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1 OObmias xapakKTepucTukKa padoThl

AxTyasbHOCTH TeMbl uccaeaoBanus. (OcHOBBI qudhepeHImaaIbLHO-Teo-
METPUYECKOH TEOPUU TPHU-TKAHEH ObLIN 3aJI0KEHbI YIaCTHUKAMK raMOypr-
CKOI'0 IeOMETPHUYECKOTO CEMUHApPa, PYKOBOAMMOTO Buabreabmom bigmike
(1926-1928 rojpbl). Buisitiike, ero y4eHUKU ¥ KOJLJIEIH, CPEIU KOTOPbIX HaM-
0osee n3BecTHbI UMeHa bona, Peiinemeiicrepa n Tomcena, onpenennam pas-
JINYHBbIE TUIIbI KOH(MUI'YPAILUil HA KPUBOJUHEHAHON TKAHM M IIOKA3aJH, 9TO
KaxKJI0i KOH(MUrypalul COOTBETCTBYET HEKOTOPOE AIredpandecKoe TOXK Ie-
ctBo. OCHOBHBIE PE3Y/IbTATHI ITUX UCCACAOBAHMI ObLIM OIyOJIMKOBAHbLI B
monorpadun [11]|, B kaure [10], a Takke B MHOTOUHCIEHHBIX 0030pax, CM.,
manpumep, [9] u [5]. Ykazanmbie reomerpudeckue u ajredbpandeckne KOH-
crpykiuu ObLin mo3xke 0606mensr C.Yepaom u M.A. AKuBHCOM IJIst MHO-
rOMepHBIX TpHu-TKaneir W (r,r,r), 0Opa30BaHHBIX TPEMs I'~-MEPHBIMH CJIOE-
HUSIMU Ha JuddEpeHImpyeMoM MHOr0o00pas3un pa3MepHocTu 21, cM. [25],
21, [7].

Teopus TkaHeil uMeeT OOrarbie MPUJIOKEHUsI B PA3HBIX Pa3[eaaxX MaTe-
MaTuKu u B dusnke, cM. 06 3rom B [10], [7] m B padore aBTopa [6]. Han-
OoJiee BayKHbBIE IIPUJIOKEHHUSA CBI3AHBI C TeM OOCTOSTEBCTBOM, UTO TPH-
tkaub W (r,r,r) npejacrabisger cob00ii reoMeTPpUIECKUi aHAJIOr JIOKAJIbHOM
[JIaJKOM KBA3UIPYIIIbI WK JIYIbI, BOOOIIE NOBOPsl, HEACCOLMUATUBHON. ITO
TIO3BOJIMJIO IPUMEHUTh METOIBI U Pe3y/IbTaThl TEOPUH TKAHEH B TeX pasie-
JIaX MATEeMATHKH U (DU3UKHU, T/I€ AKTUBHO HUCIIOJIb3YIOTCS HEACCOIUATHBHBIE
crpykryps [16], [18], [20], [21].

[TproskeHUsT KIACCUYECKON TEOPUM TKaHeH OTpAaHWYeHbI TeM, YTO B
ypaBHEeHUU TKaHu z = f(x,y) mepeMeHHble UMEOT OJMHAKOBYIO Pa3Mep-
HOCTh. OYeBUIHO, 9TO TOCTPOEHUE AHAJOTUIHON TEOPHUH [IJ1s IIAIKUX DYHK-
[ C PA3HOI pa3MEePHOCTHIO IIEPEMEHHBIX 3HAYNTEIbHO PACIIHPUT 00JIACTD
TIPUJIOYKEHUST PE3YIHTATOB.

JuddepennmanbHO-reOMeTpruYecKyIo Teopuio Tpu-tkaneit W(p, g, r), ob-
PA30BAHHBIX TPEMs CJIOEHUSIMH Pa3MepPHOCTel p, ¢, r Ha MHOrOOOpa3Hu
pa3meproctu p + ¢, nadanau passusarb M.A. Akusuc u B.B. Tosbnbepr [6].
OHuM HAIILJIA CTPYKTYPHBIE YPABHEHNSI TKAHU, OMPEIEINIA TEH30PbI KPYyde-
HUSI ¥ KPUBUBHDBI, BLISICHUJIA DEOMETPUUCCKHUI CMBICA OOpalleHus B HYJIb
TE€H30pa KPYyUeHWs U HEKOTOPBIX ero noarer3opos. B.B. Tombsabepr B [13]
UCCJIEI0BAJI HEKOTOPbBIE CIIEIUA/IbHbIE KaacChl Tpu-Tkaneit W (p, ¢, ) u na-
eI COOTBETCTBYIOIINE TeH30pHbIe ycioBus. OTHAKO, BCAEICTBUE PA3HOIM
Pa3MEPHOCTH CJIOEB, 0OPA3YIOIMINX TKaHb, OKA3aJI0Ch HEBO3MOXKHBIM HENo-
cpedcmeenno 0600muTh As rpu-TKaneir W(p, q,r) MHOrue BazKHbIE HOHsI-



THUsI KJIACCUYECKOI Teopuu Tpu-TKaneit W (r, r, r) (KoopauHaTHAS JTyTIa, KOH-
dburyparus, acconmaTUBHOCTb, KOMMYTATUBHOCTH U T.JI.), O1aromapsi KOTo-
PBIM OHA U IOJIYYUJIa CTOJb IIUPOKUE IIPUIIOKECHUI.

Takum o0Opa3om, BO3HHKJIA IIpoOJieMa 0000IIEHNsI OCHOBHBIX aJiredpa-
UYECKUX U TeOMETPUYECKUX TOHATHUU KJIACCUYECKOU TeOpUUN TKaHel i
TKaHeil, 00pa30BaHHbBIX CJIOCHUSIMU PA3HBIX PAa3MEPHOCTEHH.

IHear paborbi. B Hacrosieit pabore paccMarpuBaeTcsi MHOIOMeEpHasi
tpu-tkanb W (p, q,T), onpeensieMasi ypaBHEHHEM

z = f(z,y),

rne [ : X XY — Z — rnagkasg dbyskuusa, x € X C RY, y € Y C RP,
z€Z CRPFI " pgqreN, r<p+q, p<q<r uBKaKIOH TOUKe
obsiactu onpenesnerusi panru marpur Axkobu (0f/0x) u (0f/0y) makcu-
manbhbl. Tpu-tkans W (p, g, ) obpasoBana nHa mHoroobpasuu M = X x Y
(pasmepHOCTH P + ¢) TPeMsi CJIOEHUSIME OOIIEro MOJIOKEHWST

A x=const, Xo: y=const, A3: z= f(x,y)= const

pa3MepHOCTeil COOTBETCTBEHHO P, q u 7. Lleab paboTbl COCTOUT B HCCJIEI0-
BaHUU aaredparvecKux U reOMeTPUUIECKUX CBOcTB Tpu-TKaneid W(p,q,r).

OcHOBHBIE IOHATHUS KJACCUYECKOl TeopHuH TPHU-TKaHeH u 3aja-
gy uccjegoBaHudg. K Kiaaccudeckoil Teopum TKaHeil OTHOCAT TPU-TKAaHU
W (r,r,r), obpa3oBaHHbIE CJOEHUSIMHU OJUHAKOBOW DA3MEPHOCTH T HA 27-
MepHOM MHOroobpasun. Ux wagamm msy4ars [ Bon [12] m C. Hepn [25].
[Tocneaunii 1aJ1 MHBAPUAHTHOE ONMCAHUE CIIENUAJbHBIX KJIACCOB TKAHEH ¢
IIOMOILBIO BBEJAEHHBIX UM TEH30POB KPYy4YeHHd U KpUBU3HbLL JlasbHeilmee
pPa3BUTHE ITOIT TEOPUH CBI3aHO C BBIXOAOM B cBeT B 1955 1. kauru B. Bus-
ke [10] (pycckuit mepesoq M.A. Akusuca, 1959 ron) u pador M.A. Akusuca
[1], [2]. C 3roro mepwoma meHTD WCC/IEIOBAHUSA TPHU-TKAHEH ePEeMECTIIICS
B Poccuro. M3ii0:keHre 10/1yd4eHHbIX Pe3y/abTaToB u OuOuorpadum cM. B
o630pax [9], |5] u B Mmonorpadun |7|.

[TpuseseM OCHOBHBIE MOHATHS U PE3YJILTATHI KJIACCUYECKON Teopun, KO-
TOpbIe 000OIIAITCA B HACTOALIEH padbore aus Tpu-tkaneid W(p,q,r).

Ypasuenue z = f(z,y) rkauu W (r,r,r), vae |0f/0x| # 0u |0f/0y| # 0,
C OJHOM CTOPOHBI, CBSI3BIBAET MAPAMETPHI CJIOEB, MPOXOISAIINX Yepe3 OTHY
touky obsactu N C X X Y, a ¢ apyroii croponbl, onpejeideT Tpex6a3uc-
Hylo 6GuHapHyo onepanmio z = x -y = f(z,y), (+) : X XY — Z. Yenousa



|0f/0x| # 0 u |0f/Jy| # 0 o3HauarOT, YTO ypaBHEHUE z = X - Y JIOKATHHO
O/THO3HAYHO Pa3PEININMO OTHOCUTEJIHLHO KaXKJI0T'0 U3 CBOUX apTyMEHTOB, &
noromy onpegesger B obaactu N C X X Y nokanbnyio auddepennupye-
MYI0 KBa3UT'PYIILY, HA3bIBAEMYIO JIOKAJIbHOU KOOPJAWHATHON KBAa3UTPYNIION
Tpu-TKanu [2]. B k1accuueckoit Teopun n3ydaroTcs, B OCHOBHOM, JIOKAJIhHBIE
CBOMCTBA TPU-TKaHell, ”HBAPUAHTHBIE OTHOCUTEJILHO JIOKAJbHBIX U deo-
MOPQU3MOB

r—al@) =2z y—0H =y z—707 ==z

Tpoiika nokaabHbIX OHeknii (<, 3,7) Ha3BIBAETCS U30TOMAIECKUM TPEod-
pa30BaHUEM U 33JIaeT OTHOIIEHWE KBUBAJEHTHOCTH HA MHOXKECTBE TPH-
tkaHeii. Ilpu  wm3oTOnMYecKuxXx — npeoOpa30BaHUAX ~ CIOM  TKAHU
W (r,r,r) mepexoaT B CJIOM SKBUBAJIEHTOH eii Tkamu W (r,7,7), a TOUKH
nepecedennsa caoes TKamu W (r,r,r) — B TOYKH HepecedeHns COOTBeTCTBY-
romumx cjaoeB Tkanu W (r,r r). TlosTomy m3oronmueckue mpeobpasoBaHKs
COXPAHSIIOT MHIUJIEHTHOCTh TOYEK U CJI0EB TKAHHM, CJIEI0BATEIbHO, COXPaHSI-
10T CBOMCTBO KOHMUTrypalmii, 06pa3oBaHHBIX CIOSMHU TKAHU W UX TOYKAMHU
nepeceyeHrsi, ObITh 3aMKHYTHIMHU.
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Ha puc. 1-4 u3obpazkeHbl OCHOBHBIE THUIILI KOHQurypamuit: R — koudu-
rypanus Peiinemeiicrepa, B; — neBas kondurypanus Bosa, B, — npasas



kKoHurypanus bomna, B, — cpennas koudurypanusg boma. Ha stnx u Bcex
MTOCJIEJIYIOIINX PUCYHKAX CJIOW MEPBOTO, BTOPOTO M TPETHETO CJIOCHUN TKAHU
N300parkaroTcsd COOTBETCTBEHHO BEPTUKAJTBHBIMY, TOPU3OHTAJIHLHBIMUA U Ha-
KJIOHHbIME JimHuAMA. Onuninem nocrpoenne kondurypamuu Peiizemeiicrepa
R, xoTOpas Ham TTOHAI0OUTCA B JTAJTbHEHTIIEM.

B o6ractu N MmuOroo6pasus M, mecymmero tpu-tkanb W (r, r, ), 3adpuk-
CUpPYEM ABa JIOCTATOYHO OJIM3KUX BEPTUKAJIBHBIX CJIOHd X1, To U JIBA TAK¥Ke
JI0CTATOYHO OJIM3KHUX MOPU30OHTAJIBbHBIX CJIOS Y1, Y2, CM. puc. 1. 3mech u aa-
Jiee MBI 0O03HAYAEM CJOW TKAHW W OINPEJIETAIONINe UX TapaMeTPhl OJTHUMHT
U TEeMHU K€ CUMBOJIaMHU. ‘epe3 TOUYKy IepecedeHusd CJI0eB T; U ¥Y; IPOXO-
JUT €IAHCTBEHHbIA HAKJIOHHBIA CJIOW C MapaMerpoM Z;j, Zi; = L; - Yj =
f(zi,y;), 4,7 = 1,2. Ilycrb 1 — elre OAUH IPOU3BOJIBHBIN BEPTUKAIBHBIII
CJIOM, JOCTATOYHO OJMBKHI K CJIOI0 x1. depe3 TOUKYy IepecedeHms CJIO-
€B T1 U 21; OPOXOJAUT €AUHCTBEHHDLIN TOPU30HTAJBHBLIA CJION Y;, TaK YTO
21; = X1 - Y;. CH0il Y1 1epecekaeT HAKJIOHHBII CJION Z91 B HEKOTOPOM TOYKE,
a yepe3 Hee MPOXOJUT €JIUHCTBEHHBIII BEPTUKAJBbHBIA CJIOW T2, TIPU ITOM
Zo1 = To - Y1. Hanee, gepe3 TOUKY To M Yo MPOXOIUT HAKJIOHHBIN CJIOH
Zoo = X9 - Yo. llocaenuuii, BooOIIe TOBOPsI, HE COBIIAIAET C HOCTPOCHHBIM
BBIIIIE CJIOEM 229, YTO OTMe4YeHO Ha puc. 1 myHkrtupom. Takum obpasom,
kKoHurypaius R nmocrpoena. OHa obpasoBaHa MPOU3BOJILHBIMHU JOCTATOY-
HO OJM3KUMU BEPTUKAJIBHBIMU CJIOAMU X;, T;, TOPUIOHTAJIHHBIMUA CJOAMU
Yj, Yj 1 HAKJIOHHBIMU CJIOAMHM Z;j = T; " Yj, 1,] = 1,2, 1 Zog = T2 - ¥a.

Fcnm 299 = Zoo, TO TOBOPHAT, 9TO KOHDUTrypatus Peitiemeiicrepa 3aMbi-
kaercs. Tpu-tkans W (r, r, r) HazbIBaeTCcss TKaHbio Peiinemeiicrepa, ecaum Ha,
Hell 3aMBbIKAIOTCA BCE JOCTATOYHO MaJible KoHdurypaimu Peiinemeiicrepa
[2]. Cornacuo [8] ycioBue 3ambikanus KouduUrypamuii R MOXKHO 3amnncarhb
B BUJI€ TaK HA3bIBAEMOT'O yCJIOBHOI'O TOXKJIECTBA:

r1-Y1 =21 Y1,
Ty Y2 = T1 Y2, — T2 Y2 = T2 Y2.
T2 Y1 = T2 Y1

AnanmoruunbiM 00pa3oM onpenensoTcs u Koadurypanun boaa, cm. puc.
2-4. Tkanu, Ha, KOTOPBIX YKa3aHHBIE KOH(DUTYPAIINN ABJIAIOTCA 3aMKHYThI-
MU, Ha3bIBatoTCs TKaHsMu Bomja (seBbiMu miu (B;), npasbiMu unu (B;.)
u cpeanumu win (B,,)). Tkanu, Ha KOTOPBIX 3aMbikaroTcsa dpurypbsl Bosa
BCEX TPeX THUIIOB, Ha3biBalOTCst TKausimu Mydanr (M).

YeaoBuIo 3aMbIKaHUSA KOH(UTYpaIyii ONpeJeIeHHOrO BUIA HA TPU-TKAHH
COOTBETCTBYET HEKOTOPOE TOXKIECTBO, BLITOJIHACMOE B TAK HA3LIBACMBIX KO-
OpAMHATHBIX Jiynax TKanu. Ounepanus (o) B KOOpAUHATHON Jiy1e £, p)(0),



e a u b — pukcupoBaHHbBIE CJI0U, @ € A1, b € A9, onpeessieTcd Ha Tpe-
THEM CJIOEHUU A3 TKAHU CJIEIyIOImuM obpasoM (puc. 5):

(O):)‘3X>\3_>>\37 uov:_l f(u7b)'f_1(aav)'
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31ech u 1 v — IMPOU3BOJILHBIE CJION TPETHEr0 CJIOCHHUS A3, JOCTATOIHO OJII3-
KH€e K CJIOI0 € = @ - b, KOTOpBIil, KAK HETPYAHO IPOBEPUTH 110 OIPEIe/ICHHIO,
ABJIAETCS eIMHIIHBIM 37IeMEeHTOM JIyTsI £(4 3 (©), TO €cTh uoe = u, eov = .

CooTBeTcTBHE MEXKIy YCIOBUSIMHU 3aMbIKaHUsT KOHUrypanmii Peiime-
Mmeiicrepa 1 bosia u ToKaecTBAMU B MX KOOPAMHATHBIX JIYIIAX ITPUBEIEHO
B Tabuune 1. 3uecs yepes "\"u "/"obo3HAUEHDbI, COOTBETCTBEHHO, JIeBasl U
npaBast OOpaTHBIE ONEPAIUH JIJIsT orieparu (o).

Tabauna 1
TkaHb Tox 1ecTBO Ten3opHaAa XapaKTEPUCTUKA
R (uov)ow=mwuo(vow) i =0
B (uou)ov=wuo(uow) Gk =0
B, uo(vov)=(uowv)ow Gy =0
B | wo(v\u)=(u/v)ou by =0

Ha puc. 6 npon/ocTpupOBaHO [I0KA3ATEIbCTBO /i YCJIOBUs 3aMbIKAHUA
(R). 3necb u, v, w — OPOU3BOJIBLHBIE CJIOU W3 A3, U] = U OV, U] = U O W.

[lepeunciennabie BBINNE MOHATHSA W PE3YyJbTATHI, BOZHUKIIHE MEPBOHA-
JaJbHO B TEOPUH KPUBOJMHEHHBIX TPU-TKaHeH, ObLtu 00001ensr M.A. Aku-
BUCOM JIJisi MHOrOMepHbIX Tpu-TKaneirt W (r, r,r) [2]. O xke 3anucan crpyx-
TypHble ypaBHenust Tkauu W (r,r,r) B TepMuHax BHemHero juddepeHiiy-
aJIBLHOTO MCcUncaenus [2]:

dw? —uﬂ/\w + at uﬂ/\w dw —uﬂ/\w —at wj/\w
1 1 Ik 1 2 7k 5

dw —w /\warb lw /\cé),



- N i i

1,7, k,l,... = 1,r. 3mech BeIUINHBI ayy, U bjkl SIBJISIFOTCSI TEH30paMu U Ha-

3BIBAIOTCS COOTBETCTBEHHO TEH30PAMU KPYUEHUsT U KPUBU3HBI TPU-TKAHH.
i i

Ilona Tensopos aj, u by, OUPENeNsIOT TPU-TKaHb C TOYHOCTBIO JIO KBU-

BasienTHOCTH [7]. Croenus A1, Ao u Az tkanu W (r,r, 1) 3a1a10TCsA COOTBET-

CTBEHHO YpaBHEHUSIMU

)\1101)2.:0, )\2:C2Ui:O, Ag:wi—kw":O.

C moMomnibio CTPYKTYPHBIX yPaBHEHUI TKAHU MOYKHO OIACHIBATH ee qudde-
PEHINATLHO-TEOMETPUIECKHE CBOMCTBA B TEPMHUHAX KaHOHUIECKOH adduH-
HOI CBA3HOCTH, BBeneHHON YepHOM B [25], rie oH HAIIeT TaKKe TeH30PHbIe
XapaKTEePUCTUKU HEKOTOPBIX MHOTOMEDHBIX TPU-TKaHeH (TeH30pHbIE XapaK-
TEPUCTUKHU Tpu-TKaHeil Peiinemeiicrepa u Bosna npusenensr B Tabaure 1).
[lepeunciienHbIe KJIACChI TKAHEH OIUCAHBI TAKXKE B TEPMHUHAX KACATEIbHON
W-anrebpsr (anrebpsr Axkusuca) [3], [24], obobiatoreit moHsTHe agaredphI
JIu rpynmet JIu. [lo 3aganubiv W-aaredpam myTeM WHTETPUPOBAHUS COOT-
BETCTBYIOIIUX CTPYKTYPHBIX ypaBHEHHI ObLIM HaIeHbI MHOTOYHCJIEHHBIE
IIPUMEPbI TPU-TKAHEH pa3/im4uHbIX KJjaccoB: Mydanr, Bosa, mectuyrosnb-
HbIE U T.J. DTOT METOJ| BIEpBble MpuMeHeH AkuBncom B pabore [4] mis
HaXOXKIeHNsI KOHEYHBIX ypaBHeHUil TKaHu MydaHr MUHIMAIBHON pa3Mep-
HOCTH.

C Tramgamu Bojia cBa3ano nonsitue cepaneBunbl, BBegeranoe B.J1. Be-
noycoBbiM [8]. B cuny 3ambikanus koudwurypanun B, (puc. 4) momoxe-
HUE CJI0S 222 HE 3aBHCHUT OT BBIOOPA BEPTUKAJIBHOIO CJIOS T1 W OIpee-
JIS€TCA TOJIbKO CJIOAMH 211 U Z12, TO €CTh 229 = C(211,212). Ilpu 3rom
dbyuknusa C oupenensercs Tak: zoo = 212 © (211/212) [8]. Cornacuo [21],
cepanepura C MHAYIHpPYeET Ha Oa3e TPeThero CIOeHus TKaHu B, JOKaIbHO
CUMMETPHUYIECKYIO CTPYKTYPY, ONPeaeasieMyi0 JOKATbHBIMU CUMMETPUSIMU
Si1s ¢ Szp(211) = C(211, 212). CBolicTBA 9TON CTPYKTYPBI UCCJIEI0BAIUCH B
[23], cm. Takxe [7].

Ornenpabie auddepeHnnaIbHO-reOMeTPUIEeCKHEe CBOMCTBA, MHOTOMEP-
HBIX (P, ¢, 7)-TKaHel, 00pa30BaHHBIX CJIOCHUAMU PA3HBIX PA3MEPHOCTEH, U3y~
YaJUCh MHOIMME aBTOPaMu, 0030p pe3yabTaroB u bubsmorpaduto cum. B 9]
u B pabore aBropa |6]. OxHako B Teopun tpu-trameir W (p,q,r), Kak yxe
OBITIO CKa3aHO, OCTABAJICA CYIIECTBEHHBIN TPOOEe — OTCYTCTBUE MOHATHIA,
AHAJIOTUIHBIX [TOHATUAM KOODIWHATHON JIYIIbI, KOH(MUTYPAIIUN, TOXK,IECTBA
U T.J., HE IIO3BOJISLIO IOJIYyYUTh PE3y/IbTaTbl, CBA3BIBAIOIINE, KAK U B KJac-
CUYECKOM ciydae, aarebpandeckue W reoMeTpudeckne cBoiictsa (p,q,r)-
TKaHeh. OTCioa BHITEKAIOT OCHOBHBIE 33/Ia4M MCCJIeI0OBAHMSI.



1. O606mmTs must Tpu-traneit W(p,q,r), 0Opa30BaHHBIX CJIOCHUSIMU
PAa3HBIX Pa3MEPHOCTEN, OCHOBHBIE MOHATUA KJIACCUUYECKON TEOPUU TPU-TKAHEN,
00pa30BaHHBIX CJIOCHUSIMU OJMHAKOBOM Pa3MepHOCTH (U30TOMMS, KOOPIH-
HaTHad Jiyna, Kondurypamnun Peiinemeiicrepa u Bosa, cepanesuna u T.1.).

2. Haiitu anrebpanteckne ycioBus (TOXKTIECTBA), IKBUBAJIEHTHBIE 3a-
MBIKaHWIO Ha Tpu-TKauax W (p,q,r) o6o0ieHHbix KoHpurypanuii Peiine-
Meiictepa u boja.

3. UccnenoBarh cBoiicTBa 00001IeHHBIX Tpu-TKaHell Peiinemeiicrepa u
Boma.

4. UccnenoBarhb reoMeTpuyecKrue n ajaredpamdeckue 00beKThl, CBA3aH-
Hble ¢ Tpu-TKanbio W(p,q,r).

5. Haiitu cTpyKTypHBIE ypaBHEHUS U UCCJIE0BATH CBOMCTBA, TPU-TKAHEH,
TTOPOXKIAEMBIX JOKAJbHBIMH TJIAJAKAMU TpynmnaMu JIu npeobpaszoBanuit u
IJIaJIKAMU KBas3surpymnmnaMmu bojia mpeodpa3oBaHuii.

Hayunasga moBm3ua. DBce pe3ynbpTarbl pabOThI, BBIHOCUMbIE HA 3aIUTY,
SIBJIAIOTCS HOBBIMHU. Ha 3allluTy BBIHOCATCS CJIEAYIONIUE PE3YJIbTaTh.

1. Tna rkaneit W(p,q,p+q— 1), p < ¢, onpee/ieHbl OHATHSA KOOPIU-
HATHOI'O MOHOWU1A, 00001IeHHOM KOHpurypamuu Peitnemeiicrepa u cepiiie-
BUHBI. JIoKa3aHO, 9TO KOOPAMHATHBIN rpynmnowns, Tkauu W (p, ¢, p+q—1), Ha
KOTOPOI 3aMbIKatoTCst 06001eHHbIe KoHdurypamnun Peiinemeiicrepa (Tkanu
W R(p, q)), Buose onpejensiercs ee cepaunesunoii (Teopema 2), a cyniecrso-
BaHUe CEPALEBUHBI ABISETCS XapPaKTEPUCTUIECKUM CBONCTBOM TpPU-TKAHEH
W R(p,q) (Teopema 3). Haiineno ToxmecTBo 0OOOIIEHHON acCONMMATHBHO-
CTH, BBIIOJHEHHE KOTOPOIrO B KayKJIOM KOODAMHATHOM MOHOHUJIE TPU-TKAHU
W(p,q,p + q — 1) 3KBUBaJIEHTHO 3aMbBIKAHUIO HA TOH TKAHU OOOOLIEHHBIX
kouduryparnmit Peitnemeiicrepa (Teopema 4).

2. Tlokazano, uro Tpu-tanb W(p,q,p + ¢ — 1) mHAyIMpyeT Ha CBOUX
BEPTUKAIBHBIX ¥ MOPU3OHTAIBHBIX CJIOAX COOTBETCTBEHHO (p + 1)-TKaHu u
(¢ + 1)-rkanu, 0Opa30BaHHBIE CJIOEHUAMU OJMHAKOBOH pasmepHocTu. st
KaykJIoW M3 ITUX TKaHeil MOCTPOEHO HEKOTOPOe CeMeiCTBO OTOOpasKeHWii.
JlokazaHo, 9TO 3TO ceMelcTBO 0Opa3yeT I'PYIIy aBTOMOP(U3MOB COOTBET-
CTBYIOLIEH TKAHU B TOM M TOJIBKO TOM Cjy4ae, eciu Ha Tkanu W (p,q,p +
q — 1) 3ampbikatorcst 0600menHble KoHurypanun Peiinemeiicrepa (Teope-
mbl 7 u 8). Jlokazano, uaro (p + 1)-tkauu u (g + 1)-TKaHu, WHIYIEPYEMbIE
tpu-tkanbio W R(p, q), napamtenusyembr (Teopembr 9 u 10).

3. Haiinenbl crpykryphbie ypasHenus Tpu-tkanu W R(p,q) (Teopema
14). TlyTem WHTErpUpOBaHUS TOCTETHUX HaWTEHbI KOHEUHBIE YPABHEHUS

traneit W R(p, q) (Tabauna 2).



4. Hust trameit W(p,q,r), p < q < r, onpeneseHo MOHITHE KOOPIHHAT-
HOTO MOHOH/I3 M JIOKA3aHO, YTO OH CYIIECTBYET TOJBKO JIJI TKaHel BUJIA
W (A, Am, A(l+m —1)) (Teopema 15). s rkaneit W (A, Am, A(l+m—1))
ollpeJiesieHbl ITOHATUuA 00001IeHHol KoHdurypamuu Peiiiemeiicrepa u cep/i-
nesuHbl. HalimeHo ToxKaecTBO 0OODIIEHHOM acCOIMATUBHOCTH, BBITIOJTHEHTE
KOTOPOT'O B KaXKJIOM KOOPJMHATHOM MOHOMje Tpu-TKaHu W (AL, Am, A\(l +
m — 1)) 9KBUBaJIEHTHO 3aMbIKAHUIO HA 9TON TKAHU ODODOIIEHHBIX KOH(DUTY-
panuit Peiinemeiicrepa (Teopema 18).

5. Hokazano, uro Tkaub GW (p, q, q), mopoxkgaeMast 1eficTBUeM JIOKaTh-
HOM TUIaIKOI g-TtapamMerpuyeckoil rpymmns JIu G Ha r1aaKoM p-MEepHOM MHO-
roobpasun, XapakTepusyercd 3aMbIKaHHEM Ha TKAQHU HEKOTOPbIX 0000IIeH-
Hbix KOHpurypamuii Peiinemeiicrepa (Teopema 21). JlokazaHo, 9T0 cepi-
nesuHa Tkauun GW (p, q,q) MoxkeT OBITH 3alucaHa B BUJE PABEHCTBA, WH-
BapMaHTOB I'pynnbl mpeodbpasosanmii (Teopema 22). HaiijeHbl cTpyKTyp-
Hble ypaBHeHus Tpu-rkanu GW (p, q, q) no ypasuenusim Maypepa-Kaprana
rpynmst G.

6. Jdnst tkanu W (p, q,q) onpeaeneno nousitue 0600IIEHHOM JIEBOM KOH-
dburypanuu Bosa. Tokasano, uro Ha Tpu-tkanu Bj(p, q, q), nopoxgaemoii
JIOKAJIBHOH I1a1KOM KBa3urpynnoil bosa npeobpa3opanuii (1 TOJBKO HA Ta-
KO TKaHM), 3aMBIKAIOTCs 0000teHHbIe eBbie KoHpurypannn Boma (Teo-
pema 28). B koopanHaTHBIX MOHOUIAX TpU-TKaHu Bosaa By (p, mp, mp) (mist
JIPYTUX PAa3MEPHOCTENl MOHOHJ He CyIIEeCTBYEeT) HaiIeHO TOXKIECTBO 0000-
IIEHHON AJIhTEePHATUBHOCTH, COOTBETCTBYIOIIEE 3aMbIKAHUIO HA TOH TKAHU
00001TeHHBIX JeBbIX KoHGuryparuit Boma (Teopema 29). Haiinensr cTpyk-
TypHbIE ypaBHeHus: Tpu-TKanu bosa Bi(p, ¢, q) (Teopema 32). Ilyrem unTe-
IPUPOBAHNS COOTBETCTBYIOIIMX CTPYKTYPHBIX yPABHEHMI HAilIeHbI KOHEY-
Hble ypaBHEHUsi HEKOTOpo# Tkanu Bj(2,3,3), TeH30p KPUBU3HBI KOTOPOIt
UMeeT eIMHCTBEHHYI0 HeHYJIeBYI0 KOMITIOHEHTY.

MeTtoabl mccyemoBaHudA. Teopusi TKaHeil TECHO CBs3aHA CO MHOIMMU
0bJTACTSIMY COBPEMEHHON MaTeMaTuKu (BHeNTHUM uddepeHiinaabHbIM UC-
YUCJIEHUEM , TECOPUEN CBA3HOCTEN, TEOPUEN PACCIIOCHHBIX IPOCTPAHCTB, KJlac-
CUYEeCKOH M IIPOEKTUBHOI reomerpueii, ajareOpanmvdecKoil Teopueil rpyiiil,
Teopueit rpynn Jlu u T.71.), & TOTOMY B Heil UCITOMB3YIOTCS PA3HOOOPA3HBIE
MEeTO/IbI, MpUMeHsaeMble B 3TuX obsactsax. Haubosee 3pdpekTUBHO MCTOTH-
3yeTcs METOJ, BHEITHUX (POPM M MOABUKHOrO perepa Kaprana, pa3BuUTbIil
B paborax poccuiickux maremarukop C.II. @unukosa, I.®. Jlanresa, A.M.
Bacunwepa u ¢ ycmexom mpumeneHHbli M.A. AKuBHCOM B TEOpUU MHOTO-
MEPHBIX TPU-TKaHEH. ITOT METOJT UCTIOJIb3YyeTcd U B HacTodteit pabore. Bee
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PacCMOTPEHUS UMEIOT JIOKAJBHBIN XapaKTep.

TeopeTudeckoe U MpUKJIaJHOe 3HaUeHUe. Pe3yabTaThl, MOTydeHHbIE
B JINCCEPTAIUHU, HOCAT TeoperndecKuii xapakrep. OHu MOryT OBITH HUCITOJIb-
30BaHbI CIIEIUATUCTAMU-MATEMATUKAME U (DU3UKAMHU B TAJTBHEHIITNX UCCITe-
JMOBAHUSX TJIAJKUX TPYIIONIOB 00Imero suja 2z = f(x,y) u onpeneasieMbIx
UMU aJre0panvecKuX U reOMETPUIECKUX CTPYKTYP, & TaKXKe HeaCCOITUATHB-
HBIX aredp n ux PU3NIECKUX MPUIOKEHUI. ITU Pe3y/IbTAThI TO3BOJIAIOT
[I0-HOBOMY OIIEHUTh MHOrue (paKTbl U3 KJIACCHIECKOH Teopuu TKaHei. OHu
MIPUMEHSTIOTCS TTPU YTEHNH CIIENKYyPCcoB B TBepcKoM TocyHmBepcutetre, Moc-
KOBCKOM T'OCY/IAPCTBEHHOM IIeJarorudeckoM yausepcurere, OpckoM mesa-
FOrM4eCKOM WHCTUTYTE U APYTHUX.

Anpobaiusa paborel. (OcCHOBHBIE PE3YIbTATHI JUCCEPTAITUN OBLIHA T0JI0-
JKEHBI Ha, CJAEAYIONMNX CEMUHAPAX U KOH(PEPEHIINIX:
— Ha MEXKIyHapPOIHON ceccun reomerpudeckoro cemuaapa MIY u PAH nwm.
[.®. Jlanresa (JlanteBckue arenust —2001, Mocksa, utonb 2001 r.);
— Ha 8-0if MeK/IyHapOTHOM KOoH(epeHnr 1o anud depeHtma bHoi TeoMeT-
pUM W ee TMPUJIOKEHUsIM B MareMaTwudeckoMm HHCTUTyTe CHIIe3CKOro yHH-
Bepcurera (Omasa, Yexwus, asrycr 2001 r.);
— Ha CEeMUHApe 110 TeOMEeTPHUU W aHaau3y B VHCTUTyTEe MaTeMaTUKH WM.
C.JI. Cobonea CO PAH (Hosocubupck, mekabps 2001 1.);
— Ha MeXKIYHAPOIHOM CEMUHApE IO T€OMETPHUU U aHAJIU3Y MaMATH
H.®. Edumosa B PocroBckom rocyrusepcurere (ceHrsaOpb 2002 1.);
— Ha MexjayHapojgHoMm cemunape um. H.I. Jlobadesckoro B Kazanckom
rocynuBepcuTere (Hos6pb 2002 1),
— Ha MeXKJIyHapoaHo# KoHdepeniuu 1o reomerpun " Loops —2003" (Ilpara,
Yexwusi, aBrycr 2003 r.);
— Ha, ceMuHape 1o reoMeTpuu B MOCKOBCKOM TOPOJICKOM TeJarorndecKoM
yaupepcurere (ceHTsaopsb 2004 1.);
— na cemunape "Iuddepenmuanbuasa reomerpus u npuiaoxkenna's MIY
um. M.B. Jlomonocosa, pyk. A.T. @omenko (ampessb, gekadbpb 2005 r.);
— Ha cemunHape "['pynmsr JIu u Teopust naBapuanTos''s MI'Y um. M.B. Jlo-
MOHOCOBa, pyK. 9.B. Bunbepr, A.JI. Ouumuk (anpens 2005 1.);
— HA reoMeTpudecKoM ceMuHape B MOCKOBCKOM I1€1arOorudecKOM Iocyaap-
crBeHHOM yHuBepcurere, pyK. B.®. Kupuuenko (anpens 2005 r.);
— Ha MeXKIYHapOIHOI ceccun reomerpudeckoro cemuuaapa MIY u PAH uwm.
[.®. JlamreBa (JlanreBckue urenus —2006, Mocksa, utosb 2006 r.).

ITo Teme nmccepTanyuy aBTOPOM OIyOJIMKOBAaHO 14 pabor.
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CrpyKkrypa aucceprammu. /lucceprammsa n3noxKeHa Ha 256 CTpaHUIIAX,
COCTOUT W3 BBEJIEHUs, IMIECTU TJIaB U CIUCKA JIMTEPATYPbI, COMEPKAIIETO
109 nanmenoBanuii. Hymepaius naparpadoB Ipou3BOIATCA IBYMsi CUMBO-
JIaM¥, a HyMepalud IyHKTOB — TpeMms. Hampumep, Homepoum 3.2 ob603HavYeH
BTOPO#T Taparpad TpeTbheil IaBbl, a HOMepoM 5.2.1 — TepBbIil TYHKT BTO-
poro maparpada naroit raBbl. Hymeparusa puUCyHKOB M T€OpeEM B TEKCTE
JINCCEPTAIIMU CKBO3HAasl, a HyMepanusa (pOpMYJI B KaxKJIOi IlaBe CBOS.

2 0O030p coaepxkaHuUs AUCCEPTAINNA

Bo BBegenum maetcs o0Ias XxapaKTepPUCTUKA PAOOTHI, (POPMYIUPYIOTCS
OCHOBHBIE PE3YJILTATHI, IPUBOAUTCS KPATKUI UCTOPUIECKUN 0030D pe3yiib-
TaTOB KJIACCHYECKON TEOPHHU TPHU-TKAHEH, 00pa30BAHHBIX CJIOCHUSIMH 00U-
HaK060T PA3MEPHOCTH, KOTOPbIE MOI'YT ObITh ODOOIIEHbI JIjisi TPU-TKAHEl,
00pa30BaHHBIX CIOCHUSIMU Pa3HOT PA3MEPHOCTH.

B n1mepBoit r1/1aBe BBOZATCA OCHOBHBIE TIOHATHUSA JIJIsI  TKAHU
W(p,q,p+ q— 1), obpasoBannoii Ha MHOrooOpasuu M pasMepHOCTH P + ¢
TpeMs CJIOEHUSAMU pPa3mMepHocTeii p, q u p + q — 1.

B n. 1.1 npuoauTcst onpeenienne Tpu-tkanu W (p, ¢, r) obiero suga u
JIETAJIU3UPYETCs IMOHITHE U30TOMUN IPUMEHATEIHHO K TAKUM TKAHSIM.

B 11. 1.2 BBOIUTCA IOHATHE KOOPAUHATHOIO MOHOUIA, [i(q p)(O) TPU-TKAHK
W(p,q,p + q — 1), aHagoru4HOe MOHATHIO KOOPAMHATHON Jymhl £(g 4)(0)
tkauu W (r,r,r). Onepamus (o) B KOOPIUHATHOM MOHOWU/IE ONPEIEISIETCS ¢
IIOMOIIIbI0 KOOPAMHATHON PeIeTKu, KOTopasd oOpa30BaHa B HEKOTOPO 00-
nactu N C M dukcupoBantbim HAGOpoM a = (a1, ..., ap) U3 P JOCTATOIHO
OJM3KNAX BEPTUKAJBHBIX CJIOEB MEPBOTO CJIOEHUSA U (PUKCUPOBAHHBIM HabOO-
pom b = (b1, ..., by) U3 ¢ TaKKE JOCTATOTHO OINBKUX TOPHIOHTATBHBIX CJIOEB
BTOPOT'O CJIOEHUS, CM. pHC. 7.

Onepauus (o) onpeznesena (kak u KoopausarHas jayna £(qp)(0) TKanu
W(r,r,r)) na Tperbem cmoennn A3 Tkauu W (p,q,p + q¢ — 1) paBeHcTBOM

z=wuov =Ry (u) L, (v)

W ToKa3aHa Ha puc. 7. 3neck M — mpoussojbHasg Touka objactu N, a
T, Y U zZ COOTBETCTBCHHO BEPTUKAJILHLINA, TOPU3OHTAJIBHBIA U HAKJIOHHBIN
CJIOU, TIPOXOAAIINE depe3 3Ty TOYKY, TaK 4TO 2z = T - Y. HakJIOHHBII CJI0i,
MPOXOIAIIMi Yepe3 Touky B; = x M b;, obo3naden u;, © = 1, q; HAKJIOHHBIN
CJI0#, TpOXOaAIHil Yepe3 TouKy A, = yMNay, 0003HAYEH Uy, @ = 1,p, U TO
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onpenenennto Tkauu W(p,q,p + q — 1) umeem
U; =2 by, Vo =aq Y.

Taxnum o6pasom, B obnacta N BO3HHKAIOT ABa 0TOOpaykeHus (onu 0003HA-
YeHbI COOTBETCTBEHHO Ry u L)

Ry:x— (u1,...,uq); Lo :y— (v1,...,0p).
DTH 0TOOpaAXKEHUs 3aIUCAHBI B BUJIE
u=Ry(zx), v=La(y),
rae 0603HaueHo U = (U1, ..., Uq), U = (v1,...,vp). [Ipu ycroBusx

af('r7b2) 8f<a’047 y)

= 70 75

#0
otobpaxkennst Ry n L, sSBASOTCS JOKAIbHO OMEKTUBHBIMHU M HA TPEThEM
CJIOEHHUHU OIIpeieJIeHbl 00paTHble (DYHKINN Rb_l i

v =R 'u), y=L;'(v)

31ech T — BePTUKAJIbHBIN CJIOH, TpaHCBEPCATbHBIN MOAMHOTOOOPA3UIM
U; = u; N b; pazmepHoctn ¢ — 1; a Yy — TOPUBOHTAJBHBIN CJIO, TpaHC-
BepCAJIBbHBINA IIOAMHOr000pasusam V, = v, MNa, pa3sMepHocTu p — 1, cM. puc.

7.

2 ,
a, ~U a, “ g W

Puc. 7
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Jlokanbubie Onektnu Ry n L,, ¢ OJHO# CTOPOHBI, OMIPEETAIOT 3aMEHY
napamerpo * = (z',...,29) — (u1,...,uq) uy = (y', ..., y?) — (v1,...,vp)
Ha 6a3ax X um Y COOTBETCTBEHHO IIEPBOIO A1 U BTOPOI'O Ao CJAOEHHIT TPHU-
tkanu W (p, q, p+q—1), a c Apyroii, 3a1a10T ©30TOIUIECKOE IPeobpa3oBaHme
(Rp, L, id) koopauaaTHOTO Tpynmonaa z = x -y Tkauu Wi(p,q¢,p+q¢—1) B
ee KOOPJAMHATHBLIA MOHOUI 2z = u 0 v, cM. Teopemy 1.

EMHAYHBIM 3/1EMEHTOM € KOODJMHATHOIO MOHOMJA [i(qp)(0) Ha3BaHa
Marpula € = (Zq;), TAE Zai = Qo - b;. Ilokazano, aro HaAbOp CTOJOLOB
€a = (Zal, -, Zaq) MATPHIBI € MOXKHO CIUTATH AHAJIOTOM JIEBOI €MHUIIBI,
a HaboOp ee CTPOK €; = (214, ..., Zpi) — AHAJIOTOM IPABOI €IUHUIILI, TAK KaK
€a OV = Uy, U O € = u;. B orImume or KIacCHIeCKOro Ciaydad, 'IpaBas
equunnau "yieBas eauHUIA" KOOPIMHATHOIO MOHOMIA [(q,p)(0), BOOOIIE TO-
BOpsI, HE COBIIAIAIOT.

B 11. 1.3 BBoauTCA nousitue 0600111eHHOI KOHMurypatuu Peiinemeiicrepa,
s rpu-tkaau W(p, q,p + ¢ — 1). IlpuBeaem 1o oupejeneHue.

“ptlgtl - -

Mp+1q+1

Zp+1g+1

“p+1q

Puc. 8

B o6aactu N muoroo6pasusa M, mecymero Tpu-tkanb W (p, q,p+q—1),
3adukcupyem p + 1 mocrarodHo O6JIM3KHX BEPTUKAJIBHBIX CJI0EB Tg,
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a=1,p+1, u g+ 1 TakKe IDOCTATOUYHO OJMBKUX TOPU3OHTAJIBHBIX CJIO-
eB y;, 1 = 1,q+ 1, cm. puc. 8. Yepes TOUKY TIepecedeHUs CIOEB Tg U s
MIPOXOAUT CJOH TPETHETO CJAOEHUS C MAPAMETPOM 255, Zai = Laq * Y;. 1OUKY
IIepecedeHnd CI0eB Tpt1 U Yg41 0003HaUUM depe3 My 1441. llocrpoennaa
KOH(UTypalus n300paKeHa Ha PUC. 8 CTIJIONTHBIMUA JTUHUSAMUA.

PaccmoTpum errie p mpon3BOJIBHBIX BEPTUKAJIBHBIX CJIOEB T(,. DTHU CJIOH,
a TakxKe moaMHoroobpasus V,; = T, N 2,; 0003HaUYEHBbI HA PUC. 8 MYHK-
TUPHBIMYU JTHHAAME. 1 KAk 1010 (PUKCUPOBAHHOIO © P LOIMHOI000pa3uii
Vi, a = 1,p, TOMYCKAIOT (JTOKAJBbHO!) eIMHCTBEHHBIN TPAHCBEPCATHHBII
TOPU3OHTAJBHBIN CJION ¥;, TaK YTO Z,; = To - UY;- KaKaplit m3 caoeB ¥;
1epecekaeT HAKJIOHHBIN CJIOH ¢ COOTBETCTBYIOIIUM HOMEPOM Zp41; 110 HEKO-
topomy (¢ — 1)-meproMy nonMHOroo6paszuto Upt1;. D11 IOIMHOr000pas3usi
TOTYCKAIOT (JIOKAJIBHO!) €TMHCTBEHHBIH TPAHCBEPCAJIBHBIN BEPTUKATHHBIIH
CJIOH Tpy1, KOTOPBIN IIEPECEKAETCsI C MOCTPOECHHBIM BBIIIE I'OPU30HTAJILHBIM
CI0EM Y441 B TOUKE Mp+1q+1. dTa TOYKA, BOOOIIE IOBOPs, HE JIE2KUT HA
CII0€ Zp41q+1, NPOXOAAIeM depe3 TOUKY My i1q4+41-

[Ipu p = q¢ = 1 mocTpoeHHass KOHPUTYPAIMS COBIAIAET C KOHQUTY-
pamueii Peitnemeiicrepa R 1jisi KpUBOJIMHEHHON TPU-TKAHU HA IIJIOCKOCTHU
(cMm. puc. 1), mosromy oHa Ha3BaHa 0000IIeHHON KOHuUryparueir Peiine-
meitcrepa u obosHauena R(p,q). Ecmu touku My 1,41 1 Mpyi1441 TEKaT
HA OJJHOM HAKJIOHHOM CJIOE Zp41q+1, TO OyZIeM TOBOPUTH, YTO KOH(PUTYPAIIUA
R(p, q) 3ambikaercsa. Tkanb W (p, ¢, p+q— 1), Ha KOTOPOIi 3aMbIKAIOTCA BCE
J0CTATOYHO MaJjibie KOoHurypamuu R(p, q), Ha3BaHa 0O00IIEHHON TKAHBIO
Peiinemeiicrepa n obosuadgena W R(p, q). ITo anajoruu ¢ Kiaccu4ecKkoii Teo-
pueii (cum. [8]) ycsroBue 3ambikanus Kouurypamnmii R(p, ¢) MOXKHO 3anucarh
B BHJE

xa'yizja'giy
To *Yg+1 = Ta " Yg+1, = Tp+1 " Ygq+1 = Tp+1 " Yg+1-
Tp+1 - Yi = Tpt+1 - Yi

C zambikanueMm KoHdurypamnuii R(p,q) cBA3bIBAIOTCA B JajbHEAIIEM pas-
JauaHble cBolicTBa TKaneit W(p,q,p+q—1).

B 1. 1.4 onpeneneHo MOHATHE CEPIIEBUHBLI MPOU3BOJILHON TPU-TKAHU
Peitnemeiicrepa R u tkanu W R(p, q), o6o01maroriee aHAJIOTHIHOE TOHSITHAE
B Teopun TKaneit bona B, [8]. CepaneBuna kiaccuaeckoit Tkanu R onpese-
JIGHA HA  TPEThEeM CJOCHMM TKAaHW KaK TEePHAPHAs  OIepalys
299 = 2910 (211/212), rae 211, 212, 221, <22 — IapaMETPbl HAaKJIOHHBIX CJIOEB,
BXOJSAIINX B IIPOU3BOJIbHY IO KoHuryparmio R (puc. 1). CepirieBuna TKaHu
W R(p,q) nupeacrasisier coboit (pq + p + q)-apHyIO OLEpayi0 HA TPETheM
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CJIOEHUU 3TOM TKAHW U CBA3LIBAET IMapaMeTPhl HAKJIOHHBIX CJIOEB, BXOISIINAX
B IIPOU3BOJIbLHYI0 KOoHuryparmio R(p, q):

Rp+1lg+1 = C(Zaia Rag+1 Zp-l—lz')a
a=1,p,1=1,q. Jloka3zaHbl cIeayIONe TEOPEMBI.

Teopema 2 Cepduesuna C mpu-mranu W R(p, q) enoane onpedensem xo-
OpOUHAMHBLT 2pYNNoud Imoti MKAHU.

Teopema 3 Cepduesuna mranu W (p,q,p+ q — 1) cywecmeyem mozda u
moavko mozda, Kozda ama mrans seasemcs mranvro WR(p, q).

B nm. 1.4.2 onmcana B3aMMOCBSI3b BBEJIEHHDLIX BBIIIE MOHSATUH M HEKO-
TOpbIX MoHsaTHI Teopun dusnmdeckux crpykryp FO.M. Kymakosa [17], [19].
[TokazaHo, 4T0 KOOpAuHATHBIA rpyons Tkauu W R(p, q) (1 TOIbKO Takoit
TKaHU) OMpeJiesisieT OMHAPHYIO (DU3NUIECKYIO CTPYKTYPY panra (p+1,q¢+1),
a moHsitue cepanesunbl TkKanun W R(p, q) aHAJOrMYHO TOHSTHIO (PeHOMEHO-
JIOPUYECKN WHBAPUAHTHON (POpMbI (PU3NIECKOro 3aKoHa (B Teopun usu-
YECKHUX CTPYKTYD).

Kax y»xe 6bLI0 CKa3aH0, KOOPAUHATHBIE JIYIIBI KIACCUIECKON TPU-TKAHH
Peiinemeiicrepa R sBastorcs rpymnmamu [2], TO eCTb B HUX BBIMOJHSIETCS
TOXKIeCTBO accoruaruBHocTu (u o v) ow = wo (vow). B m. 1.5 naiineHo
TOXK/JIECTBO B KOOP/MHATHBIX MOHOUAaX Tpu-Trkauu W R(p, q), coorBercrBy-
I0TIee 3aMBIKAHUIO Ha 3TOI TKaHU 0000IeHHbIX KoHduryparmit Peitnemeii-
crepa R(p, q). Hokazana

Teopema 4 ITycmov u = (u1, U2, ..., Uq) v W = (W1, Wa, ..., wp) — 06a NPo-
UBBONDHOIL HAOOPA HAKAOHHBET caoee mpu-mranu W (p,q, 0+ q — 1) u vy
— ewe 00un Habop pq HaKAOHHBE caoes, = 1,p, 1+ = 1,q. Obosnanum

CMPOKYU U CMOAOUDL MAMPUUbL (Vei) CAEOYIOWUM 0OPA3OM:

’Ui(p) = (Uli7-"7vpi)7 Uc()tq) = ('Ual,-.-,’an)- Tpu'm%aH'b W<p7Q7p +q— 1)

6ydem mranvio W R(p,q) moeda u moavko mozda, xo2da 6 Kaxcdom ee Ko-
opdurammom monoude [i(q p)(0) 6vinosnsemca credyrousee MoKHcoecmeo

u o (qu) oW, ..., Uéq) ow)=(uo v§p>, ey U O vép)) o w.
IIpu p = ¢ = 1 310 TOKIAECTBO OOpAIIAETCSE B OOBITHOE TOXKAECTBO aCCOLM-
ATUBHOCTH, MO3TOMY OHO HA3BAHO TOXKJECTBOM OOOOIIEHHOM acCOIMATUB-

nocru. Koopaunaruerit MoHOUM [i(q.p)(0) Tpu-TKaEM W(p,q,p + q¢ — 1), B

16



KOTOPOM BBINOJIHSIETCST TOXKIECTBO OOOOIIEHHON acCOIMATUBHOCTH, TaKKe
Ha3BaH ACCOIMATHBHBIM.

Bo BTOpOIii Ti1aBe n3yvyarTcs CBONCTBA HEKOTOPHIX HOBBIX TKAHEH, HH-
ayuupyembix TKaubio W(p,q,p+ q— 1), HO 00pa30BAHHBIX y2KE CJAOEHUAMU
OJMHAKOBOI paszMepHocTr. B m. 2.1.1 moka3ano, uto mpu p > 1 mw q > 1
Ha BEPTUKAJBHBIX ¥ MOPU30OHTAIBHBIX caosx Tkauu W (p,q,p + q¢ — 1) BO3-
HUKAIOT Tak HasbiBaemble (p + 1)-tkanu u (¢ + 1)-tkanu (B cmbicie B.B.
Tonbabepra [14]), oru obozuauensr W(a,z) u W (b,y). d1u rkanu nomy-
yatoTcs caeayromumM obpaszoMm. Ilycts a = (aq,) u b = (b;) — HekoToOpas
KoopauHaTHas pernerka Tkauu W(p,q,p+q — 1),  u y — IpoOM3BOIHHBIE
BEPTHUKAJIBHBINA 1 FOPU30HTAJIbHBIN CJI0M 3TOi TKanu. HakioHHbBIE c1ou TKa-
ot W(p,q,p + ¢ — 1) BbICEKAIOT HA TOPUBOHTAJIBHBIX CJIOSAX b1,..., by 1 Y
cemeficTBa, (¢ — 1)-MepHBIX TToAMHOTO00pasii. [IpoekTnpys mocmemnme Bep-
TUKAJIbHBIMU CJIOSMU Ha CJIOH ¥y, mosydaeM Ha HeM (q + 1)-tkanb W (b, y),
CM. puc. 9.

Ug+1

Puc. 9

Anasoruano, Ha6op (G, T) HOPOKIAET HA CJIOE T HEKOTOpylo (p + 1)-
tkaub W (a,x). Bamerum, uro B Kiaaccuueckoil reopun tkanu W(a,z) u
W (b, y) He BO3HHKAIOT.

B 1. 2.1.2 nokasauo, uro ypasuenus Tkaneit W(a,z) u W (b,y) MOxKHO
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3alliCaTh COOTBETCTBECHHO B BUJEC

W(a,z): vpp1 = Ly (v1,...,vp);

W(by): ugyr = By Hur, .., uq) - y.

Hasee uccieoBanbl cBoiicTa TKanein W (a,z) u W(b,y), casasanuble
¢ 3ambIKanueMm Ha TKanu W (p,q,p + q — 1) xondurypamuii R(p,q). dna

9TOTO Ha crnodx = Fy u y = F3, Hecymmx cooTsercrsenno Tkanu W (a, r)
u W (b, y), onpeaenenbl HEKOTOPbIE OTOOPAYKEHUSI

¢ FY— FY, o FY — FY,

eM. . 2.2.1. Orobpaskenue ¢, mokaszano Ha puc. 10. 3xeck a = (aq, ..., ap),
b= (b1,...,by) — KOOpAMHATHAS PEITETKA, Gpt1 — PUKCHPOBAHHBIN BEPTH-
KaJIbHBIH CJIOil, OTJIMIHBIN OT CJIOEB Gq; Zai = Qo i, U; = Ap41 -b;; A — po-
U3BOJIbHAA TOYKA HA .7:8 , T — LPOXOIAIMi yepe3 A BepTUKAJILHBINA CJI0i,
Vii=xNz1; — TTOIMHOTO00pa3usi pa3MepHOCTH p— 1, ; — TOPUBOHTAJIBHBII
CJIOH, TPAHCBEPCATHHBII TOIMHOT000pa3usaM Vi;, Vai, ..., Vi U, = u; Ny; —
II0IMHOI000Pa3usi pa3sMepHOCTH ¢ — 1, T — BePTUKAJbHBINA CJION, TPaHC-
BepCAIbHBIN TTOIMHOT006pasusm U, ..., Uq, Touka A = Z N FJ ectb obpas

TOYKM A Tipu oToOparKeHuu ¢z, A = ¢2(A).

| |
1 ¢ | —
Zlq :\‘/lq 22(] qu Zp+1q L q
yq____ A N R __ Y AN
\ M
b o Vi Vg Vg !
q T \ t
| \ |
I j I Uqg
| |
| |
| |
| |
| |
| |
1 - (e
211 | 221 Zp1 Zpti1 U
/I\\ 11 T e 1
yl -2 R . N = ____’_\
b Jds N Vi Voo Vi ~-
1 T T
! I \ \\ N I
I I Uy
| |
| |
| |
| |
| |
FO | |
2 r—r - &
| ~
A | Al A’Z Ap A 1 Ap+l
| |
| |
1 1
x ay a9y ap T Gy

Puc. 10

Orobpaxkenne ¢ : FY — FY onpemenserca aHaJOrmIHLIM 00pazoM. B
. 2.2.2 I10Ka3aHa
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Teopema 5 Kaowcdoe omobpasicenue da, onpedesennoe Ha 20pU30HMaND-
nom caoe y mranu W(p,q,p +q — 1), asasemca asmomopdusmom coom-
semcmeyrowet mranu W(b,y), undyuyuposannoli na smom sice caoe, mo-
2da u moavko mozda, xozda mranv W (p,q,p + q — 1) asasemcsa mranvio

WR(p,q).

AHAJIOTHYHOE yTBEPKACHIE BEPHO U /1 oTobpaskenuii ¢; (Teopema 6).
B 1. 2.3.2 nokazana

Teopema 7 Aesmomoppusmot ég MKEAHU W(b, Y), UHOYUUPYEMOT MEAHDIO
W R(p,q) na ee npouseosbHom 20pU30HMANLHOM CAOE Y, 00Ppa3y1om 2pynny,
MPAH3UMUEHO JeTUCBYIOUYI0 HA IMOM CAOE.

AnamoruyHoe yTBepIKIeHUE CIPABEIINBO JJIT aBTOMOPQPU3MOB ¢ TKAHU

W(a,z) (Teopema 8). ) )

C nomompo aBTOMOPGU3MOB ¢1 U ¢o B 1. 2.3.1 ompenesieH JIOKAJIb-
Helii auddeomopdusm (@1, ¢2) MHOrO0Opasusi M, Hecylero Tpu-TKaHb
WR(p,q), na cebs.

Cpemu (n + 1)-Tkaneii HauboJiee IPOCTON KJacc 06pa3y0T TaK Ha3bl-
BaeMble IapaJjiie/nsyembie TKaHu. (n + 1)-TKaHb HA3bIBAETCs HAPAJLIEIIH-
3yeMOii, ecJii OHa, 9KBUBAJEHTHA TKaHU, 00pa3oBaHHON (n + 1) cioeHusiMu
(n — 1)-mepHbIx mapasteabHbIx miockocTeit [14]. Cormacuo [14], mapasie-
nusyeMas (n+1)-TKaHb XapakKTepu3yercs TeM, 9To Jr00asi ee TPU-IIOATKAHD
napasienusyema. B . 2.4 nmokasaHa

Teopema 9 (q+1)-mxanv W (b, y), noposcdaemasn mpu-mranvio W R(p, q)
Ha €€ NPOU3BONLHOM 20PUSOHNANDHOM (-MEPHOM CAOE Y, NAPAANEAUSYEMA.

st tkaneit W(a,x) cnipaBemymba anagornunast Teopema 10.

IIpu p = 1, To ectb Ha Tpu-rrkanu W(l,q,q), karum W(a,x) He cy-
IIECTBYIOT, [IOCKOJIbKY BEPTHUKAJIbHBIE CJIOM OJHOMEpPHLIE. [losromy ciydaii
p = 1 paccmorpen orjenbHO B 11. 2.5. /loka3zana

Teopema 11 Omobpasicenus él HG NPOU3BONLHOM GEPMUKANDHOM CAOE
mxanu WR(1,q) (u moavko maxoti mranu) o6pasytom q-napamempuieckyio
2PYNNY, MPAH3UMUEHO JeTUCMBYWYIO HA ITMOM CAOE, U ONPEJeAANMNCA KO-
OPOUHAMHBIM 2PYNNOUIOM IMOT MKEAHU.

ror dakr no3Boaser Haiitu Bce Tkanu W R(1, q), nopoxaemble jeii-
creueM rpymnbl Jlu Ha ogroMepHoM cioe. [lockosbKy (cum., Hapumep, [15])
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CYITIECTBYIOT BCETO TPY OJTHOMEPHBIE TPYIIEI JIu mpeobpa3oBanmuii (OmHOIA-
pamerpudeckast (MapajiebHbIX MEPEHOCOB), AByXmapamerpudeckas (ad-
bunHas) 1 Tpexnapamerpuyeckas (IPOEKTUBHAS)), TO, COOTBETCTBEHHO, U
tkaneit WR(1, q) umeercst TOJIbKO TPH TUIIA:

rltyl + 22

WR(L1):z=zty; WR(L2): 2=y’ WR(L3):2= =3

®@uznueckue crpykTypbl panra (2,2), (2,3) u (2,4), coorBeTCTBYONITE
9TU TKaHaM, noaydens! I.I. Muxainnaenko B [19].
B m. 2.7 noxazano, 4T0 B IOCJAEIHEM CIydae COOTBETCTBYIONAasd TKAHb
W (b,y) ecrb omna u3 TkaHeil, paccmorpennbix B. Busike B [10]:

hl(UﬂLQ + U3U4) + h2(U1U3 + U4UQ) + hg(U1U4 + UQU3) = O,

(3mech uq, U, Uz, Uy — HAPAMETPHI CJIOEB TKAHH, & hi, ho, hy — MOCTOsIHHBIE
BEJINYNHBI, CBA3aHHbIe cooTHOMeHneM hi + he + hg = 0). dokazamno, 4to
3Ta 4-TKaHb MOPOXKIAETCA B TPEXMEPHOM IIPOEKTUBHOM IPOCTPAHCTBE P3
YeThIPbMsl IIyYKAMU ILIOCKOCTEH, OCH KOTOPBIX I[OIMAPHO CKPEIIUBAIOTCI U
npuHaiexkar ogHoil keaapuke (Teopema 12).

B Tperbeili riiaBe HaiijeHbI CTPYKTYpPHbIE YpPaBHEHUS TPU-TKAHU
Wi(p,q,p+ q — 1) obiiero Buma:

dw® :wb/\w{j—l—wp/\wg,
dwP = wP A OPTL L )\ w® Aw + pgw® A OPT,

p+q
do" = W' ANwy +WPTIANWY,
dwPt e = wPHI A OPTT 4+ X yqw™ A w® + puw® A OPF,
a,b,...=1,p—1, u,v,... = p+1,p+ q — 1, n ux auddepeHmaIbLHLIE IIPO-

noszkennsi. Popmbl

_ _ b p+q pta _ gopta
p = dwy —wp ANwe, ) =dwy —wp Awy +wy AO Q. ,=do

p+q’ quJrq p+q’
u __ U W U u _ U PR ) u u
Uy = dwy —w) Awy, ptq dwp+q Wptq N Wy T Wpyg A @p+q

Ha3bIBaIOTCA (popMamu KpuBusHbl Tpu-TKanu W (p, ¢, p+q—1), a Bemuaunbl
{Aau, fa, fu } 00pasyIoT ee Ter3op Kpydenus [6]. Croerust A1, Ao u A3 910ik
TKaHHU 33JaI0TCS COOTBETCTBEHHO yPABHEHUSIMU

Al w' =0, WPTT=0; A\o: w*=0, WP =0; A\3: OPTI =P 4+ WPTT =0,

Ussecrro [2], 910 GOpMBI KPUBU3HBI KJIACCHYIECKON Tpu-TKauu Peiise-
Meiicrepa R, 0Opa30BaHHON CJIOCHUAMU OAMHAKOBOU Pa3MEPHOCTH 7', MOI'YT
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OBITH OJIHOBPEMEHHO MPUBEIEHBI K HYJII0 Ha BCeM MHoroobpasuu M u o6-
paTHo: eciu (pOpMbI KPUBU3HBI HEKOTOPOI Tpu-TKauu W (r, r, 1) npuBogsaT-
cs K HYJII0, TO TaKasl TKaHb sIBJIgeTCA TKaHbio Peiinemeiicrepa. ITockoabky
tkanu W R(p, q) sABJISIOTCS, B OIIPEJIEJIEHHOM CMbICJIE, 0000IIEHeM TKaHEeH
R, To, cnenys knaccudeckoit Teopuu, B 1. 3.3.1 MBI paccMaTpUBaeM TpU-
tkatib W (p, ¢, p+q—1), GopMbI KpUBU3HBI KOTOPOI PABHBI HYJII0. DTa TKAHb
oboznauena WO(p, ¢, p+q—1). Uzyuenue txkaneir W°(p,q,p+q—1) cBasmi-
BaeTCsl CO CBOMCTBAMU TE€H30PA KPYUeHUsd {Ayq, fha, by } ¥ €TO OJTEH30POB.
IIyTeM HHTErpUPOBAHUS CTPYKTYPHLIX ypasHernit Tkameit WO (p, ¢, p+q—1)
HaliJIeHbl KOHEYHbIe ypaBHeHWs HeKoTOpbix TKaueil (Teopema 13), B TOM
qucie, rkaneit Tuna WR(p,p) u WR(p,p+ 1), cm. Tabauny 2.

Tabnuma 2

Ypasuenue tkanu WR(p,q) Ten3opHas XapaKTEePUCTUKA
z=xlyt + ...+ zPyP 4 2PH! Uy # 0, ptqg =0
z=alyl 4+ ... 4+ zPyP by = g F£ 0
z=alyt + . F P lyPTl P pyP Wy = fbg =0

B 1. 3.4 crpykryphbie ypasrenusi tkauu W (p,q,p + ¢ — 1) npusejenbl
K BUJLY

«

dd=0N W+ bia?), d9=0A(W+ Y bih),

rie i = 1,q, a = 1,p. I3 mocaennnx ypaBHEHWH Tpn 6 = 0 momy4arorcsa
(2

crpykrypuble ypasuenns (p+1)-tkamu W (a, z). Ee cioenus onpeessiorcs

ypaBHeruamMu ¢ = 0, ..., 9 =0, 9+...+9 = 0. IIpu 9 = 0 nonygaem cTpyK-
1 D 1 D @

TypHble ypasrenust (¢+ 1)-tkanu W (b, y), CJI0EHUS KOTOPO# ONPeIeoTcs
ypaBHerusamu § =0, ..., 0 =0, §+ ... +0 = 0.
1 q 1 q

B 1. 3.5.1 nokazano, 4To quddepeHnuaabHble TTPOIOIKEHNST CTPYKTYP-
HBIX ypaBHeHuil Tpu-tkanu W R(p, q) uMeroT Bu

dw =0, db, = bm(E bjat + E bwg),
. J
J B

(Teopema 14). [TyTem nHTErpUpOBaHUsS CTPYKTYPHBIX YPABHEHUH TPU-TKAHU
W R(p,q) B 1. 3.5.2 nojiy4eHbl KOHeUHbIE ypaBHeHus Beex Tkaneit W R(p, q)
1 COOTBETCTBYIOIIUE YCJIOBHS HA TEH30pD KpydeHus, cMm. Tabauiy 2.
3aMeTuM, 9TO 3THW ypaBHEHUS COBMAIAIOT C TEMH, KOTOPbIE TOJIyIeHBI
TyTeM HHTETPUPOBAHNS CTPYKTYPHEIX ypasHenuit Tkaau WO (p, ¢, p+q—1),
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cMm. Teopemy 13. B m. 3.5.3 mokazaHo, 9T0 (pOpMbI KPUBU3HBI TPU-TKAHU
W R(p, q) paBHbBI HYJIIO.

C apyroii cTOpOHbBI, KaXK/I0€ U3 ITUX YPABHEHUI ONpeesisieT COOTBET-
CTBYIOILYI0 OMHAPHYIO (PUBUIECKYIO CTPYKTYDY, cM. [19] u [17].

B I'maBe 4 paccMmaTpuBaercsi Tpou3BoJbHas Tpu-TKaub W (p, q, ) nipu
p < q < r.Bm. 4.1 onpenenena anrebpandeckast onepaiius (o) (o aHajgoruu
C OlIpeJIeJIeHUEM KOODPAUHATHOrO MOHOMIa Tpu-TKanu W(p,q,p + q¢ — 1)),
Ha3BaHHas TaKzKe KOOPAMHATHBIM MOHOUA0M. /loka3aHa

Teopema 15 Koopdunammvil monoud i) (o) mpu-mranu W(p,q,r) cy-
wecmeyem moavko oas mranet euda W (A, Am,\(l + m — 1)). Koopdu-
namuoiti monoud mpu-mraru W (A, Am, Al +m — 1)) aaaenouzomonen ee
KOOPOUHAMHOMY 2pYnnoudy.

Host rkarm W (AL, Am, A(I + m — 1)) obo0ImaroTcst mOHATHST KOH(DUTY-
panuu Peiinemeiicrepa u rkanu Peiinemeiicrepa (oHE 0003HAYEHBI COOTBET-
crBeHHO R(AL, Am, A(l +m — 1)) u WR(A, Am, A(l + m — 1))), cm. 1. 4.2.
Hnst tkarau W R(AL Am, A(l +m — 1)) onpenenena dyHkus

Rl+1m+1 = C<Zst7 Zsm+1 Zl+1t)7

rie 255 = f(x5,yf) — mapaMerpbl HAKJIOHHBIX CJI0EB, 00Pa3yOMnuX KOH(U-
rypamuio RO, M, A +m — 1)), zg5 = (25), 5 = LI+ 1, ¢ = Lm+1,
¢ =1,\. ®yuxuua C = (C%) apiserca 060OIIEHIEM TOHATHS CEP/IIEBUHBL
rpu-rkauu W R(p, q) u Ha3BaHa TakxKe cepaueBuHoil rpu-tkanu W R(Al, Am,
Al4+m—1)) (n. 4.3). Kak u B ciyuae tkanu W R(p, q), cep/ilieBrHa, TKAHU
WR(AN, Am, A(l + m — 1)) BOOJHE ONpeaeNnsieT KOOPJAUHATHBINA TPYIIOHT
sroii Tkanu (Teopema 17), a cyniecTBOBaHUE CEPAIEBHHBI XapaKTEPU3YET
tkaub W R(Al, Am, A(l +m — 1)) (Teopema 16).

B . 4.4 mokazano, 9TO 3aMbIKaHNe 00ODIEHABIX KOHpuTyparmit Peiie-
meiictepa na tkaan W R(Al, Am, A(l+m —1)) 3KBUBaJIEHTHO BHIMOJHEHAIO B
Ka2KJIOM KOOPJUHATHOM MOHOH/IE 9TOH TKAHI HEKOTOPOI'O TOXK IeCTBa, 0000-
IIAIOIIEr0 TOXKIECTBO aCCOLMUATUBHOCTH /Il KOOPAUHATHOIO MOHOMIA, TPU-
tkauu W R(p, q) (Teopema 18).

B naroii ritaBe n3y4yaioTcs TPU-TKAHU, IOPOXKIAEMbIE IeHCTBUEM JIO-
KaJIbHOM IVIAAKOI g-apaMerpudeckoi rpymumsl JIu G Ha r1agkoM p-MepHOM
MHOroo0pasuu Y, TO €CTh TKAHWU, ONPEIeIsieMble MIaJIKUMKU (DYHKIUAMU

FiGXY =Y, z=fla,y)=a-y.

YAOBJIETBOPAKWIIIUMHA YCJIOBUAM:

f<€7y) =Y, f(av f(bv y)) — f(¢(a7b>7y)7
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rae ¢(a,b) — omepanus B mapaMerpudeckoit rpymme G, a e — eIUHNIA, 3TOM
rpynnbl. Takas TKaHb 0Opa3oBaHa TPEMs CIOEHUSIMU

A1: a=const, Ay: y=const, A3: z= f(a,y) = const

pPa3MEpHOCTEl COOTBETCTBEHHO p, ¢ W ¢ Ha TPAMOM ITPONU3BEICHUN
M =G x Y u oboznauena GW (p, q,q), cm. 1. 5.1.4.

B n. 5.2 gokasano, uro tkanu GW (p,q,q) XapakTepusylTCsa 3aMbl-
KaHMeM Ha HuxX 00001IeHHbIX KoHburypauuii Peiinemeiicrepa R, (1,m),
m = [q/p] (Teopema 21). Insa tkauu GW (p,q,q) 0b0OIIaeTcst MOHSITHE
CEep/IIEBUHBI, HeBHO 3aaBaeMOl yPaBHCHUSMU

DP (211, 212, cvy Z1mt+15 2215 222y ooy Z2m+1) = 0,

TAE 211,212y -9 R1lm—+15 22152225 +++3 22m+1 — HapaMeTpPbl HAaKJIOHHBIX CJIOEB,
BXOAAIMX B KOHGurypammio Ry, (1,m), p = 1,(m+1)p—q, m = [q/p].
B 1. 5.3 n1oka3ana

Teopema 22 Cepduesuna mpu-mranu GW (p,q,q), nopoocdaemoti epyn-
noti JIu npeobpasosanut f : G XY — Y, moorcem b6vms 3anucana 6 sude

@p(2’11,2’12, "°7zlm721m—|—1> = sﬁp(zzlazzza ~°'7Z2m7z2m+1)7

20e ©P — uneapuanmuv, 2pynno. npeobpasosanut, p = 1,(m+ 1)p —q,
m = [q/p].

DToT (haKT MPOMJIIIOCTPUPOBAH B I.O. 5.4.2 u 5.4.3 Ha Pa3JIUYHBIX IPH-
mepax. Tak, cepauesuna tpu-tkanu W R(1,3), nopoxaaemoil geicrBuem
MPOEKTUBHON TPYTIINIBI HA TIPAMOM, MPUBOUTCS K BULY

(z11 — z12) (213 — 214) _ (221 — 222) (%23 — 224)
(211 - 213)(212 - 214) (221 - 223)(222 - 224)‘

(B,B;GCB HNHBAPHaHTOM ABJIACTCA, KaK U3BECTHO, CJIOZKHOC OTHOIIICHUE Y€ThI-

pex TodeK).
B 1. 5.4.2 nokazano, uto cepanesuna tkanu GW (p, mp, mp), nonyckato-
11eil KOOPAMHATHBIA MOHOU, 2 = (U1, U2, ..., U, ) O U, MOXKET OBITH 3AIIUCAHA,

B BUJE P YPaBHEHUN

(2117212, -'-7zlm)/zlm—|—1 = (221,222, "-7Z2m)/z2m+17

rae ” /7 — npasas obpaTHas onepanus Ay (o). B wacrHocTu, npu m = 1
HOJIY4aeTCA KJIaCCUIecKas Ipynnosas Tpu-tkaus W (p, p, p), nopoxsaemas
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p-mepnoit rpymmnoit G [1]. CepaneBnna Tako# TKaHW ONpeneIseTcs TaKKe p
YPaBHEHUSIMU BUJIA, 211 /212 = Z21/2922.

B 1. 5.5 onucannl Tpu-TKaH, IOpoxKgaeMble adGUHHOR U IPOEKTUBHOMI
IPyLIIAMU HA ILIOCKOCTA U B IpocTpaHcTrse. s KaxKaoil u3 3TUX IPYILI
HaliIeHbl MHOTOTOYEUYHbIE MHBAPUAHTHI, a CEPAIEBUHA COOTBETCTBYIOIIEH
TKAHM 3allMCaHa B BHUJE PABEHCTBA MHBAPUAHTOB.

B 1. 5.6 onucano sioxkenue tkanu GW (p, q,q) B rpu-rkanb W(q,q, q),
IIOPOXK,IAaeMyI0 Iapamerpudeckoil rpymnmnoir G. B m. 5.7 nmoka3zano, Kak Ha-
XOJINTh CTPYKTYypHBIe ypaBHenust Tkaun GW (p, q,q) B Buze

- _ —0 o o U -6 _ ,,a —0 -y
W= NORE s AT TN
do" = o¥ Aw? + P AW,

1 1 vl &

- _ —3 « a —0 -y
dcé} =W A@ﬁ—l—umcé) /\u2),

a,B3,...=1,p; u,v,... = p+ 1, q, mo ypasaernam Maypepa-Kaprana rpym-
bl G

dw' = c;-kwj A wF,
i,7,k,... = 1,q. 3necp w' — unsBapuanTHble HOpMBI rpymust Ju G, cé. E
ee CTPYKTYPHBIN TEH30p, yAOBIeTBOpsiomuili ToxKaecTBy Axkobu. CroeHus
tkaiu GW (p, q, q) onpenenstorcst ypaBHEHUSIMA

A @ =0; X:w¥=0; A3: 0*=w0%+x%=0.
1 2 3 1 2

DTUM MEeTOIOM HaldeHbl TPHU-TKAHH, onpenesseMbie apdOUHHON U TTPOEK-
TUBHOU I'PYIIIIAMU HA OPAMOM, & TAKZKEe IPYIHION JIBUKCHUN U YHUMOJLYJIAP-
HOW I'PYNIION Ha MJIOCKOCTH.

B mrrecToit rytaBe BBOAUTCS MOHATHE JTOKAJTHHOM TJIAIKON JI€BOI KBA3U-
rpynnbl bosta nmpeobpa3oBanuii M n3ydaeTcd MHOTOMEDPHAA TPU-TKAHbB, TTO-
pOKAEHHAas AelicTBUeM dTOil KBa3urpyimbl. KBasurpyiiia mpeodbpa3oBaHuii
onpenesdgercd Kak JIeMCTBUE JTOKAJbHON TJIaJKON ¢-MEPHOW KBA3UTPYIMIbI
Q) (%) Ha rAaIKOM p-MepHOM MHOroobpasum Y (p < ¢) U 3ammCHIBAETCS B
BUJIC

f:QxY =Y, z=f(a,y).

Oynknusa f paccMaTpuBaeTCst ¢ TOYHOCTHIO 0 M30TOMHUYIECKHX Tpeobpa-
30BaHUii, MPUYEM B HEKOTOPBIX JIOKAJIHHBIX KOODIMHATAX DAHTM MATPHUIL
(0f/0a) u (Of /0y) nupeamnosaratorcss MAKCUMAJIbHBIMU B KaxK 10 TOUKe 00-
JacTu onpesenerusi. Takoi MOIX0J MO3BOSAET CBA3aTh ¢ KBA3UTPYIIIOH
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peoOpPa30BaHMil TEOMETPUIECKHUT 0OBEKT — HEKOTOPYIO TPU-TKaHb, 00pa-
30BAHHYIO Ha TpsaMoM npousBenennn M = () X Y TpeMms caoeHusIMA

A1: a=const, Ay: y=const, A3: z= f(a,y) = const

pa3MepHOCTeil COOTBETCTBEHHO P, ¢ U ¢, ¢M. 1. 6.1.1. 9Ta TKaHb 0003HAYEHA,
QW (p,q,q), a byakuus f Ha3BaHA €€ KOOPJAMHATHBIM IPYIIIOUIOM.

B 1. 6.1.2 paccmarpuBaeTcsa KBa3uIpylIiila Ipeocdpa30BaHuii, yI0BJIE€TBO-
PATOIIAS TOXKJIECTBY

f(CL?f_l(b,f(a,y))):f(a*b,y), CL,Z)EQ, QGY.

[TokazaHo, 9TO 9TOMY TOXKIeCTBY Ha TKauu QW (p, ¢, q¢) coOTBETCTBYeT KOH-
durypanus, aHaJgorudHasa JjeBoit Kondurypamuu Bona Bj, cm. puc. 2. Io-
9TOMY I'PyHIons f, yIOBJIETBOPSIONINI JTaHHOMY YCJIOBHIO, HA3BaH KBa3H-
rpyunoii Bosia npeobpasosanuii. Ksaszurpynma Q(*) Haspasa (110 aHajioruu
c Teopmeit rpymnn JIu mpeobpaszoBaHUil) TapaMeTpUIECcKOil KBA3UTDPYTITION
KBas3urpynmbsl bosa npeodpazoBanwuii. B 1. 6.1.2 moka3aHo, 4TO KBa3UT'PYII-
na ()(*) uzoronna jesoi syne Bosa.

Tpu-rkans QW (p, q, q), nopoxaennasi ksasurpynnoit Bosa npeobpaso-
BaHWii, HA3BaHAa JIEBOI TKaHbIO Bosa n obo3nadena Bi(p, ¢, q). B n. 6.1.3 mo-
Ka3aHo, 4TO omnepanus (*) HHIYyIHPYyeT Ha MHOroobpasuu tkanu Bj(p,q, q)
HEKOTOPBIA aBTOMOP(}U3M 3TOM TKaHM, IIPU KOTOPOM BEPTUKAJIbHBLIE CJIOU
TKaHU [EPEXOAAT B BEPTUKAJIbHBIE, & NOPU30OHTAIbHbBIE M HAKJIOHHBIE CJIOU
TKaHU MEHSIIOTCSI MECTaMH.

B 1. 6.2 BBomuTca mnoHsitue oOOOIIEHHON JieBOil KoHurypaunu boua
Bi(1,m) na tpu-rkanu W (p,q, q). JlokazaHo, 4T0 3aMblKaHue KOHMUIYPa-
it By (1, m) xapakrepusyer Tpu-tkaub Bi(p, ¢, q) (Teopema 28). B koopmu-
HATHOM MOHOUJE TKaHu Bi(p, mp, mp) (Ipu APYrux pazMepHOCTSX MOHOM/T
He cymiecTByeT, cM. Teopemy 15) HalJIeHO TOXKIECTBO, COOTBETCTBYIOIIEE
3aMBIKAHUIO HA 3TON TKaHu 00061eHHbix Koudurypanuii Bosa B;(1,m). B
mn. 6.3 JoKa3aHa

Teopema 29 Ilycmv Ui, U, ..., Uy, U UV — NPOU3BONOHBLE HAKAOHHBLE CAOU
mpu-mxanu W (p,mp,mp). Trkano W (p,mp,mp) 6ydem mraroIO
Bj(p, mp, mp) mozda u moavko mozada, ko2da 6 KarHcIOM ee KOOPIUHAMHOM
MoHoude [i(q p)(0) suMOAHAEMCA CAedyroulee MOdNCOECEO

((ULy eeey Upn) O ULy eeey (U wvvy Upn ) © Ugpy) OV = (U s ooy Uspy) © ((Uy ooy Upy) O V).
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DTO TOXKIECTBO HA3BAHO TOXKJIECTBOM OOODIIEHHON aJIbTEPHATUBHOCTH, TIO-
CKOJIbKY TP M = 1 OHO oOpaIaeTcss B 0OBIYHOE TOXKJIECTBO JIEBOH aJbTep-
HATUBHOCTH (40 u%)0v = %0 (%0 v), KOTOPOE BBIIOJHAETCS B KOOPIAUHATHBIX
nynax rpu-rkasd bona Bj, 06pa30BaHHON CIOEHUAME OJUHAKOBOI pa3Mep-
HOCTH.

B 1. 6.4.2 nokazano, uro ecau Tkanu W(p, q,q) n W(p, q,q) SKBUBAJIEHT-
HbI, TO B COOTBETCTBYIOLIUX pelepax UX TEH30Pbl KPY4YeHUs] ¥ KPUBU3HbI
cosnagiaior (Teopema 30). CupasemyinBo u obparHoe yrBepxkaenue (Teope-
Ma 31), obobraroriee aHAJTOTHIHBIN PE3YIBTAT KJIACCUIECKON TEOPHH, CM.
[7]-

B 1. 6.5 Haiisenbl CrpyKTypHBIE ypaBHeHus Tpu-TKanu Bi(p, q, q):
dw® = WP ANwg + O,
’ ’ ] £, §;
dwot = wv u . U
W' = w" Awy + (%J w ) Awg,

1
dw® = WP ANwg + 0,
2 2 2

1 ux guddepeHnnaabHble IPOI0IKEHNS

w

dwg —wg AwS = b, 5uﬂ /\u)‘S + b3 (céﬂ —w7)

g A@T
dwy — wy A wy —b“ uﬂ/\w + 0¥ (WY —wY) Aw®,

v 2. 3 1

_ — gl T WY w

dwpy — wg A wy wﬁ/\w bﬁ 5% /\w "‘bmw(%’ w )/\cii :
(dw§ — wy Nws )/\wﬁ—kd@o‘—l—@ﬁ/\wﬁzo

(dw§ — wj Nws )/\wﬁ—i—d@ant@ﬁ/\w/@:o

w

rae 03,5 =0, byg,) =0, by s, =0, (Teopema 32).

B . 6.6 HaiimeHbl KOHEUHbIE ypaBHEHWsI HeKOTOpol TKauu Bj(2,3,3)
MyTeM WHTEIPUPOBAHUS €€ CTPYKTYPHBIX YPABHEHWI C €IMHCTBEHHONW OT-
JIMYHON OT HYJIA KOMIIOHEHTOW TEH30pa KPUBU3HBI b%%:

=gl 4yl — 2dy2(a? + ),

22 =22 42

C apyroit cTOPOHBI, TIOC/IETHUE YPABHEHH s OTIPEJIEIISIIOT TPeXITapaMeTpude-
CKYIO KBa3urpymiy bosa nmpeoOpa3oBaHuit Ha ABYMEPHOM MHOTO0OPa3Uu C

NapaMEeTPUIECKON KBA3ZUTPYIIIION

1 _ 2a1 . bl . (CL2 . b2)(a2(a3 . b3) + a3(a2 . [)2))7
2 _ 2a2 . bz)
3 _ 2a3 _ b3
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pudeM JeBas obpaTHas KBa3UTPYMIIa MOCJeTHENH N30TOMHA CpEeTHel JTyTie
Bona B,,, ypaBHeHHUsI KOTOPO# HaliJleHbl U3 ApyTrux coobpakenuii B [22].
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