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KOMBUNHATOPHAZ4 JIEMMA
JJId PASBUEHN A JIEBET'A -BPAYV3SPA KYBA
B EBKJINIOBOM ITPOCTPAHCTBE

P.P. Illazudysrum

AnaHOTa U

B crarbe nzsmaraercs komOGmHATOpHAS JIeMMa s pa3bmenns Kyba 3-MepHOro MpOCTpaH-
CTBA 3-MEPHBIMU 3aMKHYTBHIMHU MPIMOYTOJbHUKAMU, TPU KOTOPOM HH O/IHA TOYKa Kyba mHe
npunaaAneRuT 6onee wem 3 + 1 mpamoyrosabuuky (pasbuenue JleGera—Bpayspa). Kak cnen-
CTBHE MOYKHO TOJIYUYUTH HEKOTOPHIM BapMaHT TeopeMbl Bpayspa 0 HemoBMUKHOM TOYKe, TTPU-
OJIMKEHHBIN METOJ HAXOXK/EHWs 3TOW TOYKHU, Wan OOOOIIEHWe WUIPHI «TE€KC» HA N UT'POKOB.
JIuTepaTypoil, MOCBAIIEHHON 3TOI Wrpe, W IMOACKA3aHA 3TA JeMMa. BBIABIAIOTCH OCHOBHBIE
nugen, HeoOXOoaMMBIe 15T 0000IIEHNsT JIEMMBI M IPOBEIEHUST COOTBETCTBYIOINX TOKA3ATEIHCTB
Ha M-MepHBI cirydail.

KuiroueBbie ciioBa: KOMGI/IHaTOpHaH JIeMMa, HeIIOABU2KHadA TOYKa.

Nznoxenne nposenem mjist pexmeproro Kyba ABC DA B1C1 D1 ¢ pebpom eauHmd-
noit anuubl. Ilycrs pedbpo AB mamnpasjeno nmo ocu x1, AD — mo ocu xo, AA; — no
ocu x3 . [lepBblil c/10i NPAMOYTOJBHUKOB pa3buenus nokpbiBaer ocHoBanne ABCD kak
Ha puc. 1. Hacts npoekiuu Broporo cios Ha ABC'D nokaszana IMyHKTUDPHOH JIHHUEI,
MPOEKIINST TPETHETO CJIOS COBTAIAET C TMPOEKIINeil mepBoro u T. 1.

[IycTs nBe TPOTHBOMOJIOXKHBIE TPAHU Kyba, TMEepIeHInKYJIsAPHbIE OCH 1, MOMEUe-
HBI 9UCJIOM 1; JIBE Apyrue MepreHIuKYIsSpHBIE K OCH To — YUCIOM 2; OCTAJIbHBIE —
quciaom 3. Ilycth MHOXKECTBO MPsiMOYTOJIbHUKOB, TOKPBIBAIOIINX Ky0, pa3dbuTo Ha Tpu
HelepeceKaronumxces Kaacca, ToOMedeHHbIX Juciaamu 1, 2, 3.

Jlemma 1. Ilpu a060m pasbuenuu cyulecmeyem AeHma, COCMOAULAA MOALKO U3
NPAMOY20ALHUKOE 00HO20 KAGCCA U COCOUHAIOWLAA 2PaHU KYba, nomevwennvle mem dce
YUCAOM, YMO U KAACC.

[Tox nenToii moEMMAEM MOCIEI0BATEIHHOCTD MPAMOYTOJIBHAKOB U3 pa3dbuenus Kyba:
1L, o, ..., I, rae cocename npsamoyronbanku 11;, Il;4; mepecekaioTcs mo HEBBIPOK-
JIEHHOMY MPSAMOYTOJIbHUKY MEHbIIIeH PA3MEePHOCTH, MPUHAJIEIKAIIEMY UX [DAHIM.

HoxkazareabctBo. Paccmorpum rpad G, K BepmwuHaM KOTOPOrO OTHECEM TOY-
KU nepecedenusi pedbep MpsAMOYroJbHUKOB, a K pedpaM — BO3HUKAIOIIME HA CTOPOHAX
MPSAMOYTOJIBHUKOB OTPE3KU, COEINHSIONINE BEPITUHBDI.

Haumem neuxkenwme mo pebpam 3toro rpada, HaumHas or Touku A u cobsromas
crenytomee ycaosue. Mol asmzkemcst o pebpy PE or P x E (puc. 2), eciu 00x01
Bokpyr PE, coBepuiaeMblii IPOTUB 4aCOBOM CTpesiKu (eC/id CMOTPETh C KOHIIA BEKTOPA
JIBUZKEHUs 110 Pe6py), B IIOCKOCTH, neprenukyisapuoil PE, 86ausu PE naer cuemy-
IOTITYIO MOC/Ie0BATEIHHOCTH HOMEPOB MTPUMBIKAIONINX MTPAMOYTOABHUKOB: 1, 2, 3 niam nx
YETHYIO TIepecTaHOBKY. Ec/in ABU»KeHne MpOUCXOIUT IO TPAHU, TIOMEUEHHO 1, MOJIara-
€M, 9TO C BHEITHEH CTOPOHBI Ky0a MpUMBIKAET 00J1aCTh, MTOMEYEHHAs] TOXKE UUCIOM i .
Anasnoruunoe corsnamenue GpopmyaupyeM s pebep Kybda.
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[TepBoe nabntonenune. JIpukerne He MOXKET OCTAHOBUTHLCS HA BHYTPEHHEH BEPIHHE.
W60, ecnu Mbl ionanu B T09KY F, TO KaK JIEFKO YyCMATPUBAECTCS U3 PUC. 2 MyTEM Tie-
pebopa HOMEpPOB «KHPTHYay, TIOKPBIBAIOIIEro F, IBUKeHNe MOYKeT ObITh OJHO3HAYHO
MPOJIOJIZKEHO € CODJTI0IEHNEeM Harero yciaosusi. Boobire mpy mMpon3BOIHHOM TIOIX0/IE K
Touke E BO3MOXKHBI e KoHbUryparmn ncxoisdmmnx n3 E pebep. Byaem pebpa mpen-
CTABJISITh BEKTOPAME € HAYAIOM B TOYKEe I ¥ BBIPAXKAIONIMMUCS Yepe3 eJUHUIHBIC
BEKTOpA €1, €3, €3 KOOPAUHATHBIX oceil (puc. 2).

Paccmorpum nepsyio koudurypanuio {—eq,eq,ea} ucxonsumx uz E BekTOpOB,
mpejicTaBiaennyio Ha puc. 2. [IycTh NpsaMoOyTOIhHUK, HAKPBIBAOIINH TOYKY FE, OTHO-
cutcs K kiaaccy x. Ilycth obiacTim BOKPYT «TOABOISIIErO» pebpa MOMedeHbl KaK Ha
pucyHnke (a1000ii HUKINYECKuii CABUT HOMEPOB HE MEHSeT PACCYZKIEHUs).

Ecnu Beixogum u3 ToYKM F B HANpPaBIEHUH €3, TO MOJYYaeM OOXOJ, TPUMbBIKAIO-
mux obsacreii B nopgaake (1,z,3). Eciau BoIxoauM B HAIPaBJIEHUU —e1, TO HOCJIEJI0-
BaTEJIHLHOCTH HOMEPORB KJIACCOB 0Os1acTeil, 0OXOINMBIX TPOTHB YACOBON CTPEJIKNA BOKPYT
COOTBeTCTBRYOIEro pebpa, ecth (1,2, z). Hakower, HanpaBseHne e; IAeT COOTBETCTBY-
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IOIIYTO TTOCJIeI0BATENLHOCTE (2, 2,3). KOHKpeTHOMY 3HAYEeHWIO X, TAKUM 00Pa3oM, CO-
OTBETCTBYET OJHO U TOJILKO OJIHO HAIPABJIEHHE BO3MOXKHOrO ApuKenus. Ciydail, Korma
BMecTO Tpoiiku {—ey,eq,ea} crour Tpoiika {—eq,e1, —e2}, pazbupaercs aHAJIOTUIHO.

Paccmorpum BTOpyio BO3MOXKHYIO KOHGpurypanuio. OHA BO3HUKAET, HATTPUMED, KO-
r7a MpUXoauM B TOUYKY FE, nBurasick B Hampasiaenuu e;. Vcxomsmme u3 E BeKTOpa,
OTpeIesISIONINEe HATIPABJIEHNsT BO3MOYKHOTO JIBUYKEHWsI, eCTh {e1, €2, —e3}. Ilpn momxo-
ne K F obiacTé IPpUMBIKAIOT JAPYD K JAPYry Mpu 0OXOZe MPOTHUB YACOBON CTPEIKH B
nopsizike: 1 (kak Ha puc. 2), 2, 3 (Bmecro 2 Ha puc. 2). Bo3amMokHbIM HanpaBjeHUusM
BbIXOz1a U3 E COOTBETCTBYIOT OCJIEI0BATEILHOCTH HOMEPOB obJiacreil: e — (x, 2, 3);
e2 — (1,2,z); —es — (1,2,3). CHOBa 3aKJI0YaeM, UTO IBWIKEHNE OJHO3HAYHO TIPO-
JTOJIZKUMO.

B Bepmmuax gpyroro twma, wem FE, mpuMmbIkaronime pedpa Jekar B OJHON TIoC-
kocTu. PaccMorpenue 310 cuTyanuu aHaJIOTWYHO Bbiien3okennomy. OTmernm, 91o
B 9TOM CJIydae MOXKHO TAKKe BOCIOJIb30BATHCS WH/IYKIIMOHHBIM MPEIIOI0KEHUEM O
BEPHOCTH JIEMMBI B TPOCTPAHCTBE padMepHocTu 2. HeoOxomaumo TOIBKO BCe HOMEpa, & B
OKPECTHOCTH PACCMATPUBAEMOI BEPIIWHBI, COBIAIAIOIIIE C HOMEPOM «HAKPBIBAOIIETOY
YOOMSIHYThIE pebpa MPAMOYTOJbHUKA, 3AMEHUTh HA MPEIIIeCTBY IO HOMED B IIHKJIE:
1, 2, 3.

Bropoe mabmiogenne. Tot ke mepebop BOBMOXKHOCTEH JAaeT, ITO TPACKTOPHUST JIBUKE-
HUS HE MOXKET 3aMKHYThCs Ha BHYTpeHHeH TouKe F Win BBIATH HA TPAHUYHYIO TOUYKY,
BHYTPEHHIOIO /I TPAHU KyOa.

[MockonbKy pebep KOHEYHOE YHCJIO, HAIN TMYTh 00sI3aTeIbHO 3AKOHYHUTCS, TIPU 3TOM
B Touke D, B wm A;. Eciu on 3akanumpaercsa B Touke [, TO HPSAMOYIOJIbHUKHU
Knacca 2 coenuuar rparu 2. Eciau oH 3akaHduBaercs B TOYKe B, TO NPAMOYTrOJbHUKA
knacca 1 coeuHA0OT Tpadu 1, eciiu OH 3aKaHIUBAETCA B Aj, PPAHU 3 COEIUHSET JIEHTA
13 IPAMOYTOIBLHUKOB Kiacca 3. Jlemma mokazaHa. O

3HavyeHwe JIeMMbl TPOUIIIOCTPUPYEM BBIBOJIOM W3 HEE BAPUAIMHM HA TEMY Teope-
MbI Bpayspa 0 CyHIIeCTBOBAHUYW HETOABUYKHON TOYKM y HEMPEPBIBHOTO OTOODAYKEHUS.
ITycth mano HempepbiBHOE OTOOpaykeHne ¢ () Touek x Kyba B eBKJIMIOBO MPOCTPAH-
CTBO, B KOTOpPOM Ky0 Haxomurcs. [Ipu 3ToM cduTaercs, 9To CKAIgPHOE MPOW3BE/ICHIE
nepemernienus ¢ (€)—x TOYEK & HOBEPXHOCTH Kyba Ha COOTBETCTBYIOLLYIO BHY TPEHHIOIO
HOPMAaJIb K MOBEPXHOCTH TOJIOKUTETHHO.

[IpoussememM MOKPBLITHE THUIA, PACCMOTPEHHOrO B JieMMe, Kyba MpsSMOyroJbHUKA-
MW, JAMAMeTP KOTOPHIX MEeHBINEe 3aJaHHoro unciaa d,, n € {1,2,...}. Iomaraem, aro
limd, =0 opu n — co.

Byzaem cuurars, uro BekTOp nepemerenus ¢ (p) —p He mapasiieseH ocaM KOOPAUHAT
X1,T2,T3 B y3Jax pa3bueHus, u3MeHss, ecjau HeoOX0AuMO, ¢ (p) NPOM3BOJLHO MAJIO
Ha 9TOM JIMCKPETHOM MHOYKECTBe y3JI0B. TOUYKe p MpUIHUIEM yTOPSI0UYeHHYIO TPOHKY
3HAKOB +, — no caeaytomemy npasuny. Ecin [¢ (p) —pl1 > 0, [¢ (p)—pla > 0 u [ (p)—
— pls > 0, To npunuceiBaem Tpoiiky (+,-+,+). B arom ciyuae KoopauHarel 1, u
T3 TOYKHU P YBEIUIUBAIOTCS MPU OTOOPAKEHUHU (p .

N3 aHAmOru9YHBIX COOOpAXKEHWIl TPUITHCHIBAIOTCA OCTAJbHBIE TPONKH 3HAKOB:
(—,—,—), (+,+,—) un a. Ha puc. 3 mokasaHbl MOCJIeI0BATETHLHOCTH 3HAKOB Y BEPITHH
Kyoa.

B nanpueiirem, 3uak “7” o3HaUAET, YTO HA MECTE ITOTO 3HAKA MOYKET OBITh Kak “+”
TaK m ‘.,

[Ipoussemem pazdmerne TPSMOYTOJLHAKOB HA TPU Kaacca. IIpaMOyroabHUK BKITIO-
JaeM B MMEPBbI KJIACC, C/IN MepBble 3HAKU BepinH rpada G HA 3TOM TPAMOYTOJLHUKE
MPEeJICTABJIEHBI THOO TOJHKO 3HAKOM “+”, b0 TOBKO 3HaKOM “—’ . KO BTOpOMY Kjaccy
OTHECEM TPSIMOYTOJBHUKHN, CPEIN TIEPBBIX 3HAKOB BEPIIUH KOTOPBIX BCTPEYAIOTCS KaK
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Puc. 3

W W

“4” rmak m ‘“”, HO BTOpbIE 3HAKW MPEICTABJIEHBI TOALKO “+” minm Tosabko “~’. Ocras-
Mecs TPSIMOYTOIBLHUKY 00pa3yIoT Tpernii Kjaacc. ['pann Kyba Kiaccuduimpyem Kak B
JIeMMe.

CorsacHo J1leMMe CyIIecTByeT JIeHTa U3 IPAMOYTOJLHUKOB OJHOIO KJiacca, COeIu-
HSIOIAs «CBOU» IpaHu. IIpeamosioxKuM, 94TO eCTh Takas JeHTa /g [epBOro KJacca
MPSIMOYTOJILHUKOR. JIErKO 3aMETUTH, YTO BCE BEPIMUHBI JICHTHI UMEIOT TPOWKHN 3HAKOB
Tonbko Buga (+,?,7) win Tonbko Buga (—, 7, 7). JocTaTrouHO pacCMOTPeTh JIBa COCET-
HUX TIPSIMOYTOJbHUKA JIEHTHI. HO 3T0 BEIET K MPOTUBOPEUHIO, MO0 BEPIIUHBI, JIEKAIIHE
Ha rpaisx ADA; Dy u CBCy By uMeor pa3Hble nepBble 3HaKu. AHATIOTHIHBIE PACCY K-
JIEHUSI IIPOBOUM JJIsI JIEHTBI, COCTOSINEH U3 IPAMOYTOJILHUKOB BTOPOro Kiacca. B urore
npuxoauM K Beisoay: rpauu DCD1Cy; u ABA; By coenunsier jieHTa U3 IPAMOYTOIbHE-
KOB TPEeThero Kjacca. /st KaskIoro Takoro mpsiMOyTrOJIbHUKA, €CJIN B3Th TIEPBhIE WJIN
BTOpBIe 3HAKW WX BEPINWH, MOJIydnM MonHbI Habop: {+, —}. [TockombKy y BeprinH
«Ha nyTu» or rpanu ABAj By no rpaun DC D, Cy obsg3arenbHO TPOU30iAeT IepeMeHa,
TPEThero 3HakKa, TO HalJercs IPsAMOYIOJbHUK, TPETbH 3HAKU BEPLIMH KOTOPOI'O AT
uwabop {+,—}.

Wrak, MBI I0Ka3a/M, ITO HAMTYTCS MECTh TOUEK Aiw i=1,...,6 (BO3MOXKHO COBIa~
JIAIOIIHE), UTO, BO-NIEPBBIX, HOMAPHOE PACCTOAHUE MEK/Ly HUMHU MEHBIIE Oy, . BO-BTOPBIX,

(0 (An) = 45), 20, (¢ (4,7) A1), <0, i=1,23. (1)

3HaK paBeHCTBA MOSBJIAETCS, MOCKOIbBKY Mbl BO3BPAIIAEMCs K UCXOTHOMY, «HEHCIIPAB-
JIEHHOMY» OTOOPAXKEHUI0 ¢ .
Ucnonb3ys ycmosue limd, = 0 u MeHds B ciaydae HEOOXOIUMOCTH HYMEPAIHUIO,
MOJTy YaeM, HITO
lim A =P, i=1,...,6.

n—oo

IMepexons k npezeny B Hepasenctsax (1), momydaem
p(P)=P.

Wrax, n3 HAIUX pacCcyKIeHNi ciaeayeT n3BecTHas reopema Bpayspa B ciaenyiorieit
dopwme:

Teopema 1. [Iycmwv dano menpepwisnoe omobpasicenue p(x) 3amknymozo xyba 6
eskaudoso npocmparcmeo Fs, 2de kyb naxodumecs. [Tycmos 60 6HYMpPeHHUT MOYKAT T
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epanels NPoeKyua 6exmopa nepemewenui () — & Ha HANPaABAEHUE BHYMPEHHET HOp-
MAAU K epaHuye Kyba 6 mouke T weompuyamenrvhna. Toeda 6 kybe cywecmeyem Heno-
08UNCHAA TOUKA OMOOPANHCEHUA P .

B kuure [1] usnararorcsd KjaacCMYeCKHe BAPUAHTHI  JOKA3aTEJbCTBA  TEOPEMBI
Bpay»spa.

3aKOHYUM CTATHIO CJIEMYIOMUMA KOPOTKUMU 3aMEUAHUIMHU.

1. [IpowrTEpIpeTHPYEM MTPOBEIEHHBIE B IOKA3ATEIHCTBE JIEMMbI PACCY KICHUS, ITO-
OBl BBISBUTH «aJTe0Opy», HEOOXOAMMYIO JJIs Tepexoja K mpocTpancTtsam F,, n > 3.
Amnanu3 nmokaspiBaer, 94To UcHoOIb3yemMoe pasduenue Jlebera—Bpayspa obiagaer aByms
3aMeYaTeTbHBIMU OCOOEHHOCTSMU.

Paccmorpum KoHUrypanmo npoeknuil IpsiMOyroAbHUKOB, MOIY9aeMyio TIpU cede-
HUM neprenaukyasapaom Kk PE B rouke Fp Gmuskom k E (puc. 2, 4, a).

[TepBast ocobeHHOCTD: ceuenne BOMM3N F MIOCKOCTHIO, TEPTEHIUKYISAPHON K JTH000-
My Ipyromy pebpy [, BeIxomsinemy u3 E, B OKpecTHOCTH [ 1aeT Ty ke KOH(MUTYPAIHIO
POEKIHI TPSIMOYTOJBHUKOB, MPpUMbIKaOmuxX K F. B obmiem ciaydae n > 3 310 yrBep-
JKJIEHHE JIETKO J0KasbiBaercsa uuayknueil no n. Obcyxkaaemas Konpurypaius Boo0oIe
HE 3aBHCHAT HU OT BBIOOPA BEPINUHBI, HU OT BbIOOpa pebpa. ias n = 4 koudwuryparus
CEeYeHUs OMpPeIesIsIeTCs puc. 2.

Bropast 0c0GeHHOCTD: TIOCTPOUM MPABUIbHBIN JIBYMEPHDIH CUMILIEKC Yo (TpeyroJib-
uuk) ABC (puc. 4, a). CumiuieKC OpUeHTUPOBAH BEKTOPOM €3, U IYCTb KJACCHL IIPsi-
MOYTOJbHUKOB MAPKUPYIOTCs BEPIITMHAME TpeyrobHuKa. B obmem ciydae n > 3 pac-
cMarpuBaeM coorBercrByomuil (n — 1)-mepublii cumiuieke Y, 1. [lycrs on opuenTu-
POBAH TaK, 9TO WHIYIIUPYEMbIi TIOPSI0K HA €IUHCTBEHHYIO TPAHb, MEPIEeHINKYISIPHYIO0
K OJHOMY U3 OA3UCHBIX BEKTOPOB €1, ...,€,, COBIATAET C y¥KE BBIIEJIEHHBIM, COTJIAC-
HO WHIYKIIMOHHOMY TPENON0KEeHn o, mopsaakoM B [, 1. [To onpenenenuio nomoxum,
9TO TaK ONpPEJIETeHHAs OPUEHTAIS U COOTBETCTBYOIIAA HYMEPAIUs OMPEIEIsIOT JIBH-
JKeHWe B HAIPABJIEHUU €k, TIE € ONPEILIAeTCH YCIOBUEM MEPIEeHIUKYIAPHOCTH K
ONIHOI W3 rpameil cuMmIiekca Y,_1. V Temepb TiIaBHOE: 2pynna 6pauLeHUl CUMNAEK-
c6 Yp—1 00HO3HAWHO ONPEIEAAE MAPKUPOBKY BCET CeweHull 0af pedep, 6uTo0AUUT
u3 paccmampusaemots sepwuns, . Tak, Hampumep, ceueHne, mepneHInKyadpHOE K €1
BOsm3u E (jig n = 3) uMeer MapKUPOBKY, yKa3aHHYIO Ha pUC. 4, 6, TO eCTb OJIy9aercs
Bpamenuem cumiiekca ABC wa 120°.

[Tocne ycranosnenusi 3Tux AByX cBOiCTB paszbuenus JlebGera — Bpayspa mokazaresn-
CTBO JIEMMBI He COCTABJISIET TPYIa U B OOIIEM CJIyYae MPOCTPAHCTBA 000N pa3MepHO-
CTH.

2. Jlemma MoxkKeT ObITH MOJE3HON HE TOMBLKO B UCCJIEIOBAHUU HEIO/IBUYKHBIX TOUYEK
orobpaxkenus. Paccmorpum, nanpumep, «isockuiis> ksaapar (n = 2). Cieays pokasa-
TEIBCTBY JIEMMbI, MOXKHO MOJIY9IUTh CJIEIYIOMIAN Pe3yabTaT: eciau MepeMernieHne TOUeK
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IPAHMUIIBI, BHI3BIBAEMOE OTODPAYKEHNEM (o, MEHSIET Yepe3 Iar h Mo TPAHWIE 3HAK MPO-
eKIMM HA HOPMAaJb M [PU 3TOM B BEPIIMHAX KBaJpara (/Jisd BCeX rpaHeil) 3HAK HEIo-
JIOXKWUTEJIEH, TO CYIIECTBYET MPAMOYTOJbHUK Pa30neHus nuaMeTpa He TPEBOCXOISIIEro
4h, Tpu ABUKEHWUH 110 TPAHUIIE KOTOPOTO BEKTOP MEPEMeIIeHUsl TTPEeICTABIEH HATIPABIe-
HUSIMA U3 JII0O0r0 KBaIpaHTa (PUKCHPOBAHHOM ITEKAPTOBON CHCTEMBI KOODIUHAT. DTOT
pPe3yabTAT MOYKET OBITh HCIOJIB30BAH TPU UCCIEIOBAHUU TEPUOIUIECKUX CTPYKTYD B
MEXaHUKe CILJIOITHON CpeJibl.

Summary

R.R. Shagidullin. Combinatorial Lemma for Lebesgue—Brouwer Partition of Cube on
Euclidean Space.

The purpose of this article is to present a new combinatorial lemma that can be used in fixed
point theorem, for example, to prove Brouwer theorem. Partition of a three-dimensional cube
used by Lebesgue and Brouwer in dimension theory is taken into consideration. Explanation
is given for generalization of the lemma on Euclidean n-space, n > 3.

Key words: combinatorial lemma, fixed point theorem.
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