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JJIeMeHTbI MATEMATHYECKOH JIOTUKH

Jloruka — 310 Hayka, u3yvaromas (opMmbl M 3aKOHbBI MbliuieHus. Camo
CIIOBO TIPOHM30MLIO OT Tpedeckoro l0gos, 4To oO3Ha4YaeT «CJIOBO, TOHSTHE,
pa3ym». 3akOHbl M MpaBwia (HOPMAIbHOM JIOTMKM HEOOXOAMMO 3HATh IS
MOCTPOCHHS TPaBWIBHBIX paccyxaeHuil. CoOrliacHo OCHOBHOMY TPHUHIUITY
JIOTUKU TPaBUIBHOCTh PAaCCYyXIEHUs (BBIBOJA) OIPEIEISIETCS TOJBKO €ro
Joru4yeckoil popmMoii U HE 3aBHCHT OT KOHKPETHOT'O COJEpP>KAaHUSI BXOIAIIUX B
HEero paccyxaeHuil. OTIMYUTENbHOW OCOOEHHOCTBIO MPABUIBLHOTO BHIBOJA
SBJIIETCSA TO, YTO M3 UCTUHHBIX YTBEP)KICHUI BCErJa IMOJIy4arOTCs UCTUHHBIE
3aKJIFOUYEHUS. DTO MO3BOJSET M3 OJHMX MCTUH IOJYydYaTh JAPYTrUe C MOMOIIBIO
TOJIBKO PacCyXICHUM, pazyma u 0e3 oOpaIrieHus K OmbITY.

Kak camocTosiTenbHas Hayka, jJoruka odopMmMuiach B TpyJax TI'pEeuecKoro
¢unocodpa Apucrorens (384-322 rr. go H.3.). OH cuUcCTeMaTU3UPOBAT
M3BECTHBIC O HETO CBEACHUS, U 9Ta CUCTEMa CTajla BIIOCIEICTBUU HA3bIBATHCS
TPAAULIMOHHOW WJIM apUCTOTEIEBOM JOTUKOM. AIApAT 3TOW JIOTUKHA OKa3aJICs
HAaCTOJbKO MOIIHBIM, 4YTO, HalpuMep, Ha €ro OCHOBE HW3BECTHBIN
cpenHeBekoBbI  ¢punmocodp u  OorocioB doma AKBHUHCKHI OCYIIECTBUII
000CHOBaHWE BCEU XpUCTHAHCKOW Teonoruu. Hemenkuit marematuk JIenOHUIT
BIIEPBBIE BBICKA3aJ MbICIb O TOM, YTO OCHOBHBIE MOHSATHUS JIOTMKHU JOJDKHBI
ObITb 0003HAYEHBI CHUMBOJAMH, KOTOpPHIC COEAUHSIOTCS IO OINpeaeICHHBIM
MpaBUJIaM, U 3TO MO3BOJISIET BCAKUE PACCYXKICHUS 3aMEHUTH BbluuciaeHueMm. OH
MUCaJl, 4YTO €JUHCTBEHHOE CPEJCTBO YJIYUIIICHUS YMO3aKJIIOUEHUU COCTOUT B
yHnoJA00JEHUI0 UX MaTeMaTUYECKUM, «YTOOBI OIIMOOYHOCTh UX MOKHO OBLIO
YBUJIETh TJla3aMU, W €CIW MEXIy JIOJbMH BO3HUKAIOT pa3HOTJIacus,
JIOCTATOYHO ObLIO OBl CKa3zaTh «BhIYUCIUM!» U CTaHET SICHO, KTO IpaB». ITO
npojenan B cBoeit padote «lccnemoBanue 3akoHOB Mbician» Jxopax bynb, B
pe3yibTaTe Yero JIOTWYECKas TEOpHUs MPUHsUIA BUI OOBIYHOW anreOpel U
MOJTy4YHJIa Ha3BaHUE anreOpbl BBICKA3BIBAHUM WM OYyJIeBOW ainreOphl, KOTOPYIO
MBI ¥ OyZIeM U3y4aTh.

MaremaTuyeckasi JIOTHKA — Pa3sHOBUIHOCTH (DOpMaIbHON JIOTHUKH, T.C.
HAyKH, KOTOpas M3y4yaeT YMO3AKIIOUEHHsI C TOYKH 3peHHs] X (POpMaibHOrO
crpoeHus. Kak Hayka MaremMarudeckas JIOTMKa COIEPXKUAT MHOXKECTBO
pa3fenoB, HampuUMeEp, TEOPUIO  JIOKa3aTeilbCTB. Mbl, B  OCHOBHOM,
MO3HAKOMHUMCSI ¢ HauOoJsiee MPOCTHIM Pa3[eiIoM MaTeMaTHYe€CKOW JIOTUKU — C
JIOTMKOH BbICKa3bIBaHUil. B 3ToM pasnene Bompoc 00 HCTUHHOCTH WIU
JI0’KHOCTH BBICKA3bIBAHWN PACCMATPUBAECTCA M PEIIACTCA HA OCHOBE M3YYECHUS
cnoco0a IMOCTPOCHMs BBICKA3bIBAHUN W3 TaK HA3bIBAEMBIX 3JIEMEHTAPHBIX C
ITIOMOLIBIO JIOTUYECKUX omnepauuid Wik CBA30K. OCHOBHBIM IIOHSITHEM 3TOTO
paszena JOTUKU €CTECTBEHHO SIBJISIETCS BBICKa3bIBAHUE.



Bricka3piBaHHEM HA3bIBAE€TCS MOBECTBOBATEIBHOE MPEMJIOKEHUE, TPO
KOTOpOE BCera OMNpeeIeHHO MOXKHO CKa3aTh, SIBIsETCS OHO UCTUHHBIM (M)
win oxkHbIM (JI). [IpuMepsl Bbicka3biBaHUMN: «/[BaXkabl ABa 4eThIpe», «3eMils
Bpaiaetrca Bokpyr CosHna», «3>5», «10 — HedeTHOE uncioy, «Ha ynune uaer
noxaby. llooynutenbHbie mnpeaiaoxenus («Kpyrom», «Upute kK J10CKe»),
BornpocutenbHbie («CKONIbKO BpeMeHu?») W BockiularelnbHbie («Ak bapc —
YeMIIMOH!») BBICKA3bIBAaHUSAMHU HE SBISIOTCA.  Jlormueckue omnepanuu Ha
MHO>KECTBE BBICKA3bIBAHUM 3a/IaIOTCSI AKCMOMATUYECKH C TPUMEHEHUEM
Ta0NUI] WMCTUHHOCTH, YyKa3biBaromux 3HadeHue (M wmm JI) pesysnbraTta
omnepanuu Mpy 3aaHUY 3HAYEHU UCXOJHBIX BbICKA3bIBAHUM.

AKcCHOMATHKA oNepanuil HaJ BHICKA3bIBAHUSIMHU.

1) Orpunanue. Jlornueckas omepanusi, COOTBETCTBYIOIIAs JIOTMYECKOU
CBSI3KE «HE» Ha3bIBaeTCs OTpuUllaHueM. B pesynpTare 53Tol omepauuu
MOJy4YaeTCsl BBICKA3bIBAaHUE JIOKHOE, €CJIM UCXOTHOE BBICKA3bIBAHUE UCTUHHO U
MCTUHHOE, €CJIM UCXOMHOE J0KHO. OHa o0o3HayaeTcss A4 Wi —A U yuTaercs
«#e Ay». Hampumep, ecmu A — 5TO BBICKa3bIBAaHHUE «MATEMATHYECKOE
YTBEPKAECHUE TOKA3aHO», TO BBICKA3bIBAHUE «MATEMAaTUYECKOE YTBEPKICHUE
He J0Ka3aHo» o0OosHauyaercs A. COOTBETCTBHE MEXIY BLICKA3bIBAHUAMM
ompenensercs TabiuiiaMy UCTUHHOCTU. B Hamiem ciydyae 3Ta Tabnuiia MMeEeT
BH/I:

A
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IIpumep. A: «AABC ocTpoyroibHbiit.», Torga 4: «HeBepHO, 4yTo AABC
OCTPOYTONbHBIINY WiIn A «AABC TOpsIMOYTrOJbHBIA WJIH TYMOYTOJBHBIN.»
[IpuMep moka3bpIBaET, 4YTO OTPULIAHUE HE 00SA3aTENIbHO COAEPKUT YACTUILY «HEM
B SIBHOM BHUJE, — OTPHUIIAHUE MOYKET COJEPKATHCS U B CMBICIIOBOM OTTEHKE

¢dpa3sbl.

2) KoHblOHKIHS. Onepanysi KOHBIOHKIMM TPUMEHAETCA K JIBYM
BBICKAa3bIBAHUSIM A M B M COOTBETCTBYET COCIMHEHUIO X C MOMOIIBIO COHO3a
«». OHa oOo3Hauaercss A & B win A”B unu A'B (uutaercs: A u B).
Hanpumep, «OH Mol COKypCHUK U ApYyr». KOHBIOHKINS JIByX BBICKa3bIBAHUU
A u B Oyaer WCTUHHOW TOrjJa M TOJIBKO TOTJa, KOrJa HCTUHHBI 00a
BbICKa3biBaHUs. [1o3TOMY TabnMIla MICTUHHOCTH JJ1s1 KOHBIOHKIIMU UMEET BUJT
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[Ipennoxenue «CojHIlE CBETUT W Ha YJIHUIE TEIUIO» MPEACTaBIICT coOOM
KOHBIOHKIIMIO JBYX BbICKazbiBaHui X: «ComHie cBeTuT.» u Y: «Ha ynuie
TETUION.

3) JAm3bronknus. Onepanus AU3BIOHKIMM — HPUMEHSICTCS K JIBYM
BBICKA3bIBaHUAM A U B M COOTBETCTBYET COCAMHEHUIO MX C MOMOIIBIO CO03a
«unm». OHa obo3Hauaercss AvB (uutaercsa: A winu B). Hanpumep, «/lorosop
MO>KET OBITh 3aKJTIOYEH B YCTHOM WJIM MUCbMEHHOU popme». JIU3BIOHKIIUS IBYX
BBICKa3piBaHU A W B OyaeTr 5oHOW TOTIa W TOJBKO TOrjaa, Korjga oba
BBICKA3bIBAHUA JIOKHBIL. [lo3TOMYy TabOnuila MCTUHHOCTH [JIi KOHBIOHKIIUU
MMEET BUJ
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3amMeTuM, 4YTO B OOBIICHHOW pEYU COI03 «HUJIW» YIOTpPeONseTcss B IBYX
CMBICTaX:

1) HepazaenuTENHLHOM, KaK, HAIlpUMeEp, B MpejioxkeHnn « [IpaBo OecruratHOTO
Mpoe3/ia UMEIOT MEHCHUOHEPhl WM BETepaHbl TPyAa» (OUYEBUIHO, YTO €CIIU
YeJIOBEK OJHOBPEMEHHO MEHCUOHEP U BETEpaH TpyJa, TO MPaBOM OECIIIIaTHOTO
Mpoe3/ia OH MOXET TMOJIb30BaThes); 2) pazaenurtesibHoM. Hampumep, Mosonoit
YEeJI0BEK TOBOPHUT JpyTy: «BeuepoM s moiigy Ha AMCKOTEKY WM TMOCHUXKY B
ouonmmoreke». O4eBHIHO, OH Ky/1a-TO HE TTOK/IET.

Ha camom JACJIC 3TO ABa pPa3HbIX CORO3A4. Y APCBHUX PHMJEIH B KadCCTBC
HCPA3ACIUTCIIbBHOI'O «HJIN» HCIIOJIB30BaJIOCh CJI0OBO ((VEl)), a pasaCInTCIbHOIO
CIIOBO «auty». I[I/I3'I>IOHKI_[I/I$I 9TO HCPA3ACIUTCIIbBHOC «HUJIN».

PaccmoTpenHbie Tpu omepariiy Ha3bIBAIOT 0)1e8bIMU.



4) Ummukanusi. Onepanys UMIUTMKAIMA COOTBETCTBYET OOBEAMHEHHIO IBYX
BBICKA3bIBAaHUH C IIOMOIIBIO coro3a «eciiv A , To B». OHa o003Havaerca A—B.
Hanpumep, «Eciau CTyAEHT-KOHTPAKTHUK B TEUEHME 2-X CECCHH MoJydall
TOJIKO OTJIMYHBIE OTMETKH, TO MO €ro XOAaTalCTBY JIEKaHAT MOXET MEPEBECTH
ero Ha O010/KeTHYI0 (popMy o0ydeHus». UMIinkanus 1ByX BbICKa3bIBaHUUM A U
B moxHa TOrma M TOJIBKO TOTJA, KOTJAa BBICKAa3bIBaHHME A WCTHHHO, a B —
JIO)KHO.  BrpIcka3spiBanme A  Ha3pIBaeTCd MNOCBUIKOM HMMIUIMKAIlUM, a
BBICKa3bIBaHUe B — ciaenacrBuem. Tabmuia HCTUHHOCTY UMEET BUJ,
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[IpuBeieM HECKOJIBKO BBIPAXKECHUH, KOTOPBIE CUMTAIOTCS UMEIOIIUMU TOT K€
CMBICII, 4TO U «ecau A , To B» (rne A u B Boicka3biBanus): «A BiedeT By, «A
TOJBKO TOT/a, kKoraa By, «B npu ycinoBuu Ay, «A, Toasko eciau By, «B, eciu
A». Crienyer yTOYHUTb, YTO JOTUYECKUMH ONEPAUSIMHA HUKAK HE YUUTHIBAETCS
CMBICJI BBICKa3bIBAHUM B HUX YYaCTBYIOIIMX. BBICKa3bIBAHUS pACCMATPUBAKOTCS
Kak 00BEKThI, 00JIaal0Ie STUHCTBEHHBIM CBOMCTBOM OBITh MCTUHHBIMU WJTU
noxubiMU. Hanpumep: Ilycte X: «JlyHa chaenaHa u3  3eneHOro ceipa», a vy:
«2+2=5», Toraa corjiacHO TabuIe pa3 X JOXKHO, TO UMIUTUKaus X— Y Oyner
VMCTUHHA , XOT HUKAKOW CBSA3U MO CMBbICHY Mexay X U Y HeT. TOYHO Tak ke,
ecnu Y— 310 «2+2=4», T0 X— Y — HCTUHHO , NPUYEM COBEPIICHHO
HE3aBUCHMO OT TOTO €CTh JIM CBA3b MEXIY «JIyHa COCTOMT U3 3€JIEHOr0 ChIpa»
u «2+2=4y». Takoe yTOUYHEHME CMbICIAa HUMIUIMKAUUU «ecau X, TO Y» He
MIPOTUBOPEUYUT OOBIIEHHOMY cMbIcy. Hampumep oOemanune «Ecim mHe
MoJapsT BEJIOCHUIIEN, TO s J1aM TeOe MOKaTaThCs» BOCIPUHUMAETCS KaK JIOKb
TOJIBKO B TOM CJIy4ae, €CJIM MHE MOJApWIN BEJIOCUIIE, a MIOKATAThCS HAa HEM
HE J1aJl.

5) DkBuBajeHuMs. DKBHBaJeHIMSA o0Oo3Hauyaercs A<«>B (uumraercs: A
SKBUBAJICHTHO B mim A paBHOCWIBbHO B mnm A Toraa v TOJBKO TOT/Aa, KOraa
B). Hanpumep, «YetHoe 4ncCiio AeauTCs Ha 6 TOrJa U TOJIBKO TOTJa, KOTJa OHO
nenutca Ha 3» Wik «CTyAeHT DOMyCKaeTcsi K CECCMM B TOM W TOJIBKO B TOM
clydae, €CiIv OH CHACT BCE 3a4€Thl». JKBUBAJICHIMS JIBYX BBICKa3bIBaHUU A U
B wnctmHHAa TOrma M TOJIBKO TOIJa, KOTJAa MCTHUHHOCTH BBICKa3bIBaHUM
coBIaiarT. [ToaTomy Tabimiia UICTUHHOCTH JIJISI SKBUBAJICHIIMM UMEET BUJ
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OcHoOBHBIE 32aKOHBI JIOTUKH BbICKA3bIBAHMIA.

Crnenyroomue 3aKOHBI SIBIISIOTCS JIOTHYECKHUMU CJIEACTBUSIMU BBEJICHHBIX
OyJneBbIX Omepaluil ¥ JT0Ka3bIBAlOTCA, KaK TEOPEMBbI, C MPUMEHEHHUEM TaOJIHI]
HWCTUHHOCTHU. llepeuncnum 3Tu 3aKOHBI.

1. KommyTatuBHOCTh KOHBIOHKIIMH: AAB=BAA.
2. KommyTtatuBHOCTh 1u3bloHKIMU: AvVB=BV A,
3. AcconaTuBHOCTh KOHBIOHKIUU: AA(BAC)=(AAB)AC.
4. AccollmaTUBHOCTh AU3bIOHKIMU: Av (BvC)=(AvB)vC.

5. JluctpuOyTUBHOCTh KOHBIOHKITUH OTHOCUTEIBLHO JU3BIOHKIIUHN:
AA(BVvC)=(AAB)Vv(AAC).

6. I[I/ICTpI/I6YTI/IBHOCTB JAN3BHOHKIIMU OTHOCUTCJIIbHO KOHBOHKIIHNN:
Av(BAC)=(AvB)A(AVC).

7. 3akoH 1e Moprana OTHOCHTENEHO KOHBIOHKIMHK: (AAB)=Av B.
8. 3akoH 1e Moprana OTHOCHTENBHO Au3boHKIUK: (Av B)=AAB.
9. 3aK0H MorjaomeHus s JU3bIoOHKIMA: Av (AAB) = A.

10. 3akoH noraoIIeHMs 111 KOHBIOHKIIMU: AA(Av B)=A.

11. 3aK0H HOEMIIOTEHTHOCTH UIT KOHBIOHKINA: AAA=A.
12. 3aK0H UIEMIIOTEHTHOCTH JUISI TU3BIOHKIIMU: Av A=A.
13. 3akon npotuBopeuns: AAA="JI".

14. 3aKoH UCKIIIOUEHHS TPEThero: Av A="H".



15. 3aK0oH IBOMHOTO OTPUIIAHHUS: @ =A.
16. AA"JI"="JI", AN"H"=4.
17. AVv'JI"=4, AVv'"U"="1".

PaBeHcTBa B MPUBEAECHHBIX 3aKOHAX 03HAYACT COBIIAJICHUE 3HAYCHUU JIEBOU U
IpaBoOM YacTel paBEHCTBA MPH JIFOOBIX 3HAYEHUSIX BXOJIAIINX B BRIPAKCHUE
BBICKa3bIBAaHUM.

JlokazaTenbCTBO KaKI0T0 3aKOHA MPEACTABISIET COO0M COCTaBICHUE TaOIHIIbI
UCTUHHOCTH, IEpe00p BCEBO3ZMOXKHBIX 3HAUCHHU I BXOIAIINX B 3aKOH
BBICKA3bIBAHUU U CPABHEHUE 3HAYCHUN BBICKA3bIBAHUM JIEBOU U ITPABOM YacCTEn
paBeHcTBa. [IpuBenem nmpuMepsl 10Ka3aTeIbCTB 3aKOHOB 5 U 7.

Jlns nokaszaTenbCTBa 3aKoHa 5, 3a7aIMM BCEBO3MOKHBIC HA0OOPHI 3HAUSCHUM
st MHOKecTB A, B u C (mepBsie Tpu cTONIONA).

BvC | AA(BvC) AAC | (AAB)V(AAC)
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3anomHuM 4-M, 6-i U 7-W CTOJOIBI B COOTBETCTBHU C aKCUOMATHYECKU
3aIaHHBIMU TAONHMIITAMH 3HAYEHWM JJII COOTBETCTBYIOIMX orepanuii. [locie
9TOr0 3amoJHUM 5-H m 8- cToiabupl. MBI BHAWM, 4YTO 3HAUYCHHUSA Ha
COOTBETCTBYIOIIMX CTPOKAX COBMAJalOT. 3aKOH JIOKa3aH.

AHaTOrHYHBIM CIIOCOOOM JIOKA3bIBaeTCA 7-i 3aKOH:

A|B|AAB | AAB|A|B | Av
U nu| " J | JI | JI JI
J || J U |1 \|J n
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CTYI[GHTBI JOJIZKHBI CaMOCTOATCIIBHO JOKAa3aThb OCTAJIbHBIC 3aKOHBI.



ITommyyeHHbIE 3aKOHBI MBI CMOKEM MPUMEHSTH JJIs1 YHPOIIEHUS CIIOXKHBIX
BBICKA3bIBAHUH.

DopMyJibl JOTHKH BBICKA3bIBAHUI

Ilycts A,B,C,....X,¥Y,Z (nmpomnucHbie JAaTUHCKUE OYKBbI)— MEPEMEHHBIC,
KOTOPbIMU MBI OyjZeM o0003Ha4yaTh 3JIEMEHTApHbIE BbICKa3biBaHUs. Takue
MIEPEMEHHBIE HA3bIBAIOTCS BBICKA3BIBATECIIBHBIMU WM MPOMO3UIIMOHHBIMH.
PaccmoTpum: CUMBOJIBI JIOTUYECKUX OIEPALIAN _(f), A, V, —, <> U CKOOKH

JUI YKa3bIBaHUS MOPSIJKA JECUCTBUN.

N3 mnepeducieHHbIX JJIEMEHTOB COCTaBISIIOTCA  QopMyibl. UToObl U3
MOBECTBOBATEIILHOTO MPE/JIOKEHUSI TOTYUYUTh POPMYITY HYKHO

1) BBIICINTH BCE DJIEMEHTApPHBIC BBICKA3bIBAHHMS M JIOTHYECKHE OTICpAIUH,
oOpa3syroiue JaHHOE TIPEeaioKeHHeE,
2) 3aMEHHUTh UX COOTBETCTBYIOIIUMHU OYKBaMU U CHMBOJIAMH,

3) B COOTBETCTBHH CO CMBICIIOM NPEUIOKCHUS PacCTaBUTh CKOOKH,
YCTaHOBUB IOPSAJIOK ACHUCTBUM.

IIpumepsl. 1. Ilpennoxenne «CnaTh 3a4eT MO MAaTEMATHUKE MOXHO, 3Has
OJiecTAIlle TEOPUIO WIIM PEIINB BCE MIPUMEPHI » MOKHO MPEACTaBUTH Tak AVB,
rie A: «Cnarb 3ader MOXHO, 3Has Oisectsmie Teoputo», B: «Cnarb 3auer
MOYHO, PEIIUB BCE TPUMEPHI»

2. Ilpennoxenune «Eciu CyBap unu Taud npowurparor, a @eHUKC BbIMTPAET
TeHJep, TO ANbOATPOC YIPOUUT CBOE TMOJIOKEHHE U MbI MOHECEM YOBITKH
npeAcTaBiIsieT coboil nMmiukaiuioo A—B, rae noceuika A cocTaBieHa U3 TpeX
aNeMEHTapHbIX BbickaszbiBanuii: P: « CyBap mpourpaer», Q: «Taud
npourpaet», R: «DeHHUKC BbIUTpaeT», a 3aKilo4eHue B ecTb KOHBIOHKIUA
BbicKa3piBaHui: D: «Anpbarpoc ympount cBoe monoxenue» u C: «Msr
noHeceM YOBITKM».C TOMOIIBIO BBEICHHBIX CHUMBOJIOB IE€PBOHAYAIBHOE
npenoxxenue 3anuckiBaetcs B Buzae opmyisl: F: (Pv Q) AR) — (DAC).

Ecnu ucTuHHOCTHBIE 3HaueHHWs MpocThix mnepemeHHbix P, Q, R, D, C
cooTBeTCTBEHHO paBHbl U, JI, JI, W, JI, TO MICTUHHOCTHOE 3HAYEHUE CJIOKHOTO
BBICKa3bIBaHUsI F MOXeET ObITh ONPEETICHO MEXaHUYECKH, UCTIONB3YS TaOIUIIbI
WCTUHHOCTH JIOTUYECKHUX OMEpalnii, CISAYIOMMUM 00pa3om

((PV Q) /\R) — (D/\C)

(AT ) AJT) — (M)
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Takum oOpaszom, Ipu 3aJJaHHOM Ha0Ope 3HAYEHUN MPOCTHIX BHICKA3bIBAHUM,
WCMOJIb3Ysl aKCMOMATHUKY JIOTUYECKHX OMEpaldil, Mbl OINpPEICIIIEM 3HAYCHUE
BBICKA3bIBaHUS, MOJY4AEMOTO C MOMOIIBIO JIOTUYECKON (hOPMYJIBL.

Eciu 1aHo cnokHOe BBICKA3bIBAHUE B BUJIE JIOTHUECKOW (hOPMYJIBI, TO YaCTO
OBIBAaET BAXHO 3HATh, JJISI KAKOT0 HaOOpa 3HAYEHUN NEPEMEHHBIX 3TO CJIOKHOE
BBICKA3bIBAHME UCTUHHO, JJIs1 KAKOT'O JIOKHO. Toraa, Kak v Mmpu J0Ka3aTeJibCTBE
3aKOHOB JIOTMKH, TMPUMEHSIIOT TaOJMI[bI MCTUHHOCTH, B KOTOPBIX JaeTcs
nepedop BceX BO3MOKHBIX KOMOMHAIIUNA 3HAaUYCHUM TPOCTHIX BHICKA3bIBAHUM, U3
KOTOPBIX COCTOWT Jiorudeckas ¢(opmysia, U TOJYYEHHE COOTBETCTBYIOIIUX
3HAYEHHU CJI0KHOT'O BBICKA3bIBAHUSI.

IIpumep. JlokaszaTh, 4TO Mpu JHOOBIX 3HAYEHUSAX P U Q crpaBenBa ¢popmyia

(P—>Q) < (PvQ).

P|IQ|P=>Q|p|PvQ|(P>Q < (PvQ)
n i n " Jd| U N
n | Jl JI J| I N
J | 1| U Nl u )4
J | J1 )4 Nl u )4

BI)ICKaBBIBaHI/Ie, HCTHUHHOC IIpHU JIOOBIX 3HAYEHUAX BXOJAIIUX B HEC
IMPOCTBIX BBICKaSBIBaHPIfI, Ha3bIBACTCS TABTOJIOTHEH.

B cmywae, xorma sjorumyeckas ¢opmyiia COAEPXKUT OYyIJIEeBbl OIEpalu,
JI0Ka3aTeNbCTBa TaBTOJIOTHIN WM ympolieHue GopMyi Mpolie MPOBOIUTh, HE
CTPOSI TAOJHUITEI UCTUHHOCTH, a IPUMEHSS T0Ka3aHHbIE HAMH OCHOBHBIC 3aKOHBI
JIOTUKH BBICKA3bIBaHUH.

Ilpumep. JlokasaTs Taprosnoruio P < PA(QvQ).

CornacHo 3akoHy 14 mpaBas 4acTh HKBUBAJICHIIMUW wuMeeT Bujg PA"H",
[IpumensieM BTOPYIO 4acTh 3aKoHa 16, Toraa mpaBas 4acTh mpeBpariaetcs B P .
[TockoJyibKy J1H000€ BBICKAa3bIBAHME PABHOCHIIBHO camMOMy ce0Oe, TaBTOJIOTHS
JIOKa3aHa.
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Ipumep. Yrpoctuts BeickasbiBanue (Av (AAB))v(Av(C A A)).

ITocnenoBaTensHo mpuMeHss 3akoHBl, umeeM: (Av(AAB))V(Av(CAA)= =
(AA(AAB))V((AVC)A(Av A)=(AA(AvB))v(AvC)=
((AAA)V(AAB))V(AVC)=(Av(AAB))v(AvC)=Av(AvC)=(AvA)vC=
="U"vC="H". Takum 00pa3oM, UCXOAHOE BbICKa3bIBAHHE — TABTOJIOT .

IMpumep. Jlokasars, 4yTO CIIpaBEIJINBA dbopmyna
(AAB)V(BAA)=(AVvB)A(AAB).

(AAB)V(BAA)=((AAB)VB)A((AAB)v A)=

=((AvB)A(BVB))A((Av A A(BV A) =

(AVB)A"H"YA(H"A(Bv A) =(AvB)A(Bv A =(AVB)A(AAB), dYto n
TpeOOBaNIOCH JT0KA3aTh.

IlocTpoeHre MPOTUBOIOJI0KHOT0 BHICKA3bIBAHMS

[Tonb3ysick 3akoHaMu ¢ MopraHa, HETPYJTHO ONPENEIUT MPABUIIO0, IO
KOTOPOMY CTPOMUTCS BBICKA3bIBAHUE, IPOTHUBOIIOJI0XKHOE JaHHOMY. [[J1s
MOCTPOEHUS MPOTUBOIIOJI0KHOTO BbICKA3bIBAHUSA, CICIYET 3aIUCaTh
BBICKa3bIBaHUE B BUJIE (DOPMYJIBI, a 3aT€M HaAUYEPKHYTh 3Ty HOpMYITy U
YIIPOCTUTH MOJYYEHHOE BBICKA3bIBAHUE, MOJIB3YSACH JOKA3aHHBIMU 3aKOHAMU
MaTeMaTU4YeCKOM JTOTHUKHU.

OdeHb 4acTo B BHICKA3bIBAHUIX (OCOOCHHO, MATEMATUYECKUX ) IPUCYTCTBYIOT
KBaHTOPHKI o01HOCTH (V') unu cymiectBoBanus (3). [Ipu moctpoeHuun
MPOTUBOMOJI0KHOT'O BBICKA3bIBAHMS TAHHBIE KBAHTOPHI B3aUMHO 3aMEHSIIOT
apyr apyra. [loaToMy npaBuiio NOCTPOEHUS BHICKA3bIBAHUA,
IIPOTUBOIOJIOKHOT'O BBICKA3bIBAHMIO, COJIEPXKAILEMY KBAaHTOPBI, Takoe. B
HCXO/IHOM BBICKAa3bIBAHNH BbIJeJIfETCSI OCHOBHAA (ppa3a, KoTopas
COACPKUTCH B MOCJAEAHeN YacTH BbIcKa3biBaHus. Ilpu mocTpoenun
NPOTHUBONOJI0KHOT0 BHICKA3BIBAHUSI KBAHTOPHI B3aUMHO 3aMEHAIOTCS, a
nocJjeaHsAs ppasa 3aMeHsieTcsl HA POTHBOIOJIOKHYIO.

IMpumepsl. 1. Vcxonnas dpaza: «Kaxaoro genoBeka mocemaeT MbICIb O TOM,
4TO0 JIMOO OH JOJKEH MMOMECTUTh BCE JICHBI'M B 0aHK, JIMOO MPUOOPECTH aKIUU
HEe(DTIHBIX KOMITAHUIN.

3anuuieM ¢ MOMOIIbI0 KBAHTOPOB: « Yy V uenoBeka 3 MbIcib ((V 1eHbIU
MOJIOKUTH B 0aHK) Vv (IpHUOOPECTH aKUKU HEPTIHBIX KoMnaHui))». To, 4To Mbl
MOMECTHJIM B CKOOKY, M €CTh OCHOBHAsl (hpa3a, cojiepxaIiasics B mocjaeaHei
4acTH BbICKa3biBaHUs. Ppasza, NpOTHUBOIOIOKHAS TOM, UTO B CKOOKaxX, B
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dbopmanbHOM 3anucu uMmeeT Bul: ((3 1eHbI'H, HE TTOJIOKEHHBIE B 0aHK) A (HE
npuoOpeTaTh akIMK HEPTAHBIX KoMnaHui)). Onepanus TU3BIOHKIIMN 3aMEHEHa
Ha OTEpalii0 KOHBIOHKIIMY B COOTBETCTBHUH C 3aKOHOM Jie Moprana. 3anuch
BBICKa3bIBaHUS, TPOTUBOIOJI0KHOTO UCXOAHOMY, B KBAHTOpPaX UMEET BUJI: « 3
YeJIoBeK , Y KoToporo V Mbicib ((3 IeHbI'H, HE MOJIOKEHHbBIEC B 0aHK) A (HE
npuoOpeTaTh aKIMU HEPTAHBIX KOMIIAHUMN))».

[Tocne HekoTOpO# IUTEpaTypHO 0OPaOOTKH HaIlle BHICKa3bIBAHUE TPUHUMACT
BUA: «ECTb JIF01, TBEPAO YBEPEHHBIE B TOM, UTO HE BCE ICHBIU CIICIYET
JOBEPATh OAHKAM UM UTO HEJb3s MMOKYIATh aKI[UU HEPTIHBIX KOMIaHUW.

2. AHaJIOTUYHBIM CLIOCOOOM CTPOSITCS BHICKA3bIBAHUS, TPOTUBOIOJIOKHbIE
MaTeMaTH4YeCKUM, TakuM Kak « [ moboro & >0 cymectByer 6 =46(¢) >0
TaKo€, 4TO MpH JI0OOM X, 00J1aJIat0II[EM CBOMCTBOM | X|< O, BBIOJIHSIETCS
HepaBeHCTBO | f (X)[<éen.

3anuileM UCXOIHOE BhICKa3bIBAaHHUE B KBaHTOpax: « Ve >035 =0(g) >0 Takoe,
yTo VX,| X|<3,(| f(X)|<&)». IIpOTUBOIOIOKHOE BBICKA3bIBAHME B KBAHTOPAX
umeeT By « 3¢ >0 Takoe, uto VO >03x,| X< 5 ,(] f(X) [ & )». UuTaeTcs
MIPOTUBOIIOJI0KHOE BBICKA3bIBAHUE TaK: «CYILIECTBYET Takoe & >0, uTo s
J1000TO MOJIOKUTEIHFHOTO 0 MOXHO MOJI00paTh TaKOE X, 4TO |X|<J, v mpu
atoM | F(X)[Ze».

Kcrarn, ncxoaHo€e BRICKa3bIBAHHE — ATO MATEMAaTHIECKOE OMPE/ICIICHUE TOTO
¢akra, yto pynkiusa f(x) umeer B Touke X =0 mpexaen, paBusbIiii 0.

[IpoTHBOMOI0KHOE BHICKA3bIBAHUE — ITO MATEMATHYECKOE OTMpeIeJICHUE TOTO,
yto y pyHkuuu f(x) B Touke X=0 1160 He cymiecTByeT npesaena, 1100 ecTh

npeJiesl, OTJAUYHBIA OT HYJIA.
3aganus

1. Cpenu mnpemsioKeHU BBIACIUTE BBICKA3bIBAHUS U OMNPEIEIUTE HX
UCTUHHOCTHBIC 3HaUeHUs: 1) PwIObI xuBYT B Bojie. 2) OceHb — Xopoliee Bpems
roaa. 3) Kazanp — cronuma CIIIA. 4) Boara Bnagaer B Kacrnuiickoe mMope. 5)
He xoau croma! 6)2+2=4.7)3-5=8.

2. Ilycte A: «Ceromgus O6yny mucath otaet»; B: «Ceromus Oyay OTABIXaThy;
C: «Ha ymume wuper  goxab».  Chopmynupyilte  HOpeaioXKeHUs
COOTBETCTBYIOIIHE (DOpMYyIaM:

1) A”B, 2) C"B,3)~A"B,4) C*"A,5) Av—B,6)—CvA,7) C— BVA,
8) (B«—~C) "A.
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3. CocraBpTe  (OpMYJIBI, COOTBETCTBYIOIIUE ITOBECTBOBATEIbHBIM
IpeIOKEeHUIM, 0003Hauass OyKBaMH dJIeMEHTapHbIC BhICKa3biBaHus: 1) Uner
TOXIb WM KTO-TO HE BBIKIIOUMI aymr;, 2) Ecnu Beuepom Oyaer TymaH, TO s
OCTaHyCh JIOMa WM BBIHYXAEH Oyny B3sTh Takcu;, 3) Ecmu s ycranm wiam
roJIOJIEH, TO He Mory 3aHuMartbcs; 4) Ecnu Poman npocHercss W moilaeT Ha
JIEKIIUI0, TO OH OYAET IOBOJIEH, a €CJIM HE MIPOCHETCSI, TO HE OYyJIeT JOBOJICH; 3)
Xieba yIeneroT ToT/1a U TOJIbKO TOra, KOorjia OyIyT BBIPHITHI UPPUTALIMOHHBIC
KaHaBbl, a €CJIM XJieba He yIEeNelT, TO (hepMepbl 00AHKPOTSTCS U OCTaBAT CBOU

dbepMBl.

4. ChopmynupyiTe CTIOBECHO BbICKa3bIBAaHUS:
1) (Av B) —-C, C—(A”"B), rne A: nero xapkoe; B: nero moxgmusoe; C: s
Moejay B OTIYCK;
2) (A" B) —C, (Av B) — C, rne A: ¢urypa pom0; B: dpurypa npsmMoyroiabHuUK;
C: durypa napanienorpamm;
3) (— AvB) —» —C, C—(Av —B), rne A: ceroans cBeTuT coyHile; B: ceromgus
ceipo; C: s moeny Ha maqy.

5. JlokaxuTe C MOMOIIBIO TaOIUIl MICTUHHOCTH PAaBHOCUIIBHOCTH (hOPMYI:
1)A— (B —C)=(A"B) —C;
2) (A—B) "(A—C)= A—(B"C).

6. B pesynbpTaTe TecTUpOBaHUS OBUTM yCTaHOBIEHBI ciaeayromme Gaktoi():
1) ecniu IBaHOB He yBiieKaeTcst ucropuei, To oo Iletpos , mu6o Cumpopos ero
yBJe4YeHbl, mpuiyemM He CugopoB 1 MIBaHOB 0THOBPEMEHHO;

2) eciiu CuziopoB He yBJIeUeH uctopuei, To IBaHoB yBiieueH eto, [leTpoB HeT;
3) ecniu MIBaHOB uctopuk, To 1 CUAOPOB UCTOPHUK.
BBIICHUTB, KTO COTJIACHO YKa3aHHBIM (haKTaM YBJIEKAETCS UCTOPHUEH.

7. Ilyctb 3HaueHue BbickazbiBaHusd A —B = U, 4To M0OkKHO cKa3aTh 0O
3HAYCHHUU BBICKA3bIBAHUSA
—A "B <A vB?

8. IlpoBepuTs, sIBISETCS U TaHHAS JIOTHYECKas (opMyIia TaBTOJIOTHEH:
1)(AvB) > BVvA;2) AvB —~(—A*—B);3) A — (A v (—BMA)).

9. IlepeBeauTe Kax10€ PacCyJIECHUE B JIOTUYECKYIO CUMBOJIUKY U
YCTaHOBUTE, UMEET JIU MECTO B HEM JIOTHYECKOE CIICJOBAHUE:
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1) Ecnu on npunamnexut k Hameld kommnannu (K), To on xpabp (X) u Ha Hero
MOHO 100KUThes (I1). OH He MpUHAAISKUT Halllel KOMITAaHUHU. 3HAYUT, OH
HE Xpalp WK ke Ha HETO HEJb3sI MOJI0KUTHCS.

2) B 6roxere Bo3HukHeT aedunut (D), ecnu He moBwicaT nonutuHsl (P). Ecim
B Oro/KeTe uMeeTcs e(PUIuT, TO TOCYJapCTBEHHBIC pacXoabl Ha
oOmiecTBeHHBIC HYXIbI cOKpaTATcs (O). 3HaUnT, €CIu TOBBICST MONMIINHBI, TO
rOCyZapCTBEHHBIC pacX0/Ibl HAa OOIIECTBEHHBIC HY kIl HE COKPATSTCS.

3) Ecnu on aBTOp »TOTO cyxa (A), To o rayn (I') unu 6ecnipuniunes (b). On
HE TIyM ¥ HE JIMIIEH MPUHIUIIOB. 3HAYUT, HE OH aBTOP ATOTO CIIyXa.

4) Ecnu Obl OH €¥ He cKa3aJl, OHAa HU 3a YTO HE y3Haja Obl. A HE CIIPOCH OHA
ero, oH Obl 1 He cka3zasl. Ho ona y3nana. 3naunTt: OHa ero crpocuia.

5). Ecii ObI OH He TOIIE] B KHHO, OH HE TOJIy4rJ1 Obl IBOMKH. Eciin Obl OH
MOATOTOBMJI IOMAIITHEE 3aJlaHre, TO OH He TOoIIeN ObI B KUHO. OH MOTyqrIT
IBOMKY. 3HAYNT, OH HE TIOJITOTOBIII JOMAIITHEE 3aaHue.

10. ITpoBepuTh MPaBUIBLHOCTD PACCYKICHUS CPEACTBAMH JIOTUKHU
cyxxnaeHuii: «kEciau Obl OH HE MoIIes B KHHO, OH HE TTOTy4Yny Obl 1BoMkH. Eciu
OBl OH ITOJATOTOBHII JOMAIIIHEE 3aJaHue, TO OH He molen Obl B KuHo. OH
MOJYyYHI ABOMKY. 3HAYUT, OH HE OATOTOBUJI JJOMAIITHEE 3aJJaHHUE.

19. [Tonp3ysich MPaBUIOM MOCTPOEHUS IPOTHUBOIOJIOKHOTO BHICKA3bIBAHNUA,
3aMucaTh yTBEPKIACHUS, MPOTHUBOMOIOXKHBIC CIIEIYIOIIM:

1) Ha mro60M kypce kaxaoro dgakyiastera KI'Y ecTh CTyACHTSHI, cAArOIINe
BCE DK3aMEHBI Ha «OTJIMYHOY.

2) Kaxnpiit crynent gunocodekoro pakynsreta KI'Y umeer apyra,
KOTOPBII yMeeT peuiaTh Bce JJIOTUYECKUE 3a/1auH.

3) B n1r060M camonere Ha peiice BammHrToH-MOCKBa IPUCYTCTBYET XOTS
OBl OJIMH COTPYIHUK CUJIOBBIX OPTAHOB, B KAKJOM IMyTOBUIIEC OJICKIbI
KOTOPOTO BMOHTUPOBAH MHKPO(DOH.
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JIeMEeHThI TCOPHUU MHOKECTB

[lonsiTiE MHOKeCcTBa WM COBOKYNHOCTHM NPHUHAJICKUT K UUCITY
IOPOCTEHIINX MaTeMaTUYECKUX NOHATUNA. OHO HE UMEET TOUYHOTO ONPEEIICHNUS.
JItob0oe MHOXKECTBO 3aJaeTCsi CBOMMH 3JIeMEeHTaMmH. llpumepamu sBISAIOTCS
MHOECTBO KHUT B OMOJIMOTEKE UM MHOKECTBO CTYJIEHTOB, IPUCYTCTBYIOIINX
Ha 3aHATUU. OOBIYHO MHOKECTBO O0O03HAyarOT 3arylaBHbIMU JIATUHCKUMHU
OykBamu (A), a ero 3J1eMeHThl CTPOYHBIMU JIATUHCKUMU OykBamu (@). To, 4To
AJIEMEHT TPUHAJIEKUT MHOXKECTBY, o00Oo03HauaroT Tak: deA. Eciu a He
npuHaIIEKUT A, TO 3TOT akT 0003HAYAIOT TaK: ag A.

YtoOBI 3a1aTh MHOXKECTBO, CJICAYET WIIM NMEPEUUCIUTh €r0 AJIEMEHTHI, WIN
yKa3aTh XapaKTEPUCTHUUYECKOE CBOMCTBO €ro 3JIEMEHTOB, TO €CTh TaKoe
CBOMCTBO, KOTOPBIM 00J1a1al0T BCE JIEMEHTHI MHOXKECTBA U TOJIBKO OHHU.
Ipumepsl. 1. MHOXECTBO HATypalbHBIX YUCeN MOXHO 3anath Tak: N={1, 2,
3,...,n, n+1,...}. V3 3anucu cienyer, 4To BCE HATypalibHbIC UMCIia, HAUUHAS C
JBOWKH, TTOJTYYarOTCS TPUOABICHUEM E€IUHHMIIBI K IPEABITYIIIEMY YUCTY.

2. MHOeCTBO IICNIBIX YHCeNl MOXKHO 3amaTh Tak: Z={0, 1 -1, 2, -2,...,n, —

n,...}.

3. MHOXECTBO pallMOHAIBHBIX YUCET MOKHO 3aJ1aTh TaK:

Q :{Ep | peZ,qe N }. BepTukanbHas uepta BHyTpU QUTYPHOH CKOOKH

03HAYaeT, YTO JIajiee UJIET OMMCAHNE XapaKTEPUCTHICCKUX CBOWCTB BBEICHHBIX
0003HAYECHUIA.

JIBa MHO>KECTBa paBHbI TOT/Ia W TOJILKO TOTAA, KOT/Ja COCTOST U3 OJHUX U
T€X K€ »dJeMeHTOB. Ecim Bce »iemMeHThl MHOXecTBa A cojepkarcsi B
MHOecTBe B, To roBopst, uto A sBJsS€TCS MOAMHOXKECTBOM MHOXecTBa B u
o6o3nauarT AcB.

B pamkax paccmMarpuBaeMOM MAaTeMAaTHYE€CKOM TEOPUM BBOJAAT JIBa
HCKJTIOUMTENIbHBIX MHOXECTBA: IYCTO€ MHOXECTBO (), HE cojepiKaiiee
AJIEMEHTOB, M YHUBEPCAIIbHOE MHOXKECTBO WM «yHUBepcym» (U), comepixkariee
BCE DJIEMEHTHI JaHHOU TECOPUH.
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AKcHOMAaTHKA onepanuii Hal MHOKECTBAMM.
OCHOBHBIMH OTICPALIASIMH HAJ] MHOYKECTBAMU SIBIISIOTCS CIICTYIOIIHE.

1. Jomoanenue. /[ns mo0oro mHokectBa AcU ompenenuM J0ONOJHEHUE
A’ ={beU |bg A}.

HampuMmep, B MHOKECTBE BEIIIECTBEHHBIX YHCEN JOTOJHEHNEM K MHOKECTBY Q
SIBJIICTCSI MHOYKECTBO BCEX HPPAIIMOHAIBHBIX YHCEIL.

2. O0benunenue. Jlms moObIXx aByX MHOXecTB ABcU  ompeagenum
oobequnenne AUB={ceU|(ce A)v(ceB)}.
Hanpumep, o0benunenuem orpeskos [1,3] u [2,7] saBusieTcs oTpesok [1,7].

2. Ilepeceuenmne. Jns mro0bix  nByx MHOXkecTB A BcU  ompenenum
nepeceyeHue ANB={ceU |(ce A)A(ceB)}.

Hanpumep, nepeceuennem orpe3kos [1,3] u [2,7] aBasgercs oTpe3ok [2,3].

Jns wmocTpauuu  ONepalMid HaJ MHOXKECTBAMM BBOJST JUArPaMMBbI
Oilniepa-BenHa — kpyru, o0o3HaudaroMe MHOXKECTBAa. Tak, BBEJACHHbIE HaMU
onepalnny WITIOCTPUPYIOTCS CIEAYIOINUM 00pa3oM.

AnNnB AUB

[ToquepkHem, dYTO gaMarpamMmbl Oiiiepa-BeHHa HE MOrYT  CIIyXKHWTh
J0Ka3aTesIbCTBaMU PaBEHCTBA MHOYKECTB.

KpOMe BBCACHHLIX HaMHM TPCX onepaum‘/'l HaJl MHOXCCTBAMH CYIICCTBYIOT
caic ornepanunu, KOTOPbIC MOI'yT OBITH NpeaACTAaBJICHBI KaK KOM6I/IHaI_II/I$I
HpOCTCﬁIHI/IX OHepaHHﬁ. BBG,ZICM onepanvio BbIMMTAHUA MHOXCCTB!:
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A\B={ceU |(ce A)A(ceB}. Ha mmarpamme Oiinepa-Benna pe3ynbrar
BBIYUTAHUS BBITJISITUT TaK:

A\B B°= U\B

JoxkaxeMm, uto A\B=ANB°. Jlns noka3zarenbcTBa paBEHCTBA JABYX MHOXKECTB
clemyeT yOeauThCs B TOM, 4YTO BCE DJIEMEHTHl TIEPBOTO MHOXKECTBa
MIPUHAJIC)KAT BTOPOMY M BCE DJIEMEHTBI BTOPOTO MHOJKECTBAa IMPUHAJJICKAT
MIEPBOMY.

a) Ilycte X, € A\B. 13 onpeneneHus cienyer, 4TO CIPaBEUIMBO BbICKA3bIBAHNE
(X, € A)A(X, ¢ B). 13 onpenenenuns 1OMONHEHUsI K MHOXKECTBY B cienyer, 4ro
(X, € AN (X, €B°). Tenepp u3 onpeneneHus NEPeCEYEHUs] MHOKECTB CIEAYET,
4ro X, € ANB°. To ectb, 110001 31meMeHT n3 MHOKecTBa A\B mpunHamiexur
MHOXeCTBY ANB®.

0) Ilycts X, € AnB°. 13 onpenenenus nepece4eHuss MHOXKECTB CIEAYET, 4TO
(X, e AA(X,€B%). U3 omnpeneneHus AONOIHEHUS MHOXECTBA IOIYYUM
(X, € A)A(X,¢B). B coorBercTBUM ¢ ONpPENEICHUEM PAa3HOCTU MHOXKECTB
X, € A\B. CrnenoarenbHo, 000 3JIEMEHT U3 MHOXecTBa  ANB°
MIPUHAUIE)KAT MHOXKECTBY A\B.

I[OKaBaTeJIBCTBO PAaBCHCTBA ABYX MHOKCCTB 3dKOHYCHO.

Hepr,Z[HO 3aMCTUTDb, YTO IIPHU AOKA3aTCILCTBE, CBA3aHHOM C MHOKCCTBAMH,
60J'IBHIYIO POJIb HUI'PAlOT BBICKA3BIBAHH:A, IMPUCYTCTBYIOHNIHMC B OIIPCACIICHUU
BBICKA3bIBaAHMA. HOCKOJIBKy O9TH BBICKA3bIBAHHUA COACPIKAT JIOTHYICCKHUC
orcpannu, CCTCCTBCHHO IIPCAIIOJIOKUTb, 4YTO 3aKOHBbI, CIIPABCOJIMBBLIC [JIA

17



JIOTUYECKUX oOleparuid, MOryT OBbITh IIEpEHECeHbl Ha MHOXECTBa. OTO,
JNICUCTBUTEIILHO, TaK.

OcCHOBHBIE 3aKOHBI TCOPHUH MHOKECTB

Cnenyromuye 3aKOHBI SBJSIFOTCS CJIEACTBUEM COOTBETCTBYIOIIMX 3aKOHOB
JIOTMKHU BbICKa3bIBaHUM. [lepeuncinum 3T 3aKOHBI.

1. KommyTtatuBHOCTh niepeceueHus: ANB=BNA.
2. KommyTtaruBHOCTh 00BeuHeHus:: AUB=BUA.
3. AccounatuBHocTb nepeceuenusi: AN(BNC)=(AnB)NC.

4. AccommmatuBHOCTh 00beuHeHHA: AU(BUC)=(AUB)UC.

5. JluctpuOyTUBHOCTH MIEPECEUEHUS OTHOCUTEIHLHO OOBEIUHEHUS:
AN(BuUC)=(ANB)U(ANC).

6. IuctpuOyTUBHOCTh OObETMHEHUS OTHOCUTEIIBHO MEPECCUCHUS:
AU(BNC)=(AuB)n(ALC).

7. 3akoH ae Moprana oTHocuTensHO niepeceueHus: (ANB)® = A° UB®.
8. 3akoH nme Moprana oTHOcUTeNbHO 00benuHeHUS: (AU B)® = A°NB°.
9. 3akon norjomenus 111 oobeaunenus: AU(ANB) =A.

10. 3akoH noriomieHus A1 nepecedenusi: AN(AUB)=A.

11. 3aKkOH HAEMIIOTEHTHOCTH s TIepeceueHns: ANA=A.
12. 3aK0OH UOEMIIOTEHTHOCTH 1 00bequHenus: AUA=A.
13. 3akon mpotuBopeuns: ANA =,

14. 3akon uckmoueHus Tperbero: AUA® =U .

15. 3akon aBoitHOTO OTpHIIaHus: (A°)° =A.

16. And=2, AnU =A.

17. Avd=A, AuU=U.
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I[J'ISI A0Ka3aTCJIbCTBA PABCHCTB, IIPUCYTCTBYIOIIHUX B 3aKOHAX, CJICAYCT
ITI0Ka3aTb, 4YTO MHOKCCTBA, CTOAIIIUC 110 00e CTOPOHBI 3HAKA PaBCHCTBA, COCTOAT
N3 OAHUX U TCX KE IJIICMCHTOB.

[IpuBeneM npuMep A0Ka3aTeJabCTBA 3aK0HA 6.

a) ITycte X, € AU(BNC) > (X, e A Vv (X (BNC))—
(%, € A) Vv ((X €B)A (X, €C)). Bce ucnonp3oBaHHbIC HAMH UMILTUKALUH

OCHOBBIBAIOTCS Ha ONPEACICHUAX. Ternepy NPUMEHUM K MIOCIECTHEMY
BBICKA3bIBAHUIO LIECTOW 3aKOH JIOTUKU BbICKa3bIBaHUU. [lomyunum
Xy € AU(BNC) = ((%, € A) v (X €B)) A((X € A) v (X, €C)). B coorBercTBUM €

OTIpEICIICHUSMH TIEPECCUCHUS U 00BETMHCHHSI MHOKECTB UMEEM
X, € AU(BNC) — (X, € (AUB)) A (X, € (AUC)) > X, e ((AUB)N(AUC)) . Takum
o0pazom,

X, € AU(BNC) = X, e ((AuB)N(AUC)).

0) Ilycte X, €((AUB)N(AUC)) = (X, € A) Vv (X €B))A((X €A V(X €C)), uTo
CIeyeT U3 OMNpENCNICHUN mepecedeHuss U o0beauHeHus. Temeps corjiacHoO

HIECTOMY 3aKOHY JIOTUKH BBICKa3bIBaHUI X, € ((AUB)N(ALCQC))
—> (X% €A V(X% eB)A(X,€C)), m cHOBa U3 ompenencHul OObEIUHEHUS
MHOKECTB 151 repeceyeHus MHOKECTB X, € ((AUB)N(ALCQC))
— X% €((AuB)N(AULCQ)).

I[OKa?;aTGJ'H:CTBO 3aKOHYCHO.

CTy,HeHTBI HOJDKHBI CaMOCTOATCIIbHO JOKAa3aTb BCC PaBCHCTBA, IIPUBCACHHLIC
B 3dKOHAaX TCOPHUHN MHOXKCCTB, OCHOBBIBAACh Ha COOTBCTCTBYIOIINX PABCHCTBAX
B 3aKOHax JIOTHUKH BBICKaBBIBaHHﬁ, nu Y6€I[I/ITI>C$I B TOM, 4YTO TaAKHC PA3HbIC
pasaciibl MaTCMATUKHW, KaK MAaTeMaTH4YCCKas JIOTMKa WM TCEOpPHUA MHOXKCECTB,
MOI'YyT UMCTb CXOOHLIC CBOMCTBA C TOUKH 3pCHUS I[CP'ICTBYIOHIHX TaM 3aKOHOB.

I/ICHOJ'II)?;YSI 3dKOHbI TCOPHHM MHOXCCTB, JICI'KO YIIpOIOATh IIPCACTABJICHHUC
MHOXKECTB, 3aJaHHbIX C IIOMOIIBIO ITIOCIACA0OBATCIIbBHOCTH OHCpaHHﬁ.

Hpumep.

A\(A\B)=AN(ANB®)*=An(A°UB)=(ANA)U(ANB)=JU(ANB) =
=ANB.
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3aganusa

1. IIpoutuTe 3aMUCU U MEPEUUCTUTE FIEMEHTBI KaXKIOT0 U3 MHOXKECTB:
A={X|xeN,x<5};D={x|xeZ -5<x<2};E={x|xeZ, -3<x<2}.

2. YCTaHOBUTE, KaKo€ W3 MOAMHOXKECTB A win B sBisieTcs moaMHOXKECTBOM
JIpyroro MHoXkecTBa, ecnu: 1) A={1; 2; 3; ... 10}, B={2; 4; 6 ;8}; 2) A={2; 4; 6;
8; 10}, B - MHOXeECTBO yucen MEPBOTro JeciTKa; 3) A — MHOXKECTBO UETHBIX
OJIHO3HAYHBIX YHuCes, B - MHOXECTBO OJIHO3HAYHBIX YHUCEN, KpaTHbIX 4; 4) A-
MHO>KE€CTBO JIBy3HAUHBIX HATypaJdbHbIX YHCEl, B - MHOXECTBO YETHBIX
naBy3HauHbIX yncen; 5)A=N, D=No; 6) A=N, B=Z; 7) A=R, B=Z.

3. 3amanbel wmHOXkecTBa: A={3,5,7,a,c}; B={ap,c,3,5,6,7}; C={a3,c,7}.
Pacnonoxkutre wux Tak, 4YTOOBI KaXJ0€ M3 HHUX OBLUIO MOAMHOKECTBOM
CJIEAYIOLIETO 32 HUM.

4. Ilyctb A — MHOXECTBO BCEX HATypaJbHBIX JenuTene uucna 18; B —
MHOECTBO BCEX HATypaslbHbIX Jenutenieid uucna 24. Haiitu: 1) MHOXeCTBO
obmux aeautTenen yncen 18 u 24; 2) camblii 00IBIITON OO TCITUTEb.

5. Haiinute mnepeceduenne M 0oObEIMHEHHE MHOXKECTBAa A pazIM4HBIX OYKB,
BXOJISIIIMX B CIIOBO “‘Tiefaroruka’’, ¥ MHOKeCTBa B pa3nuuHbix OyKB, BXOISAIINX
B CIIOBO ‘“MaremMaTuKa’.

6. Ilycts nansl MHOXecTBa A, B, C. Halinute ANB, AnC, BNC, AUB, AuC, BU

C, ecin:

1) A={2; 3; 8; 9}, B={16; 18; 20}, C=N; 2) A=N, B={-2; -1, 0; 1, 2}, C={3; 5;
7}

3) A={3; 4; 5; ...}, B=N, C={-1; 0; 1; 2}; 4) A={21; 22; ...; 26}, B={3; 5},
C=N.

7. 3amanel MHOXecTBa A={1,2,3,5,a,c}, B={1,2,3,p,a}, C={5,c}. Kakne wu3
npuBeAeHHBIX cooTHomeHuit: 1) B A,2) CcA, 3) A\B=C, 4) AnB=C, 5) An
C=C BepHbI?

8. Haiitu nepecedenne u oobenuuenne MmHoxects:1) [3; 4] u [2; 6];2) (-1;3) u
(-4; 2; 3) (-2; 111 [-2; 0); 4) (- 3) m (-1; =); 5) A=[-2; 3], B=(1; 5]; 6) A=[-1;

4], B=[1; 2); 7) A=(-; 2), B=[-3; »). (Yka3anme. [1i1 peiieHus UCIOIb30BATh
YUCJIOBYIO MPSAMYIO).

9. [Mano: A={1; 2; 3}, B={2; 4}, C=[2; 8]. Haiigute pe3yapTaT CIICIYIOIINX
OIEpaLi:

1) An(BUC); 2)Au(BNC); 3)(AUB)NC; 4)(ANC)U(ANB).

10. Haitaure pe3yabTaThl Oonepanuii Ijs KaKa10i Tpoiiku MHOKecTB A, B, C:

1) Au(BNC); 2) (AnB)NC; 3) An(BUC); 4) (ANB)UC, ecnu

a) A=(0;2], B=[-1; 3], C=(-3; 6); 6) A=(-3; 6), B=[0; 4), C=[2; 7].
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11. Haiitu pasnoctu A\B u B\A MuHokectB A u B, ecim: 1) A={1; 2; 3; ...;

10}, B={5; 6; ...; 12}; 2) A — MHOKECTBO HATypaJlbHBIX AcauTeNel yncia 18; B
— MHOXECTBO HATypaJbHBIX JenuTenied uyuciaa 24; 3) A — MHOXKECTBO
NPaBUJIBHBIX MHOTOYTOJIBHUKOB, B — MHOXECTBO NpPSIMOYTOJbHUKOB; 4)

A={X|XER, 2<x<6}, B={ X|x€R, 3<x<7}; 5) A={X|XER, 1<x<4}, B={x|X€ER,
2<x<8},; 6) A={X|xeR, 0<x<2}, B={ x|x€R, 1<x<3}.

12.  na muoxectB A, B, C o6mero nomoxenus (t.e. ANBNC#Y) Ha
auarpaMmme Disepa n300pa3uTh MHOKECTBA

1) (AUC)\B; 2) (A\C)UB; 3) (ANB)\C; 4) (AUB)NC.

DYyHKIUY OJHOU IepeMEeHHOI

Cnoco0b1 3agannst GyHKIMM

Onpeodenenue 1. Ecnn xaxmaoMmy sjaeMeHTy HekoToporo MHoxkectBa X < R
CTABUTCS B COOTBETCTBHE 3JIEMEHT MHOXecTBa Y C R, TOBOpAT, 4TO Ha MHOKECTBE

X samana gynxius Yy = f (X), sgecs f ompenmenser 3akoH, ¢ MOMOIIBIO KOTOPOTO

OCYIECTBIISIETCS] 3TO COOTBETCTBHE.
Onpedenenue 2. MuoxkectBo X Ha3bIBACTCH 001ACMbIO CYUECNEOBANUSL
(GyHKIMH, WU 001aCThIO €€ ONPEICIICHHUS.
Onpeodenenue 3. MuoxecTBo Y HasbIBaeTCs 061acmbio 3Hayenuii GyHKIHH.

Ilpumepsl. 1. [okasarensuas Gynkuus Y =2, XeR.
2. Jlorapudmuueckas Gpynkuus Y =109, X, X>0.
3. CrenenHas Gyakmus Y =X, XeR.

OyHKIMSA MOXKET ObITh 33/1aHa B BUJI€ TaONUILl win rpaduka, 100 dhopmyion
(amanutuueckoe 3amgaHue). B kauecTBe mpumepa npuBeneHa  QyHKUUSA,

. 2
aHAIMTHYECKOE 3ajaHue Kotopor Y =X°, a tTabnuyHoe u rpaduyueckoe ee 3aJaHus
MIPUBE/ICHBI HIKE.

X

1

1.5

2

2.5

3

4

6

y

1

2.25

4

6.25

9

16

36
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35

30

25
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1 2 3 4 5 6

AHanuTHYeCKd (QYHKIIMIO MOXKHO 3aJaTh B SBHOM BHAE Y= f (X) (a6H0€

3adanue @ynxyuu), Koraa u3 GopMyJbl CIEeIyeT, YTO MepeMeHHast Y 3aBUCHUT OT X,

TO €CTh sBJsieTCS (PYHKIMEH apryMeHTa X.

MoxHO 3a1aTh €€ HesA8HO F(X,Y)ZO, Korja Jiro0asi U3 MEePEMEHHBIX MOXKET
CUMTAThCS HE3aBUCHUMOM, TOT/A Jpyrasi nepemMeHHas siBisiercs QyHkuueit. [Ipumep
HesBHOTO 3amanus Qynkimmu X2 +Yy?=9. HerpymHo 3aMeTuth, 4To 3Ta (GopMyia

3ajaer GaKTHUeCKH JBe HenpepbiBHble hyHkimn Y =v9—X?, X [-3,3],

A

-3 3

u Y=—9-x%, xe[-3,3]. I'pauk mnepBoil (YHKUUK NPEICTABISICT BEPXHIOK
MOJTYOKPYKHOCTh, TpauK BTOpPOM — HUXKHIOIO €€ vacTh. Ecnu He TpeboBaTh
HENPEPBIBHOCTH, TO M3 COOTHOLICHUS X2 +y2 =9 MOXHO TOJy4UTh OECUNUCIICHHOE
MHOYECTBO (DYHKIINH, 3a1aHHBIX Ha oTpe3ke [-3,3].

-ﬂ_,—l———\-
Y A P
SN
Xx=op(t
KpOMe TOI'0, BOBMOXKHO ndpamempudecKoe 3a0anue d)VHKZ/luM y (t) , KOrjga
=y

BBOJUTCS  JOIIOJIHUTENIBHBIN  MapaMerp te [to 1] IIpumepom  sBisieTcA
MapaMeTPUYECKOE  ypaBHEHUME TOW K€, YTO W  BBIINIE  OKPYXHOCTH
X =3c0st

y=3sint ,t€[0,27) B nesiBHOM Buze 3ammcaHHOE Kak X+ Y2 =9.
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(I)yHKIII/II/I Ha MHORECTBC HATYpPaAJbHBbIX YHCECJI B KOMﬁI/IHaTOpI/IKe

B mkoibHOM Kypce u3ydaercs MHOTO (DYHKIIMM, 3aJJaBaeMbIX Ha BEIIECTBEHHOU
OCH WKW ee TMoAMHOXecTBax. [logMHOXKecTBa OTU SBJISIOTCS  OTPE3KaMH,
MHTEpBaJIaMH, MOJyUHTEpBajIaMy,..... B HacTosmmeM naparpade Mbl ONpeAesIuM Te
(GyHKIMH, KOTOPhIE MOKHO paccMaTpHUBaTh TOJILKO Ha MHOXKecTBe N, U Haiiem ux
MPUJIOKEHUS B KOMOMHATOPUKeE — Pa3Jie]ie MAaTEeMAaTUKH, MOCBSIIICHHOM PEIICHUIO
3a/1a4y BbIOOpA U PACIIOIOKEHUS DIIEMEHTOB KOHEUHBIX MHOKECTB.

OcHoBO# A7 BceX TaKuX (QYHKIUH MOXKHO CUMTATh (PAKTOPHAIL:
N1=1x2x3x...xN,

1. TlonpoOyem pemuTh Takyro 3aa4y: CKOJIbKUMH CIIOCOOaMHU MOKHO paccaJuTh Ha
N MPOHYMEPOBAHHBIX CTYyJbsIX N rocrer? Ha mepBbI CTyJl MOYKHO IOCAaIUTH
a000ro U3 N rocteil. BeiOpaB 0gHOr0 M3 HHUX, HA BTOPOW CTYJ MOYKHO yCaJHTh
y’Ke 0JIHOTO M3 ocTtaBmuxcs (N — 1) mperenaeHToB. BeiOpaB u aT0oro0, Ha TpeTui
CTyN BbIOMpaeM oaHoro u3 (N — 2) rocreit... . Ha mocieanuit ¢ty nmpeTeHIeHT
Oyzaer ToiabKO OAMH. TakuMm oOpa3oMm, €ciii JIBUraThCsl OT KOHIIA IpOLEcca, Mbl
noiayanM 1x2x3x...xN=n! papuanTos.

B3auMHO 0JJHO3HaYHOE OTOOpPaKEHUE KOHEYHOI'O YIOPSAJOUYEHHOTO MHOKECTBA HA
ce0s  Ha3pIBaeTcd  NMOJACTAHOBKOM  3JEMEHTOB  MHOXecTBa.  Kaxknas
IIOCJIEOBATEIBHOCTD DJIEMEHTOB KOHEYHOIO MHOXKECTBA C Y4YETOM MOpsaKa
Ha3bIBACTCSl MEPECTAHOBKOM 3THUX 3JEMEHTOB U oOo3Hauaercs P,. IlepectaHoBku

HE MEHSIOT 3JEMEHTOB MHOXECTBA WJIM HMX KOJIMYECTBA, OHU MEHSIOT NOPSIOK
3JIEMEHTOB. TakuM 00pa3oM, YHCIIO BCEBO3MOXHBIX IEPECTAHOBOK B MHOXKECTBE M3
n snementoB B,=nl.

2. llpencraBum Temeph, 4YTO, Kak B TpeAblAylied 3amade, y Hac N
IIPOHYMEPOBAHHBIX CTYJIBEB, HO MBI pacCa)kMBaeM Ha HHUX M MPETEHIEHTOB,
npuyeM M > n. KoHE4YHO, BCeX YCaaUTh Mbl HE CMOXKEM, HO XOTUM BBIICHUTD,
CKOJIBKO HMMEETCS BAapUMaHTOB paccaxkuBaHus. Paccyxknas Tak XKe, Kak B
NpeApIIyNIEN 3a1ade, BUAUM, 4TO HA 1-U CTyn uMeeTcs M MPETEeHAEHTOB, Ha
BTopoit (M —1), HaTpetur (M -—2),...., Ha N-U cTynocraercs (M—n+
1) nperennent. Utak, 4ucio BApuaHTOB PaBHO

m!
(m-n+)x(Mm-n+2)x..x(M-D)xm=—-"—.
(m-n)!
Jroboit  ymopsimodeHHBIE HAO0Op N pa3IUYHBIX DJIEMEHTOB MHOXKECTBA,
COCTOSIIIETO U3 M 3JIEMEHTOB, HA3bIBACTCS Pa3MelleHreM U3 M 1o N, YUCIIO TaKUuX
pasMeniennii obo3navaercs A,". Takum oOpazom,
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m!

A“nz(m—n)!'

3. PaccmoTpuM Tenepbh HECKOJIBKO APYTYIO 3ajady, TJIe Mbl «pa3fgacm» HE CHUISTUHe
MecCTa Ha MPOHYMEPOBAHHBIX CTYJbAX (KaK U3BECTHO, YEIOBEK HE MOXET CUCTh
OJIHOBPEMEHHO 0OoJiee, YeM Ha OJHOM CTYJI€), a, HampuMmep, N PapUTETHBIX KHUT
rpynmne CTpacTHbIX  OMOIMOGUIOB, cocTosimed U3 M 4yenoBek.  CKOJBKO
BApUAHTOB pa3layd N KHUT M mpereHaeHTam? Ha mepByro kKHUTY y Hac M

OpEeTCHACHTOB, HA BTOPYIO — TOXKEC M INIPETCHACHTOB, M TakK JalJice.
CJ'ICI[OB&TCJILHO, MBI uMeeM M" BapHaHTOB pPACIIpPCACICHUA KHHUIT MCKOY
NMpETCHACHTAMU.

JIro0oi ymopsijoueHHbIA HAOOpP N HJIEMEHTOB MHOXKECTBA, COCTOSIIIETO U3 M
3JICMEHTOB, HA3bIBACTCS Pa3MellleHHeM ¢ MOBTOPEeHHeM 13 M 1o N ¥ paBen M".

4. BepHeMmcsi KO BTOpOHM 3ajaue, e Mbl pacCakKhBajld M 4YEJIOBEK Ha N CTYJNbSX,
TOJIBKO TEIEphb Y HAC CTYJbsl HE IPOHYMEPOBAHBI, HE OTIUYAIOTCS IPYT OT JApyTa,
U Hac HE UHTEPECYeT, I/le KTO CUJIUT, & HHTEPECYET, CUAUT YEIIOBEK WM CTOMT.
3HAYUT, YHUCIIO BAPUAHTOB pPACCA)KMBAHUS COBMAJAET C YHMCIOM BapUAHTOB
oTOopa U3 M rocrei rpynibl CYACTIMBYMKOB, COCTOSILEH U3 N YEIOBEK, KOTOPbIE
CMOTYT CECTh Ha CTyJbs. PemieHue 3ToM 3aJauM MOKHO CBSI3aTh C pELICHUEM
3anaum 2. [IpencraBum, 4TO Mbl pelIin Obl 3a7a4y 2 TaKUM 00pa3oM: OTOupan
OBbI TPYIIIBI IO N YENIOBEK, a 3aTeM JieTany Obl BHYTPH TPYIIBI OTOOPAHHBIX AJIS
CUJCHUS N YeJIOBEK BCEBO3MOYKHBIE NEPECTAHOBKHU, YTOOBI yUECTh BCE BAPUAHTHI
paccakMBaHUsl Ha POHYMEPOBAHHBIX CTYJbAX. MBI TOJDKHBI ObUTHA ObI TIOTYYHUTh
TOT ke pe3ynpTaT: A,". ClenoBarenbHO, KOJMYECTBO BAPHAHTOB BEIOOpA TPYII

o N 4YeJoBEeK M3 M denoBeK paBHO A", NeJICHHOE Ha YMCJIO MEPECTAHOBOK B
rpyIie u3 N 4ejaoBeK, To ecTh Ha Nl.

JIto60€ MOMHOKECTBO M3 N AJIEMEHTOB MHOKECTBA, COCTOSIIIETO U3 M JIEMEHTOB,
Ha3bIBACTCS COYeTAHHEM M3 M MO N, W YHUCIO coueTaHuii obo3nauaercs C.". B

n
COOTBETCTBUU C PACCYXACHUSAMH TpW pemieHud 3amaun, C."= Ar:" 1583071
n_ml
™ nli(m-n)!

DyHKUMS, HENPEPbIBHAA B TOYKE

[Tycte dynkuus y= f(x) 3amana Ha MHOkecTBe X CR m aeX. Ecim
)I(m f(X)=f(a), To roopsr, uyro sra QpyHKIMA HEnpepbIBHA B Touke &. ITo-

Apyromy MOXHO 3aIlmcaTb CBOMCTBO HCIIPCPBIBHOCTU Tak:
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)I(i_rg f(x)= f()l(i_rg X). CBOHCTBO HeENpephIBHOCTU (GYHKLIUH IEpenaeTcs
Cynepno3unuu 3Tux (QyHKumii: ecnmu Y= f(X) HempephlBHa B TOYke a, a
¢bynkuust z=g(y) HempepeiBHA B Touke b=1f(a), TO QyHKUUS
z=h(x)=9g(f (X)) HenpepbIBHA B TOUYKE a.

@yHKIMA, HENpPEphIBHAS B KaXJOM TOYKE MHOXecTBa X , Ha3bIBACTCSH
HEMpPEPhIBHOW Ha MHOkecTBe X . ['padux HenpepsiBHON (yHKIUU

NpeACTaBiIsieT cOO0M HENMpEephIBHYIO KpUBYIO. Bce M3BECTHBIE M3 IIKOJIHHOTO
MaTEMaTUYeCKOro Kypca (DyHKIIMU HEIPEPHIBHBI B 00JIACTAX, TJI€ OHU 3aJaHbI:

MHorouiensl, €°, INX mpu X>0, sinX, COSX, tgX mpu X¢%+7zk, keZ, ctgx
npu X=7K, keZ.
y 1, x>0,
[Iprmep pa3pbIBHOM QyHKIMK — QyHKIHSA Y =SgNX =1 1 <0

Ycaosue nuddepeHIUPYEeMOCTH (PYHKIUU B TOUKE

Ycnouto HempephlBHOCTH (GyHKOHM f(X)B TOUke @ MOXHO JaTh
CIIEAYIOIIEE  OMIPEIECICHHUE: IIm Af = lim (f(a+Ax)-f(@))=0, rue
nytom per lim Af = lim (f (a+ A9 - f (2) .

AX=X—a Ha3pBaeTcs mpupanieHueM aprymenta, a Af =f(x)—f(a)
Ha3bIBACTCS COOTBETCTBYIONIUM TMpHUpANIcHUeM QYHKIMH. B CBsA3M ¢ 3TUM
BO3HUKAET BOMPOC O CPABHEHUM MAaJbIX BeMIMYMH AX W Af mpu cTpeMicHHH
AX K HYJIIO.

Oyukuus  f(X) HaspiBaercs auddepeHHUPyeMOd B TOUKE &, €ClH
cymecTByeT Takas koHcTtaHta A, uto Af = AAX+a mpu A0CTaTOYHO MalIbIX

3HAYEHUsAX AX, Tl€ o— BEJIMYMHA 00Jie€ BBICOKOIO MOpPSAKAa MaJOCTH IO
CpPaBHEHHUIO ¢ AX.

N3 ompenenenus crnemyer, yto GyHKua, auddepeHnupyemas B TOUKeE,
ABJISIETCS] HETIPEPBHIBHOM B 3TOM Touke. boisee Toro, cienyet, yto BeauunHa AX
HE MOXXET OBITh BEIMYMHON OoJipllero mopsjaka Mamocth, dem Af |, B

IPOTUBHOM cCiiydyae BeiauuunHa A Obula Obl HE KOHCTAHTOM, a OECKOHEUHOMU
BEJIMYMHOU.
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B cnywae nuddepeHnupyemMoctd (QyHKIMHM B TOYKE COOTBETCTBYIOIIAS
KOHCTaHTa A HMMEET CBOE Ha3BaHME: OHA HA3bIBACTCS MPOU3BOAHON (DyHKIMU
f(X) B Touke a u obo3Hauvaercs f'(a). M3 onpeneneHus Takke OUEBUIHO, YTO
IPOW3BOJIHASL OTIPEEISIETCS] C TIOMOIIBIO MPEACITBLHOTO MEPEX0/1a CISAYIOMUM
obpazom:

f/(a) = lim &L = jim 1) =1(@)
Ax—0 AX x—a X—a

Ycnosue nauddepeHIupyeMocTd  MMEET BaXKHbIE TI€OMETPUUYECKUUA U
(bU3UYECKHUI CMBICTIBI.

3aoaua o nposedenuu KacameabHoll K KPUBOil
[Iycts 3amaHHast KpuBas SBISETCA TpadUKOM HENPEpHIBHOW  (YHKINAN
y=f(x), Xe[a,b]. TpeOyercs mposectn KacaTenbHy:0 K 3TOH KpPMBOW B TOYKE
ce(a,b). 3amernM, uTo KacaTeabHast — OTO IpAMas, MOIyYAOLIAsACs B IPEIETE U3
xopa, npoxoxsmux uepes toukn (C, f(C)) m (C+AX, f(C+AX)), xorma AX—O0.
YpaBHEHHE XOpIbI — MPSAMOM, TPOXOIAIICH YEPE3 ABE 3aJaHHBIC PA3JTUYHBIC TOYKH, —
X—C y—f(c) wm y=f(C)+ f(c+Ax)—f(c) (x—c).
(c+Ax)—c f(c+Ax)—f(c) AX
Ienas mnpenensHbiii mepexon mpu AX—>0, momyunM mpenenbHOE 3HAYCHHE
yriioBoro ko3dduiuuenta xopa — yriioBod  ko3hUIMEHT KacaTeIbHOM:

(— 1im FC+HA)-T(Q)
AX—0 AX

HUMCCT BHA:

Ha pucynke kacarenpHasi mpejcTaBieHa MTYHKTHPOM.

Hrak, K=tgo, rne a — yron, oOpa3oBaHHBIA KacaTENbHOM C IOJOKUTEILHBIM

Harnpasienrem ocu OX .
e

¥ -~
e

-~ w=1f ()

a -: o+ A b

Takum oOpasom, ypaBHeHue kKacarenbHoii B Touke (C, f(C)) wumeer Bun
y=f(c)+ f’'(c)-(x—c).

OYeBHIHO, YTO CYIIECTBYIOT HENPEPHIBHBIE KPHBBIE, B HEKOTOPBIX TOYKAX
KOTOPBIX IMPOBECTH KAcaTEIbHYIO0 HEBO3MOKHO.
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N

Bo3HHMKAeT BONPOC: KaKOEe YCIOBHME HYXKXHO HanoxuTh Ha ¢Qynkumio f(X) B

OKPECTHOCTH TOYKH C, 4TOOBI B COOTBETCTBYIOMIECH TOYKE MOXHO OBLIO MPOBECTH

KacaTelbHyIo K Tpaduky 3Toi  pynkiuu. CymecTBoBaHUE KacaTelbHOW O3HAYaerT,

f(c+Ax)—f(c)
AX

H

YTO paBHbI MPEENbl OTHOLICHUS npu AX—>0=x0, T0 ecth, uTO

. f(c+Ax)—f(c) _«,
CYILECTBYET AI)I(m0 A =f'(c). 910 3HAYWT, 9TO

f(c+Ax)—f(c)=f'(c)Ax+Ax-a, rne a—>0 mpu AX—0. CnenosarensHo,

AX-a=a— BeauuyuHa 0oJiee BHLICOKOIO MOPSIKA MAOCTH IO CPaBHEHHIO ¢ AX.,
TakuMm 06pa3oM, IjIs TOTO, YTOOLI MOXKHO OBLIO IPOBECTH KACATEILHYIO K KPHBOI
y=f(X), Xe[a,b] B Touke (C, f(C)) HeoOxOMMMO M HOCTATOUHO, YTOOLI PYHKIU

f (X) Obuia nuddepenuupyema B Touke C.

3aoaua o évluuUCIEHUU MZHOBECHHOIL CKopocmu

[Ipeanonoxum, 4YTO Mbl CIEAUM 32 NOPSIMOJIMHEWHBIM JBUKEHUEM TOUKH,
MPOMJIEHHBI MyTh KOTOPOM B 3aBUCUMOCTH OT BPEMEHHU BbIpaxkaeTcs (HopMysioi
S(t). YrtoObl BHIYMCIUTH CPEIHIOK CKOPOCTH JBHMKEHHS TOYKM Ha YYACTKE
S(t, +At)—-S(t,)

At
ycrpeMuTh Al K HYJIO, MBI TIOJYYHM, YTO OTPE30K BBIPOAUTCS B TOUKY, a CPCIHSIS

S(t, +At)—S(t,)

CKOPOCTh [0 OTPE3KYy IpPH CYIIECTBOBAHUM Ipejeia A|ti£1)1o AL

[t,,t, +At], nocrarouno mnomyunts 3HaueHue Ecoun Ttenepn

IPEBPATHTCSI B MTHOBEHHYIO CKOpocTh B Touke 1. Takum oOpazom, mponsBomHas
Gynkun S(t), mpeacrapisromiel 3aBMCMMOCTL IIyTH OT BPEMEHH, NPENCTABIIAET
MTHOBEHHYIO CKOPOCTh B COOTBETCTBYIOUIEH TOUKE.

UTtak, reoMeTpruYecKUM cMbIciioM ripoussoanoi T'(X,) smnsercs tanrenc
yIJla HakJIoHa KacatenbHol k kpuBoit Y = f(X) B Touxe (X, f(X,)),

dusnueckum cmpiciom npousBoauoit T'(X,) sBnsercs ckopocts B MomenT
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X= XO , KOraa 3aBUCHUMOCTD IJIMHBI ITYyTHU y OT CKOPOCTH X 3a4acTCA (bYHKIII/ICI‘/JI

y=f(x).
N3 mKkoapHOTO Kypca BamM U3BECTHA Ta0auIla MPOU3BOAHBIX. OHA MPUBOJUTCS HUXKE.

Tabauya npouzsooHbIX

(C) =0, ecnu C- (x“) —q X1 (sin x) =cosx | (COSX) =-sinx
IIOCTOJSHHAsA
' - 1 , = — 1 , e 1 ’ :—i
(tgx) = (ctgx) = o7y (arctgx) =1 (arcctgx) Iy
Y 1 ' 1 x) _ x "1
arcsinx) = ——— (arccosx) =— (a*) =a*Ina _ 1
(rcsinx) == (arecosx) =———— @) (logax) =1

Teopema o Bospacranuu (yObiBanmm) ¢QyHkmun Y= f(x) Ha
HHTEpBaJIe

Heobxooumoe ycnosue sospacmanus (yovieanus) gynkyuu na unmepeane. Eciu
dynxuus Y= f(X), umeromas mpomssommyio Ha umtepsane (&,0), Bospacraer
(y6BIBaeT) Ha 9TOM HHTepBaie, To ee mpomssomHas f'(X)=0 (f'(x)<0) ma srom
orpe3ke.  JlokazarenbcTBO  ciexyer U3 GOpMyNbl AN IPOM3BOJHOMU

f1(x,) = fim Lo 207 T06)

(TIpOTUBOMOJIOKHBI), a TIPU TPEACIBHOM TMEPEeX0/ie€ 3HAK HEPABEHCTBA CTAHOBUTCS
HECTPOTHM.

, A€ 3HAKHW YHUCIUTCIA U 3HAMCHATCJIA COBIIaAAarOT

Hocmamounoe ycnosue eospacmanus (vovieanus) ¢yukyuu na unmepsane: Ecin
dyukims Y= f(X) mempepsiBra ma orpeske [@,b] u muddepenumpyema mHa
unrepsane (&,0), mpumuem f'(x)>0 (f'(x)<0) mus a<x<b | 1o sta dynkuus
Bo3pacTaeT (yObIBaeT) Ha 9TOM OTPE3KE.
JI0Ka3aTeIbCTBO JIETKO MOJIy9aeTCsl MPUMEHEHHEM TeopeMbl Jlarparka.

Onpedenenue 1. dyaxuus Y = f(X) B Touxe R X,

MMECCT MAKCHMYM, ¢€CIIM JJId BCEX X U3 14

HEKOTOPOH O -OKPECTHOCTH  TOYKH X //r\\

28 : i |
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Bemonnsercs Hepasercto f(X)< f(x) mpu X#X,.

Onpeoenenue 2. dynxuus Y = f(X) B Touke X, IMeeT MHHMMYM, €CJIH JUIS BCEX
X W3 HEKOTOpPO#l O -OKPECTHOCTH TOYKH X,

BEITONHsACTCs HepasencTBo f(X)> f(X,) mpu v 4
X#X, .

Onpeoenenue 3. Toukn MakcuMyma u \\/
MUHUMYMa (YHKIMM Ha3bIBAIOTCS TOYKAMU S
3KCTpEeMyMa.

Teopema 0o Heo6xoz[HM0UM YCIIOBHH o0 %, + 0 M
aKcTpemyMma  auddepeHiupyemMoit  QyHKIIUHU.

HeobxoaumbiM yciioBueM skctpeMyma auddepeHiupyeMoil B Touke € (QyHKIHMH

sesercs f/()=0.
A
JHoxkazarensctBo. Ilycth TOuka C — Touka Y

f(c+Ax)—f(c)
<0
AX
f(c+Ax)—f(c) -0
AX
AX<0. TlockoabKy TIpH BBIYUCICHUH
HpOI/I3BOI[HOI71 npeaciibl CJICBa M CIIpaBa
JOJKHBI COBIIagaTh, TO €CTh f '(C) =0. 0 X1 X2 X3 X'

MaKCHMyMa, TOr/a

npu

AX>0 npu

Toukn, B KOTOPBIX IIPOM3BOAHAA

¢GyHKIME  oOpamaeTcs B HONb, HA3bIBAIOTCS KPUTHYECKHMMH TOYKAMM.
Kputnueckne Touku (QyHKIUM HE OOS3aTENbHO SIBISIOTCA TOYKAMM JKCTpPEMyMa.
Hanpumep, ecmm f(X)=x%, To f'(x)=3x*=0 mpu X=0, Ho Touka X=0 mne
ABIISIETCS TOYKOM SKCTPEMyMa, YTO BUJHO U3 PUCYHKA.

20
15
10
S
0
5
-10
-195
-20

x"3

Teopema 1 0 MOCTaTOYHOM YCJIOBHHU CYIIECTBOBAHMS MaKCMMyMa U MHHHMYyMa
GyHKIUH.
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Ecnu npousBonHas pyHKIMM NP MEPEX0/ie Yepe3 TOUKY C MEHSEeT 3HaK ¢ + Ha
—, 9TO TOYKAa MakcuMyMma. Eciii 3HaK IpOU3BOJIHON MEHSETCS ¢ — Ha +, HMEEM TOUKY
MUHUMYyMa. JloKa3aTelnbCcTBO CleNyeT W3 TEOpeMbl O BO3pacTaHUU (yOBIBaHHM)

(GyHKITUH.

]
v

q
v

1 . .
IIpumep. Ilycts y = 2 x* —x*. HaiineM KpUTHUECKHE TOUKH 3Toil pyHKImH. Tak

kak Y'=Xx3—3x%2=x%(x—3), To kputHueckumu Toukamu seiasiotcs X =0, X, =3.
[IpumMeHuM mepBYIO TEOPEMY O JOCTATOYHOM YcJIOBUU. OUEBHIHO, YTO y’(x)<0

npu X<0 u npu 0<X<3, cnegosarensHo, B Touke 0 skcrpemyma Her. Y'(X) >0
npu X >3, clIeI0BaTENbHO, B TOUKE 3 MUHUMYM (DYHKIUH.

Hauo6oabiiee 1 HaMMeHbllIee 3HAYEHUS (l)yHKIII/II/I Ha OTPE3KE

Cnenyer ornvyaTh MUHUMYMBl U MAaKCUMyMbl (DYHKIIMH OT HaWOOJBIIETO U
HAaMMEHBILIEIO €€ 3HAYCHWM Ha 3aJaHHOM oOTpe3ke. DYHKIUS MOXKET HE HMETh
HKCTPEMYMOB B HCCIE€IyeMOM oO0jacTh, a HauMeHbIllee W HaubOoiblliee B ITOU
o0JacTy 3HaYEHUs] OHA UMEET BCera.

UtoObl ompenenuTh HaWOOJbIEE W HAWMEHbIeEe 3HaueHUss QYHKIUM Ha
3aJIaHHOM OTpEe3Ke, HEOOXOIUMO TMOJCYUTATh 3HAYCHUS (YHKIUA B TOUYKaX
AKCTpEMyMa, BXOISAIIUX B UCCIEAYEMYIO 00JIacTh, a TAK)KE B TPAHUYHBIX €€ TOUKaX U
BBIOPATH CPeN HUX HaUMEHbIIIEE U HANOOJIbIIee 3HAYEHUS.

IT p u m e p. Onpenenuth HauOOJbIIEE W HAUMEHBIIECE 3HAYCHUS (PYHKIUU

y =Xx° —3x® +1 Ha orpeske [1;4].

Haxoaum TOYKH, B KOTOPBIX ITPOU3BOIHAS OOPAIIACTCS B HYJIb:
y' = 3x% —6X = 3X(X— 2) =0, momyyaem aBe TOYKH, OxHA M3 KOTOpPhIX X=0 He
BXOJIUT B HCCICAYEeMYyH 00J1acTh, J00aBIsIeM K HHM T'paHUYHBIC TOYKH, TOT/Ia
=1, X,=2, X;3=4.
OmnpenensieM B 3THX TOYKax 3HaueHus pynkuuu Y, =-1, Yy, =-3, y;=17.
TakuM 00pa3oM, HauMEHbIICE B 3aJaHHON oOnactH 3HaueHue QyHkimu (—3)
peanmsyercs mpu X =2, Hanbomsimee (17) mpu X =3.
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3agaum 0 HaXOXKJAEeHMHM HaMOOJBIIMX W HAMMEHBLIIUX 3HAYeHMH QYyHKUIMH
OHOT'0 IIEPEMEHHOI0

3amauya 1. Bnagenern rpy30Boro cyaHa JOJDKEH MEPEBE3TH I'Py3 MO PEKE U3 OJHOTO
noprta B Japyroi. Pacxoapl 3TOro Biamenblia CKIAIbIBAIOTCS W3 PaCXOJIOB Ha
COJIEpKaHME DKUIMAXa U U3 3aTPaT Ha TOIIMBO. CIeAyeT BBISICHUTD, KAKYIO CKOPOCTb
JIBWKEHUST CyJdHA CleayeT BblOpaTh, 4TOObl IJlaBaHWe ObUIO  Hauboliee
DKOHOMHUYHBIM, TaK KaK yBEIMYCHHE CKOPOCTH BEACT K OOJBIIMM TpaTaMm Ha
TOITUBO (pacxXojbl Ha TOIJIMBO MPONOPLUHUOHANIBHBI KYOy CKOPOCTH), @ YMEHBIIICHUE
CKOpPOCTH, a 3HAUYUT, YBEJIMYCHUE BPEMEHH IYTHU MPHUBEACT K OOJBIIMM TpaTaM Ha
MUTAaHUE KOMAHIBI.

Pemenne. O603HauNM CyTOYHBIE pacxobl Ha Torubo K-V3, a cyTounsie pacxoss!
Ha MUTaHWe KoMauabl a. IlycTe S — paccrosHHe, KOTOpPOE IOJKHA IMPOWTH Oapika.

S
Torz:a BpEMA B IIYTH PABHO \7 CJIGI[OB&TGJ'ILHO, IIYTCBBIC pPACXOIbl COCTaBJIAIOT

S
FV)=(k-V3+a)-=.

Vv
HaM HyXHO HalWTH Takoe IIOJOXKHUTEIbHOE 3Ha4YeHue V,, KOTOpPOEe 00eCHeYuT
MUHUMYM BBeIeHHOU (yHkiuu. Mcnons3ys TeopemMy O HEOOXOJIMMOM YCIIOBUU
SKCTpEMyMa,  TMpPHUPABHSEM  HYJIKO  MPOU3BOJHYIO  BBEJACHHOM  (DYHKIIMHU:

(2k-v —\%)-SzO. [omyunm Touky oskcrpemyma V,=3%a/(2k). To, duro Ml

MOJIYYMJII MUHUMYM, a HE MaKCUMyM, cieayeT u3 noeAacHus Gyakmuu F(V) mpm
3Ha4YeHUAX mnepemenHoi V , omuskux k 0 u k 0eckoHeuHnoctu: ¢ynkuus F(V) mpu

TaKMX 3HAYEHUSAX TEPEMEHHOM CTPEMHUTCA K IIOJIOXKHUTEIbHON OECKOHEYHOCTH.
CrnenoBaTenbHO, €IUHCTBEHHBIM SKCTPEMYM 3TOM (YHKIHMH MOKET OBITh TOJIBKO
MUHUMYMOM. Takum 00pa3om, ONTUMAaJIbHas CKOPOCTh ABMKEHUS OapkKu MO peke

V, =3al(2k).

3amaya 2. YV cuecapsa ecTh KecTAHOM IucK. Kakol cexkTtop cienyeTr BbIpe3aTh W3
ATOr0 JUCKA, YTOOBI M3 OCTABIIEHCS YAaCTHU JMCKA MOXHO OBLIO CBEPHYTh BOPOHKY
HanOoJIbIIEH BMECTUMOCTHU?

31



Pemenne. OueBHUIHO, UTO CEKTOp OMpeEAesieTcs yriaoMm mnpu Beprmue. O603HaUUM
3TOT yroil ¢ . M3BecTtHO, 4TO 00bEeM KOHyca (BOPOHKH) PaBEH, B COOTBETCTBUU C

BBCJICHHBIMH 00O3HAUYeHUsIMHU, V :%ﬂrZ\/RZ—rZ. Boelpazum uepe3 « paamyc

OCHOBAHHA KOHYCa I‘, CpaBHHUB IIJIOOIAJb OCTaBIIEHCA 4YaCTH JUCKa MU IUIoIIaAb
OOKOBOW TOBEPXHOCTH KOHyca. Ilmomaap ocTaBmieics dYacTh [AWCKa paBHA
2
2T —
RZT:ﬂR

. [Imommaas 6OKOBOM TOBEPXHOCTH KOHYyca paBHa /7RI . 13 cooTHOMCHMS

_plr—«a
r-R?.

r IMOJIy4YUM CJ'IGI[OB&TCJ'IBHO,

_1 3272'-6[2\/_272'—0(2
V(a)—§7zR (T) 1 (T) . Bcnencrtesue TpOMO3AKOCTH MONYyYEHHOTO

. . . 27—«
BBIpOXEHUS ~ TepelaeM K HOBOM  mepeMeHHon — t=—"F—.

2
V(t)= % 7R32\1-12, 0<t<1. HaiimeM KpHTHYECKYIO TOYKY 3TOH (YHKIHH Ha

Tenepp

orpeske [0,]], IMEHHO OHa ABIIAETCS TOUKOW MaKCUMyMa, TaK KaK Ha KOHIIaX OTpe3Ka
. . /2
Qynkuusa oOpamaercs B Hynb. Kpurtuueckod Toukol sBigercs 1) = 3

CJIGIIOB&TGJIBHO, yYIrojJ IIpnu BCPIIMHC CCKTOpA, KOTOpBIﬁ HY>KHO BBIPC3aTb, PaBCH

a, = 2%(1—\/%) :

332[21‘11/[ AJIA CAMOCTOATC/IBHOIO PEIICHUS.

1. Cerkoit pmuHOM 120 M HYXHO OrOpPOJUTH MPWIETAIONMIYI0O K JIOMY
MPSAMOYTOJIBHYIO IJIOIIAIKY HAanOOJIbIIEH TUIOMIAAH.

2. V3 kBagpaTHOrO JHCTa KAapTOHA CO CTOPOHOW @ BBIPE3AIOTCA MO yIiam
OJIMHAKOBBIC KBA/IpAThl, W U3 OCTABIICICS YaCTU CKIIEUBACTCS MPSIMOYTOJIbHAS
kopoOka. KakoBa noikHa OBITh CTOpPOHA BBIPE3a€MOIr0 KBajapaTa, YTOOBI
00beM KOPOOKHU ObLIT HAUOOIBIITNM?

L 4 L

3. OnpeaenuTs pa3Mepbl OTKPHITOro OacceiiHa ¢ KBaJpaTHBIM JTHOM OO0BEMOM

3323 Tak, 4TOObl Ha OOJIMIIOBKY €ro CT€H W JHa TOIUIO HaWuMEHBIIee
KOJINYECTBO MaTepuaa.
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HEOINPEJAEJIEHHBINA UHTEIPAJI

ITepBooOpa3Hasi, MHOKECTBO MEPBOOOPA3HBIX

Onpeoenenue. Tlepoobpasnoit ¢yukimu f(X) HaseBaercs dynkius F (X),
POM3BOIHAsA KOTOpOi paBHa f (X), T.e. F '(X) = f (X)

[ToCKOBKY (F (X) + C)' =f (X), rae C —nocrosiHHast, mepBooOpasHbIX QYHKIHH
f (X) OecunCIIEHHOE MHOYKECTBO.

JIro0bie aBe mepBooGpasHbie QyHxkuun | (X) MOI'YT OTJHYATHCS TOJBLKO Ha
nocrostuyo. Jlpyrumu ciosamu, eciu F '(X) = f (X) 7 ‘P'(X) = f (X), TO
F(x)-%¥(x)=C = Const.

Onpeoenenue. MHOXECTBO BCEX NEPBOOOPA3HBIX OJHONW (PYHKIIMH Ha3bIBACTCA
HeompeeJeHHbIM HHTErpajgoM 3Tod (yHKUMH U 00O3HayYaeTcs J f(X)dX,

npudem  f(X)  HaseBaeTcs  MOABIHTETpATBHOW  (DYHKITHEH, f (x)dx —
NOJBIHTETpaIbHBIM ~ BhIpakeHHeM. OueBuano, 4ro ecamun F'(X) = f(X), To

4
J f (X)dX = J F (X)dX =F(X)+C, tme N —mnpousBoibHast IOCTOSHHAS
MHTErPUPOBAHUSL, TO €CTh IIOCTOSHHAS MOKET IIPUHUMATD JIFOOBIE 3HAUECHUS.
[IpuBeneM TaOOMIy HEONMPEAECIEHHBIX MHTETPAIOB C IPOBEPKOW TOro, 4YTO

JNEUCTBUTENBHO MPOM3BOJHAS OT MPABOM YacTH COBHAJAET C MOABIHTErPaIbHOU
(GyHKLIHEH.

) Xn+1 . ’
1. IX dX=m+C (X——I—C :Xn
n+1
(n=-1).
2. oﬁzln\xhc. (In\x\+C)'=£.
J X X
3. [a*dx = &’ +C a* ,
" T lna ' —+C | =a’.
Ina (InaJr a
4. |sinxdx=—cosx+C. (-cosx+C)'=sinx.
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5. |cosxdx =sinx+C. (sinx)'=cosx.
6. d); =tgx+C. (tgx+C)'= 12 .
J COs® X COS° X
7. |——=-ctgx+C. (-ctgx+C)'=———.
Y sin’ x sin® x
8. (arcsinx+C)'= L .
J’  areci _ 1—X?
=arcsin X+ C =
1—X?
= —arccosx + C.
I ax =arctgx+C = (arctgx+C)'= 1
9. 714+ % 1+ %%
= —arcctg x +C.
106 . e, o)t
[ X _lpiX e 1-x2
1-x> 2 |1-x
11.
dx ( x+»\/x + ‘+C)
I—:In‘x+\/x2+k‘
X2 +k
+C x2+k'
IIpuemMbl HHTErpUPOBAHUS
1. ToxknecTBeHHbIE IPe00pa3oBaHUs MOABIHTEIPAIBLHOI0 BBIPAKEHHS U

CBeJeHUE K TA0JMYHBIM HHTErpaJiaMm.
N3 cBoiicTBa NpOU3BOAHON

[k- ) +1-9(x)] =k- £'(x)+1-g'(x)

CJICAYyCT aHAJIOTMYHOC CBOMCTBO AJI1 HCOMMPECACICHHBIX NHTCTPAJIOB

J[k. f(x)+|-g(x)]dx:k-J f(x)dx+I-Jg(x)dx.

34




X—2
[Tpumep l. Boruucnure J. —3dX. JleJist mO4YJIeHHO YMCIUTENb HAa 3HAMEHATE!b,
X

HpeI[CTaBJUISI I/IHTeraJI oT pa3HOCTI/I B BHAC paSHOCTI/I I/IHTeraJ'IOB U BBIHOCIA
HOCTOHHHLIﬁ COMHOXUTCJIb 3a 3HakK HHTeIpaHa, HOJ’Iy‘-II/IM B COOTBCTCTBUU C
Tabaunen
X—2 _ _ _ _ x 1 o x?

_[—dx:.[(x 2_2x 3)dx:_[x 2dx—2_[x 3dx=2.-22_+C=

3 12 .

X

=x?-x14+C.

dx
Sin®x-cos? x
1=cos’ x+sin’x. Torma moiryunm

dx 1 COS? X +5in®x dx dx
J.-z 2y | qin2 o OX=| == 2dX—_2+I
SIN“X-COS“ X SIN“X-COS~ X SIN“X-COS“ X SIN“X
=—Cctgx+1tgx+C.

BOCHOHBByeMCH TOXACCTBOM

Il pu mMm e p 2. Bperuncinurs J.

CoSZX

2. 3ameHa nepeMeHHOI B MHTerpailie.

JokaxeM, uro ecmu F(X) +C = J f (x)dx, o J f(pt))-@'(t)dt = F(p(t)) +C.

JokazarenbctBo. Umeem: (F(X)+C)'= f(X). CaenoBaTenbHo, COTJIaCHO MPaBHITY
b depeHurpoBaHus CI0KHON QyHKINN

(F(p®) +C)'=F (1) - 9'(t) = T (o)) - ¢'(1).
DopMyJly HHTETPUPOBAHUS 3aMEHOM ITIEPEMEHHOM MOKHO 3aICaTh B BUJIC
X = (1)
[ f(0dx= | = [ f(p() - o'(t)at.
dx = @'(t)dt
ITociie HaxoXIeHUsl UHTErpaia NpPaBoy YaCTU 3TOI0 PAaBEHCTBA CIIEAYET MEPEUTH OT
HOBOW MEPEMEHHOM MHTErpUpoBaHus t Ha3ag K cTapoil IEpeMEHHON X.

[Ipyn momxopdmier 3aMeHE MEPEMEHHOW Mbl CBOJAWM 3aJaHHBIM WHTETPAT K
TaOJUYHOMY.

Mpuwmep l. Haiftu j e"*cosxdx . 3mech t=sinXx, cosxdx =dt. CiemoBarenbHo,

B COOTBETCTBHH C TEM, YTO jetdt =e'+C, umeem jes"‘x cosxdx=e""*+C ,
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ITpuwmep?2. Haiitu thxdx. Cnenaem 3ameny t=cosx, dt=-sinxdx. Torna

sin X sin xdx dt
jtgxdx j_d _j o5y :—_[T:—In|t|+C=—In|cosx|+C..

ITpuwmep 3. Haiiti I e xdX . Crenaem 3ameny —X° =t. Torga —2xdx=dt u

[exdx =~ jetdt_ letic= %e—xz +C.
ITpuwme p4. Hailtu J‘L Brigennm moJiHbIM KBagpaT B 3HAMEHATEJE:
X2 +2X+17

BeiHecem 16 u3 3HaMeHaTes:

dx
Jx2+2x+17 I(x+1)2+16 16I1+(X+1J !

4

X+1 y
CAenacM  3aMeHy = —— =t. Temepp MBI TONYYWIM TAOIMYHBIA WHTETPA:
1 dx X+1
= |—==>arctgt+C . B pe3ynbrate umMmeeM | ————— arct +C.
4j1+t2 1979 pesy jx2+2x+17 4 o )

3. MHTerpripoBaHue Mo 4YacTsM.
[Mycte U =U(X), V=V(X) — GyHKIHH, UMECIOIINE HEMPEPHIBHBIC MPOU3BOIHBIC.
Torna

J u(x)-v'(x)dx = u(x) - v(x) —J v(x)-u'(x)dx +C.
(unn J u(x)dv(x) = u(x)v(x) —J v(x)du(x)).

JokazarenbcTBo. CripaBeIuBbl COOTHOIICHUS:
J (U(x)-v(x))'dx =u(x)-v(x)+C u
J (u(x)-v(x))'dx = J u(x) - v'(x) dx +J u'(x) - v(x) dx.

CpaBHUBas IpaBbIe€ YaCTH, MOJYYUM MIPUBEIECHHYIO BbIIIE POPMYITY.

Il puwme p 1. Haiitu J-eXXdX. O6o3naunm X =U(X), V'(X)=€*. Torna

V(Xx) =e*, u'(X) =1. ITpumeHnss popMyiTy HHTETPHUPOBAHUS 110 YACTAM, MOITYIUM

jexxdx: X-eX —_[ex dx=e*(x-1)+C.
I[Tpuwmep2. Haiiru j(ln X)2dX. B 9ToM npuMepe MbI IPEMEHHM METOI

HHTCTPUPOBAHUA 110 YaCTAM ABAXK/bI:
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— 2 1y — 1
[nxy2ax=|U=ARTW=2I0050 |y nxg2 - 2] Inxax =
V=lv=X X
1
X

= x-(Inx)2 ~2[Inxdx=| U =% U=

=x-(Inx)? = 2(xInx— [ 2dx) =
VvV =lv=X X

=X-(Inx)? = 2xIn x+2x+C.

HUHTEI'PAJI PUMAHA

Ilomaas KpUBOJIMHENHON TPpaneuu
[IpeactaBuM, 4YTO MBI JOJDKHBI MOACYMTATH ILJIOIIAb 3E€MEJBHOIO Yy4dacTKa,
M300paKEHHOTO Ha PUCYHKE.

Takast gurypa, orpaHUUEHHasi C TPEX CTOPOH OTPE3KaMU MPSAMBIX, 1BA U3 KOTOPBIX
IIEPIICHIUKYJIAPHBI TPETbEMY, a 4YETBEpTas CTOPOHA IIEPECEKaeTCs MPSIMOM,
IIEPIICHIUKYJIAPHOW IIPOTUBOIIOJIIOKHOMY OTPE3KYy, TOJBKO B OJHOM TOYKE,
Ha3bIBACTCSI KPUBOJWMHEWHOUN Tpamnerued. OueBHIHO, 4TO Jr00as muiockas urypa
MOXET ObITh pa3duTa HAa KOHEYHOE YHMCJIO KPUBOJMHEWHBIX Tpaneuuil. bynem
CUMTATh, YTO NPSIMOJIMHENHBIE YYACTKA CTOPOH HAIEd KPUBOJMHEMHON TpaIeluu
TaK K€, KaKk Ha PUCYHKE, ITapajulesIbHbl KOOPAUHATHBIM OCSAM. B 3TOM Ciydae MOKHO
HIDKHHH OTPE30K CYMTAaTh OTPE3KOM ocH abcmmce, rae a<X<Dh, u ToukH
KPUBOJMHEHHOTO ydyacTKa 3aJaTh C IIOMOIIBIO  HENpepbIBHOM  (yHKUIUU
y = f(X), xe[a,b].

st Toro, 4ToOBl HAWTH TLJIONIA/Ib KPUBOJIMHEWHON Tparneuu, 3aMeHUM TpareIuio
00BbEIMHEHUEM TIPSIMOYTOJILHUKOB MO CIEAYIOLIEH CXeME.
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Orpesok [a,b] pasnenen ma n orpeskos [X,% 4], 1=0,...,n, rne X,=a, X,=b. Ha
Ka)X/I0OM OTpe3Ke BbIOpaHa TOUKa & U B 3TOM TOYKE BOCCTAHOBIIEH NMEPHEHIUKYIISIP
(mpepbIBUCTass JHHUS) 10 TepecedeHus ¢ kpuBoir Y= f(X). Takum o6pazom,
BEpUIMHON NEpNEeHIUKYJsApa sABisgeTcss Touyka ¢ koopauHatamu (&, f(&)). Ha
KaXI0M OTpeske [X,X,,] Kak Ha oCHOBaHHMHM MOCTPOEH MPAMOYIOJBHHMK BBHICOTON
f(&). OueBumHo, YTO 4eM MeHbBIIE OTPE30K [Xi,X%,;], TeM Mmenbme miomans

IPSAMOYTOIBHUKA OTAMYACTCA OT IUIOMIAMY KPUBOJIMHEHHOM Tpaeuy ¢ OCHOBAHUEM
[X,%]. OGo3Hauum A nnuuy HauGoNbIIErO M3 OTPE3KOB [Xi,X,;]. A HaspIBaercs

auaMeTpoM pa3domenusi. Uem MeHblne auameTp pa3OueHUsi, TeM OJKe CyMma
TUIOMIAAe MOCTPOCHHBIX MPSIMOYTOJBHUKOB K IJIOIIAIU UCXOJHON KPUBOJIMHEHMHON
Tpanenuy ¢ OCHoBaHueM [a,b].
Wtak, 3a npuOiImkeHHOE 3HAYCHHUE TIOIIAAN UCXOIHOW KPUBOJIUHEUHON Tpaneuu
n
BosbMeM o(f,R,&)=> f(&)(X,,—%). 3necs R o3mauaer cnoco6 BbIGOpa TOUEK
=)
pa3buenust X;, & — BBIOOp OTMEUEHHBIX TO4YeK <. BBemeHHas cymMma Ha3bIBaeTCs
uHTerpaibHOl cymMmol Pumana. Ecnu cymiecTtByer mnpenen IAirrg)a(f R, &) =1,
ﬁ

IpHYEM 3TOT Tpejes He 3aBUcUT HU OoT R, Hu oT &, To Qyukuus f(X) HasbiBaercs
WHTETpUpyEeMOii Ha oTpe3ke [a,b], a cam mpenen HazbBaeTCs MHTErpasoM Pumana

b
0 OTPe3Ky U 0003HaYaeTcs _[ f(X)dx. Dror mHTerpanm u GymeT paBeH ILIOMIANN
a

KPHUBOJIMHEHHOW Tparnemun ¢ oCHoBaHueM [a,b], orpanndennoit kpusoit Y = f(X).

JIro0ast HenmpepbIBHAsE HAa OTpe3Ke (YHKUHUA SBIIACTCS MHTErpHPyeMOi Ha 3TOM
OTpe3Ke.

Iloka HENmoHATHO, NOYEMY IUIOIIAJAb KPUBOJMHEUMHOM Tpaneuuud Ha3BAIU
HHTErpajioM — TakK ke, Kak MHOKECTBO NEpBOOOpa3HbIX. He BUIHO CBSI3U MEXIY
TUMHU OOBeKTaMH. TeM He MeHee, CBsI3b ecTh. OTMETHM MOKa OYEBUHBIC CBOMCTBA
uHTErpasia Pumana, ciueayromme u3 CBOMCTB CYMM U ITPEJIEIIOB.

1. JInneiinocthb. Eciu ¢yukmuu f(x) 1 g(x) uHTErpHipyeMsl Ha oTpeske [a,b], o

U [3— Npou3BOJIbHEIE TOCTOsHHBIE, TO GyHKIMs o - T (X)+S-9(X) uarerpupyema na
b b b
orpeske [a,b], npuuem |[(a- f(x)+,8-g(x))dx:aj' f (x)dx+ﬁ.|'g(x)dx,

2. AymnruBHocth. Eciim ¢yukius f (X) uarerpupyema na orpeske [a,b], ce[a,b],
to  f(X)  wuHrerpupyema ma  orpeskax [a,c] wum [c,b], npuuem

b c b
j f (x)dx =J. f(X) dX+I f(X)dx. CraencrBuem 5TOH (GOPMYJIBI MOXHO CUYHTAThH
a a C
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b a
COOTHOILIEHHUE I f(X)dx=- j f(xX)dx. To ectb, 3amMeHa  HampaBICHUS
a b

WHTETPUPOBAHUSI IPUBONT K 3aMEHE 3HAKa Y MHTETPaIa.
3. Teopema o cpeanem. J{ist m000# HenpepsiBHO# Ha oTpeske [a,b] dpyuxuuu f(X)

b
CyLIeCTByeT Takas Touka X,<[a,b], uro I f(x)dx=f(x,)-(b—a). To ecrs,

CYILIECTBYET PABHOBEJIMKUN KPHUBOJIMHENHON TpanelUny NMPSIMOYTOJIBHUK HA TOM K€
OCHOBAHUU C BBICOTOM, paBHOM 3HaUEHUIO (YHKIIMU B IPOMEKYTOUHOM TOUKE.

®opmyJa Herorona-Jleiitonuma
[Mpennonoxum, uto Gyuxuus f(X) mernpepsiBHa Ha oTpeske [a,b].
Ecnu D(x) — mo0ast nepBooOpasHas GyHKIMHU f(x), TO

T f (x) dx =b(b) — D(a).

ITocnenusis ¢opmyna, HazsiBaeMas ¢opmynoir Hperorona-JleliOuuia, kak pa3
o0OecrieuynBaeT CBS3b MEXAy UHTerpajom Pumana (ero emie Ha3bIBalOT
onpeaeJeHHbIM MHTErpajaom) u nepsoodpasuHsiMu. ®opmyny Herorona-Jleitoauia
€Il 3aITUChIBAIOT B BUJIE

T f () dx=0(xX)[.,

I7Ie BEepTUKaJbHAas 4epTa M MHAEKCh 0003HAYalOT Pa3HOCTh 3HAYECHUU (DYHKIIMA,
COOTBETCTBEHHO, NP BEPXHEM M HM)KHEM 3HAYECHUSAX TIEPEMEHHOM.

HecoO0cTBeHHBINH MHTEPAJI 110 0€CKOHEYHOMY IMPOMEKYTKY

HpOCManI/IBaﬂ MAaTCMATUICCKUC TCKCThI, HCTPYJIHO HATKHYTbHCA HA BBIPAKCHHA BHU 1A
a

40 +00
J f (x)dx, _[ f(X)dX wm j f(X)dX. C Touku 3peHus BBEIEHHOrO HaMM MOHATHSA
o0 o0 );
vHTerpasia PuMana 1O OTpe3Ky MPHUBEICHHBIE WMHTErPAJIbHBIC BBIPAXKCHUS
MPEACTABIAIOTCS OeccMbICiuIei. J[eMCTBUTEIBHO, MBI HE CMOXKEM COCTaBUTHh HH
OJTHOM MHTETpaIbHOM CYMMBI, TaK KaK HUKOTJa HE KOHYMM pa30uBaTh OECKOHEUHBIN
MPOMEKYTOK Ha KOHEUHBIE OTPE3KH M BHIOMPATh HA HUX OTMEUYEHHBIE TOYKHU. M TeM

39



Oosee, MBI HE CMOXKEM paccMaTpUBaTh MOCIEAOBATEILHOCTH HHTETPATHHBIX CYMM,
COOTBETCTBYIOIIUX IOCJIEOBATEIBHOCTSM TaKuX pa3OMeHuid ¢ JAuaMeTpaMu
pazOueHui, CTpeMIIIMMCS K HYIII0. UTO e MOHUMAIOT MO TAKUMU UHTErpajamu’?
[IpuBeneHHble UWHTErpajgbl HA3bIBAIOTCS HECOOCTBEHHLIMH HMHTErpajiaMud 1o
0eCKOHEYHOMY NPOMEXKYTKY M OINpPEAEIsIOTCS OHU MpPU TOMOIIM HHTETPaJioB
Pumana o KOHEYHBIM OTPE3KaM CIICAYIOIINM 00pa3oM.

[Tycts Gyukuus f(X) unrerpupyema Ha modom Koneurnom otpeske [F,b], b> . To

b
ecTb a1 moboro b> A cymecrsyer (D) =J f(X)dX. Ecnm cymiecTByeT KOHEUHBII
B

—+00
npeaen lim I(b), To Takoif mpesen o0GosHavatoT I f (X)dXu rosopsar, uro sTOT
—>+0
B

HECOOCTBEHHBIA MHTErpai cxoaurcs. Ecnu npenen 0eCKOHEYEH WM HE CYIECTBYET,
TO TOBOPSIT, YTO COOTBETCTBYIOIINI HECOOCTBEHHBI MHTErPAJl PACXOAUTCS.

+0
I puwme p Hcenegyem cxomummocTs HMHTErpana J‘FdX. OuyeBHIHO, YTO
1

1-v
1 (b) :bl—vl npu v#1 u I(b)=Inb nmpu v=1. Vcrpemum temepp b K +oo.
OueBuiHO, uTo KOHeuHbIi mpeaen ¢pyukuuun | (D) cymectByer Tomsko pu v >1. On

1
paBeH . IMIpu  v<1 mnpenen I(b) OGeckoneuen. Takum o06pasom,
V_
~+00 1
HECOOCTBEHHBIA HMHTErpall J.Fdx CXOIOMTCS TOJNLKO Tpu Vv>1, mnpuuem
1
+00 1 +00

1 . 1
I —dx=—. [Tpr v <1 HecoOCTBEHHBIN HHTETPAI J. —-dx
1 X" v-1 1 XY
pacxoguTcs.

OcCHOBHbIC IOHATHS U TEOPEMbI TEOPUHU BEPOATHOCTEH

B Teopun BeposiTHOCTEH U3y4atOTCs] BO3MOXKHBIE UCXOJIbI OTIBITA —
cjayyaiiHble COOBITHSI, TO €CTh, COOBITHS, KOTOPHIE MOTYT POU30UTH UITH HE
npon3oiTu. Kinaccudeckuii mpumMep ombiTa — Opocanne MoHeT. Hampumep, npu
OJIHOBPEMEHHOM OpPOCAHUHU JIByX MOHET (OIBIT) MOTYT MPOU30UTH CIIEAYIOIINE
COOBITHS: «BBINIAJIO B TepOay, «BBITIAT XOTS ObI OJUH I'epO», «BHITIATIN JIBE
UPpb1», «MOHETHI Y OJUHAKOBBIMUA CTOPOHAMMY, «BBITIAJ OJIMH TepO U

ojHa 1udpar.
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CoObITHE Ha3BIBAIOT A0CTOBEPHBLIM (0003HauaroT E ), eciu oHO
00s13aTeIHLHO MPOUCXOIUT B pe3yibTaTe onbiTa. Harpumep, B mpuBeIeHHOM
OTIBITE JOCTOBEPHBIM SIBIIETCSI COOBITHE: «BBIMAJ XOTs ObI OJIUH IepO WU XOTS
OBl o71HA 1T PaY.

CoObITHE HAa3bIBAIOT HEBO3MOKHBIM (0003Ha4ar0T &J ), €CJIU OHO HE MOYXKET
MIPOU30UTH B pe3yJibTaTe OMbITa. B paccCMOTpEHHOM OIBITE HEBO3MOXKHBIM
SBJISIETCSI COOBITHE: «BBIMAJIO TPU TepOay.

JIBa COOBITHS HAa3bIBAIOT HECOBMECTHBIMM, €CITH OHU HE MOTYT
OJIHOBPEMEHHO MTPOU30MTH B pe3yJibTare OmbiTa. B paccMoTpeHHOM mpuMepe
COOBITHSI «BBIMAJIO ABA TepOa» U «MOHETHI YAl Pa3HBIMU CTOPOHAMI
SBJISIFOTCS HECOBMECTHBIMH.

['oBopsT, 4TO cOOBITHE A OJaronpusATCTBYET COOBITUIO B (0003HAUaOT
AcB), ecu u3 TOro, 4TO MPOMU30ILIO COOBITUE A CIEAyeT, YTO TPOU3OILIO0
coObiTue B. B ciayuyae onbiTa ¢ OpocaHreM ABYX MOHET COOBITHE «BBINAJIO JABE
uudpb» 01aronpuUsTCTBYET COOBITUIO «BbIMajia XOTA Obl 0JJHA Uppar.

MHo0kecTBO COOBITHI pacCMaTPUBAEMOT0 OTBITA, OJTHO U3 KOTOPHIX B
pe3yJibTaTe OMbITa 005A3aTEIbHO MPOUCXOUT, a JIFOObIE 1Ba U3 KOTOPBIX
HECOBMECTHBI, HA3bIBAETCSI MHO’KECTBOM HMCXO0/0B OIbITa (MM MHOXKECTBOM
AJIEeMEHTapHBIX COOBITUH, WM MOJTHOM rpynmnoi coosiThii). B cydae Opocanus
JIBYX MOHET MHOKECTBOM HCXOJIOB SIBJISIIOTCS COOBITHS: «BBINAJIO JBa TepOay,
«BBINAJIM JBE UUPPBI», «BbINAT OJUH repd U ogHa udpay». 3aMeTuM, YTo
MHO>KECTBO UCXOJIOB MOXET OMPENETATHCS HEOITHO3HAYHO, BEIb MHOKECTBOM
MCXOJIOB TOTO K€ OMBITA SBIISIOTCS COOBITUS: «MOHETHI YA OJIMHAKOBBIMU
CTOPOHAMU» M «MOHETHI YIaJld Pa3HbIMUA CTOPOHAMI». MBI BUANM, UTO TIEPBOE
MHO>KECTBO UCXOJ0OB COACPKUT JIBa COOBITUS («BBINANO ABa Trepday, «BbIMAIH
nBe udpe1»), 6J1aroNPUSATCTBYIONMUX COOBITHIO «MOHETHI YIAIH OJJUHAKOBBIMU
CTOPOHAMM» U3 BTOPOI'0 MHOKECTBA UCXOJI0B. A TPEThe COOBITHE IEPBOTO
MHO>KECTBA UCXOJ0B («BbIMaJ OJMH repd U ojHa 1udpar») COBIAIAET CO
BTOPBIM COOBITHEM BTOPOTO MHOKECTBA UCXOJI0B («MOHETHI yIalld Pa3HbIMU
CTOPOHAMU).

Ouyenb yn100HO N300pakaTh COOBITHS TAK Ke, KAK M300paKaoT
MHoO:KkecTBa. HecoBMecTHBIE COOBITHSI N300paXatoTcsl HEMepeCceKaroMMUICS
MHO>K€CTBaMHU, COOBITHE, 0IaroNpUATCTBYIOIIEE APYTOMY COOBITHIO,
M300paXkaeTcsi MOJMHOKECTBOM ATOTO pyroro coowiTus. JloctoBepHoe
coObiTHE E, KOTOpOE 00s513aTENBHO MPOUCXOIUT B PE3YJIbTATE OIbITA, SBISETCS
aHAJIOTOM YHHBEPCYMa, TO €CTh COJEPKUT BCE MHOXKECTBA, COOTBETCTBYIOIIHUE
ucxoaam onbita. [TycToMy MHOKECTBY COOTBETCTBYET HEBO3ZMOXKHOE COOBITHE.

Tak ke, KaKk B Cilydae MHOXECTB, JIJIsl COOBITHIA BBOJISATCS OTIEPAIIUU
oowveauHeHus (AU B) — coObITHE, COCTOSIIEE B TOM, YTO IPOU3O0IILIO KN
coObiTue A, mu cobwitre B, u oneparus nepeceuenus: (AN B) — coObiTue,

COCTOSIIIEE B TOM, YTO OJTHOBPEMEHHO MPOM3OILIN cOObITHSI A 1 coObITHE B.
Omnepanus pazHoctu coobiTuit A\ B mipeacrasisier coO0oi coObITHE, COCTOSIIIEE
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B TOM, YTO MPOU30IILIO COOBITHE A, HO HE TPOU3OIIIO cOObITHE B.
AHAJIOTUYHO OTNepaIruy JOTOJHEHUS MHOKECTBA BBOIUTCS TTOHITHE
IPOTHUBOIOJIOKHOTO coObITH: A=E\A.

Bo3MoxHO crienyrolee onpeeicHie MaTeMaTH4eCKoil BePOSITHOCTH
COOBITHS: OTO YUCJIOBAs XapaKTEPHUCTUKA CTECIIEHU BO3MOKHOCTH HACTYTUICHUS
COOBITHS B ONIPEICIICHHBIX, MOTYIIIUX MTOBTOPUTHCS HEOTPAHUICHHOE YHUCIIO Pa3
YCIIOBHSIX. DTO 03HAYAET, YTO €CJIM BEPOSITHOCTHh COOBITHS OXapaKTepPU30BaTh
YUCJIOM P, TO IIPH MPOBEACHUH OIBITA N pa3 IPHU JOCTATOYHO OOJBIIIOM N

JTAHHOE COOBITHE TTPOU30MIET MMPUMEPHO NP pas, MpruyueM uyeM OOJIbIe N, TEM
OJIM>KE KOJTMYECTBO HACTYIUICHUH COOBITHS K yncay NP. O4YeBUIHO, YTO
MOJYYUTh BEPOSITHOCTh COOBITUSI MOXKHO MPU JOCTATOYHO OOJIBIIIOM YHCIIE

m o
OIIBITOB KaK OTHOIIICHUC F , IIC M — KOJMYCCTBO HACTYIVICHUHN CO6I)ITI/I$I, n—

m
KOJIMYECTBO ONBITOB. 13 ONpeaciICHUA OUYCBHUIHO, YTO BEPOATHOCTh P = F HC

MOKeT ObITh OoJibiie 1 u Menbine 0. O4eBUIHO TaKKE, UTO BEPOSITHOCTD
JOCTOBEPHOI'O COOBITHSI paBHA 1, a BEpPOSITHOCTh HEBO3MOKHOTO COOBITHUS
paBHa 0.

[Ipo1ie Bcero onpenensiTe BEPOSITHOCTh COOBITUM, KOT/1a MHOYKECTBO
HCXOJIOB OIbITA MPEACTABIAET COO0N HECKOJIBKO PAaBHOBEPOSATHBIX COOBITHIA.
Tak, B ciiydae 6pocaHusi HEOBPEXACHHOW MOHETHI MHOKECTBO UCXO/I0B
COCTOUT U3 JIBYX PAaBHOBEPOSITHBIX COOBITUH: «BBIMAJACHUE TepOay u
«BbIMaieane mudpon». [locKkoNbKy «BBIMaieHHE Tepda Win MUPPH» — 3TO
JOCTOBEPHOE COOBITUE C BEPOSITHOCTHIO | U COOBITHSI HECOBMECTHBI, TO IIPU
MHOT'OYHMCJIEHHBIX OPOCAHMSIX BCIIECTBHE CHMMETPUYHOCTHA MOHETHI
MIPUMEPHO MOJOBHMHA UCXOJI0B JIACT Iepd, a Ipyras moJioBUHA IUdpy.
CrnenoBaTenbHO, BEPOATHOCTD BbINIAJIEHUs Irep0a, KaK U BEPOSITHOCTD

1
BbITIaZIeHUS U(PBI, paBHA 5 AHaAJOTUYHO ONPENEIAECTCSA BEPOSATHOCTD

BBINIAJICHUS yucia oT 1 10 6 npu OpocaHUU UTPAIBHOW KOCTH: B CHILY
CUMMETPUYHOCTH KOCTH BEPOSITHOCTD BBITIAJICHUS BCEX YHCEINl OJUHAKOBAS U
1
aBHa =.
AR
B ciiyuyae paBHOBEPOSITHBIX HCXO0A0B BEPOSITHOCTHIO COObITUSL A

m
Ha3bIBaeTcsa uncjao P(A) = > [/le N— YHCII0 BCEBOSMOKHBIX HCX00B, 2 M

— YHCJI0 UCXO0/I0B, 0J1ArONPUATCTBYIOIIHUX COOBITHIO A.

IIpumep. [IycTh ONBIT COCTOUT B OJTHOKPATHOM OPOCAHUU UTPATHHOM
KOCTH, a coObITHE A— BBITIaJICHHE HeYeTHOTo uncia. Beero ucxomnos 6 (1, 2, 3,
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4,5, 6), u3 Hux 3 OmaronpuarcTBytoT coobiTuio A (1,3,5). Takum oOpazom,

3 1
P(A)====.
(A=5=%
IIpumep. BepHeMmcs k HalieMy onbITY OpOcaHus IByX MOHET. Brruncium
BEPOSATHOCTHU COOBITHI, COCTABISAIONIMX MHOXECTBO UCXO/0B: A — «BBIIIAJIO

aBa rep6a», A,— «BbIIAIN ABE NU(PBI», A;— «BBIIAI OJUH repOd U OHA

udpar. Ecnu kaxaoe U3 nepBbIX IBYX COOBITUN COOTBETCTBYET OJHOMY
HCXOJ1Y: OJTHOBPEMEHHOE BhITIaJIcHHE INOO repOoB, 00 1udp y MOHET,
YCIIOBHO Ha3BaHHBIX IIEPBOI U BTOPOIi, TO COOBITHIO A, OJIaronpUsTCTBYIOT

CJIEAYIOIIUE UCXObI: «repO Ha IEpBOM MOHETE U 1U(dpa Ha BTOpOou» U «1udpa
Ha MepBoi MOHETE U TrepOd Ha BTOPOit». TakuM 00pa3zoM, eCciiu COCUUTATh

PaBHOBEPOSITHBIC UCXO/JIbI C Y4€TOM HOMepa MoHeT, To ux 4: LI, I'T, I'L], LI
CnenoBarensHo, P(A)=P(A)= % , P(A)= % = % :

Bosbliryto posibs B pelieHnH 3aj1a4 00 OMbITaxX ¢ PABHOBEPOSITHBIMU
HCXOJaMHU UTPaAIOT KOMOWHATOPHBIC (DYHKITUH.

IIpumep. B smuke nexar 20 oAMHAKOBBIX HA OLIYIb IAPOB, U3 HUX 12
Oenpix u 8 yepHbIX. Haynauy BeiHUMAROT 2 mapa. KakoBa BeposSTHOCTH TOTO,
4yTO 00a OHH OeJibie?

OnpenenuM 4rciio BO3MOXKHBIX UCXOI0B BbIOOpa ABYX mapoB u3 20. ITo

Cé = % . Baronpusitabix ucxonos Cf, = % Takum oOpasom,
BEPOSITHOCTH BbIOOpA ABYX OEJNbIX IIAPOB paBHA % ~0,35.

YacTo 17151 BBIYUCIEHUS BEPOSITHOCTEN NOJIB3YIOTCS TEOPEMOl CJI0KEeHMS,
cornacHo koropont P(AuB)=P(A)+P(B)-P(ANB) . B wactHocTH, eciu
coopiTHsi A 1 B HecoBmecTHBI, P(AUB)=P(A)+P(B). CneactBuem TeopeMbI
coxkeHus apiserca popmyna P(A)=1-P(A).

IIpumep. CTpenok nonagaet B IECIATKY ¢ BepoATHOCThIO 0,05, B IEBATKY — C
BEpOSATHOCTHIO 0,2, B BOCBMEPKY — € BeposATHOCTHIO 0,6. KakoBa BEpOSTHOCTH
MIPU OJHOM BBICTpEJE BEIOUTh HE MEHEE BOCBMU OUYKOB?

NHuTtepecyrolee Hac COObITHE SABIISIETCS 00BETMHEHUEM TTOTIAPHO HE
MePECEKaIOMMXCsl COOBITUM : «BBIOUTO § OUKOBY, «BBIOUTO 9 OUKOBY» U
«BbBIOUTO 10 0uKOBY. Crie10oBaTENbHO, B COOTBETCTBUHU C TEOPEMOM CIOKECHUS
JUTSl BBIYUCIICHUS TpeOyeMOl BEPOSTHOCTH CJIEAYET CIOXKUTh BEPOSITHOCTH
BCEX 3THX COOBITUI 1 TTOTyunTh (,85.

IIpumep. B siuquke nexar 8 0enbix v 12 KpacHBIX OJMHAKOBBIX HA OIYIIb
mapoB. KakoBa BEpOSITHOCTb, BBIHMMAsI HayraJ 3 1iapa, BBIHYTh XOTs Obl OJIMH
OcnpIi?
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B nanHOM ciydae MOKHO COCUMTATh BEPOSITHOCTH BBIHYThH 3 O€JbIX, 2
OeIbIX U OJIMH KpacHbIN U 1 Oenblif U 2 KpacHBIX I1apa, a 3aTEM CJIOKUTh
NOJIyYEHHbIEC BENUYUHBI. OHAKO PALMOHAIBHEE COCUUTATh BEPOATHOCTh
POTHUBOIIOJIOKHOTO COOBITHSI — BEPOSITHOCTh BHIHYTh TPY KPACHBIX IIapa.

3 —
Urak, P(A) = % = % . CnenoBarensno, P(A)=1-P(A)~0,8 .
20

[Tycth nBa coObiTust A U B He3aBMCMMBI, TO €CTh, OT TOTO, IPOU30MIACT
WIM HET OJTHO U3 HUX, HE 3aBUCUT HACTYIUUICHUE BTOPOro. [[i1s1 He3aBUCUMBIX
COOBITHI ONPENIEIIAIOT BEPOSATHOCTh MIEPECECUCHUS COOBITUI KaK
P(AnB)=P(A)-P(B).

IIpumep. /IBa camornera cOpachiBatOT o O0MOe Ha BpakecKuil 00beKT. OOBEKT
CUHMTACTCs] YHUUTOKEHHBIM, €CJIM B HETO Tonayu a8e 6omOb1. KakoBa
BEPOSITHOCTh YHUUTOKHUTH OOBEKT, €CITU BEPOSITHOCTH TOMAIaHUsI TIEPBOTO
camoznera 0,8, a Broporo — 0,75?

OueBHUIHO, YTO €CJIM JICTYMK HE OTCIEKUBAET MOMNAJaHUE B 11€1b TOBAPUILIA
Y HE YKPEIUISIET (WJIM 0CIa0IsieT) TEM CaMbIM CBOM MOPaJIbHBIN IyX, OMagaHue
O0MO U3 pa3HBIX CaMOJIETOB B 11€J1b — B3aUMHO HE3aBUCUMBIC COOBITHSI.
[TosTOMYy BEpOSTHOCTH OJJTHOBPEMEHHOTO IOIA/IaHUS B LI€JIb paBHA
0,8-0,75=0,6.

IIpumep. B ycrioBusx npeasiIyniero npuMepa ciieayer noJcuynuTarh
BEPOSITHOCTH TIOTAIaHUsI B 1I€JIb XOTS ObI OJTHOTO JIETUHKA.

braronpusiTHBIME 17151 HACTYTUICHHUSI HHTEPECYIOIIETO HAC COOBITHUS
SBJISIFOTCS CTIEAYIOIINE UCXO I «IIOMaIN 00ay», «IIEePBhIN MOMa, BTOPOM HE
IIOIAJD), «IIEPBBIM HE I10Majl, BTOPOM Ionany. BeposaTHOCTE epBOro U3
ncxojoB 0,6, BepositHocTh Broporo 0,8-0,25=0,2, BeposSITHOCTh TPETHETO
0,2-0,75=0,15. TlosTOMy BEpOSTHOCTb MOMAAAHUSI XOTS ObI OJTHOTO JICTUYHKA
paBHa 0,95. B cOOTBETCTBUU CO CIEICTBUEM U3 TEOPEMBI CIIOKEHUS TOT JKE
PE3YAbTAT MbI MOJYYUM, TOACYUTAB BEPOSITHOCTD MPOTHUBOIMOJIOAKHOTO
COOBITHS «B I1eJIb He monaiu oba jJerunka» (0,2-0,25=0,05) u BbIuTs
MOJTYYEHHBIN pe3yJbTaT U3 €IUHULIBI.

B psine cimydaeB BO3HHUKAET BOMPOC: YTO MOXKHO CKa3aTh O BEPOSTHOCTH
coObITHsT A, €CITM M3BECTHO, YTO MPOMU30ILIO coObiTHe B ? BeposTHOCT NpH
9TOM 0003HauaeTcst P(A|B) M UMTAETCS «BEPOSTHOCTL A mpu yciosuu B».

Ecnu cobbitust A u B mecoBmecTHbl, TO P(A/B) =0, TO €cTh A— HEBO3MOKHOE
coObITHE NP HACTyIUIeHUU coObiTust B. Ecu, Hao6opor, B A, To P(A|B) =1,

TO ecTh, npu B A coObiTue A nipu ycnoBuu B — goctoBepHoe coObiTue. [is
clly4aeB, Korja npu ycioBuu B coObitue A MOXET Kak HacTyNUTb, TaK U HE
HACTYNUTh, BBOJSAT NOHSITUE YCJTAOBHOM BEPOATHOCTH, BBIUUCIIIEMOH 110
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P(ANB)
P(B)
coObITHl 1 citydait B A cornacytorcs ¢ maHHo#N hOopMyIIoi.

bopmyse: P(A‘ B) = . PaccMoTpenHbIe HamMu ciyyail HECOBMECTHBIX

B ciydae paBHOBEPOSATHBIX UCXOOB OIbITa (OpMyJia yCIOBHOU

K
BEPOSITHOCTH UMEET BU]I P(A‘B) = I7IE€ M— YUCJIO UCXOJIOB, OJIaronpusiTHBIX

st coObitus B, m K U3 HUX O1aronpusiTCTBYIOT COOBITHIO A.
IIpumep. HaiiTu BepoATHOCTH TOTO, 4TO MPU OPOCAHUHU UTPATHHOTO KyOHKa
BBITIAJIO YUCJIO 3, €CJIM U3BECTHO, YTO BBINIABIIEE YUCIIO HEYETHOE.

Ywciio ucxo10B, 0JIarONMPHUATHBIX JUTSI BBITTAICHUS] HEUETHOTO YHCIIa, PABHO
3 (1, 3,5). U3 3TX MCXOA0B TOJILKO OJMH OJIArOMPUSATEH BBINIAJICHUIO YUCa 3.

1
CrnenoBarenbHO, HCKOMasi BEPOSITHOCTh paBHA 3

[IpoBepum, yeMy paBHa yCIOBHAs BEPOATHOCTL P(A/B), eciu cobbitus A 1

B ne3aBucumbl. CoryacHo onpeiesieHHI0 BEPOSITHOCTH TIEPECeUEHUS
HE3aBUCUMBIX COOBITUIA

P(AnB) P(A)-P(B) _

PB)  P(B)
COOTBETCTBYET HHTYUTUBHOMY IPEJICTABICHUIO O TOM, YTO €CJIH COOBITHS A U
B He3aBHCHMBI, TO Ha BEPOSITHOCTh HACTYIUICHUS COOBITHSL A HUKaK HE
BIIUSIET, MPOU30IIIO COOBITHE B miu He nmpouzoiuio.

P(A|B) = P(A). DTOT pe3yibTar, HECOMHEHHO,

VYcnoBHas BEpOSTHOCTD UCTOJIB3YETCS JIJIsl BBIYUCIICHUS] BEPOSATHOCTH
HACTYTUICHHS COOBITHUS TTPU U3BECTHBIX BEPOSTHOCTSIX UCXO0B OMBITA U
YCJIOBHBIX BEPOSITHOCTSIX HACTYIJICHUSI COOBITUS MPHU KAKIOM UCXO/IE.
CnpaseyinBa ciieIyrolas Teopema.

Ilycmo A A,,..., A, — MHOJICECBO UCXO0008 HEKOMOPO20 ONnbima (Mo ecmsy

ANA =D, 1], u AUAU.UA,=E). Tozda P(B)=Y P(B|A)-P(A).

[Tocnennsisi hopmyna Ha3pIBaeTCs (POPMYJIOH MOJIHOI BEPOSITHOCTH.
Hpumep. [1o camonery npou3BOANUTCS TPU BBICTpENA. BEpOSTHOCTH MONagaHus
ripu niepBoM BeicTpene 0,5, npu BTopom 0,6, ipu tpetbem 0,8. [Ipu ogHOM
nomnaJaHuy camoJieT OyaeT cOUT ¢ BeposTHOCTHIO 0,3, TTpu ABYX MOMAJaHUSIX C
BeposiTHOCTHIO 0,6, Mpu Tpex caMmojieT OyaeT couT HaBepHska. KakoBa
BEPOSTHOCTh TOTO, UTO CaMOJIET OyaAeT COUT?

CoObiTHEeM B sBiIsIeTCS COOBITHE «CaMOJIET COUT». MHOKECTBO HCXO0B
IIPU TPEX BBICTPEIAX — ITO COOBITUA: A — «IIOMAJaHUs IIPU BCEX TPEX

BBICTpENax», A,— «Ba IOMNAJaHUsA U OJUH IIPOMax», A,— «OIHO IONAaJaHue U
IBa mpomaxa», A,— «rpu npomaxay». Umeem P(B|A)=1, P(B|A,)=0,6,
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P(B|A)=0,3, P(B|A,)=0. Teneps HyxHO noncuutats P(A),1=12,34.
Hcrnons3ys He3aBUCUMOCTD Ionaganuu, noiryyum P(A)=0,5-0,6-0,8=0,24.
CoObiTHE A,—3TO 00BEIUHEHHE TPEX HECOBMECTHBIX COOBITHN: «IIOMAIaHUE
MIPU MEPBBIX JBYX BBICTPEIAX U IPOMAX MPU TPETHEMY, «IIOMAJAHUE IPHU
MIEPBOM U TPETHEM BBICTPEIIAX U MPOMaX IPU BTOPOM» U «IIPOMax IMPHU MEPBOM
BBICTPEJIC U MOIAJAHUE TIPU ABYX clieayrommx». [loatomy
P(A,)=0,5-0,6-0,2+0,5-0,4-0,8+0,5-0,6-0,8=0,46.

AHAJIOTUYHO CYUTAECTCA BEPOSATHOCTh TPETHETO UCXOA!
P(A)=0,5-0,6-0,2+0,5-0,4-0,8+0,5-0,4-0,2=0,26 . O4eBUaHO, 4TO B CHILy

He3aBucuMocTu npomMaxoB P(A)=0,5-0,4-0,2=0,04. B pe3ynbrare

npuUMeHEeHUsI POpPMYIIbl TOTHOU BEPOSATHOCTH MTOTYIUM
P(B)=1-0,24+0,6-0,46+0,3-0,26+0-0,04 =0,594.

[IpeacraBuM, 4TO HaC UHTEPECYET HE CTOJIBKO COOBITHE, TPOUCIIEIIIEE B
pe3yJbTaTe OMbITA, a TO, IPU KAKOM UCXOJE U3 MHOKECTBA BCEX UCXOJIOB 3TO
coObITHe TTpou3onuio. HazoBeM mpu 3TOM MHOKECTBO MCX0JI0B MHOYKECTBOM
TUIO0TeE3.

IIpumep. OnrHaKOBBIC IETAIA MPOU3BOJIATCS B TpeX 1iexax. B mepBoM 1iexe
50% Bcex peranei, Bo BTopoM 1iexe 30% u B Tperbem uexe 20%.
BepositHOCTh BbITTycka OpakoBanHOM netanu B 1-m 1iexe 0,02 Bo BTOpom u
tperbem 1o 0,01 (BuauMo, TaM cTosAT 00jiee COBPEMEHHbBIE, UEM B TIEPBOM LI€XE,
crankn). K paboraukam OTK nonana 6pakoBannas nerans. Cieayer y3HaTh
BEPOSITHOCTH TOTO, YTO OpakoBaHHAs ACTallb U3 TPETHETO IeXa.

HTak, coOBITHEM B JAHHOM OIBITE SBIISICTCS COOBITHE A— «ITOSBIICHUE
OpakoBaHHOU AeTanny». [ UTIoTe3aMu 37€Ch SBISIOTCS UCXOIbI «IETah
MPOM3BEICHA B 1-M 1[exe», «1eTalb MPOU3BEAEHA BO 2-M LIEXE» U «JI€Tallb
npousBefeHa B 3-M nexe». O6o3Hauum 3tu runotessl  H;, H,, H;,

cooTBeTCTBEeHHO. OUeBHTHA BEPOSATHOCTH HCXOI0OB-TUIIOTE3 TI0 O0BEMY
nocrynaromen us nexos npogykuuu: P(H,)=0,5, P(H,)=0,3, P(H;)=0,2.
N3BecTHBI TakKe BEPOSITHOCTU COOBITUSL A TPU KaXKJIOW U3 TUIOTE3:
P(A|H,)=0,02, P(A|H,)=P(A|H;)=0,01. Kak >xe noacunrats P(H,|A)?
OtBet Ha 3TOT Bompoc aaet Teopema baiieca.

Ilycmo H,H,,....H,, — noanasa epynna cobvimuii. Toeoa

P(H | )=o) 2

2. P(AIH;)-P(H))

=1
[Ipumensis Teopemy baiteca, pemnm MOCTABJICHHYIO B IPUMEPE 331a4y:
MOJICYUTAEM BEPOATHOCTH TOTO, YTO OpaKkOBaHHAS JIETalb U3 TPETHETO IeXa.

- 0,01-0,2 0,002
PRl A =502:05+0,01.03+0,00.02 0,015 oo

46



MHorue 3a71a4i TEOPUU BEPOSTHOCTEN CBOJSITCS K TOMY, YTO OIBIT
IIPOBOJIUTCA N pa3 HE3aBUCUMBIM 00pa3oM, IPUYEM HACTYILJICHUE COOBITUS A
B OJTHOM OIIBITE HE BIMSET HA HACTYIUICHHE TOTO YK€ COOBITHS B IPYTOM OTIBITE.
Ecnu BepoSITHOCTh HACTYIUJIEHUSI COOBITUS A B OJIHOM OMBITE PaBHA P, TO YEMY
paBHA BEPOSTHOCTh HACTYIUICHUM 3TOT0 COOBITUSI M pa3 MpH N MPOBEIACHHBIX
ombiTax (M<n)? . Tak Kak NpH MPOBEJACHUH N OIBITOB COOBITHE POU30HICT
m pa3 U He MPOU30HAET (N—M) pas, TO €CIh Mbl 3APUKCUPYEM, B KAKUX

OTBITaX COOBITHE A MPOM3OMIET, a B KAKMX HET, U3-3a HE3aBUCUMOCTH
HACTYILUICHUS WM OTCYTCTBHS COOBITUS MBI JJOJKHBI OTyduTh P (1— p)™™ .

Ho nockosbKy MBI HE 3HaeM, B KaKUX OIBITAX COOBITHE MPOU30UIET, a B KaKUX
HET, MBI JIOJDKHBI TPOCYMMHPOBATH BEPOSTHOCTH HECOBMECTHBIX COOBITHIA,
OTJIMYAIOIIIUXCS HOMEPaMH OIMBITOB, B KOTOPBIX COOBITHE TPOUCXOAUT. Uncio
Pa3TUYHBIX BAPUAHTOB IPYIINT N OMBITOB C M MPOUCIICAITUMU COOBITUAMHU
paBHOC/". I[IoATOMY OTBET Ha MMOCTABJICHHBIM BOMNPOC AAacT Gopmy.ia

Bepuyum: CM-p™-(1-p)™™,
IIpumep. KakoBa BepOsITHOCTH TOTO, YTO MPH IECATH OPOCAHUSIX UTPATTLHOM

KOCTH JIBa pa3a BeInajet 67 3necy p = %, Cl= Cfo =45. CiienoBaTeILHO,

9
BEPOSITHOCTh MHTEPECYIOIIETo Hac coObITus 0, 25-§ .

3amMeTuM, 4TO B COOTBETCTBUHU C popmysioit OmHoMa HeroToHa cymma
BEPOATHOCTEH HAcTyIIeHUs coObiTuii 0, 1, 2, ..., n pa3 mpu NPOBEICHUU N
OTBITOB paBHa 1.

3aganus.

1. B ypue coxmepxutcs 5 Oenbix U 4 yepHbIX mapa. 1) BoiHumaercs
Haynayy oJuH 1map. HailTu BepoATHOCTH TOTO, UYTO OH Oenblid. 2)
BrinumaroTcs Hayauy ABa mapa. HailTu BeposiTHOCTh TOTO, 4TO: a) 00a
mapa 0esbie; 0) XOTs Obl OJTUH U3 HUX YEPHBIH.

2. B xopoOke 5 cmHMX, 4 KpacHBIX M 3 3€lICHBIX KapaHjama. Haymagay
BBIHUMAIOT 3 Kapanpgama. HallTu BEposITHOCTh TOTrO, YTO: a) BCE OHHU
OJIHOTO IIBE€Ta; 0) BCE OHM Pa3HBIX IIBETOB; B) CPEAM HUX 2 CHHMX H |
3€JICHBIM KapaHalll.

3. Jlano 6 kaprouek ¢ 6ykBamu H, M, U, S, JI, O. Haiitu BeposTHOCTH
TOro, yTo: a) mosyuurtcs cioBo JIOM, ecnu Hayraj oaHa 3a JIpyrou
BBIOMPAIOTCS TpU KapTouku; 0) momyuutcs cioBo MOJIHUS, ecnm
Hayraj OJiHa 3a ApYrou BeIOMparoTCsi 6 KapTOYEK.
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. bpouiensl nBEe WrpanpHble KocTh. HallTh BEpOATHOCTH TOro, 4YTO: a)
CyMMa BBIMABIIMX OYKOB HE MPEBOCXOAUT 7; 0) HAa 0O0EUX KOCTSIX
BBINIAJIa€T OJMHAKOBOE YHCJIO OYKOB; B) IPOU3BEAECHUE BBIMABIINX
OYKOB JIEJUTCS Ha 4; T') XOTsI ObI Ha OJJHOM KOCTH BBINIAJET 6 OUKOB.

. Kon nomodona cocroutr u3z 8 uudp, KOTOphle MOTYT MOBTOPSTHCS.
KakoBa BepOSTHOCTH TOro, 4TO CIAy4ailHO HaOupas UUPPbI, MOXKHO
yrajaTh HyKHBIN KOJ1?

. Haypnauy B34tbl1ii TenieoHHBI HOMEp cOCTOUT U3 6 1udp. Onpeaenursb
BEPOSITHOCTH TOT0, Bce 6 1up pa3IndHblI.

. NUmeercs 6 uznenuil: 4 U3 HUX NEpBOro copra u 2 Broporo. Haymauy
B35 3 u3nenus. HailTu BEpOSITHOCTh TOTO, YTO CPEId HUX TOJBKO
OJIHO IIEPBOTO COpTA.

. Cpenu 12 crynentoB 7 oTinuuHUKOB. M3 rpynmel 0ToOpaHo Hayaady S
yesoBek. KakoBa BEpOATHOCTh TOTO, YTO CPEU HUX 3 OTJIMYHHKA.

. Cpenn 20 wgenuit 3 nedextHhix. CiyyailHO U3 HUX OToOpaHo 4
m3aenusi. HallTu BEpOSITHOCTh TOTO, YTO @) BCE OTOOpaHHBIE TOJHBI; 0)
YHCJIO TOJIHBIX U Ie(PEKTHBIX OJUHAKOBO.

Kaxnaplii w3 ABYX CTPEIKOB JENaeT IO OJIHOMY BBICTPEIy B
muteHsb. [lycTs coObITHE A — TEPBBIN CTPETIOK MOMAaN B IIE)Ib, COOBITHE
B — BTOpOI#1 cTpenok momnan B 1eib. YTo o3Ha4YaroT coObITHs: a) 4 + B;
6) AB;B) A.

N3 xop3uHbI, coaepxkamieil KpacHbIe, KeIThle U Oenble PO3bl
BBIOMpaeTcst 0JiMH 1BETOK. [1ycTh coObITHSI A — BBIHYTA KpacHas po3a, B
— BbIHyTa »enrtas po3a, C — BbeIHyTa Oenas posza. UTo o3HAYaror

coopiTus: a) B+ C;0) A4 +B;B)AC; 1) A+ B; n) A+B+C ;e) AB +
C?

Tpu cTyneHTa He3aBUCHMO JIPYT OT Apyra pemaroT 3axady. Ilycts
coObITHE A;- TEPBBIA CTYJIEHT Pl 3aaady, coObiTHe A, — BTOpPOH
CTYAEHT pelni 3a1a4dy, A3 — TPETUM CTYJAEHT pelln 3aaaqy. Beipa3urts
yepe3 coowitust 4; (i=1,2,3) cnenyromue coobiTus: 1) A — BCE CTyICHTBI
peuny 3aaavy; 2) B — 3ajady peuui TOJNIbKO nepBblid cTyaeHT; 3) C —
3a/layy pemus XoTsa Obl OJuH CTyIeHT; 4) D — 3agady pemun TONbKO
OJIUH CTYJAEHT; 5) E — ¢ 3aja4eil He CrpaBuJICs HU OJIUH CTYJIEHT; 6) F —
3a/layy pelunio He 0osiee IBYX CTYIECHTOB.

Tonpko oauH M3 9 KIIOYEW MOAXOAUT K JaHHOMY 3aMKy. KakoBa
BEPOSITHOCTh TOTO, YTO MPHUIETCS OMpoOoBaTh S KIHOYEH s
OTKpBIBaHUS 3aMKa?

[Ipu BKJIIOYEHUM 3aKWTaHUs JIBUTaTelb HayuMHAET padoTaTh ¢
BeposiTHOCThIO 0,9. KakoBa BEpOATHOCTH TOrO, 4YTO JJisi 3aIycka
JBUTATEINS MPUIETCS BKIIIOYATh 3aKUraHue He Oosiee Tpex pas?
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Cayvaiinble BeJJUYUHBI.

Ciay4yaiiHOM BeJIMYMHOM HA3bIBAIOT (DYHKIIUIO, 33/IaHHYIO HA MHOKECTBE
HCXOJ0B KOHKPETHOTO OIIBITA.

1. IlnckpeTHasi ciiy4yaiiHasi BeJIMYMHA.

B mpocreniiem cirydae, Korjaa MHOKECTBO HCXOJ0B OMbITa KOHEYHO,
KaXKIIOMy MCXOAY OIbITa E, IOCTaBIEHO B COOTBETCTBUE CAUHCTBEHHOE YUCIIO

X, , KOTOpOE U Ha3bIBACTCS 3HAYECHUEM CIIy4allHOM BEIMYMHBI HA ucxone E, u
npezacrasnsercs B Buae X, =<¢(E, ). Ecnu Bce 3HaYeHns Clry4aiHON BEIMYMHBI

COBIIAJIAIOT MEXK]Ty COOOM, TO TOBOPSIT, UTO CAydailHasi BEJIMYMHA €CTh
MOCTOSHHAA.

Cnyyalinyto BEIUYUHY, TPUHUMAIOIIYI0 KOHEYHOE YMCII0 3HAYCHUM, 3a7al0T
TaOJIULIEH:

Hcxonpl E E, . E,

g Xl X2 Xn

[IprumepoM cirydyallHOM BEJIMYMHBI MOYKHO CUATATh CYMMApHOE
KOJIMYECTBO BBIMNABUIMX OYKOB IMPHU OJIHOBPEMEHHOM OpPOCAaHUH JIBYX
UTPATIbHBIX KyOUKOB. O4eBUHO, YTO YHUCIO PABHOBEPOATHBIX HMCXOAOB MpHU
OmbITe OpOocaHus IBYX KyOMKOB paBHO 36. 3HaueHUsI, MPUHUMAEMOE CITy4alHOU
BEJIMYUHOW, MEHSIOTCA OT 2 10 12, mpuyem, pa3HbIM UCXOAaM MOTYT
COOTBETCTBOBATh OJJMHAKOBBIE 3HaUeHUsl. Hamnpumep, 3HaueHue 4
MPUHUMAETCA MPU TPEX pa3MyHbIX ucxomax: 1+3, 2+2 u 3+1.

Co cimyyaliHBIMU BeTUYMHAMU 0OPaIaloTCs TaK Ke, KaK ¢ OOBIYHBIMU
YUCJIOBBIMU (DYHKIIUSIMU: MOKHO CKJIQ/IBIBATh JIBE CIIy4alHbIC BEJIMUUHBI & U 77
(TO ecTh CTPOUTH HOBYIO CIIYHaiHYIO BETMUYHHY, 3a]]aBasi TAOJIUIly C CyMMaMu
COOTBETCTBYIOIIMX 3HAYEHUH IPHU BCEX UCXOAaX), YMHOKATh CIy4YalHYIO
BEJIMYMHY HA YUCJIO, YMHOXAaTh U JEIUTh CIy4YailHbIE€ BEIMYMHBI IPYT HA IpyTa.

JIJ'ISI N3YUYCHUA cnyqaﬁﬂoﬁ BCJIMYMHBI BBOJAT €€ YHNCIIOBBIC
XApPaKTCPUCTUKH.
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MaTteMaTH4eCKHUM 0KUJIAHUEM CITy4YalHOM BEJIIMYUHBI £ B OMBITE C N

1 n
PaBHOBEPOATHBIMUA UCXOJAMU Ha3bIBaeTCA 4uciio ME = ﬁZxk . To ecTs,
k=1

MaTeMaTUYECKOE OKUJIAHUE — 3TO CPEJIHEE 3HAUCHUE CITyYaHHOW BEJIMYUHBI.
OueBHUIHO CIEAYIONINE U3 ONPECICHUS CBOMCTBA MATEMATHUUYECKOTO
OKUIaHUSA:

M(ag+b)= 3" (ax, +b)=a-%zn:xk+b:a-M§+b,
k=1

N{=
M(YE) =Y ME,.
R =

B 1aHHOM BBIIIE ONPENCIIEHUN MAaTEMAaTUYECKOTO 0KUAAHUS OYEHD
CYLECTBEHHO TO, 4TO Ucxonabl E,, K=1,...,n, paBHOBeposTHBI. IIpencraBum

TeNeph, YTO U3ydyaeMasi HAMM CIy4daiiHas BeJIMYMHA MPUHUMAET B pE3yJIbTaTe N
Ucxon0B | 3HaueHui a;, j=1..,1, rme | <n.3T10 03HAUAET, UTO KAaKHUE-TO U3

3HAYCHWH a; NPUHUMAIOTCS B PE3YJITATE HECKOJIBLKUX PABHOBEPOATHBIX
ucxonoB. OObEMHUM T UCXOABI E,, KOTOPBIE COOTBETCTBYIOT 3HAYCHHIO a; B
coowbite A, j=1...,1. OueBunHo, uto COOBITHA A;, j=1,...,I, mOMapHo
HECOBMECTHBI. Eciii 0003HaYUTh Y€pe3 M; KOJIMYECTBO PABHOBEPOSTHBIX

HCXOO0B Ek , COOTBCTCTBYIOIMX 3HAYCHUIO aj , TO MBI ITOJYYHUM CJICAYIOIICC

1 |
ONPEAECIICHNE MAaTEMAaTUYECKOTO OXKUIaHusA: M & = E a;-m; . A tereps
=

m
3aMETHUM, 4TO Tj = p(A;) . Takum 00pa3oM, MbI TIOJYYHJIH HOBOE ONpe/iesieHne

MATEeMaTH4Y€eCKOr0 0KUJIAHMS: IIyCTh IMOJHOU TPYIION UCXOJAO0B OIbITA
ABJISIOTCS COObITHSA A, A,..., A ¢ BeposaTHOCTAMH P(A;) = p;, j=1,..,1, npudem

Cily4aiHasi BeIMYMHA & B pe3ysibTaTe HCXo/a A; TIPUHUMACT 3HAYCHHE a;
|

BCE 3HaueHus a;, j=1,..,l, pasnuunbl Torna MﬁzZ;‘aj -p; -
J:

Takum 00pa3om, 1Jisi BRBIYUCICHUSI MATEMATUUECKOTO OKHUIAHUS
CITy4aiHOW BEJIMYMHBI HEJJOCTATOYHO 3HATh TOJBKO 3HAUYCHUS BEJIMUUHBI IPU
Pa3JIMYHBIX UCXO0/aX, HEOOXOAUMBI TAK)KE BEPOSITHOCTH COOBITHIA,
00ecreYnBaIOIIUX pa3IMyHbIE 3HAUCHUs Cly4ailHOM BennuuHbl. [loaToMy
1eNIeco00pa3Ho 3a/1aBaTh Ta0JIUIly, B KOTOPOM YKa3bIBAIOTCS Pa3JIMYHbIC
3HAYEHUS CIy4ailHOM BEJIMUUHBI, & TAKKE BEPOSATHOCTH COOTBETCTBYIOIINX
HCXOJI0B:

5 Cl a, eee q
P Py P, ... P,
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[TocTpoeHHast HaMu Ta0JIUIIa HA3bIBAETCS 3aKOHOM (PSAII0M)
pacrnpeae/ieHus1 JUCKPETHOM CJOyYAHHON BeJIMYUHBbI & . 3aMETUM, YTO CyMMa
BEPOSTHOCTEH, HAXOIAIINUXCS B HUKHEH CTPOKE MPUBEICHHOM TaOJIMIIBI paBHA
1. JIns HarassIHOCTH 3aKOH pachpenesieHus 3a1atoT rpadudecku: Ha ocu OX
OTKJIAJbIBatOT BCEBO3MOKHbBIE 3HAUCHUS CIIy4alHOU BEJIMYUHBI &, a HAJ
KaKJbIM 3HaueHueM (B1osib ocu OY ) moMeniaroT COOTBETCTBYIOUTLY IO
BEpOATHOCTh. COEAUHSAS OJIyYEHHBIE TOYKH OTPE3KAMH, MbI IOJIyYUM
MHOTOYTI0JIbHUK (IIOJIUTOH) pacnpeaeeHus.

IIpumep. CTpesiok CTpessieT NATh pa3 Mo MUIIEHU. BEposSTHOCTH Momnaianus B

MHUIIEHb NpU KaxaoM BeicTpene 0,8. HaliTu 3akoH pacnpeneneHus CiydaiHon

BEJIMYMHBI «YHUCJIO MOMATAHUN CTPEIIKA B PE3YJIBTATE BCEX BBHICTPEIIOBY.

JlaHHas ciyvaiiHasg BeIW4YdHA TpUHUMAET 6 3Hauenuid: 0, 1, 2, 3,4, 5.

[ToxcunTaem BEpOSTHOCTD KaXIOTO M3 UCXOJIOB C MPUMEHEHHEM (hOPMYJIBI

Beprynn. 3nauenne 0 BemMurHa IPUMET ¢ BEPOSTHOCTELIO 0,2°. 3Hauenue 1 —

¢ BepositHOCcThIO CZ-(0,2)*-0,8=0,0064, 3Ha4YeHHE 2 — C BEPOSATHOCTHIO

CZ-(0,2)*-(0,8)*> =0,0512, 3HaueHHE 3 — C BEPOSTHOCTHIO

C2-(0,2)?-(0,8)* =0,2048, 3nauenue 4 — ¢ BeposirHocThio Cg -0,2-(0,8)* =0,4096

Y 3HAYEHHE 5 — C BEPOATHOCTHIO (0,8)° =0,32768.

[TocTponm 3aKOH pacupeaeacHus

5 0 1 2 3 4 5
P | 0,00032| 0,0064 0,0512 0,2048 0,4096 | 0,32768

3aganue. [locTpoliTe MHOTOYrOJbHUK PaCOpPEaCICHUS] PACCMOTPEHHOU
CIy4YaliHOW BEJIUYMHBL.

Haiinem maTeMaTnmueckoe OKHIaHUE JaHHOUW BEJIMYHHEL.
M &=0+0,0064+2-0,0512+3-0,2048+4-0,4096+5-0,32768 =4.

B cooTBeTcTBHM C onpeiesieHueM He3aBUCUMBIX COOBITHM JIBE
JTACKPETHBIC CITy4alHbIE BEJIMUYUHBI & U 7] HA3bIBAKOTCS HE3ABUCUMBIMH, €CIIH
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IpU JIOOBIX | U ] BBITIOJHSAETCS PABEHCTBO
P(=a)n(7=Db;))=P(S=a)-P(7=b;). s HE3aBUCHUMBIX CIIy4ailHbIX

BEJIMYMH XapaKTEpHO CBOMCTBO M (&-17) =M (&)-M (7).

Ecnu maremaTuyeckoe OKUJIaHUE JaeT HaM 3HAYEHHE, BOKPYT KOTOPOTO
pa3OpocaHbl 3HAYEHUS CIIyYallHOM BEJIMUMHBI, TO HOBAsI XapaKTEPUCTHUKA,
Ha3bIBaeMasi AMCNepcueil XxapakTepu3yeT CTEIeHb pa3dpoca 3HaAUCHU I
CITy4YaiHOW BeIWYUHBI. J[JIsI BbIUMCIEHHs] JUCTIEPCHH TIPUMEHsIeTCS hopMyia
DE=M(&-M¢&)*.

Hannem nucnepcutro ciay4yaliHOM BEJIMYUHBI U3 MPEABIAYIIETO PpUMeEpa.
Cnyyaiinas BenuunHa &—ME nmpuHuMaeT 3HadeHus -4, -3, -2,-1,0, 1 ¢
BepositHocTsimMu 0,00032, 0,0064,

0,0512, 0,2048, 0,4096 u 0,32768, coorBeTcTBeHHO. ClieqoBaTEeIbHO,
BenuumHa (& —ME)? nmpuanMaer 3Hauenus 16, 9, 4, 1, 0 ¢ BeposATHOCTAMU
0,00032, 0,0064, 0,0512, 0,53248 wu 0,4096, coorBeTcTBEeHHO. [T0aTOMY
D& =16-0,00032+9-0,0064+4-0,0512+0,53248=0,8.

J171s1 BBIYUCIICHUS TUCTIEPCUN MHOTA YI00HO TMOJIh30BaThCs PopMyJIon
DE=ME?—(ME)?. lokaxeMm, 9To 31a popMyiia cieayer u3 GopMyJibl,

omnpenensone gucnepento. Menonbiys
|

onpeJieICHNE MaTEMAaTUYECKOTO 0XKUIAHUS U TO, YTO z p; =1, moay4yum
=1

szM(g—Mf)zzi(aj—Meg)z P; :Zl:ajzpj—ZMgzllajpj +
]=1 ]=1 J=1

|
+(M5)2Z; pj=M&* - (M&)~
j=
Herpyano 3ametuts, uto D(K-&)=k?-DE.

YacTo npu aHanr3e KaKuxX-TO MPOLECCOB MPUXOIUTCS BBISICHS T,
3aBUCHUMBI JIY JIB€ CIyYallHbIE BEJIMYHUHBI. MBI YK€ 3HAa€M, YTO B CiIy4ae
He3aBucuMmoctu M (&E-n7)=M(&)-M(n7) . Ho ecnu mocnenHee paBeHCTBO HE

BBINOJIHAETCS, TO MOXKHO OLIEHUTH CTEIICHb 3aBUCUMOCTH MEXKIY CIIy4YalHBIX
BEJIMYUH. {7151 3TOr0 CyXuT KOG PUIUEHT KOPPEJIAUH, BBIYUCIISIEMbIN O

dopmyne r(&,n)= M(c-) —M(5)-M(z) Kospdunpent xoppendiuu 00nanaeT
JD¢&-Dry
cBoicTBOM |r(&,77)|<1. OueBUAHO, YTO KOIPIULIUEHT KOPPENSIIUU ABYX

HE3aBUCHUMBIX BEJIMUYHMH PABEH HYII0. ECIH Ke JBE CIydailHbIC BETUYNUHBI
CBSI3aHbI JINHEWHO, TO €CTh, 7=a-&+Db, 1o |r(&,n) |=1.

CrnpaBeyinBO CIEAYIOLIEE CBOMCTBO HE3aBUCUMBIX BEIUYUH: €CIIN
BEJIMYMHBI & U 1) HE3aBUCUMBI, TO D(E+71) =D&+ Dy
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3aganus.

1.Cnyuvaiinas BenuunHa X 3aJjaHa PSAJIOM PACIpPEICTICHHUS:
Xi -2 1 2 3
Di 0,08| 04 | 0,32 | 0,2

1)  TlocTpouTh MHOTOYI'OJBHHK pACHpEIeICHUs; 2) HaWTH BEPOSTHOCTH
coobitrii 4 = (X<2); B = (1<X<3); C = (1<X<3); 3) naitu M(X); 4) Haiitu
DX).

2. CrnydaitHas BenuduHa Y 3aJ1aHa PSAIOM paclpeeeHuUs:

Vi 11 114 | 17 2,0 2,3
Di 0,1 ] 0,2 C 0,3 0,1

1) Haiitu 3Havemme P(Y = 17); 2) NOOCTPOUTh MHOTOYTIOJbHHK
pactipenencuus; 3) HaWth BepostHoctu P(Y>14), P(1,4<Y<2,3); 4) HaiTH
M(Y); 5) naiitu D(Y).

3.3aKkoH pacnpezeneHus ciy4aiiHON BeJIMUUHBI X 3a7]aH TaOJIUIICH:

Xi 1 2 3 4
Di 0,104 | 03 C

Haiitu: 1) C, 2) M(X), 3) D(X), 4) P(X<3).

2. HenpepbiBHasl ciy4yailHasi BeJIMYMHA.

B cnyuae, korga 3Ha4€HUS CIy4YalHOW BEJIMYMHBI HETIPEPBIBHBI,
HapUMep, 3aIOJHAIOT [ETUKOM MHTEPBAJ, HEBO3MOXKHO 3371aBaTh CIIy4YalHYIO
BEJIMYMHY B BUJIE TAOIHUIbI C KOHEUHBIM YHCIIOM UCXO0A0B. [IpuMepom
HETPEPHIBHON CITy4ailHON BEJIMUMHBI SABJISIETCS POCT TPEXJIETHETO peOeHKa.
OnbIT COCTOUT B U3MEPEHHUH pocTa pedeHka. Mcxos onbiTa — u3Mepenue pocra
KOHKpETHOTO pedeHka. O4eBUIHO, UTO HEIb351 YCTAHOBUTH KOHEUHOE YHCIIO
BO3MOKHBIX HCXOJI0B, MOXHO JIMIIb YKa3aTh IUAIIa30H 3HAYCHUN POCTAa 10
pe3yJibTaTaM MHOTOJIETHUX HAOJIFOJEHUM.

JI1st HepephIBHOM CITy4aiHOM BEJTMYHHBI BBOAUTCS (DyHKIIHS
pacnpeaenenus. 110 ananornu ¢ 3aKk0HOM pacnpeaeneHus 1Js TUCKPETHOU
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BEJIMYMHBI (PYHKUUA pacnpeaeeHisi HeMPepPbIBHOU CJIyYAUHOU BeJIUYNHbI
— 3TO BEPOSITHOCTh, HO HE BEPOSITHOCTh TOTO, YTO CIy4alHAasi BEJIMYUHA
IIPUMHUMAET KOHKPETHOE 3HAYEHUE, & BEPOSATHOCTD TOTI0, UTO CIIy4yarhHas
BEJIMYMHA IPUHUMAET 3HA4YCHUsA, MEeHbIIME JaHHOro: F(X)=P(S<X).

Ecnu BBecTH Takyro e QYHKIIUIO pacipeaeaeHus s JUCKPETHON
BEJIMYMHBI, TO 3Ta PYHKIMS OKaKETCA cTyneH4yaToil. Tak, B mocieqHeM
npuMepe co cTpenkoM F(x)=0 npu x<0, F(x)=0,00032 mpu 0<x<1,
F(x)=0,00672 mpu 1<x<2, F(x)=0,05792 npu 2<x<3, F(x)=0,26272 mnpu
3<x<4, F(x)=0,67232 nipu 4<x<5, F(x)=1 mpu x>5.

[Tockonbky (hyHKIMS pacnpeeseHus IBISIETCS BEPOSITHOCTBIO, €€
3HAYEHHS PACIIONIOKEHBI B Auamna3one [0,1], mpu yBenuueHnu 3Ha4eHU
apryMeHTa x BEpPOATHOCTb P(& < X) YMEHBIIUTLCSA HE MOXKET, TaK KaK
MHOECTBO BO3MOKHBIX 3HAUCHUHN CIIYYalHOMW BEJIMUMHBI ¢ PACIIUPSACTCH.
[ToaTomy (pyHKIIMS F(X) HeyOBIBaromas, lim F(x)=0, lim F(x)=1.
[IpuBeneHHbIN TpuMeEp PYHKUIUU pacpeAesIeHUs TUCKPETHOM BEJIMUNHbI
MOJATBEPKIAACT OTU PACCYKIACHUS.

B cnydae HenpephIBHOM Cily4ailHOM BEIMYMHBI rpapuK QyHKIUN
pacnpeneneHus — HerpepbiBHas KpuBast. Ecnu GyHkums F(x)
muddepennrpyema, To ee MPou3BoIHas p(X) = F'(X) Ha3bIBACTCA MJIOTHOCTHIO
pacnpenenenusi. Beiencrtsue HeyObIiBaHusS PYHKIIMU pacnpeneneHus p(x)>0.
N3 dpopmynsr HeroTona-JleliOnuiia cnemayer, 94To

T p(x)dx = F(b)—F(a) = P(E <b)—P(é <a) = P(a< &<b) . ClienoBaTeNbHO, B

COOTBETCTBUU C TEOMETPUYECKUM CMBICIIOM MHTErpaia, BEPOSITHOCTb TOT'O, UTO
ClIy4anHas BeJINYMHA PUHUMAET 3HAYEHUS Ha MOJIyUHTEPBAJIE [a,b) , paBHA
IUIOLIAAN KPUBOJIMHENHOM Tpaneunu ¢ OCHOBAHUEM [a,b) , OTpaHUYECHHOU
CBEpXY KpUBOM Yy = p(x). OUeBUIHO, YTO IJIOIIAb KPUBOJIMHEWHOMN Tparenuu
HE U3MCHUTCS, €CJIM B €€ OCHOBAHUH IIOJTYMHTEpBAI [a,b) 3aMCHUTh Ha OTPE30K
[a,b] Wi Ha uHTEpBAI (a,b). To ecTsh,

P(aS§<b)=P(asfsb)zP(a<§<b)=P(a<.§£b)=.bfp(x)dx.

3aMeTI/IM, YTO OJIA HGHpCpBIBHOfI CﬂyqaﬁHOﬁ BCJIIMYMHBI, B OTJIMYHUC OT
JII/ICerTHOﬁ cnyqaﬁﬂoﬁ BCIIMYUHBI, BEPOATHOCTDL TOI'O, YTO BCIIMYHNHA
IMPUHUMACT KaKOC-TO KOHKPCTHOC 3HAYCHUC, paBHA HYJIIO. HCﬁCTBHTGJ’IBHO,

P(S=%)=lIMP(x, ~6 < &< X% +3) = lIM(F (X, + ) —F (X% —9)) = F (%) = F (%) =0.
OueBuHO, YTO +jzop(x)dx=hlﬁirrzof p(x)dx=hlﬂirrgo(F(M)—F(—M)) =1lu

F(X) = j p(t)dt.

—00
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MaremaTu4yecKoe 0:KUaHue 11 HEITPEPHIBHOMW CIIyYalHOW BEITUYUHBI
¢ ¢ nuddepeHurnpyeMon MIOTHOCTBIO PacpeiesIeHUs ONPEAEIISIETCs KaKk

Mé‘:Tx- p(x)dx.

JMcnepcust HENPEPBIBHOU CIIyYalHON BEJIMYUHBI TaK K€, KaK U I
JOUCKPETHOM CIIyYailHOW BEJIMYHMHBI ONPEICISIETCS KaK M (& —ME)° U Takxke
BBIPAXXAaeTCsl C MOMOLIBIO HHTETpaia B ciryyae AuddepeHunpyemMoil QyHKINHA
pacupeneseHus.

JIBe HEnpepBIBHBIE CIIy4YalHbIE BEJIMYMHBI £ U 77 HA3bIBAIOTCA
HE3aBMCUMBIMM, €CJIU JJIs1 JIIOOOM Naphl MPOMEXYTKOB | M J CIPaBEJIUBO:
P((el)n(ned)=P(el)-P(ned). Tak e KaK B Cllydyae JUCKPETHBIX BEJIUUYUH
HUMEET MECTO COOTHOHICHUE M (&-17)=M(E)-M (7).
3ananus.
1.3anana yHKIMS pacTpeesieHUs] HEPEPHIBHOM CIIy4yalHOW BETMYUHBI X

0,mpux < 3,
F(x) = %(x—S)Z,an 3<x<5,
1,mpu 5 < x.
Haiitu: 1) IlnotHOCTH pacnpeneneHus p(x);2) P(x € (3;4).
2. 3aj1aHa MIIOTHOCTh pacCTpeIeTICHUs] HENPEPBIBHOM CIIy4ailHOM BEIMUUHBI X

p(x) = F,npnx >1,
0,mpux < 1.
Haiitu 1) ®ynkuuro pacnpeaenenus F(X); 2) p(1 < x < 5).
3. 3amana pyHKUUS
0,mpux <0,
F(x) =<ax?nmpu0<x <1,
1, mpul < x.

Omnpenenuts: 1) mpu KaKOM 3HAYEHUU a QYHKIHUS F(x) OyAeT PyHKIIUEH
pacrpeeneHusi HEKOTOPOU ClIy4YallHOW BEIUYUHBI X; 2) IUIOTHOCTh
BEPOATHOCTH ; 3) BEPOATHOCTH coObITHs D={-2 < x <.

4. JlaHa JIOTHOCTH pacipeesieHus] BEPOSITHOCTEN CTydYailHOW BeJIMYUHBI X:

0, npux < 0,

1
p(x) = g'X,I‘IpI/IO <x <4

0, mpu 4 < x.
Hatitn M(X); D(X); a(X).
5.Haiitn MatremaTtndeckoe OXKuaHue, JUCTIEPCHUI0, CPEAHEE KBaApaTUUECKOe
OTKJIOHCHUE CIIYYaHOM BEJIMYMHBI X C TIIOTHOCTBIO BEPOATHOCTH f(x) =

%x npu x € [0; 2]u f(x) = 0 A5t OCTaNbHBIX X.
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3. HpI/IMepr 3aKOHOB pacnpcacjaicHus cnyqaﬁnblx BCJINYHH.

1) PaBHomepHoe pacnpenenenue. HenpepriBHOE pacripeiesieHue ¢
IUIOTHOCTBIO, IOCTOSIHHOW Ha HEKOTOPOM Y4YacTKe [a,b] ¥ paBHOU HYJIIO BCIOIY

KPOME 3TOT0 y4acTKa, Ha3bIBAETCS pABHOMEPHBIM pacnpeseiaenueM. U3
+o0 b
cooTHOMmEHHs | p(x)dx = pdx =1 NMEEM MOCTOSHHOE 3HAYEHHE TIIOTHOCTH Ha

—0 a
X

y4acTke [a,b]: p=bi. B cootBeTcTBHM ¢ hopmyion F(x)= I p(t)dt mMeeM

—00

cneayronmi rpadhuk GyHKIIMA paBHOMEPHOTO pacIpe/IeIeHUs:

a b

BriunciuM XapakTepUCTUKHA PABHOMEPHOTO PaCIpENCICHUS:

S b+a
ME=|Xx- dx = ,
¢ -!: b-a 2
" a+b, 1 (b—a)?
DE= | (x— 2 dx = :
d -[( 2 ) b-a 12

a

2) bunoMuaJibHOe pacnpeneseHue. /[uckpernas ciryyaiiHas BEJIMYMHA,
MIPUHUMAIOIIIAS] TOJIBKO I€JIbIe HEOTPUIIATEIbHbIC 3HAUEHUsI, HE OOJIbIITNE YUCa
n, C BEPOSATHOCTSIMH P(&=K)=Cr. p*“-(1-p)"™, Ha3pIBA€TCA pACIPEACICHHOM 1O
OMHOMHAIBPHOMY 3aKOHY. 3aMETHUM, YTO MPUBEICHHAS BEIMUYMHA PUTYpUpOBaa
B popmysie bepHyiu, koTopas laBaia BEpOSTHOCTh HACTYTUICHUSI COOBITHS B

k ombITaX W3 n, €CIIM BEPOSITHOCTb HACTYIUICHUSI COOBITUSI B OJHOM OTIBITE

paBHa p. XapaKTEPUCTUKHU PACIPEICICHUS TAKOBBI: M&E=n-p, DE=n-p-(1-p).
Ha nByx cieayromux rpadukax 3agaHbl 3aKOHBI pactpeaeiaeHus ¢ p=0,5,
n=40 uc p=0,7, n=20, COOTBETCTBEHHO.
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3) HopmanbHblii 3akoH pacnpeneienus ['aycca. DTOT 3aK0H pacnpeeieHus
HENPEPBHIBHOU CIIyYalHOM BEJIMYMHBI OYEHD YACTO NPUMEHUM, [IOITOMY
OCTaHOBUMCS Ha HEM TIOJIpOOHEE.

Ecnu st AMCKpeTHON BETUYUHBI, pacpeielIeHHON 110 OMHOMHAIBHOMY
3aKOHY, IOCTPOUTH 3aBUCUMOCTb BEPOATHOCTU P(S =K) OT 3Ha4YCHUA Kk, MBI
3aMETHUM, UTO C POCTOM Kk IIpH K <n- p+ p —1 BEPOATHOCTL MOHOTOHHO
Bo3pacTaceT, anipu kK >n- p+ p—1 ¢ pOCTOM k BEpOSITHOCTb MOHOTOHHO
yOBIBaeT, TOCTUTAs] HAMOOJBIIIETO 3HAYCHUS TIPH 3HAYCHUAX, OJTU3KUX K
MAaTEMATUYECKOMY OKHUJAHUIO N-p. ITO MOKHO MPOCICAUTh Ha TPUBEACHHBIX
BBIIIIE IBYX Tpaprikax 3aKOHOB OMHOMHAIIBHOTO pacipeaenenus. Hedaro
Mo00HOE MOKHO HaOJII0AaTh M IIPH IMTOCTPOCHUH TTOJ00HOM 3aBHCUMOCTH JIJIs
IUCKPETHOU BEJIMUMHBI, pacnpeaeaeHHOMN 1o 3akony [lyaccoHa.

AHaJIOrOM 3aKOHa paclpeeieHUs TUCKPETHON CIIy4YalHOW BEJIMYHHBI B
CJly4yae HENPEPHIBHOMN CIyYaWHOW BEJIMYUHBI SIBJISIETCS TNIOTHOCTH
pacnpeneneHus. ECTECTBEHHO UMETh TaKOW 3aKOH PACIIPEICIEHUS

57



HEIIPEPBIBHOU CIIyYalHOMN BEJIMYUHBI, IIJIOTHOCTh KOTOPOIO JTIOCTUTAET
HauOOJIBIIIEr0 3HAUCHUS TTPU 3HAYEHUAX CIIyYalHON BEJIMYHHBI, PABHBIX
MAaTeMaTU4YECKOMY O0KUJAHUIO 3TOU BEJIMUYHUHBI.

HenpepriBHas cinyyaliHas BEJIMYMHA HA3bIBACTCS PACIIPEIECIIEHHON 10
HOpMaJ'leOMy 3aKOHY, €CJIU €€ INIOTHOCTh BEPOATHOCTH paBHa

(X m)?

p(x) = 20* | o >0. I'pauK MIO0THOCTH pacHpeeneHust — KpuBasi,

G\/
CUMMETPUYHAsI OTHOCUTEIIBHO TOUYKH x =m, MOHOTOHHO BO3pacTaroIias ot
HyJa (p(x) — 0) IPU x <m ¥ MOHOTOHHO YOBIBaroias K HyJto ( p(x) — 0) npu
X—>—00 X—>+0

x>m. Ha mpuBeieHHOM HUXe pUCYHKE COBMEILIEHBI rpauKH MJIOTHOCTEHN IBYX
HOPMaJIbHBIX pacnpeneneHuil. I'paduk | cooTBeTCTBYET 3HAUCHUSIM

1
napameTpoB m=0, o =1, a rpaduk Il — 3HaUeHNSIM TapamMeTpoB m=0, o= >

08

g 2 1

=Y

Koadduuument npu s3xcrnoneHnanbHoi GyHKIMY MO0J00paH TaKUM, YTOOBI

BBIINOJHSJIOCH YCIIOBUEC '[ p(x)dx =1. (ITpu BerYMcIECHNN UHTETPAJIA OT TIJIOTHOCTH

—0

+o0
o _t2
WCIIONIb3YETCsl 3HaUeHUe nHTerpana Jitnepa-Ilyaccona: I e Vdt=vr).

—0
OyHKIHUS pacpeIesICHUs BEIUYNHbBL, PACIPEAEICHHON IO HOPMAIBHOMY
3aKOHY, MOHO 33JaTh CJIEIYIOIIUM 00pa3oMm:

x (= m) 1 (x-m)/ o
20° (t = —— j e %dr =

=l T
1 Tez 1 ‘XT’”ez 1 X—m

—_— T==+ :
27 NP2 A 2 0')

X
I e "'?dr HaseIBaeTcs pyHkuuel Jlamaca.
0

F(x) =

rae QyHKuus o(x) =

N~
3
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Oynknwust Jlamnaca 3amaercs TabIMIHO, KaK 1 MHOTHE U3BECTHBIC
byHKIUN (TPUTOHOMETpHUYECKHUE (PYHKIINHU, IKCTIOHCHITMAbHAs QYHKIUS U

norapupmuydeckas GyHKIHMA). ITO MOHOTOHHO BO3pacTarolas, HeueTHas

1
byHKIUSA, O(+0)= >
Ecnu ciyyalinas BenuyrHa £ UMEET pacupeeIeHUe 110 HOPMAIIbHOMY

b—m -m o
3aKOHY, TO P(a<é <b)=d(—) —CD(a—) . MaremaTnueckoe OXKHJaHuE dTOU
(o2 o

+00
CIIy4YallHOM BEJIMYUHBI PABHO M¢ = j X- p(x)dx =m. Jlucniepcusi TOu ke BEITUUUHBI

paBHa D¢ =o".

3amMeuaTenbHbIM CBOMCTBOM HOPMAJIBHOTO 3aKOHA SIBJISIETCS CIEAYIOIIEE:
€CJIM HE3aBHUCHUMBIC CIIyYallHbI€ BEJIMYMHBI PACIPEICIICHBI 10 HOPMAIbHOMY
3aKOHY, TO UX CyMMa TakKe pacrpe/iesieHa o HOPMaJIbHOMY 3aKOHY.
3ananus
1. MaremaTuyeckoe OKHUJIaHUE U CPEAHEE KBAPATUUECKOE OTKIOHEHUE
HOPMAJIBHO PACIPEICIICHHON CIIy4YalHOM BEJIMYUHBI § COOTBETCTBEHHO PABHBI
10 1 2 HaliTH BEPOSITHOCTh TOTO, YTO B PE3YJIHTATE UCTIBITAHUS § IPUMET
3HAYEHHUE, 3aKIIOYEHHOE B HHTEpBasie (12; 14).
2. MaremaTruuecKkoe OXXKHUJIaHuE U CpeJIHee KBaIpaTUUEeCKOE OTKIIOHEHUE MTOopora
BOCIIPHATHS 3ByKOBOI'O CUTHAJIA B CEPUU OIBITOB m¢ = 40 (B YCIOBHBIX
€IMHUIIAX), JUCNIEPCHS D; = 100. BBIYMCIUTH BEPOSTHOCTH TOIO, YTO B JAHHOM
UCIIBITAaHUU TIOpoT OyzeT 3akatoueH B uHTepBaie (30; 80), cunras
pacripe/ieJieHrie mopora HopMaJibHbIM.
3. IlycTh ciyuaiiHas BeIMYMHA § KLIEHTPUPOBAHHAS, T.€. m; = 0. FI3BECTHO, UTO
o¢ = 5. HaliT BEpOSITHOCTB TOT0, YTO § HE MPEBOCXOIUT IO a0COJIFOTHOM
BEJIMYMHE 3HAYCHUA 5.
4. MaremaTH4eCKOe 0)KMIaHUE mg U CPEIHEE KBAJPATUIECKOE OTKIOHEHHE o¢
YPOBHSI YBEPEHHOCTH &, pPaCIPEACIICHHOTO 110 HOPMaJIbHOMY 3aKOHY,
cooTBeTcTBEHHO paBHbI 40 1 0,4. Kakue 3HaueHUs JaHHOTO MOKAa3aTess MOKHO
rapaHTUPOBATH C BEPOATHOCTHIO 0,8.

4. 3aK0H 00JIBIINX YHCEJI.

BeposTHOCTHBIE 3aKOHOMEPHOCTH BBISBISIOTCS MPU OOJIBIIIOM YHCIIC
OIBITOB U HA3BIBAIOTCS 3aKOHOM 00JbIIMX YMcea. Hamuuume stux
3aKOHOMEPHOCTEH CBSI3aHO C MaCCOBOCTBIO SIBICHUM, TO €CTh C OOJIBIITUM
YHUCJIOM OMBITOB WJIM C OOJIBIIUM YHUCIIOM CITy4alHBIX BO3JICHUCTBUM,
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NPUBOJAIINX K TAKOW CIYyYalHON BETMYUHE, KOTOPAs TOJYUHSIETCSA BIIOJIHE
ONPEACICHHOMY U MaTEMATUYECKH BEIBEPEHHOMY 3aKOHY.

Tak, cipaBeyiMBa ClieaAyrollas TeopeMa, Ha3blBacMas TeOpeMou
Yeow1mesa. Eciu cayuainvle geiudunsl &,&,,...,E,... NONAPHO HE3ABUCUMbL U

cywecmeyem maxas koncmarnma C >0, umo Dé <C, ke N, mo npu a0bom a>0
. 13 13
lim P(Hégk —E;Mgk >a)=0.

To ecTh, kKakue Obl KOHKPETHBIC 3HAUCHUSI HU PUHUMAJIU TTOMIAPHO
HE3aBUCHUMBIE CITy4ailHbIe BEJIUYUHBI, C OOJBIION BEPOSATHOCTHIO 3a UX
CpeaHee MOXKHO OpaTh CpeIHEE UX MATEMATUYECKUX OXKUJAHUM.

Jpyrum npumMepoM IposiBIICHUsI 3aKOHA OOJIBIIINX YHCETT SBIISICTCS
LHeHTpAaJbHAasl mpe/eJibHAsI TeOpeMa. eciu NOCi1e008amelbHOCHb NONAPHO
HEe3aB8UCUMDBLX CAVUAUHBIX BeIUYUH &, &),...E ... VOOBIEmMBOpsiem YC0BUIO

S M & -ME |

lim X =0, mo

T () Dg )

imPla<t I —h|=d(b)-d(a).

3amMeTuM, 4TO yClIOBHE, IPUBEICHHOE B (POPMYIHPOBKE TEOPEMBI
O3HA4aeT, YTO B CYMME CIIyYalHbBIX BEJIMYWH HU OJTHO U3 CJIAracMbIX HE
JOMUHHPYET, TO €CTh BKJIAJ KaKIOM U3 CIIyYalHbIX BEJINYMH HE MOJABISACT
BKJIAJ0B APYTUX BEJINYMH.

JIeMeHThI MATEMATHYECKOM CTATUCTUKH

B npenwimymem naparpade Mbl UM €TI0 C 3aKOHAMH PaCIIpeIeICHUS
CTy4alHBIX BEIMUMH KaK C YeM-TO 3apaHee m3BeCTHRIM. Ha mpakTuke, korma
MBI TIBITAEMCSI CHCTEMAaTHU3HPOBAaTh HAOIIOICHUS 1 ONIBITHBIC JaHHBIC U JACIaTh
Ha OCHOBAHHWH ATUX HAOIIOJCHUIA MPOTHO3BI, MBI JOJDKHBI ITOJYYHUTh BCE
XapaKTePUCTUKH U3 ONBITOB. [Ipy 3TOM cieayeT uMeTh B BUTY, YTO BCAKHI
AKCIIEPUMEHT CBSI3aH C OIIMOKaMH U3MEPEHUH U HAOJIFOICHUH, ¥ 3HAYUT,
XapaKTEPUCTUKH, TTOTYISHHBIC M3 OTIBITOB, SBIISFOTCS JTUIITh PHOIHKESHHBIMU
BeamunHamMu. Ciieyer yOeauThCsl B HaJISKHOCTH TIOJTYYICHHBIX PE3yJIbTaTOB (TO
€CTh 3HAaTh BEPOATHOCTH TOTO, YTO PE3YIbTaThl U3MEPCHUIN UMEIOT 3aJaHHYO
TOYHOCTb).
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Pa3paboTka METOI0B perucTpaiuu, OnucaHus U aHaIu3a CTaTUCTUYECKUX
AKCTIEPUMEHTAIIbHBIX JAHHBIX, IOJIYYEHHBIX B pE3ysibTaTe HAOIIOACHUS
MACCOBBIX CIIy4YaWHBIX SIBJIEHHUM, COCTABIISIET IPEAMET MATEeMAaTHYECKOM
craTucTUKU. OCHOBHBIMH 3aJja4aMy MaTEMATUUECKON CTATUCTUKH SIBJISIFOTCS
1) 3agava onpeneneHus 3aK0OHa pacrpeeieHUs CIydalHONW BEJIMYUHBI 10
CTATUCTUYECKUM JIAaHHBIM, 2) 3aj71a4a BbISBJICHUS JOCTOBEPHOCTHU MOTYYCHHBIX
napamMeTpoB pacrpeaeseHus, 3) 3a1aya IpoOBEPKU MPaBIONO00MS THIIOTE3BI O
TOM, 4YTO Clly4aiiHasi BEJIMYMHA [TOJYUHSACTCSI BHIOpAaHHOMY 3aKOHY
pacrpeencHus.

JI7g CTaTUCTUYECKOT0 aHAIM3a CITyYalHOW BEJIMYMHBI Mbl IPOU3BOIUM
BbIOOPKY, TO €CTh, U3MEPSEM HE BCE 3HAUCHHUSI CIIyHYalHOW BEIUYUHBI, a
TOJIbKO YacTh CIIy4ailHO MOJTy4YeHHbIX 3HaueHul. Tem Oomee, 4To HHOTIa OTIBIT
110 U3MEPEHUIO 3HAUCHUHN MPUBOJIUT K YHUYTOXKEHUIO 00BEKTa UCCIIEAOBAHUM.
Tak, u3MepeHue cpoka CyKO0bl FJTEKTPUUECKON JTAMIIOYKH UMEET CMBICII
TOJIBKO B TOM CJIy4ae, €CJIM B UTOTE OMbITA JJAMIIOYKA MPUIET B HETOJIHOCT.

[Ipennoioxkum, 4TO MbI TPOBOJIMM aHAJIN3 JJAHHBIX O POCTE TPEXJIETHUX
neren. [Ipu npoBenennn onpita (M3MEPEHUN POCTA MANBIIIEH ) Mbl CHaYaJIa
3alUCHIBAEM JIaHHBIE TTOCJIEA0BATENBHO 110 MEPE UX MOCTYyIUIEHUs (pocT 1-ro
pebeHka, pocT 2-1o pedeHKa,...). Cieayromnuii sTarn 00padoTKu
CTaTUCTUYECKUX JTAHHBIX — IOCTPOCHUE CTATUCTUYECKON PYHKIMH
pacnpeaeJeHus1 UCCIEyeMOM CaydalHOW BenuuuHbl. Cmamucmuyeckou
@yHKYuell pacnpedenenus CIy4atiHol eIUYUHbL & HA3b18AEMCsl YACmMoma
cobbimusl & < X8 NOJLYYEeHHOM cmamucmuyeckom mamepuane. F(x)=P (£ <X).
3nech P'—3TO 4acToTa, TO €CTh, OTHOLIEHHUE YHCIIA MOTYYEHHBIX B PE3YIbTATE
OIIBITA 3HAYEHUH CIIyYalHOU BEJIMYMHBI, MEHBIIINX 3HAYECHUS x, K YACITY BCEX
MOJTYYCHHBIX 3HAYEHUU. MBI MTOTy4YUM HEYOBIBAIOIIYIO CTYIEHYATYIO
(GYHKITMIO, UMEIOIIYI0 CKauKU B TOYKaX, COOTBETCTBYIOIIUX BCEM 3HAUCHUSM
CIIy4allHOW BEJIMYMHBI, IOJYUYCHHBIM B PE3yJIbTATE ONBITA.

[Ipu yBenrueHUH YKcia ONbITOB COTJIACHO 3aKOHY OOJIBIIMX YHMCEJT Hallla
cTaTUCTUYeCKas PYHKIHUS pacipeaesieHus MpruoImKaeTcs K MOAJIMHHON
GyHKUMK pacnipeaesieHust F(x).

AHaAI0TrOM 3aKOHA pacnpeaeIeHUs] JUCKPETHON BEIMYMHBI UITN
IUIOTHOCTH PAaCIPEICIICHUS HENPEPHIBHON BEIIMUUHBI SIBJISIFOTCS MOJUTOH
YacToOT U TUCTOrPaMMa 4acToT.
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[ToauroH 4acToT MbI MOJYYHM, €CIH KaXKJIOMY 3HAYEHUIO HCCIIEAYEMOM
BEJIMYMHBI, TOJTYYEHHOMY B PE€3yJIbTATE ONbITA, IOCTABUM B COOTBETCTBHUE
YKUCJIO HAOMIoeHuM ATOoro 3HaueHus. Hanpumep, poct 1 M Mbl HaOmonamu y 7
nereut, poct 1 m 1 cm y 10 nereit, poct
Im 2 cmy 18 gereit u 1.1. Ha rpaduike Mbl OTIIOKUM 3HaY€HUE Yy =7 TIPU
3HaueHuu x =100, 3Hauenne y=10 npu 3HaueHnn x=101, 3Hauenue y=18 npu
x=102,... CoenHUB TOUKH Tpadrka OTpe3KaMH MPAMbBIX, MbI TOJTYUYUM
MHOT'OYTOJIbHUK, KOTOPBIA M Ha3bIBAIOT MOJIUTOHOM 4acToT. B ciyyae, korja o
BEPTUKAJIM MBI OTKJIQ/IbIBAEM HE YKCIIO0 HAOIIOIEHUI TAHHOTO

3HAY€HUs, @ OTHOIIEHHUE 3TOr0 YKCJIA K YUCITY BCEX U3MEPECHUM, MBI ITOJTYYUM
MOJIMIOH OTHOCHUTEJIbHBIX YaCTOT.

B ToMm cnydae, Kora 4MciO TaHHBIX, TOJTYYEHHBIX B PE3YJIbTATE OMbBITA,
OYEHb BEJIMKO U PACTIOJIOKEHBI ATU JJAHHbIEC OJIU3KO APYT K JIPYTY, TO €CTh
CilydaifHasi BeIMUMHA paclpeiesieHa MPaKTUUYECKU HENMPEPbIBHO, MPUOETAIOT K
MOCTPOCHUIO THCTOTPaMMbl. B oTinuue OT MOJUroHa 4acToT MPHU MOCTPOCHUU
TUCTOTPAMMBbI Ha OCH x OTMEYarOT HE OTACIbHBIC 3HAUYCHUS, KOTOPHIE
MIPUHUAMAET CIy4yalHas BEJIMYMHA, & PABHBIC MHTEPBAJIbI 3HAYEHUM, a HAJ]
Ka)KJIbIM TAKUM MHTEPBAJIOM Ha BBICOTE, PABHOM KOJIWYECTBY HAOJIOICHHBIX
3HAYCHUN CIIy4alHOUW BEJIWYMHBI, IIONABIIMX B 3TOT HHTEPBAJ, IIOMEIIAIOT
[apaJUICIIbHBIA OCU  x OTPE3O0K.

AHaAI0rOM MaTeMaTHYECKOTO OXKUJIAHUS CIIyYalHON BEJIIMYUHBI TIPU

CTaTUCTUYECKOM 00paboTKe SABIsAETCS cpeHee apuhMeTUUECKOE MOTYYEHHBIX
oo X Xt X
SHAUCHHUIT X = 212 ", HA3bIBAEMOE IMIIMPHUYECKHUM MAaTEeMATHYECKUM
n

0’KMIAHMEM WK CPEeTHUM 10 BBIOOPKe. 371€Ch n— KOJUYECTBO U3MEPECHUMN,
x, — HaOII0/1aeMOe 3HAaUYCHHUE CyYalHOW BEIMUMHBI IPH K -M HU3MEPECHUH.

AHanoroM JUCHIEPCUU  CITyYalHOW BEJIMYUHBI TTPU CTATUCTUIECKON 00paboTKe
SABJISIETCS AIMIIUPUYECKAs] JUCHEPCUs, BhIUKCIsieMas 0 popmylie
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1 < _ o
s’ :—1Z(x—x)2 . 3aM€Ha n Ha n—1 B 3HAMEHATEJE HECITy4YaiHa, HO

O00BSCHEHHE 3TOT0 HE BXOAUT B HAIIY MPOTPaMMYy, TO3ITOMY OTPaHUUUMCS
3aMEeYaHHeM, YTO IIpU OOJIBIINX 3HAYCHHUSX n Takas 3aMeHa HEeCYIIEeCTBEHHA.

[locne onpeneneHnss SMIMPUIECKUX IMAPAMETPOB BCTAET BOIIPOC O
TOYHOCTH OIICHOK IMapaMeTPOB BEIOpaHHOTO pactipeeneHus. [Ipeanonoxum,
YTO § — UHTEPECYIOIIMK HAC ITapaMeTp pactpeneineHusd. Ha ocHoBaHuu
BBIOOPKU HAXOJUTCSI UHTEPBAI (6,,6,), B KOTOPOM MOXKET HaXOAUTHCS MapaMmeTp

U OLICHUBAETCS BEPOSITHOCTD P(O (6, 6,)). Eciin nmosryyeHa takast OleHKa
P(@<(6,,6,)) >y, TO UHTEpBaI (6,,6,) HA3bIBAETCS IOBEPUTEIbHBIM
HHTEPBAJIOM JIJI1 IapaMeTpa 6, a YACIIO y HA3bIBACTCS HAJAEKHOCTHIO

CIICJIAHHOW OLICHKH. ECii HaJIe:)KHOCTh MONaJaHus B IPEAJI0KEHHBIA HHTEPBAII

J0CTaTOYHO BBICOKA (Hampumep, 6omblie 95%), 3a 3HaueHue 6 6epyT
CepeuHY JOBEPUTEIHLHOIO UHTEPBAa (0 = 616 ).

Hpumep. Ilycts HaM HY>KHO HaWTH JOBEPUTEIbHBIM UHTEPBAI JJIs
MAaTeMaTUYECKOTO 0KUAAHUS HOPMAIIBHOTO PaclpeelCHUs CIIy4YalHOU
BEIIMYMHBI ¢ TIPW U3BECTHOU JUCTIEPCUU o’ . B pe3ynpTare ombITa MBI

MMOJYYHJIN 3HAYCHUA X Xoy ey X CHy‘I&fIHOfI BCJIMYMHBI 1 HAIIJIK SMITMPHUYICCKOC

X+t X,

MAaTEeMATUYECKOC OXKUIAHUEC X = . MBI X0THM HCCJIICAOBATb PAa3HOCTDb

MEXKy ITUM SMIIMPUYECKHUM MAaTEMATHYECKUM 0KUAAHUEM U PEATbHBIM
HEHU3BECTHBIM HAM MATEMATUYECKUM OKUJAHHEM m .

Cunras, 4TO KaXkJ10€ 3HaYCHHE, MOJYUYEHHOE B PE3YJIbTATE UBMEPEHUS —
ATO TOXKE Clly4yalHasi BEJTMYMHA, HE 3aBUCUMAsi OT IPYTUX U3MEPEHHU,
pacrpeneneHHas o TOMY K€ 3aKOHY, YTO U £, MBI MOXKEM paccMaTpUBaTh X
KaK CIIy4alHYIO BEJIMYMHY, paclpeeIeHHYI0 IO HOPMaJIbHOMY 3aKOHY (U3
CBOMCTB HOPMAJIbHOI'O pacrpeeiaeHus). MaTteMaTH4eCKUM OXKUJaHUEM

2
o ) _ v O )
CIIy4aifHOM BeIMUYMHBI X OyAeT m, a qucnepcue — .3HauuT, PyHKIUeH
n

pacripeneNeHusl CIy9aitHOW BEIMUMHBI X OynmeT F(x)= % + CD(X il ).
O

CienoBarensHo,
P(X-m|<8)=P(M-8<X<m+35)=F(m+35)-F(m-5)=
:CD(&;/H)_@( \/_) 2@(5*/_

3a7aB HaACKHOCTD ¥, MBI I10 Ta6J'II/IHaM 11 GYHKITAA D(X) Haﬁz[eM TO

3HAYCHHUE apTyMEHTa, PU KOTOPOM dTa (YHKIMS UMEET 3HAUCHUE = 2 . Tenepp
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OCTACTCA IMPUPABHATD ITOJIYYCHHOC 3HAYCHUC APT'YMCHTA BBIPAKCHUIDO —— U

syn
o
HAWTHU [UIMHY JOBEPUTEIBLHOTO HHTEpBAJA 26 .

WTak, Mbl OJIYYWIIM TAPAMETPhI ¥ BRIOPAIN HOIXOASIIANA 3aKOH
pacnpezesieHus ¢ 3TUMHU IMapaMeTpaMu. Tenepp Ha OCHOBAHUM MOJYYEHHOTO
CTaTUCTUYECKOI0 MaTepuasa HaM IPeJICTOUT IPOBEPUTH THIOTE3Y,
COCTOSILYIO B TOM, YTO UCCIEAYyeMas CilydailHas BeJIMYMHA TOAUYUHSIETCS

KOHKPETHOMY 3aKOHY pacipeiesieHus, Hanpumep, uMeeT (QyHKIUIO
X—m,

1
pacopeneneHus F(x) = E+CI)( ). g mpoBepKu runoTe3sl CyIeCTBYOT

Oy

CHEHMAIbHBIE KPUTEPUHU, TO3BOJISIONINE HAUTU BEPOSITHOCTH TOTO, YTO
OTKJIOHEHHUSI TAaHHBIX, MOJYYCHHBIX B pE3yJIbTaTe U3MEPEHUM, OT TAHHBIX,
MOJTy4aeMbIX B COOTBETCTBUHM C HUCIOJIb30BAHUEM TUIIOTE3bI, BEI3BAHBI
ClydyalHbIMU TpUYrMHaMu. Eciii Takasi BEpOSITHOCTh MaJia, TUTIOTE3Y
OTBEPraroT, €CJIM BEJIUKA, TUIIOTE3y IPUHUMAIOT.

3ananus.

1. [TocTpoOUTH MOJTUTOH YACTOT IO JAHHOMY PaclpeeICHUI0 BEHIOOPKHU:

x. |2 [3[5]6
n, | 10|15]5] 20
0)

x. |15]20125]30|35

10115]30| 20|25

2. I[TocTpOUTh MOJUTOHBI YaCTOT PaCHpeICTICHUS.

x, |1 135 [7 [9

n. |10(15]20|30 |12

Haiitu cpennee.

3. [locTpouTh THCTOrpaMMBbI YaCTOT pacipeneacHus (B IEpBOM CTONOIE yKa3aH
YaCTUYHBIM HWHTEpBaJ, BO BTOPOM — CyMMa 4YacTOT BapHaHT YaCTUYHOTO
UHTEpBaIa).

a)2->5 9 06)150-155 3
5-8 10 155-160 5
8—-11 25 160 - 165 8
11-14 6; 165-170 6
170-175 2
4. ana BeiOOpka: 3,1,2,1,0,4,1,4,5,6,2,5,1,0,2,3,3,3,0,1.
1) CoctaBuTh TaOJIUIIBI YACTOT U OTHOCUTENIBHBIX YAaCTOT;
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2) IlocTpouTh MOJUTOHBI YACTOT U OTHOCUTEIbHBIX YaCTOT;

3) Beluucaurth cpeaHee;

4) CocraBuUTh MHTEPBAIbHBIC TAOJUIIBI YaCTOT U OTHOCHUTEIBHBIX YaCTOT C
marom h = 2;

5) IlocTpouTk rucTorpammy.

5. Haiitu noBepuTenbHbI HHTEPBAI JJISl OLICHKU C HAJCKHOCThI0 ¥ = 0,99
HEU3BECTHOTO MAaTEMaTUUYECKOT0 0XXKUAAHUS M HOPMAJIBHO PaCIPeIeIICHHOTO
npu3Haka X reHepaJbHOW COBOKYIHOCTH , €CJIU U3BECTHBI F€HEPATIbHOE
KBaJPaTUIECKOE OTKJIOHCHHUE o, BHIOOPOYHAS CPEIIHSIS X7 1 00HEM BHIOOPKH : a)
0=4%=102n=16; 0) 0 =575 = 16,8,n = 25.

6. U3 reHepanpbHON COBOKYIMTHOCTH M3BJICYeHA BEIOOpKA 0Obema N = 10:

xi;i-212345
n 212221
OLEHUTH C HAJIEKHOCTBIO ¥ = 0,95 MATEMATUYECKOE 0KUJaHUE M HOPMATbHO
pacrpe/ieIEHHOr0 MPU3HaKa reHepaJIbHOU COBOKYITHOCTH 10 BHIOOPOUYHOM
CpeaHel Ipu MOMOIITU JOBEPUTEILHOTO MHTEPBAJIA.

B xoHI1ie moco6ust Mbl momeniaeM Tadauily yaBoeHHou (yHkiuu Jlamnaca.

Tabnuna yasoennoi gpynkuuu Jlammaca

x 2200 x 220X x 220X x 220X x 2:9(x) x 2:P(x)
0.00 0.00000 0.36 0.28115 0.73 0.53461 1.10 0.72867 1.47 0.85844 1.84 0.93423
0.01 0.00798 0.37 0.28862 0.74 0.54070 1.11 0.73300 1.48 0.86113 1.85 0.93569
0.02 0.01596 0.38 0.29605 0.75 0.54675 1.12 0.73729 1.49 0.86378 1.86 0.93711
0.03 0.02393 0.39 0.30346 0.76 0.55275 1.13 0.74152 1.50 0.86639 1.87 0.93852
0.04 0.03191 0.40 0.31084 0.77 0.55870 1.14 0.74571 1.51 0.86696 1.88 0.93989
0.05 0.03988 0.41 0.31819 0.78 0.56461 1.15 0.74986 1.52 0.87149 1.89 0.94124
0.06 0.04784 0.42 0.32552 0.79 0.57047 1.16 0.75395 1.53 0.87398 1.90 0.94257
0.07 0.05581 0.43 0.33280 0.80 0.57629 1.17 0.75800 1.54 0.87644 1.91 0.94387
0.08 0.06376 0.44 0.34006 0.81 0.58206 1.18 0.76200 1.55 0.87886 1.92 0.94514
0.09 0.07171 0.45 0.34729 0.82 0.58778 1.19 0.76595 1.56 0.88124 1.93 0.94639
0.10 0.07966 0.46 0.35448 0.83 0.59346 1.20 0.76986 1.57 0.88358 1.94 0.94762
0.11 0.08759 0.47 0.36164 0.84 0.59909 1.21 0.77372 1.58 0.88589 1.95 0.94882
0.12 0.09552 0.48 0.36877 0.85 0.60468 1.22 0.77754 1.59 0.88817 1.96 0.95000
0.13 0.10348 0.49 0.37587 0.86 0.61021 1.23 0.78130 1.60 0.89040 1.97 0.95116
0.14 0.11134 0.50 0.38292 0.87 0.61570 1.24 0.78502 1.61 0.89260 1.98 0.95230

0.15 0.11924 0.51 0.38995 0.88 0.62114 1.25 0.78870 1.62 0.89477 1.99 0.95341
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0.16
0.17
0.18
0.19
0.20
0.21
0.22
0.23
0.24
0.25
0.26
0.27
0.28
0.29
0.30
0.31
0.32
0.33
0.34
0.35

0.12712
0.13499
0.14285
0.15069
0.15852
0.16633
0.17413
0.18191
0.18967
0.19741
0.20514
0.21284
0.22052
0.22818
0.23582
0.24344
0.25103
0.25860
0.26614
0.27366

0.52
0.53
0.54
0.55
0.56
0.57
0.58
0.59
0.60
0.61
0.62
0.63
0.64
0.65
0.66
0.67
0.68
0.69
0.70
0.71

0.72

0.39694
0.40389
0.41080
0.41768
0.42452
0.43132
0.43809
0.44481
0.45149
0.45814
0.46474
0.47131
0.47783
0.48431
0.49075
0.49714
0.50350
0.50981
0.51607
0.52230
0.52848

0.89
0.90
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99
1.00
1.01
1.02
1.03
1.04
1.05
1.06
1.07
1.08
1.09

0.62653
0.63188
0.63718
0.64243
0.64763
0.65278
0.65789
0.66294
0.66795
0.67291
0.67783
0.68269
0.68750
0.69227
0.69699
0.70166
0.70628
0.71086
0.71538
0.71986
0.72429

1.26
1.27
1.28
1.29
1.30
131
1.32
1.33
1.34
1.35
1.36
1.37
1.38
1.39
1.40
141
1.42
1.43
1.44
1.45

1.46

0.79233
0.79592
0.79945
0.80295
0.80640
0.80980
0.81316
0.81648
0.81975
0.82298
0.82617
0.82931
0.83241
0.83547
0.83849
0.84146
0.84439
0.84728
0.85013
0.85294
0.85571
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1.63
1.64
1.65
1.66
1.67
1.68
1.69
1.70
1.71
1.72

0.89690
0.89899
0.90106
0.90309
0.90508
0.90704
0.90897
0.91087
0.91273
0.91457
0.91637
0.91814
0.91988
0.92159
0.92327
0.92492
0.92655
0.92814
0.92970
0.93124
0.93275

2.00
2.01
2.02
2.03
2.04
2.05
2.06
2.07
2.08
2.09
2.10
211
212
2.13
2.14
2.15
2.16
2.17
2.18
2.19
2.20

0.95450
0.95557
0.95662
0.95764
0.95865
0.95964
0.96060
0.96155
0.96247
0.96338
0.96427
0.96514
0.96599
0.96683
0.96765
0.96844
0.96923
0.96999
0.97074
0.97148
0.97219





