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AnaHOoTan s

JI71s1 9UCIIeHHOrO MOeIMPOBAHNS JBYMEPHOr0 AudhepeHrmaIsHOr0 ypaBHEHNs B TaCTHBIX
MPOU3BOIHBIX APOOHBIX HOPSIKOB B KOHEYHON 00/IACTH IPe1/IaraloTcst CXeMbl IPUOINZKEHHON
dakTopuzanuy U BeKTOPHO-3IUTUBHEIE. /[0Ka3aHa yCTOMUIMBOCTD STUX cXeM. Teoperudeckue
Pe3yIbTATHI TIOITBEPIKIeHbl YUCTeHHBIM IPUMePOM.

KuaroueBbie cjaoBa: 9acTHBIE TTPOU3BOIHBIE IPOOHOTO MOPsIKa, 331a49a upuxie, KoHeU-
Has 00/1aCTh, /IITUTUBHBIE W BEKTOPHO-aTNTUBHBIE CXEMBbI, 0€3yCJIOBHAA YCTONIUBOCTD.

BBenenue

B macrositiiee Bpems BO3pOC MHTEPEC K YPABHEHUAM B YACTHBIX TTPOU3BOIHBIX JIPOO-
HBIX MOPSIKOB. DTO CBA3AHO C MOABIEHWEM (DU3UIECKUX, OUOXUMHUIECKUX, reodu3u-
YeCKUX ¥ ApYrux Mozesneil [1-7], onuchiBamomux KU3HEHHO BasKHbBIE [IPOIECCHI CYIle-
CTBOBAHHUsI YEJIOBEKA W OKPYKAIOIIeil Cpebl, OCHOBAHHBIE HA aHOMAIbHON muddy3un,
cy6muddysun u cynepauddy3un.

ITpumepst [1-7] mokazamm, 9TO BpeMst PACTIPOCTPAHEHNS 3arPsI3HSIONINX BEIeCTB B
HO/3eMHBIX BOJAaX (CUJIBHO HEOJHODPOJHBIX CPeIaxX) OKA3aJ0Ch MHOrO GOJIblle 3Hade-
HUs, OIMCAHHOrO KJjaccuueckuM ypasuenuem nuddysuu (Bropoii 3akon Puka). [lpen-
JIOXKEHHAST MOMMDUKAINS KJIACCUIECKOTO ypaBHeHusi nuddy3un MO3BOIUIA BIOCTE-
CTBUU MOJIy9aTh BPEMEHHOM MPOMEXKYTOK OOHOBJIEHUS CPEIbl TOCTEe PA3PYIIAKIIETO
JMEHCTBUS KOJOTHIECKUX KATACTPOM, BHIOPOCOB XUMUUIECKON MPOMBINLIEHHOCTH. Kpo-
Me TOro, ObL1a CHOPMYIHMPOBAHA TEOPHs, B OCHOBY KOTOPOH OBLT TOI0KeH 3P deKrT
CKa9IK000pa3HOro OJIYKIAHUSA TaCTHUIIBI ¢ HE3aBUCUMBIMU BPEMEHAMHU OXKUJIAHUN U aHa-
JIM3 OTJINYHH MEXKIY KJIACCHIECKOH 1 aHOMaIbHON aud dy3ueit, nccaemoBanbl 3 HeKTh
CHUCTEMHO¥ MaMSATH Ha MOMIENSAX MEeUCTBUS 3arpsa3HSIONINX BEIIECTB B CUIBHO HEOIHO-
POIHBIX bapMaIUsX B TEUYEHHUE JJINTETHHOTO MPOMEXKYTKA BPEMEHW, W yCTAHOBJIEHA
HEe0OX0IMMOCTD 3aMeHbl KJIaccuueckoro ypasaenus quddysuu npobuoit Bepcueii. B [4]
011 mpeacTaBaen cybanddy3uitaiii penomen B AudPyHAUPYIOMEM IBUKEHUU TTPO-
TEMHOB Yepe3 KJIeTOUHyio memoOpany. Bumecre ¢ medarnoi Bepcueit O6bL1 OmyOJIMKOBaH
BHUIEOMATEPHUAJT CBODOTHOIO CKAYKOOOPA3HOrO OJIYKIAHNS JaCTHUI] 38 JIUTETHHBIN Bpe-
MEHHO TepUOoJI, OMUCAHNE KOTOPOTO BBIXOAUT 33 PAMKH KJIACCHUYECKOTO OPOYHOBCKOTO
neskernsi. Kpome Toro, B [5] comepxkarcsi pesyabrarel Habmwomenus cybanddysun B
GAYKTYUPYIOMNUX TPOTEHH-CUCTEMAX, B KOTOPBIX PACCTOAHUE MEXKJY JOHOPOM H aK-
[EITAHTOM C OJTHOKJIETOYHBIM POTEMHOM MOCTOAHHO MeHgercs. Vcrnonb3ys 371eKTpOH-
TpaHcdep PeaKIuio, UM YAAJI0Ch YCTAHOBUTE MPOUCXOISIIYIO CMEHY DACCTOSTHUS B Jeii-
CTBUTEJILHOM BpeMenu. [loydeHHbIil pe3yabTaT 3HAYUTEIBHO OTINIAJICS OT TTIOBEIEHU ST
YACTHIIL, OITMCAHHOTO OPOYHOBCKUM nBHxKeHneM. B [6] npencrasien psi busnyeckux Mo-
neseii (cy6auddysus B cpesie ¢ pe3KuM KOHTPACTOM XaPaKTEPUCTUK, (DIIyKTyaluOHHbIE
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ACMEKThI B TPAHCIOPTE MPUMECH B CHJIBHO HEYIOPSIIOUYEHHOHN Cpelle, CTOXAaCTUIeCKast
aJBeKiys BO (PPaKTAIBHON CPejie), B KOTOPBIX YCPEJHEHHAs KOHIEHTPALUs [IPUMECH
VIIOBJETBOpsET HE KJAACCHIECKOMY ypaBHEHWIO aaBexknnu-nudysuu, a guddepenn-
AJTBHOMY YPABHEHWIO IPOOHOTO MOPSIIKA.

ARTyaspHOCTD TPAKTUYECKUX TPUJIOKEHUN BbI3BAA HEOOXOJUMOCTH COBEPINEH-
CTBOBAHHUSI MAaTEMATHIECKOrO alapara WHTerpo-auddepeHmpoBanusi IpoOHOTO Mo-
pAOKa, HAYYHBIM BKJIAJ B Pa3BUTHE KOTOPOrO OBLI CAEJaH TAKUMH BbIIAIOIMINMUCI
yuenbivu, kak II. Jlamnac (P.S. Laplace, 1812), 2K.B. ®ypwe (J.B. Fourier, 1822),
H.X. AGean (N.H. Abel, 1823-1826), 2K. JIuysusib (J. Liouville, 1832-1873), b. Puman
(B. Riemann, 1847) u ap. (cMm. [8, 9]).

HecmoTps HA [OATYIO MCTOPWIO PA3BUTHST MATEMaTHYECKOrO amfapara ApoOHOTOo
uHTErpo-audGepeHImpoBannst, AHAJIUTHIECKUE METOIBI JJIsT PEITIeHNST TAKUX HAYAJIBHO-
KpaeBbIX 33124 Mano3(pGeKTUBHBI. B HacTogAee BpeMs TOIBUICA P CTATEH O THNCIEH-
HOM ux perienuu. JJannas crarbs nocssiieHa 0630py HEKOTOPbIX pesysibraros [10-13]
U SIBJISIETCST TIPOJIOJIPKEHNEM HCCIIeIOBaHUIT, HauaThIX B paborax [14-16]. Pesynbrars! 10~
KJIAIBIBAJINCH HA 7-M Beepoccuiickom cemunape « CeToUHbIE METOIBI U UX TTPUIOXKEHUST »
npu KasaHCKOM rocymapCTBEHHOM YHUBEPCUTETE, a TaKKe Ha MEXKIYHAPOIHON KoHpe-
penrun «/Inddepeninanbible ypaBHeHUS W TOMOJIOTUsA», ocBaentnoi 100-meruio co
nus poxaenus JI1.C. TToaTparuua.

1. TIlocranoBka 3amauu
Pacemorpum nBycTroporHee npobHOe ypapaenue muddy3un

ou 0%u 0%u 0%u o°

5 (1 _pl)a(—:cl)a +p1 8(3:1)0‘] +c? [(1 —pQ)a(ixg)ﬁ + D2 (%) +/f, (1)

rie u = u(z,t), x = (2',2%) € P = {a:ll <zl < a:,li,,xg < z2 < xi}, 0<t<T,
0%u 9Py
A(—at)e’ J(—a2)P

cd=c(x)>0,i=1,2, f=f(a,t), — OTpHIATEIBHBIE JPOOHBIC
npowusBoznbie ¢ Becamu p; € [0,1], i = 1,2. Oupnopoanoe ypasuenue (1) ¢ HOCTOAHHBI-
MU KO3 (DUIUEHTAMA ONMPEIEIAeT TMEPeXoaaie TIOTHOCTH OTIEpaTopa yeTOHINBOCTH
Jleen mporieccos [10] ¢ HE3aBUCHMOM yCTONUMBOCTHI0O KOMIIOHEHT MODSIKA «, [3 acuM-
METPHYHO ONpPeNeIeHHBIMA BECAMU P1, Pz . TAKOi TPOIECC ABIACTCA CTOXACTUICCKON
momensio [10] anst anomansHOM muddy3un, KOraa TPORCXOIAT CKOTIIIEHNE HE3ABUCHMBIX
CJIy9aliHbIX IPBIKKOB B KaxKJO# KoopauHare. Beca pi, ps ABIAIOTCA BEPOATHOCTAMA
IIPBIKKA B IOJI0XKHTEIbHBIX 21, 22 HAIpaBIeHHAX COOTBeTCTBEHHO, a 1 —p; u 1 —py —
B OTPUIATEILHBIX.

ITycTh 3a7aHbl HyJIeBbIe TPAHUYHBIE YCAOBAA JIUpUX/Ie HA BCEX YETHLIPEX CTOPOHAX
OPAMOYTONBHAKA P M HAYATIBHOE yCIOBHE

u(z,0) = p(x). (2)

BameTuM, 9TO CyIIECTBYET HECKOIBKO MOIXOI0B K OMPeIeIeHI0 TPOOHON TPON3BOTHOMN
[8, 9]. B Hacrosimeii crarbe mist (1) GyieM HCHONIB30BATH JIEBOCTOPOHHIOK W TIPABOCTO-
POHHIOIO TpObHBIE Tpon3BoAHbIe PuMana — JIuyBusiisi, KOTOpBIE [JTsi TIOPSIIKA, (v UMEROT
BU]I,

. AR WY L BT
(Dp)(wt) = 5 = e 5o | g 0
L
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R
o 0%u - on u(&,t) d€
(Dg-u)(z,t) = o_azo I‘En)a) 8?/(5(1)3“”’ )

re n—1<a<n,n—muenoe, I'(p) — ramma-HyHKIHS.

2. Cxewmbl pubamXeHHoi dpakTopU3aAIUNA
i i
Ty — 2y,
N;
1 = 1,2, mw va orpeske 0 < t < T c¢ paBHOMepHBIM mmarom 7 > (0 omnpemesum

a3 = a} +jhy, i =1,...,N1, j =1,...,Ny,
yn = y'Z = y(m1]7tn) y(.]? I t ) C']f] = Ck(xij)a k = 1527 fn - n = f(m’tj7 ) -
GYHKIMY TUCKPETHOTO apryMeHTa JImst anmpoKCUMAITAN TPOOHBIX HpOI/IBBO,ZLHbIX Oymem
HCTIONIB30BaTh NpenyioskerHyo B [11] cmermernnyio dopmyny I'prorpasnbia—JleTHnkosa,
a WMEHHO:

Bsemem mpocTpaHCTBEHHYIO CETKY HA MPAMOYTOMbHUKE P ¢ maramu h; =

tn, =n7. O6osHauum z; = xll + ihy,

0%u - (k- 2l 2
oz F(—a N?Eloo /T k+a (k= D1, 2% 9), ®)

aanorunguo n a4 (4). IIpu arom (5) onpesenser caeAyoLyo OneHKy s (3):

axa haZgaku — (k = 1)hy,2%,t) + O(ha). (6)

3necn

o Tk—a) a
oo~ arrte r ~ (1)

OHpe,HeJH/IM KOHEYHO-PAa3HOCTHBIE OIlepaTOPhI

cl i+1 Np—i+1
Ayl = hli [(1 D) Y Gk gy DL Y gaky?+k1j] :
=0 k=0

2. J+1 Ny—j+1
Agyly = =5 [(1 —p2) Y 98U ki1 TP2 D g,@ky;'nj+k—1‘|
2 k=0 k=0

U BOCIOJIB3YEMCH JBYXCAOMHBIMA PA3HOCTHBIME ANMPOKCHMAIMAMA HCXOIHOM 3aja4u
(1), (2). Banumrem pasHOCTHYIO cxeMy B ofmmenpuHsaToM [17-19] KaHOHHYECKOM BH e

n+l _ . n
B ) )

=Ay" + f, (7)
rae B = (E —71A), A= Ay + As. Ilpeanonaras (kak B KJIACCHYECKOM CJIydae), 4TO
pemenne u € W(R?) nocrartouno riaaaxo, uz (7) uMeeM JOKATBHYIO BBITHCIUTETh-
uyto norpemuocth O(7)+O(hy)+O(hs). CormacoBaHo ANMPOKCHMHUPYIOTCS TPAHHUYHBIE
n HadagbHbie yeaosus (2). Haittn ans (7) mpuemaeMbrii aaropuTy Bhraucaenns y" L
CJIOKHO. DTO XaPAKTEPHO W MIPH PENIEHAN 33,71a4 € TACTHBIMU TIPOA3BOTHBIMHA, KOTJIA (v =
= 3 = 2. IloaTomy, mpuHIMAas BO BHUMAaHKE, YTO A1 CMEIIaHHOM JPoOHO# TPON3BOIHOI
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HMeeT MeCTO OIeHKa Buna [11]

9P 0%u(zt, x2,t) B
ox2" Ot

oo o0

= hyohy"? (—1)(k+D (Z) (f)u(ml — (k= Dy, 2% — (I — Do, t)+

k=0 1=0
+O(hy 4+ hy), uwe W HR?), (', 2*)eR?* r>a+p+3, (8
MOKHO 3aMeHuTb oneparop B B (7) Ha dhakTOpU30BaHHBIN OEPATOD
B=DB+1?A1Ay = (B —7A))(E — 7As,).

OuesBunno, 3amena B (7) oneparopa B Ha B HOpANKA ANIPOKCAMAIINAN
O(7) + O(h1) + O(ha) ue mensier B cuiy ouenku (8). MOKHO HOBBICUTH TOYHOCTH 11O
t 3a cYeT CUMMETPHU3ANNUN. DTO W3BECTHBIN (HakT u3 o0Ieil TeOpUU PAZHOCTHBIX CXEM
[17-20]. Ecain mpoBecTn NpHOIHKeHHY0 (DaKTOPU3AINIO HA BEDXHEM W HUYKHEM CJIOSIX,
TTOJTY IUM

T T T T
(F-ga) (B-ga) vt = (B4 3a) (B 5 4) v 4e )
e f* = f+ O(1? + hy + hg). Yuurssag, aro 72A; Az (u"™ — u™) ectb BeAMUH-

na nopsaaka O(72) + O(h1) + O(hy), noayuum, 4ro cxema (9) umeer BTOpPOii MOPsI0K
TOYHOCTH 110 BPEMEHU W 1I€pPBbIil — 110 npocrpancrsy. IIpeacrasum (9) B Buze [13]

(E _ %Al) Yt/ (E + %Az) Yy + %f”, (10)
(B-Za0)y™t = (B4 SA0)y /2 4 2, (11)

rae y° = i, "2 op =0, i =1,...,Ny -1, j = 1,..., Ny — 1. O6ran0 cxemy
Buza (9) HA3BBIBAIOT IPOU3BOALIIEH, U NPU MCCJIEJIOBAHUN YCTOWYMBOCTU UMEIOT JEJI0
MMEHHO ¢ Heil, He oOpalias BHUMAHUA Ha, CIIOCO0 PeaTm3alini.

[Ipexze yem nepeiitu K uccaenoBanuio ycroiiuusocru, nepenumem (10), (11) B mar-

puunoit ¢dopme. s 3TOro, He OrpaHWUMBASA OOIIHOCTH, IJisi TPOCTOTHI W3JIOXKEHUsI

1 2

C:.T cc.T

. (3
MOJNIOKUM P1 = po = 1/2, cll» =2 2 =21

72he Y opf
ypasuenue (10) npezcraBuM ciaenyommm o0pa3om:

Ucnonwayst sieubiii Bug Aj, Ao,

+1/2 +1/2 +1/2
— c}(ga0 + ga2) Y17 (1= 2¢ 9a1) T = €L (902 + gao) yii P —
i+1 Ni1—i+1

1 n+1/2 1 n+l/2  pn
Gy Zgak Yiok+15 — Cij Z Yok Yirrt1j = Yij +
k=3 k=3

j+1 Na—j+1 ’
2
+szj296l Yis_141 — Cij Z 961 Yij1-1 +§ s (12)
1=0 =3
e i=1,... Ny—1,j=1,.... N —2.

Bsenem crnenyrormmme o603HaYEHNAS:
Yn _ [ n n n n n n n n }T
= Y115 Y215 - s UN, 115 Y125 Y22 -+ YINg—15 Y2Ny—11 -+ 3 YNy —1No—1] >
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A{" = (a},,) — marpuna pazmepa (N1 — 1) x (Ny — 1), jo dbuxcuporano, jo € [1, Na|

m
rae 3JIEMEHTBI MaTPHUIIbI UMEIOT BU I

1 .
2Ci_joga1; m =1,

_Czljg (ga2 + ga0)7 m=1— 17

azlm = _C’Llj() (9a0 + ga2), m=i+1, (13)

—Cijyovi—m 15 m<i-—1,

—czljogam_iH, m >+ 1,
mpuseM agyy = l,aj, = 0 wpu m = 1,...,Ni, ay .y, = l,ay,, = 0 upu
m=0,...,N; — 1. Al = diag (A}, A3,...,Ay,_,) — GI0YHO-IMATOHAIBHAS MATPHIA,

610KM KOTOpOi ecTh KBazaparsl pasmepa (Np — 1) x (N — 1) marpuis A]lo, jo =
=1,...,Ny — 1. Tak xe onpesenserca u A%, npu sTom ypasuenue (9) sanumercs
B MaTpUYIHO dopmMe BUIA

(B —ANYE - A Y™ = (E+ AY)Y(E+ A?) Y™ + F*HY) (14)
riue F*1 gpno BBIpPazKaeTcs depe3 3HadeHnud QYHKIUE f U TPAHUIHBIX YCIOBUA.

Jlemma 1. Kaowcdoe cobemeennoe snanenue mampuy, A', A% umeem ompuyamens-
HYI0 DeTUCMEUMENLHYIO YACTND.

HokazarenberBo. B cuay (13) mist kaskmoro 4, ¢ = 1,...,(Ny — 1)(N2 — 1), aua-
,— 1

ronasibHbI 3eMentT Al B cyuae, korma m = []\Zf T + 1] , l=i—(m—=1)(N1—1)mn
-

2¢} = C, BeIpaaercs caeayomum obpasom: a,; = Cg1. IlpuHEMag BO BHHUMaHHE
paspaboranuyio Metoauky B [11], Bocnoib3yemcs U3BECTHBIM PE3YJIbTATOM:

(1+z)7=2(7)zm Iz <1, ~>o0.

m=0 m
oo
IMonarass z = —1 u yuuThIBas MPEJICTABICHUE JJISI (ok, OYJIEM UMEThH Z Jam = 0.
m=0
CienoBaTenbHO, CIPAaBEIJIABBI CAEAYIOUINE OUEHKU (o1 = —Q, LIPUYEM (o; > 0 s
N
l<a<2,i#1,n Z Jam < —¢ga1 Jns Bcex N > 1. Torma
m=0,m#1
a;; = —Ca. (15)

Temnepnb, paccMaTpuBas CyMMy abCOTIOTHBIX 3HAMEHNH BHEANATOHATLHBIX 9/IEMEHTOB
MaTpHUIThl HA TOM »Ke ¢-i CTPOKe M OIIeHWBas X € TTOMOIIbI0 HEPABEHCTB, BHITTMCAHHBIX
BBIITIE, TTOJTYYUM

Ni—1 m Ni—i+1
> Gm= Y. okt Y. Chygar < Co. (16)
k=0,k#1 k=0,k#1 k=0,k#1

Bocmoab3yeMcsi ONEHKON TPaHWUIL CeKTpa, KOTOpYH naer Teopema lepuropuHa [18,
c. 26]: kaxJI0e COOCTBEHHOE 3HAYEHWE MPOM3BOJIBHON MATPHIBI A TOpsIKa n ¢ 3j1e-
MEHTAMH (f; UPUHAIIEKUT OObEeJUHEHUIO KPYIoB |z — agk| < ri, k = 1,...,n, rue
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n
Ty = E |ak;|. Kpome Toro, /7isi CIIEKTPAIBHONO PAINYCa MATPHUIIBI CITPABEIIHBA
i=1,i#k

n
ouenka p(A) < max Z |ag:].
i=1,i#k
Takum obpazom, u3z onenok (15), (16) caemyer, 9ro Kaxkaoe COGCTBEHHOE 3HAUEHUE
MaTpupl Al nMeer oTpHIATeNBHEIE MeHCTBUTEIBHEIE YACTH. AHAJOIHTIHOE YTBEPIKIe-
Hue crpasemso n s A2, Jlemma mgokazana. O

Caencrsue 1. Kaoicdoe cobemeennoe snavenue mampuy, (E— A') u (E— A?) no
Mmodyaro 6oavwe edunuyn. Taxum obpasom, det (E — AY) # 0, i = 1,2, u mampu
obpamumbt.

Cnencteue 2. Kaswcdoe cobemeennoe snavenue mampuy, (E — AY)"HE + AY) u
(E — A%)~Y(E + A2%) no modyaro menvuwe edunuib.

Teopema 1. Memod npubausicennoti gaxmopusayuu (9) das 1 < a, f < 2 npu
yeaosuu Kommymamusnocmu onepamopos A u Ay (matpu Al, A?) aeasercs Ges-
YCJIIOBHO YCTONYMBBIM.

IoxkaszaTteabcerso. Ilycrs §° — morpemmocts B YO ny1s cucremsr ypasaenwuit (14)
TOTJIA TIOTPETITHOCTh B MOMEHT BpeMeHu t, B Y™ BbIpaykaercd B BUJIE

" =[(E - A*)"YE - A YE + AY)(E + A?)]"6°.

ITosTomy ecau BBIIOJIHEHO TPEOOBAHHWE KOMMYTATHBHOCTH MATPHUIl, TO U3 MOCIEIHETO
paBEHCTBAa UMeeM

5 = (B = A E + A (B - 437N (B + 426,

Nssectno (cm. [21, ¢. 136]), uro A™ — O, rae O — Hy/eBas MaTPUIA, TOLJAA U TOJbKO
TOT/IA, KOTJA BCE COOCTBEHHBIC 3HAYCHWSA MATPHILI A 1O MOIYIIO MEHbINEe eIWHUIbL.
Ha ocroBanum 3TOTO yTREPKICHUS W CICACTBAS 2 3aKII0YAeM, ITO

(E—-AY Y E+A)" -0, n—oo, i=1,2.
Orcrooma cpasy XKe CIeayer YTBEPKIEHIEe TEOPEMbI. O

Bameuanne 1. Yciaosue KoMMyTaTuBHOCTH MaTpun, A, A? mpemmosaraer BBITION-
T T
HEHUSI 3TOTO yCJIOBUS JIsi OTIeparopos | K — 3 Ay u (E— 5 Ay ) . Jr1o yenosue ecre-

CTBEHHO IJIsI MeTOJa TPHUOJIUKEHHON (paKTOpu3anum s ypaBHenuda audPy3un mpu
a=p=2.

Teopema 2. Ipubausicennwiiic memod (9) cxodumes x pewenuro ucxodnot 3adauu
co ckopocmwto O(72) + O(hy) + O(hs).

Jloka3aTenbCTBO yTBEPKIACHUST TEOPEMbI SIBJSIETCS CJAEACTBUEM ATTTPOKCUMAITUU T
YCTOMYUBOCTHA AJATOPUTMA.

T T
Sameuanue 2. I13 memMmbl 1 3aK/109aeM, 9TO MATPHUIILI (E — = Al) n (E — = Ay

HMEIOT TnaroHanbHoe npeobnamanue. [losromy npu pemennu (10), (11) (em. (14)) npea-
JIAraeTcs TIABHYIO IMATOHAD ¥ JBA NPH/IETAIONNX K Hell koaddumenTta anckpeTHo-

T . . o "
ro orepaTopa (E -3 Ai), 1t = 1,2, BbIHECTH Ha HOBBIH BPEMEHHOIl CJIOH, OCTaBJsAs
ocTaibHBbIe Ha cioe HuKe. [lomydaromascs Mpu 3TOM CUCTEMa JIMHEHHBIX ypaBHEHUH

peraeTcs MeTOIOM TPEXTOUYETHOM MPOTOHKY. TeopeTndecKuil anaIn3 U TECTOBBIE PacHe-
ThI TIOKA3BIBAIOT, UTO TAKOU AJITOPUTM SIBJISETCs DE3YCJIOBHO YCTOUUUBBIM U COXPAHSET
[IOPAJIOK alIIPOKCUMAIIIH.
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3amevanwne 3. [Ipu nocTpoeHUn 9UCIEHHOTO ATOPUTMA BO3MOXKHO 3HAUEHUST KOH-
[EeHTPalUil OTHECTH K y3J1aM CeTKHU, & 3Ha4YeHUd OTOKOB — K IIEHTPaM A9eeK PACUYeTHON
CeTKH.

3. BexkTopHO-agaUTUBHBbIE CXEMBI

PaccMoTpuM HCXOIHYIO 3314y B CIIydae, KOr/Ia TPABO-CTOPOHHSIS U JIEBO-CTOPOHHSIS
IPOU3BOJHEIE cOBIATAOT [11]:

Ju
ot
rre u = u(xt, 2% t), ¢ =ci(zt,2?), ¢ >0, 1<a<2,1<pB<2
Bymem cumrath, wro (17) nmeer e,I[I/IHCTBeHHOG perenne Ipu  CAEIYIONNX Ha-
HAJIbHBIX M TPAHHIHBIX yCJIOBI/IHX u(zt, 2?,0) = ¢(a!,2?) g Beex 2y < 2t <
<y owou(xt,2?t) = Q(a:l 2?,t) Ha TpaHmIIe MPAMOYTOIbHON o6macTn P, mpu aToM
Q(z},22,t) = Q(a:l z7,t) =0.
Ha unTeppanze t" < t < t""!, npunmmas 3a mpubIMYKEeHHOE PEIIeHne BEKTOD Y =
= (y',%?), paccMoTpuM MOAMMDHUINPOBAHHBIN BAPHAHT BEKTOPHO-aJIANTHBHOMN CXEMbI

[22, 23]:

= (2!, 2*) D% + (2! xQ)szu—i— flzt 22, (17)

1n+1 ~
Yii —Yij +1 +1/2 0
- T - = Alylzlj + A2y ij + fzn / ) ylz] = Qij, (18)
y2n+1 g
ij +1 +1/2 0
% Az 2% + A1y i + fzn / ) y2i_j = Pij, (19)

. 1 ' ; .
yl]:2(y1:]+y2':;)7 901]:()0(3711)33?)7 2217"';N1_1a j:17"';N2_1-

Ipencragum (18) (anamornuno u (19)) B Bue, YIO0GHOM JIJIsi PEATN3AIMN BBIYUCIIN-
TEJLHBIX MTPOIEIYD, & HMEHHO:

1 i+1 2 J+1
nt+l ~ +1 2
yl U Zgaky 1— k+1j yi] [jj Z Bmy 1j—m—+1 + fn / (20)
1 2 m=

njain

1 1 1 it+1
TC n+1 TC;; n+1 TC;; n+1
1 1 %y 1 %y 1 _
hg L1 | Y ij he Ga0 ¥ it1j he azy i— 1J E JakY i—k+15 =

2 J+1
% M 1 N =1 =1, No—1
yl] hﬁ Zgﬁmy” m+1+Tf yeees V1 — L g =1,..., Ng —
2 m=0
€ COOTBETCTBYIOIIEH anmpoKCUMAITEell TPaHUIHBIX W HaYa bHOTO yeaoBuit. [Ipw kazktom
durcuposanuom j = jo, j = 1,..., No—1, cocraBum, ucxong uz (20), marpuiry-cronberr
[Yijos- - s YUN1—1jo) T ¥ MaTpHILY AJO ¢ 3JeMEHTAMHA Al, rae BePXHUI MHIEKC — HOMEpP

CTPOKM, a HUKHUMK — HOMep cTos0IA.

Al Al 0 0 0

A2 A2 A2
ks " (21)
AN T

1
Az—5l h"‘g‘” I+1, ’L':L...,Nl—l, l:L...,NQ—l,
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Puc. 1. 7=0.1, h=0.1 Puc. 2. 7=0.1, h=0.1

6! — cnvson Kporekkepa. BooGmie rosops, cucreMy ypapHermii (18) MOXKHO 3amucaTs
B BUJIE
i+1
S Ayt =iy +7F),, i=1,...,Ni—1, j=1,...,Na. (22)
k=1

Bnecn F,: 7151 KaXKI0r0 Lfo ompenensiercsa ama ¢ =1,..., Ny —1, k=0,...,50+ 1 u3

JIBYX MOCJIEJIHUX BbIpaykeHuii npasoil yacru (18) u rpaHUYHBIX YCJIOBHUI.

Sameuanue 4. Eciu ucnonb3osars as penienus 3agaqu cxemy (9), o mig peasiu-
3alUU MOXKHO [IPE/JIOZKUTh, KaK U3BECTHO, pasJuyHble BapuanTbl, a umenHo (10), (11)
WJIW, HATIpUMED,

T ? 9
(E — 5A1) w%ﬂ‘l/? — Aly?j JFA??J?J‘ + f;g+1/2

(%] )

T n+1 n+1/2 n+1 7 141
(E - EAQ) wi T =w T Yy = Yy e

Ecnu npubnuzkennoe pemenue HAXOAUTh C MOMOIIBIO OIHON U3 MPEIIOKEHHDIX Bbl-
e CXeM, TO TPAHMYHbIC YCIOBHA I IIPOMEXKYTOUHON (DYHKIMH ONPEICTAIOTCH W3
CUCTEMbI TAaK, 4TOOBI COXPAHUTH BTOPOI mopanok Tounoctu no 7 (cum. [17-20]). daa
npousBomsimeii cxembl (9) BepHA TeOpeMma 0 0E3YCIOBHON YCTORUUBOCTH U CXOJAUMOCTH
co ckopoctbio O(72) + O(hy) + O(hs).

3ameuanne 5. BekTopHO-a AuTHBHBIE CXEMBI MOYKHO aTalTHPOBATD K Oos1ee obreit
3a/1a4€ ¢ PACTIPEIENTCHHBIMA TPOR3BOIHBIMA TPOOHOTO MOPAIKA (CMETIAHHBIME JPOOHBI-
MW TPOM3BOIHBIME [8]), HANpUMED, TPUMEHSIST aJITOPUTMBL 13 [24, 25].

4. YwucaeHwuvlii npumMep

Pacemorpum ucxogmoe ypasuenue (17) npu o = 1.9, § = 1.6 ¢ nepemeHHbIME
Ko purmenTamMn
rixit ritad
C1 = ; C2 = = oy
(3.9) T(3.6)
2)2.6 u rpammunbivm u(xt,0,t) = u(0,22,t) = 0,

navambubi u(zt, 2%,0) = (21)2.9(x
u(l,22,t) = (2?)2.6e " u(z!, 1,t) =
—(1+ 2z}t tad e ta? 9236,

Ha puc. 1 u 2 mpejcTaBieHsl s cpaBHeHUs rpadpuKi TPUGINKEHHOTO PereHus,
TOJTy9eHHOTO BEeKTOPHO-a/TATUBHBIM METOJIOM W TOUHOTO permenus u = x5 x3%e~t.
Puc. 3 u 4 JeMOHCTPUDYIOT COOTBETCTBHE TPUOIMUMKEHHOTO DEIEHHs] XapaKTEPHOMY

(x1)2.9e~t yenopuavu ns t >0, f(xy,x9,t) = —
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1.2-107° Y 5-10°° \
1-10°° \\ 4.10°®
8-10"' -8 \
\ 3-10
6-10"7 \ s \
4.1077 N\ 210 \
2.10°7 \\ 11077
~—_ 0
2 4 6 8 10 0 20 40 60 80 100
Puc. 3. 7 = 0.1, h=0.1 Puc. 4. 7 =0.01, h=0.1
cBoiicTry MomudmHpoBanHBx anropurmor |yt — ¢ — 0 mpm t — oo, mpu-

YeM Ha puc. 3 0TOOpakeHa Pa3HOCTH KOMIIOHEHT MPUOJINKEHHOTO PEINeHUs MPU WC-
[MOJIb30BAHNN JIOCTATOYHO KPYIHOH CETKH, a HA puc. 4 — npu JOCTATOYHO MEIKOH 10
BpeMeHu. 3ajada YUCIeHHO PEIajoch ¢ MOMOIIbI0 Bepceuu cucrembl Mathematica 5.1
kopropanuu Wolfram Research; koMmusiius oCymiecTBiasiach HA KOMIIBIOTEPE BUJIA
Dell Pentium PC.

Summary

N.G. Abrashina-Zhadaeva, N.S. Romanova. Approximate Factorization Method for Two-
dimensional Equations in Partial Fractional Derivatives on Finite Domain.

Approximate factorization schemes and vector-additive algorithms are offered for numerical
modelling of two-dimensional differential equations in partial derivatives of fractional orders
on finite domain. The stability of these schemes is proved. Theoretical results are validated by
a numerical example.

Key words: fractional order partial derivatives, Dirichlet problem, finite domain, additive
and vector-additive methods, unconditional stability.
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