâÐæØÞÝÐàÝÞÙ ×ÐÔÐçØ äØÛìâàÐæØØ ÝÕáÖØÜÐÕÜÞÙ ÖØÔÚÞáâØ Ò
ÞÑÛÐáâØ, áÛÕÔãîéÕÙ àÐ×àëÒÝÞÜã ×ÐÚÞÝã äØÛìâàÐæØØ ÑãÔÕÜ ßÞÝØÜÐâì äãÝÚ-
æØî u ∈ V , ïÒÛïîéãîáï àÕèÕÝØÕÜ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ ÒâÞàÞÓÞ àÞÔÐ

〈A0u, η − u〉+ F1(η)− F1(u) ≥ 〈f, η − u〉 ∀ η ∈ V, (5)

ÓÔÕ f ∈ V ∗ � ×ÐÔÐÝÝëÙ íÛÕÜÕÝâ, ÚÞâÞàëÙ åÐàÐÚâÕàØ×ãÕâ ßÛÞâÝÞáâì ÒÝÕèÝØå
ØáâÞçÝØÚÞÒ. ¸×ÒÕáâÝÞ, çâÞ ×ÐÔÐçÐ (5) ØÜÕÕâ ßÞ ÚàÐÙÝÕÙ ÜÕàÕ ÞÔÝÞ àÕèÕÝØÕ.

¾âÜÕâØÜ, çâÞ ßàØ p = 2 (â.Õ. ßàØ ÛØÝÕÙÝÞÜ àÞáâÕ äãÝÚæØØ, ÞßàÕÔÕÛïîéÕÙ
×ÐÚÞÝ äØÛìâàÐæØØ (1)) ßàÞáâàÐÝáâÒÞ V ïÒÛïÕâáï ÓØÛìÑÕàâÞÒëÜ.

² ý 2 ÓÛÐÒë 1 ÔÐÕâáï ßÞáâÐÝÞÒÚÐ ×ÐÔÐçØ ÞÑ ÞßàÕÔÕÛÕÝØØ ßàÕÔÕÛìÝÞ àÐÒÝÞ-
ÒÕáÝëå æÕÛØÚÞÒ ÞáâÐâÞçÝÞÙ Òï×ÚÞßÛÐáâØçÝÞÙ ÝÕäâØ.

ÀÐááÜÐâàØÒÐÕâáï ßàÞæÕáá ÒëâÕáÝÕÝØï Òï×ÚÞßÛÐáâØçÝÞÙ ÝÕäâØ Ø× ßÛÐáâÐ
ÒÞÔÞÙ. ¾âÛØçØâÕÛìÝÞÙ ÞáÞÑÕÝÝÞáâìî Òï×ÚÞßÛÐáâØçÝëå ÖØÔÚÞáâÕÙ, ÞâÛØçÐî-
éÕÙ Øå Þâ ÞÑëçÝëå ÝìîâÞÝÞÒáÚØå ÖØÔÚÞáâÕÙ, ïÒÛïÕâáï áßÞáÞÑÝÞáâì ÞáâÐÒÐâì-
áï ÝÕßÞÔÒØÖÝëÜØ Ò ßÞàØáâÞÙ áàÕÔÕ, ÕáÛØ ÜÞÔãÛì ÓàÐÔØÕÝâÐ ÔÐÒÛÕÝØï ÝÕ ßàÕ-
ÒÞáåÞÔØâ ßàÕÔÕÛìÝÞÓÞ ×ÝÐçÕÝØï β (ßàÕÔÕÛìÝÞÓÞ ÓàÐÔØÕÝâÐ ÔÐÒÛÕÝØï). ¿àÕÔ-
ßÞÛÞÖØÜ, çâÞ Ò ßàÞæÕááÕ ÔÛØâÕÛìÝÞÓÞ ÒëâÕáÝÕÝØï Ò ßÛÐáâÕ ÞÑàÐ×ÞÒÐÛáï àÐÒ-
ÝÞÒÕáÝëÙ æÕÛØÚ, ÞÑâÕÚÐÕÜëÙ áâÐæØÞÝÐàÝëÜ ßÞâÞÚÞÜ ÒëâÕáÝïîéÕÙ ÒÞÔë. ÍâÞ
Þ×ÝÐçÐÕâ, çâÞ ÞÑÛÐáâì äØÛìâàÐæØØ àÐáßÐÔÐÕâáï ÝÐ ÞÑÛÐáâì ÔÒØÖÕÝØï ÒÞÔë Ø
ÞÑÛÐáâì, ×ÐÝïâãî ÝÕßÞÔÒØÖÝÞÙ Òï×ÚÞßÛÐáâØçÝÞÙ ÝÕäâìî (ßàÕÔÕÛìÝÞ àÐÒÝÞ-
ÒÕáÝëÙ æÕÛØÚ). ÁãéÕáâÒÕÝÝëÜ ÜÞÜÕÝâÞÜ ßàØ íâÞÜ ïÒÛïÕâáï ÞßàÕÔÕÛÕÝØÕ ÓàÐ-
ÝØæ âÐÚØå æÕÛØÚÞÒ. ÍâÐ ×ÐÔÐçÐ ÐÝÐÛÞÓØçÝÐ ×ÐÔÐçÕ äØÛìâàÐæØØ ÞÔÝÞàÞÔÝÞÙ
ÖØÔÚÞáâØ á ÜÝÞÓÞ×ÝÐçÝëÜ ×ÐÚÞÝÞÜ äØÛìâàÐæØØ. ·ÐáâÞÙÝëÕ ×ÞÝë (ÞÑÛÐáâØ, ÓÔÕ
ÖØÔÚÞáâì ÝÕ ÔÒØÖÕâáï) ÞâÒÕçÐîâ æÕÛØÚÐÜ, Ð ÞÑÛÐáâì âÕçÕÝØï � ÞÑÛÐáâØ ÔÒØ-
ÖÕÝØï ÒÞÔë. ¾ÑÛÐáâì, Ò ÚÞâÞàÞÙ ÜÞÔãÛì ÓàÐÔØÕÝâÐ ÔÐÒÛÕÝØï àÐÒÕÝ ßàÕÔÕÛìÝÞ-
Üã ÓàÐÔØÕÝâã, Ò ×ÐÚÞÝÕ äØÛìâàÐæØØ, áÞÞâÒÕâáâÒãÕâ ÞÑÛÐáâØ çÐáâØçÝÞ ßàÞÜëâÞ-
ÓÞ ßÛÐáâÐ, çÐáâì ÜÞéÝÞáâØ ÚÞâÞàÞÓÞ ×ÐÝïâÐ æÕÛØÚÞÜ, Ð çÐáâì � ßàÞÜëâÐ.
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ÂÐÚØÜ ÞÑàÐ×ÞÜ, ×ÐÔÐçÐ ßÞØáÚÐ ßàÕÔÕÛìÝÞÓÞ æÕÛØÚÐ áÒÞÔØâáï Ú ÞßàÕÔÕÛÕÝØî
áâÐæØÞÝÐàÝëå ßÞÛÕÙ ÔÐÒÛÕÝØï u Ø áÚÞàÞáâØ v ÖØÔÚÞáâØ, ÒëâÕáÝïîéÕÙ ÝÕäâì,
Ò ÞÑÛÐáâØ Ω á ÝÕßàÕàëÒÝÞÙ ßÞ »ØßèØæã ÓàÐÝØæÕÙ Γ = Γ1 ∪ Γ2, Γ1 ∩ Γ2 = ∅,
mes Γ2 > 0, ÓÔÕ Γ1 � ÞÓàÐÝØçÕÝÝÞÕ ÞâÚàëâÞÕ ßÞÔÜÝÞÖÕáâÒÞ Γ, Γ2 � ÒÝãâ-
àÕÝÝÞáâì Γ\Γ1, ãÔÞÒÛÕâÒÞàïîéØå ãàÐÒÝÕÝØî äØÛìâàÐæØØ Ø áÞÞâÒÕâáâÒãîéØ-
ÜØ ÓàÐÝØçÝëÜØ ãáÛÞÒØïÜØ:




div v(x) = f̃ , x ∈ Ω,

−v(x) ∈ gϑ(|∇u|2)∇u = g0(|∇u|2)∇u + ϑ
H(|∇u| − β)

|∇u| ∇u, x ∈ Ω,

(v, n) = 0, x ∈ Γ1, u(x) = 0, x ∈ Γ2,

(6)

ÓÔÕ H � ÜÝÞÓÞ×ÝÐçÝÐï äãÝÚæØï, ÞßàÕÔÕÛïÕÜÐï ßÞ äÞàÜãÛÕ

H(ξ) =





0, ξ < 0,

[0, 1], ξ = 0,

1, ξ > 0,

β ≥ 0, ϑ > 0 � ×ÐÔÐÝÝëÕ ÚÞÝáâÐÝâë, äãÝÚæØï ξ → g0(ξ
2)ξ ãÔÞÒÛÕâÒÞàïÕâ

ãáÛÞÒØïÜ, áäÞàÜãÛØàÞÒÐÝÝëÜ Ò ý 1.
¾ßØáÐÝÝÐï ×ÐÔÐçÐ ÜÐâÕÜÐâØçÕáÚØ âÐÚÖÕ äÞàÜãÛØàãÕâáï Ò ÒØÔÕ ÒÐàØÐæØÞÝ-

ÝÞÓÞ ÝÕàÐÒÕÝcâÒÐ (5).
²Þ ÒâÞàÞÙ ÓÛÐÒÕ ßÞáâàÞÕÝ ÜÕâÞÔ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ ÔÛï àÕèÕ-

ÝØï ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ á ßáÕÒÔÞÜÞÝÞâÞÝÝëÜØ ÞßÕàÐâÞ-
àÐÜØ Ø ÒëßãÚÛëÜØ, ÝÕÔØääÕàÕÝæØàãÕÜëÜØ äãÝÚæØÞÝÐÛÐÜØ ÝÐ ÒëßãÚÛëå ×Ð-
ÜÚÝãâëå ÜÝÞÖÕáâÒÐå Ò ÑÐÝÐåÞÒëå Ø ÓØÛìÑÕàâÞÒëå ßàÞáâàÐÝáâÒÐå, ÞßØáëÒÐî-
éØÕ, Ò çÐáâÝÞáâØ, ×ÐÔÐçØ äØÛìâàÐæØØ, àÐááÜÐâàØÒÐÕÜëÕ Ò ÓÛÐÒÕ 1. ¿àÞÒÕÔÕÝÞ
ØááÛÕÔÞÒÐÝØÕ áåÞÔØÜÞáâØ ßàÕÔÛÞÖÕÝÝÞÓÞ ØâÕàÐæØÞÝÝÞÓÞ ÜÕâÞÔÐ. ÀÐááÜÞâàÕ-
ÝÞ àÕèÕÝØÕ ×ÐÔÐç äØÛìâàÐæØØ ÜÕâÞÔÞÜ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ.

² ý 1 áäÞàÜãÛØàÞÒÐÝÐ ßÞáâÐÝÞÒÚÐ ÞÑéÕÙ ×ÐÔÐçØ � ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐ-
ÒÕÝáâÒÐ ÒâÞàÞÓÞ àÞÔÐ.

¿ãáâì V � àÕäÛÕÚáØÒÝÞÕ ÑÐÝÐåÞÒÞ ßàÞáâàÐÝáâÒÞ á àÐÒÝÞÜÕàÝÞ ÒëßãÚÛëÜ
áÞßàïÖÕÝÝëÜ ßàÞáâàÐÝáâÒÞÜ V ∗, 〈·, ·〉 � ÞâÝÞèÕÝØÕ ÔÒÞÙáâÒÕÝÝÞáâØ ÜÕÖÔã V

Ø V ∗, M � ÒëßãÚÛÞÕ ×ÐÜÚÝãâÞÕ ÜÝÞÖÕáâÒÞ Ò V, A0 : V → V ∗ � ßáÕÒÔÞÜÞÝÞ-
âÞÝÝëÙ, ÚÞíàæØâØÒÝëÙ ÞßÕàÐâÞà. ¿àÕÔßÞÛÐÓÐÕÜ, âÐÚÖÕ, çâÞ A0 � ÞÓàÐÝØçÕÝÝÞ
ÛØßèØæ-ÝÕßàÕàëÒÝëÙ ÞßÕàÐâÞà:

‖A0u− A0η‖V ∗ ≤ µ(R)Φ(‖u− η‖V ) ∀u, η ∈ V, (7)
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ÓÔÕ R = max{‖u‖V , ‖η‖V }, µ � ÝÕãÑëÒÐîéÐï ÝÐ [0, +∞) äãÝÚæØï, Φ � ÝÕßàÕ-
àëÒÝÐï, áâàÞÓÞ ÒÞ×àÐáâÐîéÐï ÝÐ [0, +∞) äãÝÚæØï âÐÚÐï, çâÞ Φ(0) = 0,

Φ(ξ) → +∞ ßàØ ξ → +∞. ºàÞÜÕ âÞÓÞ, áçØâÐÕÜ, çâÞ
1∫

0

(〈A0(t(u+ η)), u+ η〉− 〈A0(tu), u〉)dt =

1∫

0

〈A0(u+ tη), η〉dt ∀u, η ∈ V, (8)

¿ãáâì, ÔÐÛÕÕ, F1 : V → R1 � ÒëßãÚÛëÙ (ÒÞÞÑéÕ ÓÞÒÞàï, ÝÕÔØääÕàÕÝæØ-
àãÕÜëÙ), ÛØßèØæ-ÝÕßàÕàëÒÝëÙ (á ÚÞÝáâÐÝâÞÙ γ > 0) äãÝÚæØÞÝÐÛ.

ÀÐááÜÐâàØÒÐÕâáï ×ÐÔÐçÐ ßÞØáÚÐ íÛÕÜÕÝâÐ u ∈ M, ïÒÛïîéÕÓÞáï àÕèÕÝØÕÜ
ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ ÒâÞàÞÓÞ àÞÔÐ

〈A0u, η − u〉+ F1(η)− F1(u) ≥ 〈f, η − u〉 ∀ η ∈ M. (9)

² ý 2 ÓÛÐÒë 2 ßÞáâàÞÕÝ ÜÕâÞÔ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ àÕèÕÝØï ÒÐàØÐ-
æØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (9).

´Ûï ε > 0 ÒÒÞÔØâáï äãÝÚæØÞÝÐÛ F1ε, ãÔÞÒÛÕâÒÞàïîéØÙ ãáÛÞÒØïÜ

|F1ε(η)− F1(η)| ≤ c(ε) ∀ η ∈ V, lim
ε→0

c(ε) = 0, (10)

|F1ε(υ)− F1ε(u)| ≤ γ∗‖υ − u‖V ∀u, υ ∈ V, γ∗ > 0. (11)
´Ûï àÕèÕÝØï ×ÐÔÐçØ (9) àÐááÜÞâàØÜ áÛÕÔãîéØÙ ØâÕàÐæØÞÝÝëÙ ÜÕâÞÔ.

¿ãáâì u(0) ∈ M � ßàÞØ×ÒÞÛìÝëÙ íÛÕÜÕÝâ. ¾ßàÕÔÕÛØÜ ÔÛï n = 0, 1, 2, . . .

íÛÕÜÕÝâ u(n+1) ∈ M ÚÐÚ àÕèÕÝØÕ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ:

〈J(u(n+1) − un), η − u(n+1)〉+ τ(F1εn
(η)− F1εn

(u(n+1))) ≥
≥ τ〈f − A0u

(n), η − u(n+1)〉 ∀ η ∈ M, (12)
ÓÔÕ τ > 0 � ØâÕàÐæØÞÝÝëÙ ßÐàÐÜÕâà, J : V → V ∗ � ÞßÕàÐâÞà ÔÒÞÙáâÒÕÝÝÞáâØ,
ßÞàÞÖÔÐÕÜëÙ äãÝÚæØÕÙ Φ.

² ý 3 ÓÛÐÒë 2 ØááÛÕÔÞÒÐÝÐ áåÞÔØÜÞáâì ÜÕâÞÔÐ (12) Ò áÛãçÐÕ ÑÐÝÐåÞÒÐ ßàÞ-
áâàÐÝáâÒÐ. ²ÒÕÔÕÜ äãÝÚæØÞÝÐÛ

F (η) = F0(η) + F1(η)− 〈f, η〉, F0(η) =

1∫

0

〈A0(tη), η〉dt, f ∈ V ∗.

ÂÕÞàÕÜÐ 1 . ¿ãáâì
∞∑

n=0

c(εn) = σ < +∞, 0 < τ < min

{
1 ,

1

µ0

}
,

ÓÔÕ µ0 = µ(R0 + Φ−1(R1 + γ∗)), R0 = sup
u∈S0

‖u‖V , R1 = sup
u∈S0

‖A0u− f‖V ∗,
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S0 = {u ∈ M : F (u) ≤ F (u(0)) + 2σ}.
ÂÞÓÔÐ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {u(n)} , ßÞáâàÞÕÝÝÐï áÞÓÛÐáÝÞ (12), ÞÓàÐ-

ÝØçÕÝÐ Ò V , Ø ÒáÕ ÕÕ áÛÐÑÞ ßàÕÔÕÛìÝëÕ âÞçÚØ ïÒÛïîâáï àÕèÕÝØïÜØ ×Ð-
ÔÐçØ (9) ßàØ n → +∞.

² ý 4 ÓÛÐÒë 2 àÐááÜÞâàÕÝ áÛãçÐÙ, ÚÞÓÔÐ V � ÓØÛìÑÕàâÞÒÞ ßàÞáâàÐÝáâÒÞ,
ÞâÞÖÔÕáâÒÛÕÝÝÞÕ áÞ áÒÞØÜ áÞßàïÖÕÝÝëÜ V ∗. ¿àÕÔßÞÛÐÓÐÕÜ, çâÞ ÞßÕàÐâÞà A0

ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØî ÞÑàÐâÝÞÙ áØÛìÝÞÙ ÜÞÝÞâÞÝÝÞáâØ:

‖A0u− A0η‖2
V ≤ d0 (A0u− A0η, u− η)V , d0 > 0 ∀u, η ∈ V. (13)

ÂÕÞàÕÜÐ 2 . ¿ãáâì
∞∑

n=0

c(εn) = σ < +∞, ÞßÕàÐâÞà A0 ïÒÛïÕâáï ÚÞíàæØ-

âØÒÝëÜ Ø ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØïÜ (8), (13). ¿ãáâì, ÔÐÛÕÕ, u(0) ∈ M �
ßàÞØ×ÒÞÛìÝëÙ íÛÕÜÕÝâ. ¾ßàÕÔÕÛØÜ ÔÛï n = 0, 1, 2 . . . íÛÕÜÕÝâ u(n+1) ∈ M

ÚÐÚ àÕèÕÝØÕ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ:

(u(n+1) − u(n) , η − u(n+1))V + τ(F1εn
(η)− F1εn

(u(n+1))) ≥
≥ τ(f − A0u

(n), η − u(n+1))V ∀ η ∈ M, (14)
ÓÔÕ 0 < τ < τ0 = 2/d0. ÂÞÓÔÐ Òáï ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {u(n)}, ßÞáâàÞÕÝÝÐï
áÞÓÛÐáÝÞ (14), áåÞÔØâáï áÛÐÑÞ Ò V Ú àÕèÕÝØî ×ÐÔÐçØ (9) ßàØ n → +∞.

² ý 5 ÓÛÐÒë 2 ßàØÒÕÔÕÝÐ àÕÐÛØ×ÐæØï ÜÕâÞÔÐ (14) Ò áÛãçÐÕ áßÕæØÐÛìÝÞÓÞ
ÒØÔÐ äãÝÚæØÞÝÐÛÐ F1.

¿ãáâì V, H - ÓØÛìÑÕàâÞÒë ßàÞáâàÐÝáâÒÐ, M = V . ¿àÕÔßÞÛÐÓÐÕÜ, çâÞ
F1 = G1 ◦ Λ, Λ : V → H � ÛØÝÕÙÝëÙ, ÝÕßàÕàëÒÝëÙ ÞßÕàÐâÞà, âÐÚÞÙ
çâÞ (Λu, Λη)H = (u, η)V ÔÛï ÛîÑëå u, η ∈ V , ÓÔÕ G1 : H → R1 � áÞÑáâÒÕÝ-
ÝëÙ, ÒëßãÚÛëÙ, áÛÐÑÞ ßÞÛãÝÕßàÕàëÒÝëÙ áÝØ×ã äãÝÚæØÞÝÐÛ. ²ÒÕÔÕÜ äãÝÚæØ-
ÞÝÐÛ G1ε, ÚÞâÞàëÙ ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØïÜ ÒØÔÐ (10), (11). ÂÞÓÔÐ ßÞÛÞÖØÜ
F1ε = G1ε ◦ Λ.

´Ûï àÕèÕÝØï ÝÕàÐÒÕÝáâÒÐ (14) àÐááÜÐâàØÒÐÕâáï áÛÕÔãîéØÙ ØâÕàÐæØÞÝÝëÙ
ßàÞæÕáá. ´Ûï ×ÐÔÐÝÝëå r > 0, ÝÐçÐÛìÝëå ßàØÑÛØÖÕÝØÙ λ0 ∈ H, p(0) ∈ H,
âÐÚØå, çâÞ λ(0) ∈ ∂G1ε(p

(0)), ÞßàÕÔÕÛØÜ ÔÛï k = 0, 1, 2, . . . ßÞáÛÕÔÞÒÐâÕÛìÝÞáâØ{
w(k)

}
,
{
p(k)

}
,
{
λ(k)

}
áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

1) ÞßàÕÔÕÛØÜ w(n+1) ÚÐÚ àÕèÕÝØÕ ×ÐÔÐçØ

(w(k+1) − τFn, η)V + τ
(
λ(k) − rp(k) + rΛw(k+1), Λη

)
H

= 0 ∀ η ∈ V ; (15)
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2) ÝÐåÞÔØÜ p(n+1), àÕèÐï ×ÐÔÐçã ÜØÝØÜØ×ÐæØØ

G1ε

(
p(k+1)

)
−

(
λ(k), p(k+1)

)
H

+
r

2

∥∥∥Λw(k+1) − p(k+1)
∥∥∥

2

H
≤

≤ G1ε (q)−
(
λ(k), q

)
H

+
r

2

∥∥∥Λw(k+1) − q
∥∥∥

2

H
∀ q ∈ H; (16)

3) ÒëçØáÛØÜ λ(k+1) ÝÐåÞÔØÜ ßÞ äÞàÜãÛÕ

λ(k+1) = λ(k) + r
(
Λw(k+1) − p(k+1)

)
. (17)

¿àØ íâÞÜ {w(k)} áåÞÔØâáï áÛÐÑÞ Ò V Ú ÝÕÚÞâÞàÞÜã àÕèÕÝØî w ×ÐÔÐçØ (14),
{p(k)} áåÞÔØâáï áØÛìÝÞ Ò H Ú Λw ßàØ k → +∞.

² ý 6 ÓÛÐÒë 2 ÜÕâÞÔ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ ßàØÜÕÝïÕâáï ÔÛï àÕèÕÝØï
×ÐÔÐç äØÛìâàÐæØØ. ¿ãáâì äãÝÚæØï ξ → g0(ξ

2)ξ, ÚàÞÜÕ, ãáÛÞÒØÙ ÞßàÕÔÕÛÕÝÝëå
Ò ý 1 ÓÛÐÒë 1, ãÔÞÒÛÕâÒÞàïÕâ âÐÚ ÝÐ×ëÒÐÕÜÞÜã ãáÛÞÒØî ßÞÔçØÝÕÝØï

g0(ξ
2)ξ − g0(η

2)η

ξ − η
≤ c1(α + ξ + η)p−2 ∀ ξ, η > 0, c1 > 0, α =

{
1, ßàØ p ≥ 2,

0, ßàØ p < 2.

¿àØ íâÞÜ ÞßÕàÐâÞà A0 ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØî (7) á äãÝÚæØïÜØ Φ, µ, ×ÐÔÐÒÐÕ-
ÜëÜØ äÞàÜãÛÐÜØ

Φ(ξ) =

{
ξp−1 , 1 < p < 2,

ξ , p ≥ 2,
µ(ξ) =

{
c2, c2 > 0 , 1 < p < 2,

c3(1 + 2 ξ)p−2, c3 > 0, p ≥ 2.

² áÛãçÐÕ, ÚÞÓÔÐ ßàÞáâàÐÝáâÒÞ V ïÒÛïÕâáï ÓØÛìÑÕàâÞÒëÜ, ÞßÕàÐâÞà A0 ïÒ-
ÛïÕâáï ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÜ, â.Õ. ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØî (13).

´Ûï àÕèÕÝØï àÐááÜÐâàØÒÐÕÜëå ×ÐÔÐç äØÛìâàÐæØØ ÒëßÞÛÝÕÝë ãáÛÞÒØï âÕÞ-
àÕÜ 1, 2. ÄãÝÚæØÞÝÐÛ F1, ÞßàÕÔÕÛïÕÜëÙ áÞÞâÝÞèÕÝØÕÜ (4), ßàÕÔáâÐÒØÜ Ò ÒØÔÕ
áãßÕàßÞ×ØæØØ F1 = G1 ◦ Λ, ÓÔÕ Λ = ∇, Ð äãÝÚæØÞÝÐÛ G1 : H = [L2(Ω)]m → R1

×ÐÔÐÕâáï áÞÞâÝÞèÕÝØÕÜ

G1(p) = ϑ

∫

Ω

h(| p | − β) dx, p ∈ H.

ÂÕßÕàì ØáåÞÔÝÞÕ ÒÐàØÐæØÞÝÝÞÕ ÝÕàÐÒÕÝáâÒÞ ßàØÞÑàÕâÐÕâ áÛÕÔãîéØÙ ÒØÔ

(A0u , η − u)V + G1(Λη)−G1(Λu) ≥ 〈f, η − u〉 ∀ η ∈ V.

¾ßàÕÔÕÛØÜ äãÝÚæØî ßÞ äÞàÜãÛÕ

g1ε(ξ
2)ξ =





0, ξ ≤ β − ε,

ϑ(ξ − β + ε)/ε, β − ε ≤ ξ ≤ β,

ϑ, ξ ≥ β,
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ÚÞâÞàÐï ßÞàÞÖÔÐÕâ äãÝÚæØÞÝÐÛë F1ε Ø G1ε.
² áÛãçÐÕ ÓØÛìÑÕàâÞÒÐ ßàÞáâàÐÝáâÒÐ J = −∆. ¿ÞíâÞÜã ÜÕâÞÔ ØâÕàÐâØÒ-

ÝÞÙ àÕÓãÛïàØ×ÐæØØ (15) - (17) ÔÛï ÞßàÕÔÕÛÕÝØï ßÞáÛÕÔÞÒÐâÕÛìÝÞáâÕÙ
{
w(k)

}
,{

p(k)
}

,
{
λ(k)

}
×ÐßØèÕâáï Ò áÛÕÔãîéÕÜ ÒØÔÕ: ßãáâì p(0) ∈ H - ßàÞØ×ÒÞÛìÝëÙ

ÒÕÚâÞà, λ0 = g1ε(
∣∣p(0)

∣∣2)p(0)/
∣∣p(0)

∣∣, ÔÛï k = 0, 1, 2, . . ..
1) ÝÐåÞÔØÜ w(k+1) ÚÐÚ àÕèÕÝØÕ ÚàÐÕÒÞÙ ×ÐÔÐçØ

−(1 + τr)∆w(k+1) = τ
[
Fn + div (λ(k) − rp(k))

]
, x ∈ Ω,

(w(k+1)(x), n) = 0, x ∈ Γ1, w(k+1)(x) = 0, x ∈ Γ2; (18)
2) ßÞÛÐÓÐÕÜ p(k+1) = α/(g1ε(t

2) + r), ÓÔÕ α = λ(k) + r∇w(k+1),

t =





|α| /r, z ≤ r(β − ε),

(ϑ(β − ε) + ε |α|)/(ϑ + εr), r(β − ε) ≤ |α| ≤ rβ + ϑ,

(|α| − ϑ)/r, |α| ≥ rβ + ϑ;

3) ÒëçØáÛïÕÜ λ(k+1) = λ(k) + r
(∇w(k+1) − p(k+1)

)
.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÝÐ ÚÐÖÔÞÜ èÐÓÕ ØâÕàÐæØÞÝÝëÙ ÜÕâÞÔ áÒÞÔØâáï äÐÚâØçÕáÚØ
Ú àÕèÕÝØî ÚàÐÕÒÞÙ ×ÐÔÐçØ (18).

² âàÕâìÕÙ ÓÛÐÒÕ ßÞáâàÞÕÝ ØâÕàÐæØÞÝÝëÙ ÜÕâÞÔ àÐáéÕßÛÕÝØï àÕèÕÝØï ÒÐ-
àØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ ÒâÞàÞÓÞ àÞÔÐ á ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÜØ ÞßÕàÐ-
âÞàÐÜØ Ø ÒëßãÚÛëÜØ ÝÕÔØääÕàÕÝæØàãÕÜëÜØ äãÝÚæØÞÝÐÛÐÜØ Ò ÓØÛìÑÕàâÞÒëå
ßàÞáâàÐÝáâÒÐå, ÒÞ×ÝØÚÐîéØå ßàØ ÞßØáÐÝØØ àÐááÜÐâàØÒÐÕÜëå ×ÐÔÐç äØÛìâàÐ-
æØØ. ¿àÞÒÕÔÕÝÞ ØááÛÕÔÞÒÐÝØÕ áåÞÔØÜÞáâØ ÜÕâÞÔÐ.

² ý 1 àÐááÜÞâàÕÝ çÐáâÝëÙ áÛãçÐÙ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (9) Ò ÓØÛìÑÕà-
âÞÒÞÜ ßàÞáâàÐÝáâÒÕ, ÚÞÓÔÐ äãÝÚæØÞÝÐÛ F1 ïÒÛïÕâáï áãßÕàßÞ×ØæØÕÙ ÒëßãÚÛÞÓÞ
äãÝÚæØÞÝÐÛÐ Ø ÛØÝÕÙÝÞÓÞ ÝÕßàÕàëÒÝÞÓÞ ÞßÕàÐâÞàÐ.

¿ãáâì V, H � ÓØÛìÑÕàâÞÒë ßàÞáâàÐÝáâÒÐ, M = V , F (η) = Ψ(η) + G1(Λη),
Ψ : V → R1 � ÔØääÕàÕÝæØàãÕÜëÙ ßÞ ³ÐâÞ äãÝÚæØÞÝÐÛ, ßàØçÕÜ ßàÞØ×ÒÞÔÝÐï
³ÐâÞ A0 = Ψ ′ : V → V � ÚÞíàæØâØÒÝëÙ, ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÙ ÞßÕàÐâÞà
á ÚÞÝáâÐÝâÞÙ d0 > 0, â.Õ. ÒëßÞÛÝÕÝÞ ãáÛÞÒØÕ (13), G1 : H → R1 � áÞÑáâÒÕÝ-
ÝëÙ, ÒëßãÚÛëÙ, áÛÐÑÞ ßÞÛãÝÕßàÕàëÒÝëÙ áÝØ×ã äãÝÚæØÞÝÐÛ, Λ : V → H �
ÛØÝÕÙÝëÙ ÝÕßàÕàëÒÝëÙ ÞßÕàÐâÞà, ØÜÕîéØÙ ÞÓàÐÝØçÕÝÝëÙ ÞÑàÐâÝëÙ, âÐÚÞÙ,
çâÞ (Λu, Λη)H = (u, η)V ÔÛï ÒáÕå u, η ∈ V .

ÀÐááÜÐâàØÒÐÕâáï ×ÐÔÐçÐ
F (u) = inf

η ∈V
{F (η)− (f, η)V } . (19)
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ÍâÐ ×ÐÔÐçÐ ØÜÕÕâ ßÞ ÚàÐÙÝÕÙ ÜÕàÕ ÞÔÝÞ àÕèÕÝØÕ Ø íÚÒØÒÐÛÕÝâÝÐ áÛÕÔãîéÕÜã
ÒÐàØÐæØÞÝÝÞÜã ÝÕàÐÒÕÝáâÒã ÒâÞàÞÓÞ àÞÔÐ

(A0u− f, η − u)V + G1(Λη)−G1(Λu) ≥ 0 ∀ η ∈ V, (20)

ïÒÛïîéÕÜãáï çÐáâÝëÜ áÛãçÐÕÜ ÒÐàØÐæØÞÝÝÞÓÞ ÝÕàÐÒÕÝáâÒÐ (9). ¿ÞíâÞÜã ×Ð-
ÔÐçÐ (20) âÐÚÖÕ ØÜÕÕâ ßÞ ÚàÐÙÝÕÙ ÜÕàÕ ÞÔÝÞ àÕèÕÝØÕ.

²ÒÕÔÕÜ äãÝÚæØØ L : V ×H ×H → R1 Ø Lr : V ×H ×H → R1:

L(η, z; µ) = Ψ(η) + G1(z) + (µ, Λη − z)H − (f, η)V ,

Lr(η, z; µ) = L(η, z; µ) +
r

2
‖Λη − z‖2

H , r > 0.

½ÐàïÔã á ×ÐÔÐçÕÙ (19) àÐááÜÐâàØÒÐîâáï áÛÕÔãîéØÕ ×ÐÔÐçØ Þ ßÞØáÚÕ áÕÔ-
ÛÞÒëå âÞçÕÚ äãÝÚæØÞÝÐÛÞÒ L Ø Lr:

inf
η∈V, z∈H

sup
µ∈H

L(η, z; µ), (21)

inf
η∈V, z∈H

sup
µ∈H

Lr(η, z; µ). (22)

ÂÕÞàÕÜÐ 3 . ·ÐÔÐçÐ (21) àÐ×àÕèØÜÐ, ßàØ íâÞÜ ßÕàÒÐï ÚÞÜßÞÝÕÝâÐ
áÕÔÛÞÒÞÙ âÞçÚØ u � àÕèÕÝØÕ ×ÐÔÐçØ (19) , ÒâÞàÐï Ø âàÕâìï ÚÞÜßÞÝÕÝ-
âë áÕÔÛÞÒÞÙ âÞçÚØ y Ø λ áÒï×ÐÝë á ßÕàÒÞÙ ÚÞÜßÞÝÕÝâÞÙ u áÞÞâÝÞèÕ-
ÝØïÜØ y = Λu, λ ∈ ∂G1(Λu). ¾ÑàÐâÝÞ, ÕáÛØ u � àÕèÕÝØÕ ×ÐÔÐçØ (19),
Λu = y, âÞÓÔÐ áãéÕáâÒãÕâ λ ∈ ∂G1(Λu) âÐÚÐï, çâÞ (u, y; λ) � áÕÔÛÞÒÐï
âÞçÚÐ ×ÐÔÐçØ (21).

ÂÕÞàÕÜÐ 4 . ¼ÝÞÖÕáâÒÐ àÕèÕÝØÙ ×ÐÔÐç (21) Ø (22) áÞÒßÐÔÐîâ.
² ý 2 ÓÛÐÒë 3 ßÞáâàÞÕÝ ÜÕâÞÔ àÐáéÕßÛÕÝØï àÕèÕÝØï ×ÐÔÐçØ (20).
¸× âÕÞàÕÜ 3, 4 ÒëâÕÚÐÕâ, çâÞ ÔÛï ÝÐåÞÖÔÕÝØï àÕèÕÝØï ×ÐÔÐçØ (20), Ò áØÛã

ÕÕ íÚÒØÒÐÛÕÝâÝÞáâØ ×ÐÔÐçÕ (19), ÜÞÖÝÞ ØáßÞÛì×ÞÒÐâì ÐÛÓÞàØâÜë ßÞØáÚÐ áÕÔ-
ÛÞÒÞÙ âÞçÚØ äãÝÚæØØ »ÐÓàÐÝÖÐ Lr.

¿ãáâì u(0) ∈ V � ßàÞØ×ÒÞÛìÝëÙ íÛÕÜÕÝâ, ßÞÛÐÓÐÕÜ y(0) = Λu(0), ÝÐåÞ-
ÔØÜ λ(0) ∈ ∂G1(u

(0)). ¾ßàÕÔÕÛØÜ ÔÛï k = 1, 2, . . . ßÞáÛÕÔÞÒÐâÕÛìÝÞáâØ
{
u(k)

}
,{

y(k)
}

,
{
λ(k)

}
áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

1) ÝÐåÞÔØÜ u(k+1) ÚÐÚ àÕèÕÝØÕ ×ÐÔÐçØ

u(k+1) = u(k) − τ
[
A0u

(k) − f + Λ∗λ(k) + r u(k) − r Λ∗y(k)
]
, (23)
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ÓÔÕ τ � ØâÕàÐæØÞÝÝëÙ ßÐàÐÜÕâà;
2) ÞßàÕÔÕÛïÕÜ íÛÕÜÕÝâ y(k+1), àÕèÐï ×ÐÔÐçã ÜØÝØÜØ×ÐæØØ

Lr(u
(k+1), y(k+1); λ(k)) ≤ Lr(u

(k+1), z; λ(k)) ∀z ∈ H; (24)

3) ÒëçØáÛïÕÜ λk+1 ßÞ äÞàÜãÛÕ

λ(k+1) = λ(k) + r
(
Λu(k+1) − y(k+1)

)
. (25)

¿àØ çØáÛÕÝÝÞÙ àÕÐÛØ×ÐæØØ ÜÕâÞÔÐ àÐáéÕßÛÕÝØï (23) - (25) ÞáÝÞÒÝãî âàãÔ-
ÝÞáâì ßàÕÔáâÐÒÛïÕâ àÕèÕÝØÕ ×ÐÔÐçØ ÜØÝØÜØ×ÐæØØ (24). ·ÐßØèÕÜ (24) Ò ÒØÔÕ:

(r Λu(k+1) + λ(k), z − y(k+1))H ≤ Gr(z)−Gr(y
(k+1)) ∀ z ∈ H, (26)

ÓÔÕ Gr(z) = G1(z) +
r

2
‖z‖2

H , â. Õ. r Λu(k+1) + λ(k) ∈ ∂ Gr(y
(k+1)). ¸×ÒÕáâÝÞ, çâÞ

q ∈ ∂ Gr(z) âÞÓÔÐ Ø âÞÛìÚÞ âÞÓÔÐ, ÚÞÓÔÐ z ∈ ∂ G∗
r(q), ÓÔÕ G∗

r � áÞßàïÖÕÝÝëÙ Ú
Gr äãÝÚæØÞÝÐÛ. ¿ÞíâÞÜã ØÜÕÕÜ, çâÞ

y(k+1) ∈ ∂ G∗
r(r Λu(k+1) + λ(k)).

ÂÐÚØÜ ÞÑàÐ×ÞÜ, àÕèÕÝØÕ ×ÐÔÐçØ (24) áãéÕáâÒÕÝÝÞ ÞÑÛÕÓçÐÕâáï Ò áÛãçÐÕ, ÚÞ-
ÓÔÐ Üë ÜÞÖÕÜ íääÕÚâØÒÝÞ ÒëçØáÛØâì áãÑÔØääÕàÕÝæØÐÛ ∂G∗

r. ¿àØ íâÞÜ ×ÐÔÐçÐ
ßÞØáÚÐ íÛÕÜÕÝâÐ y(k+1) áÒÞÔØâáï Ú ÒëçØáÛÕÝØïÜ ßÞ ïÒÝëÜ äÞàÜãÛÐÜ. ÍâØÜ Üë
ßÞÛì×ãÕÜáï ÝØÖÕ ßàØ àÕèÕÝØØ àÐááÜÐâàØÒÐÕÜëå ×ÐÔÐç äØÛìâàÐæØØ.

² ý 3 ÓÛÐÒë 3 ßàÞÒÕÔÕÝÞ ØááÛÕÔÞÒÐÝØÕ áåÞÔØÜÞáâØ ØâÕàÐæØÞÝÝÞÓÞ ßàÞæÕá-
áÐ àÐáéÕßÛÕÝØï (23) - (25). ¾ßàÕÔÕÛØÜ ÓØÛìÑÕàâÞÒÞ ßàÞáâàÐÝáâÒÞ Q = V ×
H ×H áÞ áÚÐÛïàÝëÜ ßàÞØ×ÒÕÔÕÝØÕÜ (·, ·)Q = a1 (·, ·)V + a2 (·, ·)H + a3 (·, ·)H ,

ÓÔÕ a1 = (1 − τ r)/(2 τ), a2 = r/(2), a3 = 1/(2 r), τ, r - ßÞÛÞÖØâÕÛìÝëÕ
ÚÞÝáâÐÝâë, áÒï×ÐÝÝëÕ áÞÞâÝÞèÕÝØÕÜ τr < 1.

ÀÐááÜÞâàØÜ ÞßÕàÐâÞà T : Q → Q: Tq = {T1q, T2q, T3q,} ,

T1q = q1 − τ [A0q1 − f + Λ∗q3 + r q1 − r Λ∗q2] , T2q = Arg min
z∈H

Lr(T1q, z; q3),

T3q = q3 + r [ΛT1q − T2q] .

ÂÞÓÔÐ ØâÕàÐæØÞÝÝëÙ ÜÕâÞÔ (23) - (25) ×ÐßØèÕâáï Ò ÒØÔÕ q(k+1) = Tq(k),
q(k) = ( u(k), y(k); λ(k) ), ÔÛï k = 0, 1, 2 . . ., â.Õ. T � ÞßÕàÐâÞà ßÕàÕåÞÔÐ ØâÕàÐ-
æØÞÝÝÞÓÞ ßàÞæÕááÐ.

ÂÕÞàÕÜÐ 5 . ¼ÝÞÖÕáâÒÞ áÕÔÛÞÒëå âÞçÕÚ ×ÐÔÐçØ (21) áÞÒßÐÔÐÕâ á
ÜÝÞÖÕáâÒÞÜ ÝÕßÞÔÒØÖÝëå âÞçÕÚ ÞßÕàÐâÞàÐ T .
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ÂÐÚØÜ ÞÑàÐ×ÞÜ, ØááÛÕÔÞÒÐÝØÕ áåÞÔØÜÞáâØ ÜÕâÞÔÐ (23) - (25) áÒÞÔØâáï Ú
ØááÛÕÔÞÒÐÝØî áåÞÔØÜÞáâØ ÜÕâÞÔÐ ßÞáÛÕÔÞÒÐâÕÛìÝëå ßàØÑÛØÖÕÝØÙ ÔÛï ÝÐåÞ-
ÖÔÕÝØï ÝÕßÞÔÒØÖÝÞÙ âÞçÚØ ÞßÕàÐâÞàÐ T .

ÂÕÞàÕÜÐ 6 . ¿ãáâì 0 < τ < 2 d0/(2 d0 r + 1), q(0) ∈ Q � ßàÞØ×ÒÞÛìÝÞ
×ÐÔÐÝÝëÙ íÛÕÜÕÝâ. ¾ßàÕÔÕÛØÜ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì

{
q(k)

}
ßÞ äÞàÜãÛÕ

q(k+1) = Tq(k) ÔÛï k = 0, 1, 2, . . .. ÂÞÓÔÐ íâÐ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì
{
q(k)

}

áåÞÔØâáï áÛÐÑÞ Ò Q ßàØ k → +∞, ÕÕ ßàÕÔÕÛ q∗ ïÒÛïÕâáï ÝÕßÞÔÒØÖÝÞÙ
âÞçÚÞÙ ÞßÕàÐâÞàÐ T , Ø áßàÐÒÕÔÛØÒë àÐÒÕÝáâÒÐ

lim
k→+∞

∥∥∥q
(k)
2 − Λq

(k)
1

∥∥∥
H

= 0, lim
k→+∞

∥∥∥q(k+1) − q(k)
∥∥∥

Q
= 0. (27)

·ÐâÕÜ àÐááÜÞâàÕÝ áÛãçÐÙ, ÚÞÓÔÐ ÞßÕàÐâÞà A0 ãÔÞÒÛÕâÒÞàïÕâ ÑÞÛÕÕ áØÛìÝÞ-
Üã ãáÛÞÒØî, çÕÜ ãáÛÞÒØÕ ÞÑàÐâÝÞ áØÛìÝÞÙ ÜÞÝÞâÞÝÝÞáâØ. ÁßàÐÒÕÔÛØÒÐ

ÂÕÞàÕÜÐ 7 . ¿ãáâì ÞßÕàÐâÞà A0 áØÛìÝÞ ÜÞÝÞâÞÝÕÝ ÛØßèØæ-ÝÕ-
ßàÕàëÒÕÝ á ÚÞÝáâÐÝâÐÜØ δ > 0 Ø γ > 0 áÞÞâÒÕâáâÒÕÝÝÞ:

(A0u− A0η, u− η)V ≥ δ ‖u− η‖2
V , ‖A0u− A0η‖V ≤ γ ‖u− η‖V ∀u, η ∈ V,

ÒëßÞÛÝÕÝÞ ãáÛÞÒØÕ τ < 2 δ /
(
2 δ r + γ2

)
. ÂÞÓÔÐ áßàÐÒÕÔÛØÒë áÞÞâÝÞèÕ-

ÝØï (27) Ø, ÚàÞÜÕ âÞÓÞ, lim
k→+∞

∥∥∥q
(k)
1 − u

∥∥∥
V

= 0 , lim
k→+∞

∥∥∥q
(k)
2 − Λu

∥∥∥
H

= 0, ÓÔÕ
u � àÕèÕÝØÕ ×ÐÔÐçØ (20).

² ý 4 ÓÛÐÒë 3 ÜÕâÞÔ àÐáéÕßÛÕÝØï (23) - (25) ßàØÜÕÝÕÝ ÔÛï àÕèÕÝØï àÐá-
áÜÐâàØÒÐÕÜëå Ò ÓÛÐÒÕ 1 ×ÐÔÐç äØÛìâàÐæØØ. ´Ûï íâØå ×ÐÔÐç Λ = ∇, Ð Λ∗ = −div.

1) ÀÕÐÛØ×ÐæØï (23) áÞáâÞØâ Ò àÕèÕÝØØ ÚàÐÕÒÞÙ ×ÐÔÐçØ

−∆w = f − Au(k) + div (λ(k) − rp(k)) + r ∆u(k), x ∈ Ω,

(w(x), n) = 0, x ∈ Γ1, w(x) = 0, x ∈ Γ2, (28)
ßÞáÛÕ çÕÓÞ ÒëçØáÛïÕâáï u(k+1) = u(k) + τ w.

2) ÃáâÐÝÞÒÛÕÝÞ, çâÞ äãÝÚæØÞÝÐÛ G∗
r ïÒÛïÕâáï ÒëßãÚÛëÜ Ø ÔØääÕàÕÝæØàãÕ-

ÜëÜ ßÞ ³ÐâÞ, áãÑÔØääÕàÕÝæØÐÛ íâÞÓÞ äãÝÚæØÞÝÐÛÐ áÞáâÞØâ Ø× ÕÔØÝáâÒÕÝÝÞÓÞ
íÛÕÜÕÝâÐ, áÞÒßÐÔÐîéÕÓÞ á ÕÓÞ ÓàÐÔØÕÝâÞÜ, ÚÞâÞàëÙ ÞßàÕÔÕÛïÕâáï áÛÕÔãîéØÜ
ÞÑàÐ×ÞÜ: (G∗

r)
′z = g∗r(|z|2)z, ÓÔÕ

g∗r(ξ
2)ξ =





ξ/r, ξ ≤ r β,

β, r β < ξ ≤ r β + ϑ,

(ξ − ϑ)/r, ξ > r β + ϑ.
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¿ÞíâÞÜã ×ÐÔÐçÐ ÜØÝØÜØ×ÐæØØ (24), Ò áÞÞâÒÕâáâÒØØ á àÐááãÖÔÕÝØïÜØ, ßàØ-
ÒÕÔÕÝÝëÜØ Ò ý 2 ÓÛÐÒë 3, áÒÞÔØâáï Ú ÝÐåÞÖÔÕÝØî y(k+1) ßÞ ïÒÝëÜ äÞàÜãÛÐÜ:
y(k+1) = g∗r(|q|2)q, q = r Λu(k+1) + λ(k).

3) ²ëçØáÛïÕÜ λ(k+1) ßÞ äÞàÜãÛÕ λ(k+1) = λ(k) + r
(∇u(k+1) − y(k+1)

)
.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÚÐÖÔëÙ èÐÓ ØâÕàÐæØÞÝÝÞÓÞ ÜÕâÞÔÐ àÐáéÕßÛÕÝØï áÒÞÔØâáï
äÐÚâØçÕáÚØ Ú àÕèÕÝØî ÚàÐÕÒÞÙ ×ÐÔÐçØ (28).

² çÕâÒÕàâÞÙ ÓÛÐÒÕ ßàØÒÞÔïâáï àÕ×ãÛìâÐâë çØáÛÕÝÝëå íÚáßÕàØÜÕÝâÞÒ ÔÛï
ÜÞÔÕÛìÝëå ×ÐÔÐç äØÛìâàÐæØØ, ßÞÛãçÕÝÝëÕ ÜÕâÞÔÞÜ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×Ð-
æØØ Ø ÜÕâÞÔÞÜ àÐáéÕßÛÕÝØï, ßàÞÒÞÔØâáï Øå ÐÝÐÛØ×.

² ý 1 ßàÞÒÕÔÕÝÞ ßÞáâàÞÕÝØÕ ÒÝãâàÕÝÝØå ÚÞÝÕçÝÞíÛÕÜÕÝâÝëå ÐßßàÞÚ-
áØÜÐæØÙ ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ á ßáÕÔÞÜÞÝÞâÞÝÝëÜØ ÞßÕàÐâÞàÐÜØ ßàØÜÕ-
ÝØâÕÛìÝÞ Ú àÐááÜÐâàØÒÐÕÜëÜ ×ÐÔÐçÐÜ äØÛìâàÐæØØ.

² ý 2 ÓÛÐÒë 4 ßàØÒÕÔÕÝë ßÞáâÐÝÞÒÚØ ÝÕÚÞâÞàëå ×ÐÔÐç ÞÑ ÞßàÕÔÕÛÕÝØØ ÓàÐ-
ÝØæ ßàÕÔÕÛìÝÞ àÐÒÝÞÒÕáÝëå æÕÛØÚÞÒ Òï×ÚÞßÛÐáâØçÝÞÙ ÝÕäâØ, ÔÛï ÚÞâÞàëå
ÐÝÐÛØâØçÕáÚØÜ áßÞáÞÑÞÜ ÞßàÕÔÕÛÕÝë åÐàÐÚâÕàØáâØÚØ âÞçÝëå àÕèÕÝØÙ � ÛØ-
ÝØØ, ÝÐ ÚÞâÞàëå ÜÞÔãÛì ÓàÐÔØÕÝâÐ ÔÐÒÛÕÝØï ØÜÕÕâ ßÞáâÞïÝÝÞÕ ×ÝÐçÕÝØÕ β �
ßàÕÔÕÛìÝÞÜã ÓàÐÔØÕÝâã ÔÐÒÛÕÝØï (ÓàÐÝØæë æÕÛØÚÞÒ). ÍâØ ×ÐÔÐçØ àÐááÜÐâàØ-
ÒÐîâáï ßàØ àÐ×ÛØçÝëå áåÕÜÐå àÐáßÞÛÞÖÕÝØï áÚÒÐÖØÝ.

ÁÝÐçÐÛÐ àÐááÜÐâàØÒÐÕâáï ×ÐÔÐçÐ ÔÛï ÑÕáÚÞÝÕçÝÞÙ æÕßÞçÚØ áÚÒÐÖØÝ á àÐá-
åÞÔÞÜ q, àÐáßÞÛÞÖÕÝÝëå ÝÐ ßàïÜÞÙ ÝÐ àÐááâÞïÝØØ 2 ` ÔàãÓ Þâ ÔàãÓÐ, ßàØ íâÞÜ:

1) äãÝÚæØï ξ → gϑ(ξ
2)ξ ØÜÕÕâ áÛÕÔãîéØÙ ÒØÔ (×ÐÔÐçÐ 1Ð):

gϑ(ξ
2)ξ =





α ξ , 0 ≤ ξ < β,

[α β , β] , ξ = β,

ξ, ξ > β,

ÓÔÕ 0 < α < 1 Ø β ≥ 0. ÀÕèÕÝØÕ ÔÐÝÝÞÙ ×ÐÔÐçØ ×ÐÒØáØâ Þâ ÑÕ×àÐ×ÜÕàÝÞÓÞ ßÐ-
àÐÜÕâàÐ Q = q/(4 β `), åÐàÐÚâÕàØ×ãîéÕÓÞ áÚÞàÞáâì äØÛìâàãîéÕÙáï ÖØÔÚÞáâØ
ÝÐ ÑÕáÚÞÝÕçÝÞáâØ. ¸×ãçÐîâáï ÔÒÐ áÛãçÐï: Q ≤ α < 1 Ø Q ≥ 1;

2) äãÝÚæØï ξ → gϑ(ξ
2)ξ ØÜÕÕâ áÛÕÔãîéØÙ ÒØÔ (×ÐÔÐçÐ 1b):

gϑ(ξ
2)ξ =





0 , 0 ≤ ξ < β,

[0 , β] , ξ = β,

ξ, ξ > β.

(29)

ÍÛÕÜÕÝâ âÕçÕÝØï (áÜ. àØá. 1) ÔÛï íâÞÙ ×ÐÔÐçØ ßàÕÔáâÐÒÛïÕâ áÞÑÞÙ ßÞÛã-
ßÞÛÞáã {0 ≤ x ≤ `, y ≥ 0} (` = 0.1) , ÚÞâÞàÐï ßàØ àÕèÕÝØØ ×ÐÜÕÝïÕâáï ÝÐ
ÚÞÝÕçÝãî ßàïÜÞãÓÞÛìÝãî ÞÑÛÐáâì. ÁÚÒÐÖØÝÐ àÐáßÞÛÞÖÕÝÐ Ò âÞçÚÕ (0, 0).
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´ÐÛÕÕ àÐááÜÐâàØÒÐÕâáï ×ÐÔÐçÐ ßàØ ßïâØâÞçÕçÝÞÙ áåÕÜÕ àÐáßÞÛÞÖÕÝØï
áÚÒÐÖØÝ á àÐáåÞÔÞÜ q. ¸ááÛÕÔãÕâáï áÛãçÐÙ, ÚÞÓÔÐ äãÝÚæØï ξ → gϑ(ξ

2)ξ ÞßàÕ-
ÔÕÛÕÝÐ áÞÞâÝÞèÕÝØÕÜ (29) (×ÐÔÐçÐ 2b). ÍÛÕÜÕÝâ áØÜÜÕâàØØ Ø×ÞÑàÐÖÕÝ ÝÐ
àØá. 4, áÚÒÐÖØÝë àÐáßÞÛÞÖÕÝë Ò âÞçÚÐå (0, 0) Ø (1, 1).

² ý 3 ÓÛÐÒë 4 ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë çØáÛÕÝÝëå àÐáçÕâÞÒ ÔÛï ÞßØáÐÝÝëå Ò
ý 2 ÓÛÐÒë 4 ×ÐÔÐç. ÁâàÞïâáï âàØÐÝÓãÛïæØØ àÐááÜÐâàØÒÐÕÜëå àÐáçÕâÝëå ÞÑÛÐá-
âÕÙ Ω, ÚÞâÞàëÕ ßÞÛãçÐîâáï ßãâÕÜ àÐÒÝÞÜÕàÝÞÓÞ àÐ×ÑØÕÝØï ÕÕ áâÞàÞÝ ÝÐ n1 Ø
n2 çÐáâÕÙ, ßÞáâàÞÕÝØï âàÕãÓÞÛìÝØÚÞÒ á ÔØÐÓÞÝÐÛïÜØ, ßÐàÐÛÛÕÛìÝëÜØ ÑØááÕÚ-
âàØáÕ ßÕàÒÞÓÞ Ø âàÕâìÕÓÞ ÚÞÞàÔØÝÐâÝÞÓÞ ãÓÛÞÒ, Ø ßàØÜÕÝÕÝØï ¼ºÍ á ØáßÞÛì-
×ÞÒÐÝØÕÜ ÚãáÞçÝÞ-ÛØÝÕÙÝëå ÝÐ âàÕãÓÞÛìÝØÚÐå äãÝÚæØØ.

½Ð ßàØÒÞÔØÜëå ÝØÖÕ àØáãÝÚÐå áßÛÞèÝëÕ ÛØÝØØ � íâÞ ÓàÐÝØæë æÕÛØÚÞÒ,
ßÞáâàÞÕÝÝëÕ ÐÝÐÛØâØçÕáÚØÜ áßÞáÞÑÞÜ ßÞ ÒåÞÔÝëÜ ÔÐÝÝëÜ ×ÐÔÐçØ Q, α Ø `.
ÂÕÜÝëÜ æÒÕâÞÜ ÒëÔÕÛÕÝÞ ÜÝÞÖÕáâÒÞ âàÕãÓÞÛìÝØÚÞÒ, ÝÐ ÚÞâÞàëå ÜÞÔãÛì ÓàÐ-
ÔØÕÝâÐ ßàØÑÛØÖÕÝÝÞÓÞ àÕèÕÝØï àÐÒÕÝ β (ßàÕÔÕÛìÝÞÜã ÓàÐÔØÕÝâã ÔÐÒÛÕÝØï).

½Ð àØá. 1 ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë àÐáçÕâÞÒ ×ÐÔÐçØ 1a ÔÛï æÕßÞçÚØ áÚÒÐÖØÝ.
ÀÕ×ãÛìâÐâë ßÞÛãçÕÝë ÜÕâÞÔÞÜ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ. ²ëÑØàÐÛØáì áÛÕ-
ÔãîéØÕ ×ÝÐçÕÝØï ßÐàÐÜÕâàÞÒ ×ÐÔÐçØ: q = 0.16, Q = 0.4, α = 0.5, Q ≤ α.

½Ð àØá. 2 ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë àÐáçÕâÞÒ ×ÐÔÐçØ 1a ÔÛï æÕßÞçÚØ áÚÒÐ-
ÖØÝ ßàØ ÑÞÛÕÕ ØÝâÕÝáØÒÝÞÜ âÕçÕÝØØ (ßàØ Q ≥ 1). ÀÕ×ãÛìâÐâë ßÞÛãçÕÝë ÜÕ-
âÞÔÞÜ àÐáéÕßÛÕÝØï. ²ëÑØàÐÛØáì áÛÕÔãîéØÕ ×ÝÐçÕÝØï ßÐàÐÜÕâàÞÒ ×ÐÔÐçØ:
q = 0.4304, Q = 1.076, α = 0.5, Q ≥ 1.

½Ð àØá. 3 ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë àÐáçÕâÞÒ ×ÐÔÐçØ 1b ÔÛï æÕßÞçÚØ áÚÒÐÖØÝ.
ÀÕ×ãÛìâÐâë ßÞÛãçÕÝë ÜÕâÞÔÞÜ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ. ²ëÑØàÐÛØáì áÛÕ-
ÔãîéØÕ ×ÝÐçÕÝØï ßÐàÐÜÕâàÞÒ ×ÐÔÐçØ: q = 0.6, Q = 1.5, α = 0, Q ≥ 1.

½Ð àØá. 4 ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë àÐáçÕâÞÒ ×ÐÔÐçØ 2b ÔÛï ßïâØâÞçÕçÝÞÙ àÐá-
áâÐÝÞÒÚØ áÚÒÐÖØÝ. ÀÕ×ãÛìâÐâë ßÞÛãçÕÝë ÜÕâÞÔÞÜ àÐáéÕßÛÕÝØï. ²ëÑØàÐÛØáì
áÛÕÔãîéØÕ ×ÝÐçÕÝØï ßÐàÐÜÕâàÞÒ ×ÐÔÐçØ: q = 0.4, Q = 1, α = 0.

² ý 4 ÓÛÐÒë 4 ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë çØáÛÕÝÝëå àÐáçÕâÞÒ ÔÛï ÔàãÓØå ×ÐÚÞ-
ÝÞÒ äØÛìâàÐæØØ Ø ÞÑÛÐáâÕÙ.

½Ð àØá. 5 ßàØÒÕÔÕÝë àÕ×ãÛìâÐâë çØáÛÕÝÝëå àÐáçÕâÞÒ ÔÛï ×ÐÔÐçØ Þ ÑÕáÚÞ-
ÝÕçÝÞÙ æÕßÞçÚÕ áÚÒÐÖØÝ, ÚÞÓÔÐ äãÝÚæØï ξ → gϑ(ξ

2)ξ ØÜÕÕâ ÒØÔ (×ÐÔÐçÐ 3a):

gϑ(ξ
2)ξ =





0 , 0 ≤ ξ < β,

[0 , β] , ξ = β,√
ξ − β + β, ξ > β.

16



0 0.02 0.04 0.06 0.08 0.1

0

0.02

0.04

0.06

0.08

0.1

q

B

A

D

C

0 0.02 0.04 0.06 0.08 0.1

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

q A

B

C

D

ÀØá. 1: ³àÐÝØæë æÕÛØÚÐ (×ÐÔÐçÐ 1a). ÀØá. 2: ³àÐÝØæë æÕÛØÚÐ ßàØ Q ≥ 1 (×ÐÔÐçÐ 1a).
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ÀØá. 3: ³àÐÝØæë æÕÛØÚÐ (×ÐÔÐçÐ 1b). ÀØá. 4: ³àÐÝØæë æÕÛØÚÐ (×ÐÔÐçÐ 2b).
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´Ûï ÕÕ àÕèÕÝØï ØáßÞÛì×ãÕâáï ÜÕâÞÔ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ. ÂÕÜÝëÜ æÒÕ-
âÞÜ ÒëÔÕÛÕÝÐ ÓàÐÝØæÐ ×ÐáâÞÙÝÞÙ ×ÞÝë, ÞÑÛÐáâØ, ÓÔÕ ÖØÔÚÞáâì ÝÕ ÔÒØÖÕâáï.
²ëÑØàÐÛØáì áÛÕÔãîéØÕ ×ÝÐçÕÝØï ßÐàÐÜÕâàÞÒ: q = 0.6, Q = 1.5, α = 0, Q ≥ 1.

¿àØÒÕÔÕÝë âÐÚÖÕ àÕ×ãÛìâÐâë çØáÛÕÝÝëå àÐáçÕâÞÒ ÔÛï L - ÞÑàÐ×ÝÞÙ ÞÑÛÐ-
áâØ (àØá. 6), ÒÝãâàØ ÚÞâÞàÞÙ àÐáßÞÛÐÓÐîâáï ÔÒÕ áÚÒÐÖØÝë á àÐáåÞÔÞÜ q = 1.5:
ÞÔÝÐ � íÚáßÛãÐâÐæØÞÝÝÐï, ÔàãÓÐï � ÝÐÓÝÕâÐâÕÛìÝÐï (×ÐÔÐçÐ 3b). ·ÐÚÞÝ äØÛì-
âàÐæØØ ÞßàÕÔÕÛïÕâáï áÞÞâÝÞèÕÝØÕÜ (29). ¿àØÒÕÔÕÝÝëÕ çØáÛÕÝÝëÕ àÕ×ãÛì-
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ÀØá. 5: ³àÐÝØæë æÕÛØÚÐ (×ÐÔÐçÐ 3a). ÀØá. 6: ³àÐÝØæë ×ÐáâÞÙÝëå ×ÞÝ (×ÐÔÐçÐ 3b).

âÐâë ßÞÚÐ×ÐÛØ íääÕÚâØÒÝÞáâì ßàÕÔÛÞÖÕÝÝëå ÜÕâÞÔÞÒ àÕèÕÝØï áâÐæØÞÝÐàÝëå
×ÐÔÐç äØÛìâàÐæØØ.

¾áÝÞÒÝëÕ ÝÐãçÝëÕ ßÞÛÞÖÕÝØï Ø àÕ×ãÛìâÐâë àÐÑÞâë

1. ´ÞáâÐâÞçÝëÕ ãáÛÞÒØï áåÞÔØÜÞáâØ ÜÕâÞÔÐ ØâÕàÐâØÒÝÞÙ àÕÓãÛïàØ×ÐæØØ àÕ-
èÕÝØï ÒÐàØÐæØÞÝÝëå ÝÕàÐÒÕÝáâÒ á ßáÕÒÔÞÜÞÝÞâÞÝÝëÜØ ÞßÕàÐâÞàÐÜØ Ø ÒëßãÚ-
ÛëÜØ ÝÕÔØääÕàÕÝæØàãÕÜëÜØ äãÝÚæØÞÝÐÛÐÜØ ÝÐ ÒëßãÚÛëå ×ÐÜÚÝãâëå ÜÝÞ-
ÖÕáâÒÐå Ò ÑÐÝÐåÞÒëå Ø ÓØÛìÑÕàâÞÒëå ßàÞáâàÐÝáâÒÐå.

2. ´ÞáâÐâÞçÝëÕ ãáÛÞÒØï áåÞÔØÜÞáâØ ÜÕâÞÔÐ àÐáéÕßÛÕÝØï àÕèÕÝØï ÒÐàØÐ-
æØÞÝÝëå ÝÕàÐÒÕÝáâÒ á ÞÑàÐâÝÞ áØÛìÝÞ ÜÞÝÞâÞÝÝëÜØ, ßÞâÕÝæØÐÛìÝëÜØ ÞßÕàÐ-
âÞàÐÜØ Ø ÒëßãÚÛëÜØ ÝÕÔØääÕàÕÝæØàãÕÜëÜØ äãÝÚæØÞÝÐÛÐÜØ Ò ÓØÛìÑÕàâÞÒëå
ßàÞáâàÐÝáâÒÐå.
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3. ÀÕ×ãÛìâÐâë çØáÛÕÝÝëå íÚáßÕàØÜÕÝâÞÒ ßÞ àÕèÕÝØî áâÐæØÞÝÐàÝëå ×ÐÔÐç
äØÛìâàÐæØØ á ÜÝÞÓÞ×ÝÐçÝëÜ ×ÐÚÞÝÞÜ, ßÞÔâÒÕàÔØÒèØÕ íääÕÚâØÒÝÞáâì ßàÕÔÛÞ-
ÖÕÝÝëå ØâÕàÐæØÞÝÝëå ÜÕâÞÔÞÒ.
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