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����� I. ������������� �������

x 1. � §à¥è¨¬ë¥  «£¥¡àë

� íâ®¬ ¯ à £à ä¥ à áá¬ âà¨¢ îâáï ­¥ª®â®àë¥ ä ªâë, ®â­®áïé¨-
¥áï ª ¯à®¨§¢®«ì­ë¬  «£¥¡à ¬ ­ ¤ ¯®«¥¬. � ¯®¬­¨¬ á®®â¢¥âáâ¢ãî-
é¥¥ ®¯à¥¤¥«¥­¨¥.

�¯à¥¤¥«¥­¨¥ 1.1. �¥ªâ®à­®¥ ¯à®áâà ­áâ¢® U ­ ¤ ¯®«¥¬ k ­ §ë-
¢ ¥âáï  «£¥¡à®© ­ ¤ k, ¥á«¨ ­  U § ¤ ­® ¡¨«¨­¥©­®¥ ®â®¡à ¦¥­¨¥
U � U ! U , ®¡®§­ ç ¥¬®¥ (u1; u1)! u1u2, â. ¥.

1) u1(u2+u3) = u1u2+u1u3, (u1+u2)u3 = u1u3+u2u3, u1; u2; u3;2 U ;
2) (�u1)u2 = u1(�u2) = �(u1u2), � 2 k, u1; u2 2 U .

� ª¨¬ ®¡à §®¬, ­  U ¨¬¥¥âáï ¥é¥ ®¤­  ¡¨­ à­ ï ®¯¥à æ¨ï, ­ §ë-
¢ ¥¬ ï ã¬­®¦¥­¨¥¬, á¢ï§ ­­ ï § ª®­ ¬¨ ¤¨áâà¨¡ãâ¨¢­®áâ¨ á ®¯¥à -
æ¨¥© á«®¦¥­¨ï ¨ á®£« á®¢ ­­ ï á ã¬­®¦¥­¨¥¬ ­  í«¥¬¥­âë ¯®«ï k.

�®¤¯à®áâà ­áâ¢® V ¢ U ­ §ë¢ ¥âáï ¯®¤ «£¥¡à®©, ¥á«¨ ¤«ï x; y 2
V ¢á¥£¤  ¢ë¯®«­¥­® ãá«®¢¨¥ xy 2 V .

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¨áª«îç¨â¥«ì­® â ª¨¥  «£¥-
¡àë ­ ¤ k, ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ª®â®àëå ª®­¥ç­®¬¥à­® ­ ¤ ¯®-
«¥¬ k.

�¤­¨¬ ¨§ ®á­®¢­ëå ¨­áâàã¬¥­â®¢ ¨§ãç¥­¨ï áâàãªâãàë  «£¥¡àë
ï¢«ï¥âáï ¯®­ïâ¨¥ ¨¤¥ «  ¨ ä ªâ®à- «£¥¡àë.

�¯à¥¤¥«¥­¨¥ 1.2. �®¤¯à®áâà ­áâ¢® I ¢  «£¥¡à¥ U ­ §ë¢ ¥âáï
«¥¢ë¬ (á®®â¢¥âáâ¢¥­­® ¯à ¢ë¬ ¨«¨ ¤¢ãáâ®à®­­¨¬) ¨¤¥ «®¬, ¥á«¨
ua 2 I, ª®£¤  u 2 U , a 2 I (á®®â¢¥âáâ¢¥­­® au 2 I ¨«¨ ua; au 2 I).

� ¬¥â¨¬, çâ® áã¬¬  ¨ ¯¥à¥á¥ç¥­¨¥ «¥¢ëå (á®®â¢¥âáâ¢¥­­® ¯à ¢ëå
¨«¨ ¤¢ãáâ®à®­­¨å) ¨¤¥ «®¢ ï¢«ï¥âáï «¥¢ë¬ (á®®â¢¥âáâ¢¥­­® ¯à ¢ë¬
¨«¨ ¤¢ãáâ®à®­­¨¬) ¨¤¥ «®¬.

�ãáâì I | ¤¢ãáâ®à®­­¨© ¨¤¥ « ¢  «£¥¡à¥ U . �®£¤  ä ªâ®à-
 «£¥¡à®©  «£¥¡àë U ¯® ¨¤¥ «ã I ¡ã¤¥¬ ­ §ë¢ âì ä ªâ®à-¯à®áâà ­áâ¢®
U=I = fu+I, u 2 Ug, ã¬­®¦¥­¨¥ ¢ ª®â®à®¬ ®¯à¥¤¥«ï¥âáï ¯® ¯à ¢¨«ã
(u1 + I)(u2 + I) = u1u2 + I.

�á«¨ u01 + I = u1 + I, u02 + I = u2 + I, â® u01 = u1 + x1, u
0

2 = u2 + x2,
x1; x2 2 I ¨ u01u

0

2 = u1u2 + x1u2 + u1x2 + x1x2. �®íâ®¬ã (u01 + I)(u02 +
I) = u1u2 + I, â. ª. x1u2 + u1x2 + x1x2 2 I. �â  ¯à®¢¥àª  ¤®ª §ë¢ ¥â
ª®àà¥ªâ­®áâì ¢¢¥¤¥­­®£® ã¬­®¦¥­¨ï.

� ¯®­ïâ¨¥¬ ä ªâ®à- «£¥¡àë â¥á­® á¢ï§ ­® ¯®­ïâ¨¥ £®¬®¬®àä¨§-
¬ .

�¯à¥¤¥«¥­¨¥ 1.3. �â®¡à ¦¥­¨¥ ' : U ! U 0  «£¥¡àë U ¢  «£¥¡àã
U 0 ­ §ë¢ ¥âáï £®¬®¬®àä¨§¬®¬, ¥á«¨
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1) '(�1u1 + �2u2) = �1'(u1) + �2'(u2), u1; u2 2 U , �1; �2 2 k;
2) '(u1u2) = '(u1)'(u2), u1; u2 2 U .

�á«¨ ®â®¡à ¦¥­¨¥' ¡¨¥ªâ¨¢­®, â® ®­® ­ §ë¢ ¥âáï ¨§®¬®àä¨§¬®¬.
�á«®¢¨¥ ¨§®¬®àä­®áâ¨  «£¥¡à U ¨ U 0 ®¡®§­ ç îâ U �= U 0.

�¥£ª® ¯à®¢¥à¨âì, çâ® ï¤à® £®¬®¬®àä¨§¬  Ker' = fu 2 U , '(u) =
0g ï¢«ï¥âáï ¤¢ãáâ®à®­­¨¬ ¨¤¥ «®¬ ¢ U . � ¤àã£®© áâ®à®­ë, ¥á«¨ I |
¤¢ãáâ®à®­­¨© ¨¤¥ « ¢ U , â® ®â®¡à ¦¥­¨¥ ' : U ! U=I, § ¤ ¢ ¥¬®¥
¯à ¢¨«®¬ '(u) = u + I, u 2 U , ¡ã¤¥â £®¬®¬®àä¨§¬®¬  «£¥¡àë U ­ 
ä ªâ®à- «£¥¡àã U=I.

�¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ áâ ­¤ àâ­ë¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  1.1. 1) �á«¨ ' | £®¬®¬®àä¨§¬  «£¥¡àë U ­   «£¥¡àã

U 0, â® U 0 �= U=Ker'.
2) �á«¨ I ¨ J | ¨¤¥ «ë ¢ U , â® I + J=J �= I=I \ J .
3) �á«¨ I ¨ J | ¨¤¥ «ë ¢ U ¨ J � I, â® I=J | ¨¤¥ « ¢ U=J ¨

U=J
�
I=J �= U=I.

�«ï «î¡ëå ¤¢ãå ¯®¤¯à®áâà ­áâ¢ I ¨ J  «£¥¡àë U ®¯à¥¤¥«¨¬ ¨å

¯à®¨§¢¥¤¥­¨¥ ¯® ä®à¬ã«¥ IJ =
�P

�
x�y�, x� 2 I, y� 2 J

�
. �á¯®«ì§ãï

íâ® ¯®­ïâ¨¥, à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ¯®¤¯à®áâà ­áâ¢  «£¥-
¡àë U :

U (0) = U; U (1) = U (0)U (0); : : : ; U (i+1) = U (i)U (i); : : :

�ç¥¢¨¤­®, ª ¦¤®¥ ¯®¤¯à®áâà ­áâ¢® U (i+1) ï¢«ï¥âáï ¤¢ãáâ®à®­­¨¬
¨¤¥ «®¬ ¢ U (i). �á«¨ áãé¥áâ¢ã¥â n â ª®¥, çâ® U (n) = 0, â®  «£¥¡à  U
­ §ë¢ ¥âáï à §à¥è¨¬®©.

�à¨¢¥¤¥¬ ­¥áª®«ìª® á¢®©áâ¢ à §à¥è¨¬ëå  «£¥¡à.

�à¥¤«®¦¥­¨¥ 1.1. 1) �á«¨  «£¥¡à  U à §à¥è¨¬ , â® à §à¥è¨¬ 

«î¡ ï ¥¥ ¯®¤ «£¥¡à  ¨ «î¡®© ¥¥ £®¬®¬®àä­ë© ®¡à §.

2) �á«¨ I | â ª®© à §à¥è¨¬ë© ¨¤¥ « ¢ U , çâ® ä ªâ®à- «£¥¡à 
U=I à §à¥è¨¬ , â® à §à¥è¨¬  ¨ á ¬   «£¥¡à  U .

3) �á«¨ I ¨ J | à §à¥è¨¬ë¥ ¨¤¥ «ë ¢ U , â® ¨¤¥ « I + J â ª¦¥

à §à¥è¨¬.

�®ª § â¥«ìáâ¢®. 1) �ãáâì U | à §à¥è¨¬ ï  «£¥¡à , â. ¥. U (n) =
0 ¤«ï ­¥ª®â®à®£® n,   B | ¥¥ ¯®¤ «£¥¡à . �®£¤  ¨§ ®¯à¥¤¥«¥­¨ï
¯®¤ «£¥¡à U (i) á«¥¤ã¥â B(i) � U (i). � ç áâ­®áâ¨, B(n) � U (n), â. ¥.
B(n) = 0.

�á«¨ ' : U ! B| í¯¨¬®àä¨§¬ à §à¥è¨¬®©  «£¥¡àë U ­   «£¥¡àã
B, â® '(U (i)) = B(i). �®íâ®¬ã B(n) = 0, ª®£¤  U (n) = 0.
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2) �á«¨ ä ªâ®à- «£¥¡à  U=I à §à¥è¨¬ , â® U (n) � I = I(0) ¤«ï
­¥ª®â®à®£® n. �âáî¤  U (n+m) � I(m). �§ à §à¥è¨¬®áâ¨ I ¯®«ãç ¥¬
U (n+m) = 0 ¤«ï ¯®¤å®¤ïé¨å n ¨ m, çâ® ¤®ª §ë¢ ¥â ¯. 2.

3) � ª ª ª I | à §à¥è¨¬ë© ¨¤¥ «, â® I=I\J | à §à¥è¨¬ ï  «£¥-
¡à  ¢ á¨«ã ¯. 1 ¤ ­­®£® ¯à¥¤«®¦¥­¨ï. �®£¤  I +J=J | â ª¦¥ à §à¥-
è¨¬ ï  «£¥¡à , çâ® ¢ëâ¥ª ¥â ¨§ ¯. 2 ¯à¥¤ë¤ãé¥© â¥®à¥¬ë. �à¨¬¥­ïï
ª  «£¥¡à¥ I + J ¨ ª ¨¤¥ «ã J ¯. 2 ¤ ­­®£® ¯à¥¤«®¦¥­¨ï, ¯®«ãç ¥¬
à §à¥è¨¬®áâì ¨¤¥ «  I + J .

� ª ç¥áâ¢¥ ¯à¨«®¦¥­¨ï à áá¬®âà¨¬  «£¥¡àã U ¨ ¥¥ ¬ ªá¨¬ «ì-
­ë© à §à¥è¨¬ë© ¨¤¥ « I, â. ¥. â ª®© à §à¥è¨¬ë© ¨¤¥ «, ª®â®àë©
­¥ á®¤¥à¦¨âáï ­¨ ¢ ª ª®¬ ¡®«ìè¥¬ à §à¥è¨¬®¬ ¨¤¥ «¥. �á«¨ J |
«î¡®© ¤àã£®© à §à¥è¨¬ë© ¨¤¥ « ¢ U , â® ¨§ ¯. 3 ¯à¥¤«®¦¥­¨ï 1.1
¢ëâ¥ª ¥â I + J = I (¢¢¨¤ã ¬ ªá¨¬ «ì­®áâ¨ ¨¤¥ «  I), â. ¥. J � I.
�â® ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ¬ ªá¨¬ «ì­®£® à §-
à¥è¨¬®£® ¨¤¥ « , ª®â®àë© ¡ã¤¥¬ ­ §ë¢ âì à ¤¨ª «®¬  «£¥¡àë U ¨
®¡®§­ ç âì RadU . �á«¨ U 6= 0 ¨ RadU = 0, â®  «£¥¡à  U ­ §ë¢ ¥âáï
¯®«ã¯à®áâ®©.

�¥®à¥¬  1.2. �á«¨ U ­¥à §à¥è¨¬ , â® U=RadU ¯®«ã¯à®áâ .

�®ª § â¥«ìáâ¢®. �ãáâì I | à §à¥è¨¬ë© ¨¤¥ « ä ªâ®à- «£¥¡àë
U=RadU . �¡®§­ ç¨¬ ç¥à¥§ I ¯®«­ë© ¯à®®¡à § ¨¤¥ «  I ¯à¨ ¥áâ¥-
áâ¢¥­­®¬ £®¬®¬®àä¨§¬¥ ¨§ U ­  U=RadU . � á¨«ã ¯. 2 ¯à¥¤«®¦¥­¨ï
1.1 I |à §à¥è¨¬ë© ¨¤¥ «. �«¥¤®¢ â¥«ì­®, I � RadU , â. ¥. I = 0.

�®«ãç¥­­ë© à¥§ã«ìâ â ¯®ª §ë¢ ¥â, çâ® ¨§ãç¥­¨¥ áâàãªâãàë «î-
¡®©  «£¥¡àë á¢®¤¨âáï ª ¨§ãç¥­¨î áâà®¥­¨ï à §à¥è¨¬ëå ¨ ¯®«ã¯à®-
áâëå  «£¥¡à.

x 2. �¨«ì¯®â¥­â­®áâì  áá®æ¨ â¨¢­ëå  «£¥¡à

�ãáâì A |  áá®æ¨ â¨¢­ ï  «£¥¡à , â. ¥. ¤«ï «î¡ëå í«¥¬¥­â®¢
a; b; c 2 A ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® (ab)c = a(bc).

� áá¬®âà¨¬ á«¥¤ãîéãî ¯®á«¥¤®¢ â¥«ì­®áâì ¯®¤¯à®áâà ­áâ¢  «-
£¥¡àë A:

A1 = A; A2 = AA1; : : : ; Ai+1 = AAi; : : :

�¥£ª® ¯à®¢¥à¨âì, çâ® ¢  áá®æ¨ â¨¢­®©  «£¥¡à¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå
¤¢ãáâ®à®­­¨å ¨¤¥ «®¢ ï¢«ï¥âáï ¤¢ãáâ®à®­­¨¬ ¨¤¥ «®¬, á®¤¥à¦ -
é¨¬áï ¢ ¨å ¯¥à¥á¥ç¥­¨¨. �®íâ®¬ã ª ¦¤®¥ ¯®¤¯à®áâà ­áâ¢® Ai ï¢«ï-
¥âáï ¨¤¥ «®¬ ¢ A ¨ á®¤¥à¦¨âáï ¢ Ai�1. �«£¥¡à  A ­ §ë¢ ¥âáï ­¨«ì-
¯®â¥­â­®©, ¥á«¨ An = 0 ¤«ï ­¥ª®â®à®£® n.
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�à¥¤«®¦¥­¨¥ 2.1. �áá®æ¨ â¨¢­ ï  «£¥¡à  A ­¨«ì¯®â¥­â­  â®-

£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨ï ¯®¤¯à®áâà ­áâ¢ ¢ à áá¬ âà¨¢ ¥-
¬ëå æ¥¯®çª å ¨¬¥¥¬ A(i) � Ai+1. �«¥¤®¢ â¥«ì­®, ¨§ ­¨«ì¯®â¥­â­®áâ¨
¢ëâ¥ª ¥â à §à¥è¨¬®áâì.

�á¯®«ì§ãï  áá®æ¨ â¨¢­®áâì ã¬­®¦¥­¨ï, «¥£ª® ¯® ¨­¤ãªæ¨¨ ¤®ª -
§ âì, çâ® A(i) = A2i. �®íâ®¬ã ¨§ A(n) = 0 ¢ëâ¥ª ¥â ­¨«ì¯®â¥­â­®áâì
 «£¥¡àë A.

� ª ¯®ª §ë¢ ¥â ¯à¨¢®¤¨¬ ï ­¨¦¥ â¥®à¥¬ , ­¨«ì¯®â¥­â­®áâì ª®-
­¥ç­®¬¥à­®©  áá®æ¨ â¨¢­®©  «£¥¡àë ®¡ãá«®¢«¥­  ­¨«ì¯®â¥­â­®áâìî
¥¥ í«¥¬¥­â®¢.

�ã¤¥¬ £®¢®à¨âì, çâ® í«¥¬¥­â a  áá®æ¨ â¨¢­®©  «£¥¡àë A ­¨«ì¯®-
â¥­â¥­, ¥á«¨ an = 0 ¤«ï ­¥ª®â®à®£® n.

�®ª ¦¥¬, çâ® ­¨«ì¯®â¥­â­®áâì ¨¤¥ «®¢ á®£« á®¢ ­  á ®¯¥à æ¨¥©
á«®¦¥­¨ï.

�à¥¤«®¦¥­¨¥ 2.2. �®­¥ç­ ï áã¬¬  «¥¢ëå ­¨«ì¯®â¥­â­ëå ¨¤¥-

 «®¢ ¥áâì ­¨«ì¯®â¥­â­ë© «¥¢ë© ¨¤¥ «.

�®ª § â¥«ìáâ¢®. �¤¨­áâ¢¥­­ë© ­¥âà¨¢¨ «ì­ë© ä ªâ ¢ áä®à¬ã«¨-
à®¢ ­­®¬ ¯à¥¤«®¦¥­¨¨ | íâ® ­¨«ì¯®â¥­â­®áâì áã¬¬ë ¨¤¥ «®¢. �ç¥-
¢¨¤­ ï ¨­¤ãªæ¨ï á¢®¤¨â íâ® ãâ¢¥à¦¤¥­¨¥ ª á«ãç î ¤¢ãå ¨¤¥ «®¢.
�ãáâì I ¨ J | «¥¢ë¥ ­¨«ì¯®â¥­â­ë¥ ¨¤¥ «ë. â. ¥. In = 0, Im = 0 ¤«ï
­¥ª®â®àëå n ¨ m. �®£¤  (I + J)n+m = 0.
�¥©áâ¢¨â¥«ì­®, ¢®-¯¥à¢ëå, § ¬¥â¨¬, çâ® (I+J)n+m =

P
Ik1Jr1 : : : IksJrs,

£¤¥
sP

i=1
ki+

sP
j=1

rj = n+m. �à®¬¥ â®£®, ¢ á¨«ã ¢ª«îç¥­¨ï AIs � Is ¨¬¥-

¥¬ Ik1Jr1 : : : IksJrs � IkJrs, k =
sP

i=1
ki. �á«¨ k � n, â® ¯®á«¥¤­¥¥ ¯à®-

¨§¢¥¤¥­¨¥ à ¢­® ­ã«î. � ¯à®â¨¢­®¬ á«ãç ¥
sP

j=1
rj � m ¨, ¨á¯®«ì§ãï

¢ª«îç¥­¨¥ Ik1Jr1 : : : IksJrs � Ik1Jr, r =
sP

j=1
rj, ®¯ïâì ¯®«ãç ¥¬ à ¢¥­-

áâ¢® ­ã«î ¯à®¨§¢¥¤¥­¨ï Ik1Jr1 : : : IksJrs. �à¨¢¥¤¥­­ë¥ à ááã¦¤¥­¨ï
®¡êïá­ïîâ ­¨«ì¯®â¥­â­®áâì ¨¤¥ «  I + J .

�¥®à¥¬  2.1 (�¥¤¤¥à¡¥à­). �®­¥ç­®¬¥à­ ï  áá®æ¨ â¨¢­ ï  «-
£¥¡à  A ­¨«ì¯®â¥­â­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­¨«ì¯®â¥­â¥­

«î¡®© ¥¥ í«¥¬¥­â.

�®ª § â¥«ìáâ¢®. �á«¨ A ­¨«ì¯®â¥­â­ , â. ¥. An = 0 ¤«ï ­¥ª®â®à®£®
n, â® an = 0 ¤«ï «î¡®£® í«¥¬¥­â  a 2 A.
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�¡à â­®, ¯ãáâì ¤«ï ª ¦¤®£® í«¥¬¥­â  a 2 A áãé¥áâ¢ã¥â ­ âãà «ì-
­®¥ n = n(a) â ª®¥, çâ® an = 0. �®ª ¦¥¬ ­¨«ì¯®â¥­â­®áâì  «£¥¡àë
A ¨­¤ãªæ¨¥© ¯® ¥¥ à §¬¥à­®áâ¨.

�á«¨ dimA = 1, â. ¥. A = ka, â® ¨§ ãá«®¢¨ï an = 0 á«¥¤ã¥â An = 0.
�ãáâì ¤«ï «î¡®©  «£¥¡àë à §¬¥à­®áâ¨ ¬¥­ìè¥ m ãâ¢¥à¦¤¥­¨¥ â¥-
®à¥¬ë á¯à ¢¥¤«¨¢®. � áá¬®âà¨¬  «£¥¡àã A à §¬¥à­®áâ¨ m. �á«¨
A2 6= A, â® ¯®¤ «£¥¡à  A2 ­¨«ì¯®â¥­â­ , â. ¥. (A2)s = 0 ¤«ï ­¥ª®-
â®à®£® s. �®£¤  A2s = 0, â. ¥. A | ­¨«ì¯®â¥­â­ ï  «£¥¡à .

�®ª ¦¥¬, çâ® á«ãç © A2 = A ­¥¢®§¬®¦¥­. � ä¨ªá¨àã¥¬ ª ª®©-
«¨¡® ¡ §¨á e1; : : : ; em  «£¥¡àë A. �®£¤  A2 = Ae1 + � � � + Aem. �á«¨
A = A2, â®  «£¥¡à  A ï¢«ï¥âáï ª®­¥ç­®© áã¬¬®© «¥¢ëå ¨¤¥ «®¢
Aei, i = 1; : : : ;m. �ãáâì ¢á¥ íâ¨ ¨¤¥ «ë á®¡áâ¢¥­­ë¥. �®£¤  ¯® ¯à¥¤-
¯®«®¦¥­¨î ¨­¤ãªæ¨¨ ª ¦¤ë© ¨¤¥ « Aei ­¨«ì¯®â¥­â¥­. �à¨¬¥­ïï
¯à¥¤«®¦¥­¨¥ 2.2, ¯®«ãç ¥¬ ­¨«ì¯®â¥­â­®áâì  «£¥¡àë A. � ç áâ­®-
áâ¨, A % A2, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¤«ï ­¥ª®â®à®£® i ¨¤¥ « Aei á®¢¯ ¤ ¥â
á A. �®£¤  ¢  «£¥¡à¥ A áãé¥áâ¢ã¥â í«¥¬¥­â a â ª®©, çâ® aei = ei.
�â¥à¨àãï íâ® à ¢¥­áâ¢®, ¨¬¥¥¬ akei = ei ¤«ï «î¡®£® ­ âãà «ì­®£®
k. � ª ª ª an = 0 ¤«ï ­¥ª®â®à®£® n, â® ei = 0, çâ® ¯à®â¨¢®à¥ç¨â ¯à¨-
­ ¤«¥¦­®áâ¨ ei ª ¡ §¨áã  «£¥¡àë A. �â ª, ¯®á«¥¤­¨© á«ãç © â ª¦¥
­¥¢®§¬®¦¥­. �«¥¤®¢ â¥«ì­®, ¢ ãá«®¢¨ïå â¥®à¥¬ë ¢á¥£¤  A % A2. �â-
áî¤ , ª ª ¯®ª § ­® ¢ëè¥, ¢ëâ¥ª ¥â ­¨«ì¯®â¥­â­®áâì  «£¥¡àë A.

�á«¨ A ï¢«ï¥âáï  «£¥¡à®© «¨­¥©­ëå ®¯¥à â®à®¢, â® ¬®¦­® ¯®«ã-
ç¨âì ¨­ä®à¬ æ¨î ® áâà®¥­¨¨ ¬ âà¨æ íâ¨å ®¯¥à â®à®¢.

�¥®à¥¬  2.2. �ãáâì A |  «£¥¡à  «¨­¥©­ëå ®¯¥à â®à®¢, ¤¥©-

áâ¢ãîé¨å ­  ª®­¥ç­®¬¥à­®¬ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥ V . �á«¨ «î-
¡®© ®¯¥à â®à a 2 A  áá®æ¨ â¨¢­® ­¨«ì¯®â¥­â¥­, â® ¢ ¯à®áâà ­-

áâ¢¥ V áãé¥áâ¢ã¥â ¡ §¨á, ¢ ª®â®à®¬ ¬ âà¨æë ¢á¥å ®¯¥à â®à®¢ ¨§

A ¨¬¥îâ áâà®£® âà¥ã£®«ì­ë© ¢¨¤.

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë �¥¤¤¥à¡¥à­  á«¥¤ã¥â, çâ®  «£¥¡à  A
­¨«ì¯®â¥­â­ , â. ¥. áãé¥áâ¢ã¥â ­ âãà «ì­®¥ n â ª®¥, çâ® An = 0, ­®
An�1 6= 0. �®£¤  ¢ ¯à®áâà ­áâ¢¥ V áãé¥áâ¢ã¥â áâà®£® ã¡ë¢ îé ï
æ¥¯®çª  ¨­¢ à¨ ­â­ëå ¯®¤¯à®áâà ­áâ¢

V � AV � A2V � � � � � An�1V � AnV = 0:

�ë¡¨à ï ¢ ¯à®áâà ­áâ¢¥ V ¡ §¨á, á®£« á®¢ ­­ë© á íâ®© æ¥¯®çª®©,
¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

� áá¬®âà¨¬ ªà¨â¥à¨© ­¨«ì¯®â¥­â­®áâ¨ ª®­¥ç­®¬¥à­®©  áá®æ¨ -
â¨¢­®©  «£¥¡àë ¢ â¥à¬¨­ å äã­ªæ¨¨ á«¥¤ .
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�ãáâì U |  «£¥¡à  (­¥ ®¡ï§ â¥«ì­®  áá®æ¨ â¨¢­ ï) ­ ¤ k. �¡®-
§­ ç¨¬ ç¥à¥§ La ®¯¥à â®à «¥¢®£® ã¬­®¦¥­¨ï ¤«ï í«¥¬¥­â  a  «£¥¡àë
U . â. ¥. La : x! ax, x 2 U .

�¥®à¥¬  2.3. �ãáâì A| ª®­¥ç­®¬¥à­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à 

­ ¤  «£¥¡à ¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ k å à ªâ¥à¨áâ¨ª¨ ­ã«ì. �®£¤ 
A ­¨«ì¯®â¥­â­ , ¥á«¨ ¨ â®«ìª® ¥á«¨ trLa = 0 8a 2 A.

�®ª § â¥«ìáâ¢®. � ­¨«ì¯®â¥­â­®©  «£¥¡àë A ª ¦¤ë© ¥¥ í«¥¬¥­â a
­¨«ì¯®â¥­â¥­. �á¯®«ì§ãï £®¬®¬®àä¨§¬ ' : a ! La  áá®æ¨ â¨¢­®©
 «£¥¡àë A ¢  «£¥¡àã «¨­¥©­ëå ®¯¥à â®à®¢ EndkA, ¯®«ãç ¥¬, çâ®
ª ¦¤ë© ®¯¥à â®à La ­¨«ì¯®â¥­â¥­. �® ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï
­¨«ì¯®â¥­â­®£® ®¯¥à â®à  à ¢­ë ­ã«î. �®íâ®¬ã trLa = 0, a 2 A.

�¡à â­®, ¯ãáâì trLa = 0 8a 2 A. �¡®§­ ç¨¬ ç¥à¥§ �1; : : : ; �n,
n = dimA á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  La. � ª ª ª tr(La)

k =
trLak = 0, k � 1, â®, ¯à¨¬¥­ïï ª®­áâàãªæ¨î ¦®à¤ ­®¢®© ­®à¬ «ì-

­®© ä®à¬ë, ¯®«ãç¨¬
nP
i=1

�ki = 0, k � 1. �á¯®«ì§ãï ä®à¬ã«ë �ìîâ®­ ,
á¢ï§ë¢ îé¨¥ ¢ëà ¦¥­¨ï í«¥¬¥­â à­ëå á¨¬¬¥âà¨ç¥áª¨å ¬­®£®ç«¥-
­®¢ �i, i = 1; : : : ; n, ¨ áâ¥¯¥­­ëå áã¬¬, ¯®«ãç ¥¬ (¢ á¨«ã â®£®, çâ®
å à ªâ¥à¨áâ¨ª  ¯®«ï k à ¢­  ­ã«î) �i(�1; : : : ; �m) = 0, i = 1; : : : ; n.
�®íâ®¬ã ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �i, i = 1; : : : ; n, ®¯¥à â®à  La ­ã-
«¥¢ë¥,   §­ ç¨â, La | ­¨«ì¯®â¥­â­ë© ®¯¥à â®à. �á«¨ Ln

a = 0, â®
an+1 = 0, ¯®íâ®¬ã  «£¥¡à  A á®áâ®¨â ¨§ ­¨«ì¯®â¥­â­ëå í«¥¬¥­â®¢.
�«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ �¥¤¤¥à¡¥à­  A | ­¨«ì¯®â¥­â­ ï  «£¥-
¡à .

x 3. �®«ã¯à®áâë¥  «£¥¡àë

�¯à¥¤¥«¥­¨¥ 3.1. �â®¡à ¦¥­¨¥ ( ; ) : B � B ! k ¯à®¨§¢®«ì­®©
 «£¥¡àë B ­ ¤ ¯®«¥¬ k ­ §®¢¥¬ ¡¨«¨­¥©­®© á¨¬¬¥âà¨ç­®© ¨­¢ à¨-
 ­â­®© ä®à¬®©, ¥á«¨

1) (�1b1 + �2b2; b3) = �1(b1; b3) + �2(b2; b3), �1; �2 2 k, b1; b2; b3 2 B;
2) (b1; b2) = (b2; b1);
3) (b1b2; b3) = (b1; b2b3).

� á¨«ã á¨¬¬¥âà¨ç­®áâ¨ ä®à¬ë ( ; ) ¥¥ «¥¢®¥ ï¤à® B?

e = fx 2 B,
(x; b) = 0, b 2 Bg á®¢¯ ¤ ¥â á ¥¥ ¯à ¢ë¬ ï¤à®¬ B?

r = fx 2 B,
(b; x) = 0, b 2 Bg, ¨ ¬®¦­® £®¢®à¨âì ¯à®áâ® ® ï¤à¥ ä®à¬ë B? = B?

e =
B?

r . �á«¨ ï¤à® ä®à¬ë B? à ¢­® ­ã«î, â® ä®à¬ã ¡ã¤¥¬ ­ §ë¢ âì
­¥¢ëà®¦¤¥­­®©.

�«£¥¡àã ¡ã¤¥¬ ­ §ë¢ âì ¯à®áâ®©, ¥á«¨ ®­  ­¥ á®¤¥à¦¨â ­¥âà¨¢¨-
 «ì­ëå ¤¢ãáâ®à®­­¨å ¨¤¥ «®¢.
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�¥®à¥¬  3.1. �®­¥ç­®¬¥à­ ï  «£¥¡à  B ­ ¤ ¯®«¥¬ k, ®¡« ¤ î-
é ï ­¥¢ëà®¦¤¥­­®© ¡¨«¨­¥©­®© á¨¬¬¥âà¨ç­®© ¨­¢ à¨ ­â­®© ä®à-

¬®©, ¨ ­¥ ¨¬¥îé ï ¨¤¥ «®¢, ª¢ ¤à âë ª®â®àëå à ¢­ë ­ã«î, ï¢«ï-

¥âáï ¯àï¬®© áã¬¬®© ¤¢ãáâ®à®­­¨å ¨¤¥ «®¢, ª ¦¤ë© ¨§ ª®â®àëå

ï¢«ï¥âáï ¯à®áâ®©  «£¥¡à®©.

�®ª § â¥«ìáâ¢®. �ãáâì I | ¤¢ãáâ®à®­­¨© ¨¤¥ «  «£¥¡àë B. �®£¤ 
I? = fx 2 B, (x; b) = 0, b 2 Ig | â ª¦¥ ¤¢ãáâ®à®­­¨© ¨¤¥ «. �¡®-
§­ ç¨¬ ç¥à¥§ J ¯¥à¥á¥ç¥­¨¥ ¨¤¥ «®¢ I ¨ I?. �ãáâì a; b 2 J , c 2 B.
�®£¤  (ab; c) = (a; bc) = 0, â. ª. bc 2 I?. �§ ­¥¢ëà®¦¤¥­­®áâ¨ ä®à-
¬ë ­¥¬¥¤«¥­­® ¯®«ãç ¥¬ J2 = 0. �® ãá«®¢¨î â¥®à¥¬ë  «£¥¡à  B ­¥
¨¬¥¥â ­¥­ã«¥¢ëå ¤¢ãáâ®à®­­¨å ¨¤¥ «®¢, ª¢ ¤à âë ª®â®àëå à ¢­ë
­ã«î. �«¥¤®¢ â¥«ì­®, J = 0.

�®ª ¦¥¬, çâ® B = I � I?. �ë¡¥à¥¬ ¡ §¨á e1; : : : ; em ¢ I. �«ï
«î¡®£® í«¥¬¥­â  b 2 B áãé¥áâ¢ãîâ ª®­áâ ­âë �1; : : : ; �m 2 k â -

ª¨¥, çâ® b�
mP
i=1

�iei 2 I?. �¥©áâ¢¨â¥«ì­®, ¯®á«¥¤­¥¥ ãá«®¢¨¥ ¯à¨­ ¤-

«¥¦­®áâ¨ à ¢­®á¨«ì­® à §à¥è¨¬®áâ¨ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©
mP
i=1

�i(ei; ej) = (b; ej), j = 1; : : : ;m. �® ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë
�
(ei; ej)

�
®â«¨ç¥­ ®â ­ã«ï, â. ª. I \ I? = 0. �®íâ®¬ã ¤«ï «î¡®£® í«¥¬¥­â 
b 2 B áãé¥áâ¢ãîâ í«¥¬¥­âë x 2 I, y 2 I? â ª¨¥, çâ® b = x + y, â. ¥.
B � I � I?.

�à¥¤¯®«®¦¨¬ ¤®¯®«­¨â¥«ì­®, çâ® I | ¬¨­¨¬ «ì­ë© ¤¢ãáâ®à®­-
­¨© ¨¤¥ «. �á«¨K | ¨¤¥ «  «£¥¡àë I, â® ¨§ ãá«®¢¨ï KI? � I\I? =
0 (á®®â¢¥âáâ¢¥­­® I?K � I? \ I = 0) ­¥¬¥¤«¥­­® ¯®«ãç¨¬, çâ® K |
¨¤¥ « ¢á¥©  «£¥¡àë B. �®£¤  ¨§ ¬¨­¨¬ «ì­®áâ¨ I ¢ëâ¥ª ¥â, çâ® «¨¡®
K = 0, «¨¡® K = I. â. ¥. I | ¯à®áâ ï  «£¥¡à .

�§ ­¥¢ëà®¦¤¥­­®áâ¨ ä®à¬ë ( ; ) ­  B ¢ëâ¥ª ¥â ­¥¢ëà®¦¤¥­­®áâì
®£à ­¨ç¥­¨ï íâ®© ä®à¬ë ­  I?. �à®¬¥ â®£®, «î¡®© ¨¤¥ «  «£¥¡àë I?

ï¢«ï¥âáï ¨¤¥ «®¬ ¢á¥©  «£¥¡àë. �à¨¬¥­ïï ¨­¤ãªæ¨®­­ë¥ ¢ëª« ¤-
ª¨, «¥£ª® ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�«ï «î¡®© ª®­¥ç­®¬¥à­®©  áá®æ¨ â¨¢­®©  «£¥¡àë A ®¯à¥¤¥«¨¬
¡¨«¨­¥©­ãî ä®à¬ã t : A� A! k ¯® ¯à ¢¨«ã

t(a; b) = trLaLb; a; b 2 A:

�¥£ª® ¢¨¤¥âì, çâ® ¨ ¤¢  ¤àã£¨å á¢®©áâ¢  ¨§ ®¯à¥¤¥«¥­¨ï 3.1 ¤«ï
ä®à¬ë t â ª¦¥ ¢ë¯®«­¥­ë.

�¥®à¥¬  3.2. �ãáâì A| ª®­¥ç­®¬¥à­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à 

­ ¤  «£¥¡à ¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ ­ã«ì. �®£¤ 
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¥¥ à ¤¨ª « á®¢¯ ¤ ¥â á ï¤à®¬ A? = fx 2 A, t(x;A) = 0g ¡¨«¨­¥©­®©
ä®à¬ë t.

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§ R à ¤¨ª «  «£¥¡àë A. �á«¨ b 2
R, â® ¤«ï «î¡®£® í«¥¬¥­â  a 2 A ¯à®¨§¢¥¤¥­¨¥ ba ¯à¨­ ¤«¥¦¨â R
¨ ba | ­¨«ì¯®â¥­â­ë© í«¥¬¥­â ¢ A. �®£¤  Lba | ­¨«ì¯®â¥­â­ë©
®¯¥à â®à,   §­ ç¨â trLba = 0. �®á«¥¤­¥¥ à ¢¥­áâ¢® ¬®¦­® § ¯¨á âì
¢ ¢¨¤¥ t(b; A) = 0. � ª¨¬ ®¡à §®¬, b 2 A?, ¨«¨ R � A?.

�ãáâì â¥¯¥àì b 2 A?. �§ íâ®£® ãá«®¢¨ï, ¢ ç áâ­®áâ¨, ¯®«ãç ¥¬
trLk

b2 = trLbLb2k�1 = t(b; b2k�1) = 0, k � 1. � ááã¦¤ ï ¤ «¥¥, ª ª ¢
â¥®à¥¬¥ 2.3, ¯®«ãç¨¬, çâ® Lb2 | ­¨«ì¯®â¥­â­ë© ®¯¥à â®à, â. ¥. Ln

b2 =
0 ¤«ï ­¥ª®â®à®£® ­ âãà «ì­®£® n. �®£¤  b2n+1 = 0. �­ ç¨â, ¯® â¥®à¥¬¥
�¥¤¤¥à¡¥à­  ¨¤¥ « A? ­¨«ì¯®â¥­â¥­. �«¥¤®¢ â¥«ì­®, A? � R.

�®¥¤¨­ïï ¤¢  ¯®«ãç¥­­ëå ¢ª«îç¥­¨ï, ¨¬¥¥¬ R = A?.

�«¥¤áâ¢¨¥ 3.1. �®­¥ç­®¬¥à­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à  ­ ¤  «£¥-
¡à ¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ ­ã«ì ¯®«ã¯à®áâ  â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ä®à¬  t ­¥¢ëà®¦¤¥­ .

�á¯®«ì§ãï ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë, ®¯¨è¥¬ áâà®¥­¨¥ ª®­¥ç­®¬¥à-
­®© ¯®«ã¯à®áâ®©  áá®æ¨ â¨¢­®©  «£¥¡àë.

�¥®à¥¬  3.3. �ãáâì A | ¯®«ã¯à®áâ ï ª®­¥ç­®¬¥à­ ï  áá®æ¨-

 â¨¢­ ï  «£¥¡à  ­ ¤  «£¥¡à ¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ å à ªâ¥à¨-

áâ¨ª¨ ­ã«ì. �®£¤  A ï¢«ï¥âáï ¯àï¬®© áã¬¬®© ¤¢ãáâ®à®­­¨å ¨¤¥ -

«®¢, ª ¦¤ë© ¨§ ª®â®àëå ï¢«ï¥âáï ¯à®áâ®©  «£¥¡à®©.

�®ª § â¥«ìáâ¢®. � ª ª ª A ¯®«ã¯à®áâ , â® ¢ á¨«ã á«¥¤áâ¢¨ï 3.1
ä®à¬  t ­¥¢ëà®¦¤¥­ . �à®¬¥ â®£®, ¨§ ¯®«ã¯à®áâ®âë  «£¥¡àë A ¢ë-
â¥ª ¥â ®âáãâáâ¢¨¥ ¢ ­¥© ¤¢ãáâ®à®­­¨å ¨¤¥ «®¢, ª¢ ¤à âë ª®â®àëå
à ¢­ë ­ã«î. �®íâ®¬ã, ¨á¯®«ì§ãï â¥®à¥¬ã 3.1, ¯®«ãç ¥¬ áä®à¬ã«¨-
à®¢ ­­®¥ à §«®¦¥­¨¥.

����� II. ������� ��

x 4. �¯à¥¤¥«¥­¨¥ ¨ ¯à¨¬¥àë  «£¥¡à �¨

�¯à¥¤¥«¥­¨¥ 4.1. �«£¥¡à  L ­ ¤ ¯®«¥¬ k á ¡¨«¨­¥©­®© ®¯¥à -
æ¨¥© L�L! L, ®¡®§­ ç ¥¬®© (x; y)! [x; y] ¨ ­ §ë¢ ¥¬®© ª®¬¬ãâ -
â®à®¬ í«¥¬¥­â®¢ x ¨ y, ­ §ë¢ ¥âáï  «£¥¡à®© �¨, ¥á«¨ ¢ë¯®«­ïîâáï
á«¥¤ãîé¨¥  ªá¨®¬ë:

1. [x; x] = 0 ¤«ï ¢á¥å x 2 L;
2.

h
x[y; z]

i
+

h
y[z; x]

i
+

h
z; [x; y]

i
= 0 (x; y; z 2 L).

�®á«¥¤­ïï  ªá¨®¬  ­ §ë¢ ¥âáï â®¦¤¥áâ¢®¬ �ª®¡¨.

10



� ¬¥â¨¬, çâ® ¨§  ªá¨®¬ë 1, ¯à¨¬¥­¥­­®© ª í«¥¬¥­âã [x+y; x+y],
á«¥¤ã¥â á®®â­®è¥­¨¥  ­â¨ª®¬¬ãâ â¨¢­®áâ¨:

10). [x; y] = �[y; x].
�á«¨ å à ªâ¥à¨áâ¨ª  ¯®«ï k ®â«¨ç­  ®â 2, â® ¨§ 10 á«¥¤ã¥â 1.
�ãáâì V | ª®­¥ç­®¬¥à­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ­ ¤ k. �®-

£¤  EndV ¡ã¤¥â ®¡®§­ ç âì ¬­®¦¥áâ¢® «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨©
V ! V . �­® ¨¬¥¥â à §¬¥à­®áâì n2 ª ª ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ­ ¤
k, £¤¥ n = dimk V . �¯à¥¤¥«¨¬ ­®¢ãî ®¯¥à æ¨î [x; y] = xy � yx,
x; y 2 EndV . � íâ®© ®¯¥à æ¨¥© EndV áâ ­®¢¨âáï  «£¥¡à®© �¨ ­ ¤
k:  ªá¨®¬  1 ®ç¥¢¨¤­ ,   ¯à®¢¥àª   ªá¨®¬ë 2 âà¥¡ã¥â ­¥¡®«ìè®£®
¢ëç¨á«¥­¨ï. �âã  «£¥¡àã �¨ ­ §®¢¥¬ ¯®«­®© «¨­¥©­®©  «£¥¡à®© ¨
¡ã¤¥¬ ®¡®§­ ç âì gl(V ).

�ãáâì U | k- «£¥¡à  á ¡¨«¨­¥©­®© ®¯¥à æ¨¥© U � U ! U , â. ¥.
(x; y) ! xy. �¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¢  «£¥¡à¥ U ­ §®¢¥¬ «¨­¥©­®¥
®â®¡à ¦¥­¨¥ D : U ! U á® á¢®©áâ¢®¬

D(xy) = (Dx)y + x(Dy):

�¥£ª® ¯à®¢¥à¨âì, çâ® á®¢®ªã¯­®áâì ¢á¥å ¤¨ää¥à¥­æ¨à®¢ ­¨© DerU
 «£¥¡àë U ï¢«ï¥âáï ¢¥ªâ®à­ë¬ ¯à®áâà ­áâ¢®¬ ­ ¤ k. �à®¬¥ â®£®,
ª®¬¬ãâ â®à [D1; D2] ¤¢ãå ¤¨ää¥à¥­æ¨à®¢ ­¨© á­®¢  ï¢«ï¥âáï ¤¨ä-
ä¥à¥­æ¨à®¢ ­¨¥¬. �¥©áâ¢¨â¥«ì­®,

D1D2(xy) = (D1D2x)y + (D1x)(D2y) + (D2x)(D1y) + x(D1D2y);

D2D1(xy) = (D2D1x)y + (D1x)(D2y) + (D2x)(D1y) + x(D2D1y):

�®íâ®¬ã

[D1D2](xy) = ([D1; D2]x)y + x([D1; D2]y):

� ª¨¬ ®¡à §®¬, DerU | ¯®¤ «£¥¡à  ¢ gl(U). � ç áâ­®áâ¨, ¤«ï «î-
¡®©  «£¥¡àë �¨ L ®¯à¥¤¥«¥­   «£¥¡à  DerU . �¥ª®â®àë¥ í«¥¬¥­âë
¯®á«¥¤­¥© ¢®§­¨ª îâ ¢¯®«­¥ ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬. �á«¨ x 2 L, â®
®â®¡à ¦¥­¨¥ adx : y ! [x; y] ï¢«ï¥âáï í­¤®¬®àä¨§¬®¬ ¯à®áâà ­áâ¢ 
L. � ¤¥©áâ¢¨â¥«ì­®áâ¨ adx 2 DerL, ¯®áª®«ìªã â®¦¤¥áâ¢® �ª®¡¨
¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

h
x; [y; z]

i
=

h
[x; y]; z

i
+

h
y[x; z]

i
. �¨ää¥à¥­-

æ¨à®¢ ­¨ï â ª®£® ¢¨¤  ­ §ë¢ îâáï ¢­ãâà¥­­¨¬¨,   ¢á¥ ®áâ «ì­ë¥
| ¢­¥è­¨¬¨. �â®¡à ¦¥­¨¥ L ! DerL, ¨¬¥îé¥¥ ¢¨¤ x ! adx, ­ -
§ë¢ ¥âáï ¯à¨á®¥¤¨­¥­­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬  «£¥¡àë L.

x 5. �¤¥ «ë ¨ £®¬®¬®àä¨§¬ë

�®¤¯à®áâà ­áâ¢® I  «£¥¡àë �¨ L ­ §ë¢ ¥âáï ¨¤¥ «®¬, ¥á«¨ [x; a] 2
I ¤«ï «î¡®£® x 2 I ¨ «î¡®£® a 2 L. � ®â«¨ç¨¥ ®â ®¡é¥£® á«ãç ï
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(á¬. x 1) ¢  «£¥¡à¥ �¨ ¢ á¨«ã ¥¥  ­â¨ª®¬¬ãâ â¨¢­®áâ¨ ¢á¥ ¨¤¥ «ë
¤¢ãáâ®à®­­¨¥.

� ¦­ë¬¨ ¯à¨¬¥à ¬¨ ¨¤¥ «®¢  «£¥¡àë �¨ L ï¢«ïîâáï
1) ¥¥ æ¥­âà Z(L) = fx 2 L, [x; a] = 0, a 2 Lg,

2) ¥¥ ª®¬¬ãâ ­â [L;L] =
� P
k2S

[xk; yk], xk; yk 2 L, S | «î¡®¥ ª®­¥ç-

­®¥ ¬­®¦¥áâ¢®
�
.

� ¬¥â¨¬, çâ® ª ª ¨ ¢ ®¡é¥¬ á«ãç ¥ (á¬. x 1) áã¬¬  ¨ ¯¥à¥á¥ç¥­¨¥
¤¢ãå ¨¤¥ «®¢ ï¢«ïîâáï ¨¤¥ « ¬¨. �®«¥¥ â®£®, ¤«ï  «£¥¡àë �¨ ¨

¯à®¨§¢¥¤¥­¨¥ [I; J ] =
� P
k2S

[xk; yk], xk 2 I, yk 2 J
�
¤¢ãå ¨¤¥ «®¢ I

¨ J ï¢«ï¥âáï ¨¤¥ «®¬. �®¬¬ãâ ­â [L;L] | ç áâ­ë© á«ãç © íâ®©
ª®­áâàãªæ¨¨.

�á«¨ ¢  «£¥¡à¥ �¨ L ­¥â ¨¤¥ «®¢, ªà®¬¥ ­¥¥ á ¬®© ¨ ­ã«ï, ¯à¨ç¥¬
[L;L] 6= 0, â® L ­ §ë¢ ¥âáï ¯à®áâ®©  «£¥¡à®©. �á­®, çâ® ¥á«¨ L |
¯à®áâ ï  «£¥¡à , â® Z(L) = 0 ¨ L = [L;L].

�à¨¬¥à. �ãáâì L = sl(2; k) = fx 2 gl(2; k), trx = 0g, char k 6= 2.
�ë¡¥à¥¬ áâ ­¤ àâ­ë© ¡ §¨á ¢ L ¢ ¢¨¤¥ âà¥å ¬ âà¨æ

e =

2
40 1
0 0

3
5 ; f =

2
40 0
1 0

3
5 h =

2
41 0
0 �1

3
5 :

�¬­®¦¥­¨¥ ¢  «£¥¡à¥ ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨

[e; f ] = h; [h; e] = 2e; [h; f ] = �2f:

�ãáâì I | ­¥­ã«¥¢®© ¨¤¥ « ¢ L ¨ ae+ bf + ch | ­¥­ã«¥¢®© í«¥¬¥­â
¢ I. �¢ ¦¤ë ¯à¨¬¥­ïï ª íâ®¬ã í«¥¬¥­âã ®¯¥à â®à ad e, ¯®«ãç ¥¬
�2be 2 I,   ¯à¨¬¥­ïï ¤¢ ¦¤ë ®¯¥à â®à ad f , ¯®«ãç ¥¬ �2af 2 I.
�®íâ®¬ã, ¥á«¨ a ¨«¨ b ®â«¨ç­® ®â ­ã«ï, â® I á®¤¥à¦¨â e ¨«¨ f ¨,
§­ ç¨â, I = L. � ¤àã£®© áâ®à®­ë, ¥á«¨ a = b = 0, â® 0 6= ch 2 I, â. ¥.
h 2 I, çâ® á­®¢  ¢«¥ç¥â I = L. � ª«îç ¥¬, çâ® L| ¯à®áâ ï  «£¥¡à .

� ª ¦¥, ª ª ¢ x 1, ¤«ï  «£¥¡à �¨ ®¯à¥¤¥«ï¥âáï ¯®­ïâ¨¥ ä ªâ®à-
 «£¥¡àë, £®¬®¬®àä¨§¬  ¨ ¨§®¬®àä¨§¬   «£¥¡à. �á¯®«ì§ãï íâ¨ ¯®­ï-
â¨ï ¤«ï  «£¥¡à �¨, ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥, ¤®á«®¢­® ¯®¢â®àïîé¥¥
â¥®à¥¬ã 1.1.

x 6. � §à¥è¨¬ë¥ ¨ ­¨«ì¯®â¥­â­ë¥  «£¥¡àë �¨

� x 1 ¡ë«® ¢¢¥¤¥­® ¯®­ïâ¨¥ à §à¥è¨¬®©  «£¥¡àë,   ¨¬¥­­®, â -
ª®¢®© ¡ë«  ­ §¢ ­   «£¥¡à  U , ¢ ª®â®à®© æ¥¯®çª  ¯®¤¯à®áâà ­áâ¢
U (0) = U , U (1) = U (0)U (0); : : : ; U (i+1) = U (i)U (i); : : : § ª ­ç¨¢ ¥âáï ­ã-
«¥¢ë¬ ¯®¤¯à®áâà ­áâ¢®¬, â. ¥. áãé¥áâ¢ã¥â n â ª®¥, çâ® U (n) = 0. �à¨-
¬¥­ïï íâ® ®¯à¥¤¥«¥­¨¥ ª  «£¥¡à¥ �¨ L, ¯®«ãç¨¬ ¯®­ïâ¨¥ à §à¥è¨-
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¬®©  «£¥¡àë �¨. �«¥¤ã¥â § ¬¥â¨âì, çâ® ¢ á«ãç ¥, ª®£¤  L|  «£¥¡à 
�¨, ¥¥ ¯®¤¯à®áâà ­áâ¢  L(i) ï¢«ïîâáï ¨¤¥ « ¬¨  «£¥¡àë �¨.

� ®¯à¥¤¥«¥­­®¬ á¬ëá«¥ ®¡é¨¬ ¯à¨¬¥à®¬ à §à¥è¨¬®©  «£¥¡àë
�¨ á«ã¦¨â  «£¥¡à  ¢¥àå­¥âà¥ã£®«ì­ëå ¬ âà¨æ T (n; k) = f(aij),
i = 1; : : : ; n, j = 1; : : : ; n, aij 2 k, aij = 0, i > jg. �ç¥¢¨¤­®, ¡ §¨á
íâ®©  «£¥¡àë á®áâ®¨â ¨§ ¬ âà¨ç­ëå ¥¤¨­¨æ eij, i � j, ¥¥ à §¬¥à­®áâì

à ¢­  n(n+1)
2 .

�â®¡ë ¤®ª § âì, çâ®  «£¥¡à  L = T (n; k) à §à¥è¨¬ , ­ ©¤¥¬ àï¤
¥¥ ª®¬¬ãâ ­â®¢ ¯à¨ ¯®¬®é¨ ä®à¬ã«ë

[eij; ekl] = �jkeil � �liekj;

£¤¥ �rs | á¨¬¢®« �à®­¥ª¥à . � ç áâ­®áâ¨, ¨¬¥¥¬ [eii; eij] = eij ¯à¨
i < j. �âªã¤  á«¥¤ã¥â N(n; k) � [L;L], £¤¥ N(n; k) = f(aij), aij = 0,
i � jg. � ª ª ª T (n; k) = D(n; k) + N(n; k), £¤¥ D(n; k) |  «£¥¡à 
¤¨ £®­ «ì­ëå ¬ âà¨æ, â® N(n; k) = [L;L].

�  «£¥¡à¥ N(n; k) ¥áâ¥áâ¢¥­­® ®¯à¥¤¥«¥­® ¯®­ïâ¨¥ \ãà®¢­ï",  
¨¬¥­­®, ãà®¢¥­ì í«¥¬¥­â  eij à ¢¥­ j � i. � ä®à¬ã«¥ ¤«ï ª®¬¬ã-
â â®à®¢ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® i < j, k < l. �¥§ ®£à ­¨ç¥­¨ï ®¡é-
­®áâ¨ ¬®¦­® â ª¦¥ áç¨â âì, çâ® i 6= l. �®£¤  [eij; ekl] = eil, ¥á«¨
j = k ¨«¨ 0 (¢ ¯à®â¨¢­®¬ á«ãç ¥). � ª á«¥¤áâ¢¨¥, «î¡®© í«¥¬¥­â eil
ï¢«ï¥âáï ª®¬¬ãâ â®à®¬ ¤¢ãå ¬ âà¨æ, ãà®¢­¨ ª®â®àëå ¢ áã¬¬¥ ¤ îâ
¥£® ãà®¢¥­ì. �âáî¤  á«¥¤ã¥â, çâ® L(2) ¯®à®¦¤ ¥âáï í«¥¬¥­â ¬¨ eij,
ãà®¢¥­ì ª®â®àëå ¡®«ìè¥ ¨«¨ à ¢¥­ 2,   L(i) | í«¥¬¥­â ¬¨, ãà®¢¥­ì
ª®â®àëå ¡®«ìè¥ ¨«¨ à ¢¥­ 2i�1. � ª®­¥æ, ®ç¥¢¨¤­®, çâ® L(i) = 0 ¯à¨
2i�1 > n� 1.

�«ï à §à¥è¨¬ëå  «£¥¡à �¨ ¨¬¥¥â ¬¥áâ® ¯à¥¤«®¦¥­¨¥ 1.1. �®-
íâ®¬ã â ª ¦¥, ª ª ¢ x 1, ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£®
¬ ªá¨¬ «ì­®£® à §à¥è¨¬®£® ¨¤¥ «  ¢ L, ­ §ë¢ ¥¬®£® à ¤¨ª «®¬  «-
£¥¡àë L ¨ ®¡®§­ ç ¥¬®£® RadL. �á«¨ L 6= 0 ¨ RadL = 0, â®  «£¥¡à 
L ­ §ë¢ ¥âáï ¯®«ã¯à®áâ®©.

� «¥¥ à áá¬®âà¨¬ ¯®­ïâ¨¥ ­¨«ì¯®â¥­â­®©  «£¥¡àë �¨. � ª ¦¥,
ª ª ¢ x 2, ®¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ¨¤¥ «®¢  «£¥¡àë L, ¯®« £ ï

L0 = 0; L1 = [L;L]; L2 = [L;L1]; : : : ; Li = [L;Li�1]; : : :

�«£¥¡à  L ­ §ë¢ ¥âáï ­¨«ì¯®â¥­â­®©, ¥á«¨ Ln = 0 ¯à¨ ­¥ª®â®à®¬ n.
�ç¥¢¨¤­®, L(i) � Li ¤«ï ¢á¥å i, ¨ ¯®íâ®¬ã ­¨«ì¯®â¥­â­ ï  «£¥¡à  �¨
à §à¥è¨¬ .

�à¨¢¥¤¥¬ ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ª« áá à §à¥è¨¬ëå  «£¥¡à
è¨à¥ ª« áá  ­¨«ì¯®â¥­â­ëå. �ãáâì L = he; fi |  «£¥¡à  �¨ à §-
¬¥à­®áâ¨ ¤¢  á® á«¥¤ãîé¥© â ¡«¨æ¥© ã¬­®¦¥­¨ï: [e; e] = [f; f ] = 0,
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[e; f ] = �[f; e] = f . �®£¤  ¤«ï «î¡®£® i � 1 Li = L1 = hfi 6= 0, ­®
L(2) = 0, â. ¥. L à §à¥è¨¬ , ­® ­¥ ­¨«ì¯®â¥­â­ .

�®«¥¥ â®£®, L1 | ¬ ªá¨¬ «ì­ë© ­¨«ì¯®â¥­â­ë© ¨¤¥ «, ¤«ï ª®â®-
à®£® ä ªâ®à- «£¥¡à  L=L1 ­¨«ì¯®â¥­â­ . � ª¨¬ ®¡à §®¬, ¯. 2 ¯à¥¤-
«®¦¥­¨ï 1.1 ­¥¢¥à¥­, ¥á«¨ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ ¨¤¥ «  ¨ ä ªâ®à-
 «£¥¡àë § ¬¥­¨âì ­  ãá«®¢¨¥ ­¨«ì¯®â¥­â­®áâ¨. �¥¬ ­¥ ¬¥­¥¥, áã¬¬ 
¤¢ãå ­¨«ì¯®â¥­â­ëå ¨¤¥ «®¢ á­®¢  ï¢«ï¥âáï ­¨«ì¯®â¥­â­ë¬ ¨¤¥ -
«®¬, â. ¥. ¯. 3 ¯à¥¤«®¦¥­¨ï 1.1 á¯à ¢¥¤«¨¢ ¯à¨ § ¬¥­¥ ãá«®¢¨ï à §-
à¥è¨¬®áâ¨ ­  ãá«®¢¨¥ ­¨«ì¯®â¥­â­®áâ¨. �«ï ¯à®¢¥àª¨ ¯®á«¥¤­¥£®
ãâ¢¥à¦¤¥­¨ï § ¬¥â¨¬, çâ® «î¡®¥ ¯à®¨§¢¥¤¥­¨¥ í«¥¬¥­â®¢  «£¥¡àë
�¨ ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© «¥¢®­®à¬¨à®¢ ­­ëå ¯à®¨§¢¥¤¥-
­¨© ¢¨¤ 

h
a1[a2 : : : [an�1; an] : : : ]

i
. �â® «¥£ª® ¤®ª §ë¢ ¥âáï ¨­¤ãªæ¨-

¥© ¯® ª®«¨ç¥áâ¢ã ¬­®¦¨â¥«¥© á ¨á¯®«ì§®¢ ­¨¥¬ â®¦¤¥áâ¢  �ª®¡¨.
�ãáâì I1 ¨ I2 | ­¨«ì¯®â¥­â­ë¥ ¨¤¥ «ë, â. ¥. In1 = 0 ¨ Im2 = 0 ¤«ï
­¥ª®â®àëå n ¨ m. �®£¤  «î¡®¥ ¯à®¨§¢¥¤¥­¨¥, ¢å®¤ïé¥¥ ¢ (I1+I2)

n+m,
¨¬¥¥â ¢¨¤

h
a1; [a2 : : : [an+m�1; an+m] : : : ]

i
, £¤¥ ª ¦¤®¥ ai ¯à¨­ ¤«¥¦¨â

«¨¡® I1, «¨¡® I2. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ª®«¨ç¥áâ¢® ¬­®¦¨â¥«¥©,
¯à¨­ ¤«¥¦ é¨å I1, ¢ ­¥ª®â®à®¬ ¯à®¨§¢¥¤¥­¨¨ à ¢­® k, £¤¥ k � n. �®-
£¤ , ¨á¯®«ì§ãï â®â ä ªâ, çâ® [Is1 ; L] � Is1 , ¯®«ãç¨¬, çâ® ¤ ­­®¥ ¯à®-
¨§¢¥¤¥­¨¥ ¯à¨­ ¤«¥¦¨â k-© áâ¥¯¥­¨ ¨¤¥ «  I1, ª®â®à ï à ¢­  ­ã«î.
� ª¨¬ ®¡à §®¬, ¤®ª § ­®

�à¥¤«®¦¥­¨¥ 6.1. �ã¬¬  ¤¢ãå ­¨«ì¯®â¥­â­ëå ¨¤¥ «®¢ ¥áâì

­¨«ì¯®â¥­â­ë© ¨¤¥ «.

�à¨¬¥­ïï à ááã¦¤¥­¨¥,  ­ «®£¨ç­®¥ à ááã¦¤¥­¨î ¨§ x 1, ¤«ï
à §à¥è¨¬ëå  «£¥¡à ¨¬¥¥¬

�«¥¤áâ¢¨¥ 6.1. �î¡ ï ª®­¥ç­®¬¥à­ ï  «£¥¡à  �¨ ¨¬¥¥â ­ ¨-
¡®«ìè¨© ­¨«ì¯®â¥­â­ë© ¨¤¥ «.

�ã¤¥¬ ­ §ë¢ âì íâ®â ¨¤¥ « ­¨«ìà ¤¨ª «®¬  «£¥¡àë L ¨ ®¡®§­ -
ç âì Nil(L).

�à¨¬¥à ¤¢ã¬¥à­®© à §à¥è¨¬®©  «£¥¡àë ¯®ª §ë¢ ¥â, çâ® ¢®§¬®¦-
­  á¨âã æ¨ï, ª®£¤  ä ªâ®à- «£¥¡à  L=Nil(L) á®¤¥à¦¨â ­¥­ã«¥¢®©
­¨«ì¯®â¥­â­ë© ¨¤¥ «. �«¥¤®¢ â¥«ì­®, ­¨«ìà ¤¨ª « ­¥ ®¡« ¤ ¥â å -
à ªâ¥à¨áâ¨ç¥áª¨¬ á¢®©áâ¢®¬ à §à¥è¨¬®£® ¨¤¥ « , ­® ¡« £®¤ àï â¥á-
­®© á¢ï§¨ íâ¨å à ¤¨ª «®¢ ­¨«ìà ¤¨ª « ¨á¯®«ì§ã¥âáï ¯à¨ ¨§ãç¥­¨¨
áâàãªâãàë  «£¥¡à �¨.

� áá¬®âà¨¬ ­¥ª®â®àë¥ á¢®©áâ¢   «£¥¡à �¨, á¢ï§ ­­ë¥ á ­¨«ì¯®-
â¥­â­®áâìî.

�à¥¤«®¦¥­¨¥ 6.2. �ãáâì L |  «£¥¡à  �¨.

14



1) �á«¨ L ­¨«ì¯®â¥­â­ , â® ¢á¥ ¥¥ ¯®¤ «£¥¡àë ¨ £®¬®¬®àä­ë¥

®¡à §ë ­¨«ì¯®â¥­â­ë.

2) �á«¨ ­¨«ì¯®â¥­â­   «£¥¡à  L=Z(L), â® ­¨«ì¯®â¥­â­  ¨  «-

£¥¡à  L.

�®ª § â¥«ìáâ¢®. 1) �ã¦­® ¢®á¯à®¨§¢¥áâ¨ ¤®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥-
­¨ï 1 ¯à¥¤«®¦¥­¨ï 1.1.

2) �á«¨
�
L=Z(L)

�n
= 0, â® Ln � Z(L). �®£¤  Ln+1 = [L;Ln] �

[L;Z(L)] = 0.

�á«®¢¨¥ ­¨«ì¯®â¥­â­®áâ¨  «£¥¡àë L ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ ­®
¯®-¤àã£®¬ã: ¯à¨ ­¥ª®â®à®¬ n (§ ¢¨áïé¥¬ â®«ìª® ®â L)

adx1 adx2 : : : adxn(y) = 0

¤«ï ¢á¥å xi, y 2 L. � ç áâ­®áâ¨, (adx)n = 0 ¤«ï ¢á¥å x 2 L. �á«¨
â¥¯¥àì x | í«¥¬¥­â ¯à®¨§¢®«ì­®©  «£¥¡àë �¨ L, â® ­ §®¢¥¬ x ad-
­¨«ì¯®â¥­â­ë¬, ¥á«¨ í­¤®¬®àä¨§¬ adx ­¨«ì¯®â¥­â¥­. �®£¤  ¯à¥-
¤ë¤ãé¥¥ ãá«®¢¨¥ ¬®¦­® áä®à¬ã«¨à®¢ âì â ª: ¥á«¨  «£¥¡à  L ­¨«ì-
¯®â¥­â­ , â® ¢á¥ ¥¥ í«¥¬¥­âë ad-­¨«ì¯®â¥­â­ë. �à¨¬¥ç â¥«ì­®, çâ®
¢¥à­® ¨ ®¡à â­®¥.

�¥®à¥¬  6.1 (�­£¥«ì). �á«¨ ¢á¥ í«¥¬¥­âë  «£¥¡àë �¨ ad-­¨«ì-
¯®â¥­â­ë, â®  «£¥¡à  L ­¨«ì¯®â¥­â­ .

�­ ç «¥ ¤®ª ¦¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  6.2. �ãáâì L |  «£¥¡à  �¨ «¨­¥©­ëå ®¯¥à â®à®¢ ¢

gl(V ), £¤¥ V | ª®­¥ç­®¬¥à­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®. �á«¨ «î¡®©

í«¥¬¥­â x ¨§ L  áá®æ¨ â¨¢­® ­¨«ì¯®â¥­â¥­, â® L| ­¨«ì¯®â¥­â-

­ ï  «£¥¡à  �¨.

�®ª § â¥«ìáâ¢®. �ãáâìM |¯®¤¯à®áâà ­áâ¢® ¢ L. �¡®§­ ç¨¬ ç¥à¥§
A(M)  áá®æ¨ â¨¢­ãî  «£¥¡àã, ¯®à®¦¤¥­­ãî ¯à®áâà ­áâ¢®¬ M . �®-
ª ¦¥¬, çâ® A(L) | ­¨«ì¯®â¥­â­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à  ¢ EndV .
�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ¢ L áãé¥áâ¢ã¥â ¬ ªá¨¬ «ì­ ï ¯®¤-
 «£¥¡à  M â ª ï, çâ® A(M) | ­¨«ì¯®â¥­â­ ï  «£¥¡à . (� ª¨¥ ¯®¤-
 «£¥¡àë áãé¥áâ¢ãîâ, ­ ¯à¨¬¥à, «î¡ ï ®¤­®¬¥à­ ï ¯®¤ «£¥¡à  �¨
kx, x 2 L.) �ãáâì

�
A(M)

�n
= 0, â®£¤  ¤«ï «î¡®£® x 2 L ¨ «î-

¡ëå m1;m2; : : : ;m2n�1 2 M [: : : [x;m1]; : : : ;m2n�1] = 0. �â® «¥£ª®
¯à®¢¥à¨âì, ¥á«¨ § ¬¥­¨âì ª ¦¤ë© ª®¬¬ãâ â®à [a; b] ¥£® ¢ëà ¦¥­¨¥¬
ab� ba.

�á«¨ x =2 M ¨ ¤«ï ­¥ª®â®àëå m1; : : : ;m2n�1 2 M í«¥¬¥­â x0 =
[: : : [x;m1]; : : : ;m2n�2] =2 M , â® ¨§ ¯à¨¢¥¤¥­­®£® ¢ëè¥ à ¢¥­áâ¢ , ¢
ç áâ­®áâ¨, á«¥¤ã¥â [x0;m] 2 M ¤«ï «î¡®£® m 2 M . � ¯à®â¨¢­®¬
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á«ãç ¥ ¢ ª ç¥áâ¢¥ x0 ¡¥à¥¬ í«¥¬¥­â [: : : [x;m1]; : : : ;m2n�3] ¨ â. ¤. �¥-
à¥§ ª®­¥ç­®¥ ç¨á«® è £®¢ ¯®«ãç¨¬, çâ® áãé¥áâ¢ã¥â í«¥¬¥­â y 2 L,
y =2 M , ­® [y;m] 2 M ¤«ï «î¡®£® m 2 M . �§ ¯®«ãç¥­­ëå ãá«®¢¨©
á«¥¤ã¥â, çâ® ¯à®áâà ­áâ¢® M 0 = ky �M ï¢«ï¥âáï  «£¥¡à®© �¨.

�à®¢¥à¨¬, çâ® A(M 0) | ­¨«ì¯®â¥­â­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à .
�á¯®«ì§ãï ãá«®¢¨¥ my = ym + m0, m;m0 2 M , «¥£ª® ¯®ª § âì, çâ®
«î¡®© í«¥¬¥­â  «£¥¡àë A(M 0) ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ¬®-
­®¬®¢ ¢¨¤  yrm1 : : :ms, £¤¥ s < n, r < k, ¨ k | áâ¥¯¥­ì ­¨«ì¯®â¥­â-
­®áâ¨ í«¥¬¥­â  y. � ç áâ­®áâ¨, «î¡®© ¬®­®¬ a ¨§ A(M 0), ã ª®â®à®£®
ª®«¨ç¥áâ¢® ¬­®¦¨â¥«¥© ¨§ M ­¥ ¬¥­ìè¥ n, à ¢¥­ ­ã«î, â. ª. ¯à¨ ¯¥-
à¥áâ ­®¢ª¥ í«¥¬¥­â  y á í«¥¬¥­â ¬¨ ¨§M ª®«¨ç¥áâ¢® ¬­®¦¨â¥«¥© ¨§
M á®åà ­ï¥âáï. �®íâ®¬ã ®¤­®ç«¥­ a ¬®¦¥â ¡ëâì ®â«¨ç¥­ ®â ­ã«ï â®-
£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª®«¨ç¥áâ¢® ¬­®¦¨â¥«¥© ¨§M ¢ ­¥¬ ¬¥­ìè¥
n ¨ ®­¨ ¯¥à¥¬¥¦ îâáï áâ¥¯¥­ï¬¨ í«¥¬¥­â  y á ¯®ª § â¥«ï¬¨ ¬¥­ì-
è¨¬¨ ç¥¬ k. �«¥¤®¢ â¥«ì­®, ®¡é¥¥ ª®«¨ç¥áâ¢® ¬­®¦¨â¥«¥© «î¡®£®
®â«¨ç­®£® ®â ­ã«ï ®¤­®ç«¥­  a ­¥ ¯à¥¢®áå®¤¨â n�1+n(k�1) = nk�1.

�â¨¬ ¤®ª § ­®, çâ® ¥á«¨ ç¨á«® ¬­®¦¨â¥«¥© ®¤­®ç«¥­  a ­¥ ¬¥­ì-
è¥ nk, â® a = 0, â. ¥.  «£¥¡à  A(M 0)  áá®æ¨ â¨¢­® ­¨«ì¯®â¥­â­ . �®-
áª®«ìªã íâ® ¯à®â¨¢®à¥ç¨â ¬ ªá¨¬ «ì­®áâ¨ ¯®¤ «£¥¡àë M , â® A(L)
| ­¨«ì¯®â¥­â­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à . � ç áâ­®áâ¨ L | ­¨«ì¯®-
â¥­â­ ï  «£¥¡à  �¨.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë �­£¥«ï. �á«¨ ¤«ï ­¥ª®â®à®©  «£¥¡àë �¨
L «î¡®© ®¯¥à â®à adx, x 2 L, ­¨«ì¯®â¥­â¥­, â®  «£¥¡à  �¨ «¨­¥©-
­ëå ®¯¥à â®à®¢ adL ­¨«ì¯®â¥­â­  ¢ á¨«ã ¯à¥¤ë¤ãé¥© â¥®à¥¬ë. � ª
ª ª ï¤à® ¯à¨á®¥¤¨­¥­­®£® ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë L ï¢«ï¥âáï æ¥­-
âà®¬ Z(L) íâ®©  «£¥¡àë, â® ­¨«ì¯®â¥­â­®áâì  «£¥¡àë adL ®§­ ç ¥â
­¨«ì¯®â¥­â­®áâì ä ªâ®à- «£¥¡àë L=Z(L). �âáî¤  ¢ á¨«ã ¯. 2 ¯à¥¤-
«®¦¥­¨ï 6.2 ¨¬¥¥¬ ­¨«ì¯®â¥­â­®áâì  «£¥¡àë L.

� ¤®ª § ­­®© ä®à¬¥ â¥®à¥¬  �­£¥«ï  ­ «®£¨ç­  â¥®à¥¬¥ �¥¤¤¥à-
¡¥à­  ¤«ï  áá®æ¨ â¨¢­ëå  «£¥¡à.

�à¨¢¥¤¥¬ ¥é¥ ®¤­ã ä®à¬ã â¥®à¥¬ë �­£¥«ï.

�¥®à¥¬  6.3. �ãáâì L |  «£¥¡à  �¨ «¨­¥©­ëå ®¯¥à â®à®¢ ¯à®-

áâà ­áâ¢  V . �á«¨ «î¡®© í«¥¬¥­â ¨§ L  áá®æ¨ â¨¢­® ­¨«ì¯®â¥­-

â¥­, â® áãé¥áâ¢ã¥â ¡ §¨á ¢ V â ª®©, çâ® ¬ âà¨æë «¨­¥©­ëå ®¯¥-

à â®à®¢ ¨§ L ®¤­®¢à¥¬¥­­® ¯à¨¢®¤ïâáï ¢ íâ®¬ ¡ §¨á¥ ª áâà®£® âà¥-

ã£®«ì­®¬ã ¢¨¤ã.

�®ª § â¥«ìáâ¢®. � ª ¡ë«® ¤®ª § ­® ¢ â¥®à¥¬¥ 6.2,  áá®æ¨ â¨¢­ ï
 «£¥¡à  A(L) ­¨«ì¯®â¥­â­ . �«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ® æ¥¯®çª 
áâà®£¨å ¢ª«îç¥­¨© V � eLV � eL2V � � � � eLnV = 0, £¤¥ eLi = hx1 : : : xi,
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xk 2 Li. �ë¡¨à ï ¡ §¨á, á®£« á®¢ ­­ë© á íâ®© æ¥¯®çª®©, ¯®«ãç¨¬
ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

x 7. �¥®à¥¬  �¨

�­ «®£®¬ ¬ âà¨ç­®© ä®à¬ë â¥®à¥¬ë �­£¥«ï ï¢«ï¥âáï â¥®à¥¬ 
�¨ ®¡ ®¤­®¢à¥¬¥­­®¬ ¯à¨¢¥¤¥­¨¨ ª âà¥ã£®«ì­®¬ã ¢¨¤ã «¨­¥©­ëå
®¯¥à â®à®¢ «î¡®© à §à¥è¨¬®©  «£¥¡àë �¨ ­ ¤  «£¥¡à ¨ç¥áª¨ § -
¬ª­ãâë¬ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ ­ã«ì.

�¥®à¥¬  7.1 (�¨). �ãáâì L | à §à¥è¨¬ ï  «£¥¡à  �¨ «¨­¥©-

­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ª®­¥ç­®¬¥à­®¬ ¢¥ªâ®à­®¬ ¯à®-

áâà ­áâ¢¥ V ­ ¤  «£¥¡à ¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ k å à ªâ¥à¨áâ¨-
ª¨ ­ã«ì. �®£¤  ¢ ¯à®áâà ­áâ¢¥ V áãé¥áâ¢ã¥â ¡ §¨á â ª®©, çâ® ¢á¥

¬ âà¨æë «¨­¥©­ëå ®¯¥à â®à®¢ ¨§ L ¨¬¥îâ ¢ ­¥¬ âà¥ã£®«ì­ë© ¢¨¤.

�®ª § â¥«ìáâ¢®. �­ ç «¥ ¤®ª ¦¥¬ áãé¥áâ¢®¢ ­¨¥ ®¡é¥£® á®¡áâ¢¥­-
­®£® ¢¥ªâ®à  ¤«ï ¢á¥å í«¥¬¥­â®¢ ¨§ L. �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï ¨­-
¤ãªæ¨¥© ¯® dimk L. �á«¨ dimk L = 1, â® ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®. � ª
ª ª [L;L] % L, â® ¢ë¡¨à ¥¬ «î¡®¥ ¯®¤¯à®áâà ­áâ¢® K, á®¤¥à¦ é¥¥
[L;L] ¨ ¨¬¥îé¥¥ ª®à §¬¥à­®áâì 1 ¢ L. �ç¥¢¨¤­®, K | ¨¤¥ « ¢ L. �®
¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ ã ¢á¥å í«¥¬¥­â®¢ ¨§ K áãé¥áâ¢ã¥â ®¡é¨©
á®¡áâ¢¥­­ë© ¢¥ªâ®à w 2 V , â. ¥. xw = �(x)w, x 2 K. �¡®§­ ç¨¬
ç¥à¥§ W = fw 2 V , xw = �(x)w, x 2 Kg ­¥­ã«¥¢®¥ ¯®¤¯à®áâà ­áâ¢®
¢ V .

�®ª ¦¥¬, çâ® W ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­®  «£¥¡àë L. �ãáâì x
| ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¨§ L. � áá¬®âà¨¬ ¯®¤¯à®áâà ­áâ¢®, ­ âï-
­ãâ®¥ ­  ¢¥ªâ®àë w; xw; : : : ; xn�1w, w 2 W , ª®â®àë¥ «¨­¥©­® ­¥§ -

¢¨á¨¬ë, ¨ xnw =
n�1P
i=0

�ix
iw, �i 2 k. �á«¨ y 2 K, â® yxiw � �(y)xiw

(modWi�1), i = 0; : : : ; n�1, £¤¥Wj = hw; xw; : : : ; xjwi, j = 0; : : : ; n�1,
W�1 = 0.

�¥©áâ¢¨â¥«ì­®, á«ãç ©, ª®£¤  i = 0, ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥­¨ï ¯à®-
áâà ­áâ¢  W ,   ¯¥à¥å®¤ ®â i ª i+ 1 á«¥¤ã¥â ¨§ ä®à¬ã«ë

yxi+1w = xyxiw + [y; x]xiw � �(y)xi+1w (modWi);

¯®áª®«ìªã [y; x] 2 K. � ª¨¬ ®¡à §®¬, «î¡®© í«¥¬¥­â ¨§ K ¨¬¥¥â
¢ ¡ §¨á¥ w; xw; : : : ; xn�1w ¯à®áâà ­áâ¢  Wn�1 ¬ âà¨æã âà¥ã£®«ì­®£®
¢¨¤ . � ç áâ­®áâ¨, í«¥¬¥­â [y; x], y 2 K, ¨¬¥¥â ¬ âà¨æã âà¥ã£®«ì­®£®
¢¨¤  á ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨ �([y; x]). �®íâ®¬ã trWn�1

([y; x]) =
n�([y; x]). � ¤àã£®© áâ®à®­ë, ¢ á¨«ã ¨§¢¥áâ­®£® á¢®©áâ¢  äã­ªæ¨¨
á«¥¤  ¤«ï ª®¬¬ãâ â®à  trWn�1

([y; x]) = 0 (¡« £®¤ àï ¨­¢ à¨ ­â­®áâ¨
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Wn�1 ®â­®á¨â¥«ì­® y ¨ x). � ª ª ª å à ªâ¥à¨áâ¨ª  ¯®«ï k à ¢­ 
­ã«î, â® �([y; x]) = 0.

�á¯®«ì§ãï ¯®«ãç¥­­ë© ä ªâ, ¯à®¢¥à¨¬ ¨­¢ à¨ ­â­®áâì ¯à®áâà ­-
áâ¢  W ®â­®á¨â¥«ì­® L. �ãáâì x 2 L, y 2 K, w 2 W . �®£¤ 
y(xw) = x(yw) + [y; x]w = x(yw) = �(y)xw, â. ª. �([y; x]) = 0.

�ãáâì L = K � kz. � á¨«ã ¨­¢ à¨ ­â­®áâ¨ ¯à®áâà ­áâ¢  W ®â­®-
á¨â¥«ì­® ®¯¥à â®à  z ¢ ­¥¬ áãé¥áâ¢ã¥â á®¡áâ¢¥­­ë© ¢¥ªâ®à v íâ®£®
®¯¥à â®à . �® â®£¤  xv = �(x)v ¤«ï «î¡®£® í«¥¬¥­â  x 2 L.

�à¥¤¯®«®¦¨¬, çâ® ã¦¥ ­ ©¤¥­ë i «¨­¥©­® ­¥§ ¢¨á¨¬ëå ¢¥ªâ®-

à®¢ e1; : : : ; ei â ª¨å, çâ® xej =
jP

k=1
�kek. �¡®§­ ç¨¬ ç¥à¥§ U ¯®¤¯à®-

áâà ­áâ¢®, ­ âï­ãâ®¥ ­  íâ¨ ¢¥ªâ®àë. �®£¤   «£¥¡à  L ¤¥©áâ¢ã¥â ¢
ä ªâ®à-¯à®áâà ­áâ¢¥ V=U ¯® ¯à ¢¨«ã x(v + u) = xv + U , x 2 L. �â®
¤¥©áâ¢¨¥ ®¯à¥¤¥«ï¥â à §à¥è¨¬ãî  «£¥¡àã «¨­¥©­ëå ®¯¥à â®à®¢ ­ 
ä ªâ®à-¯à®áâà ­áâ¢¥ V=U ¨ (¯® ¤®ª § ­­®¬ã ¢ëè¥) ¢ V=U áãé¥-
áâ¢ã¥â ­¥­ã«¥¢®© ®¡é¨© á®¡áâ¢¥­­ë© ¢¥ªâ®à v0 + U : x(v0 + U) =
�(x)(v0 + U). �®£¤  «î¡®© ¯à¥¤áâ ¢¨â¥«ì ei+1 íâ®£® ª« áá  ¨¬¥¥â

á¢®©áâ¢® xei+1 = �(x)ei+1 + u, u =
iP

k=1
�kek 2 U . �ç¥¢¨¤­®, ¢¥ªâ®-

àë e1; : : : ; ei; ei+1 «¨­¥©­® ­¥§ ¢¨á¨¬ë. �¥à¥§ ª®­¥ç­®¥ ç¨á«® è £®¢
¯®«ãç¨¬ ¡ §¨á, ä¨£ãà¨àãîé¨© ¢ ãâ¢¥à¦¤¥­¨¨ â¥®à¥¬ë.

x 8. � §«®¦¥­¨¥ �®à¤ ­ {�¥¢ ««¥

�«ï ¯®«ãç¥­¨ï ªà¨â¥à¨ï à §à¥è¨¬®áâ¨  «£¥¡àë �¨ à áá¬®âà¨¬
¯à¥¤áâ ¢«¥­¨¥ «î¡®£® «¨­¥©­®£® ®¯¥à â®à  ¢ ¢¨¤¥ áã¬¬ë ¯®«ã¯à®-
áâ®© ¨ ­¨«ì¯®â¥­â­®© ª®¬¯®­¥­âë, ª®â®à®¥ ãâ®ç­ï¥â â¥®à¥¬ã ® ¦®à-
¤ ­®¢®© ­®à¬ «ì­®© ä®à¬¥.

�¯à¥¤¥«¥­¨¥ 8.1. �¯¥à â®à x 2 Endk V ­ §ë¢ ¥âáï ¯®«ã¯à®-
áâë¬, ¥á«¨ ¢á¥ ª®à­¨ ¥£® ¬¨­¨¬ «ì­®£® ¬­®£®ç«¥­  à §«¨ç­ë.

� ¬¥â¨¬, çâ® ¥á«¨ ¯®«¥ k  «£¥¡à ¨ç¥áª¨ § ¬ª­ãâ®, â® íâ® ®¯à¥¤¥-
«¥­¨¥ à ¢­®á¨«ì­® ¤¨ £®­ «¨§¨àã¥¬®áâ¨ ®¯¥à â®à  x.

�¥®à¥¬  8.1. �ãáâì V | ª®­¥ç­®¬¥à­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­-

áâ¢® ­ ¤  «£¥¡à ¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ k, x 2 Endk V .

a) �ãé¥áâ¢ãîâ ¥¤¨­áâ¢¥­­ë¥ í«¥¬¥­âë xs; xn 2 Endk V , ã¤®-
¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: x = xs + xn, £¤¥ xs |
¯®«ã¯à®áâ, xn | ­¨«ì¯®â¥­â¥­, ¨ xsxn = xnxs.

b) �ãé¥áâ¢ãîâ ¬­®£®ç«¥­ë p(T ), q(T ) ®â ®¤­®£® ¯¥à¥¬¥­­®£® ¡¥§

á¢®¡®¤­®£® ç«¥­  â ª¨¥, çâ® xs = p(x), xn = q(x).

18



�®ª § â¥«ìáâ¢®. �ãáâì a1; : : : ; ar (á ªà â­®áâï¬¨m1; : : : ;mr) | à §-
«¨ç­ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®â®¡à ¦¥­¨ï x, â ª çâ® ¥£® å à ªâ¥à¨-

áâ¨ç¥áª¨© ¬­®£®ç«¥­ à ¢¥­
rQ

i=1
(T�ai)

mi. �á«¨ Vi = Ker(x�ai �1)
mi, â®

V ï¢«ï¥âáï ¯àï¬®© áã¬¬®© ¯®¤¯à®áâà ­áâ¢ V1; : : : ; Vr, ª ¦¤®¥ ¨§ ª®-
â®àëå ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® x. �á­®, çâ® å à ªâ¥à¨áâ¨ç¥áª¨©
¬­®£®ç«¥­ ¤«ï x ­  Vi à ¢¥­ (T � ai)

mi.
� ª ª ª ¬­®£®ç«¥­ë (T � ai)

mi, i = 1; : : : ; r, ¨ T ¢§ ¨¬­® ¯à®áâë
(¥á«¨ ¢á¥ ai ®â«¨ç­ë ®â ­ã«ï), â® á®£« á­® ª¨â ©áª®© â¥®à¥¬¥ ®¡
®áâ âª å, £®¬®¬®àä¨§¬ ' : k[T ]! �k[T ]=Ij, £¤¥ Ij { ¨¤¥ «ë ª®«ìæ 
k[T ], ¯®à®¦¤ ¥¬ë¥ ¬­®£®ç«¥­ ¬¨ (T � aj)

mj ¨ T , ï¢«ï¥âáï í¯¨¬®à-
ä¨§¬®¬. (� á«ãç ¥, ª®£¤  ®¯¥à â®à x ¨¬¥¥â ­ã«¥¢®¥ á®¡áâ¢¥­­®¥ §­ -
ç¥­¨¥, ¬­®£®ç«¥­ T ®â¡à áë¢ ¥âáï.) �®íâ®¬ã áãé¥áâ¢ã¥â ¬­®£®ç«¥­
p(T ) 2 k[T ] â ª®©, çâ® p(T ) � ai (mod(T�ai)

mi), i = 1; : : : ; r, p(T ) � 0
(modT ). �®«®¦¨¬ q(T ) = T � p(T ). �ç¥¢¨¤­®, ã ¬­®£®ç«¥­®¢ q(T ) ¨
p(T ) ­ã«¥¢®© á¢®¡®¤­ë© ç«¥­, â. ª. p(T ) � 0 (modT ).

�®«®¦¨¬ xs = p(x), xn = q(x). �®áª®«ìªã íâ¨ í­¤®¬®àä¨§¬ë
ï¢«ïîâáï ¬­®£®ç«¥­ ¬¨ ®â x, ®­¨ ª®¬¬ãâ¨àãîâ ¤àã£ á ¤àã£®¬. � ª-
¦¥ ®­¨ ®áâ ¢«ïîâ ¨­¢ à¨ ­â­ë¬¨ ¢á¥ ¯®¤¯à®áâà ­áâ¢  Vi.

�à ¢­¥­¨¥ p(T ) � ai (mod(T � ai)
mi) ¯®ª §ë¢ ¥â, çâ® ®£à ­¨ç¥­¨¥

®â®¡à ¦¥­¨ï xs�ai �1 à ¢­® ­ã«î ­  Vi. �«¥¤®¢ â¥«ì­®, xs ¤¥©áâ¢ã-
¥â ¤¨ £®­ «ì­® ­  Vi á ¥¤¨­áâ¢¥­­ë¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ ai. �á-
¯®«ì§ãï áâà®¥­¨¥ ¦®à¤ ­®¢®© ­®à¬ «ì­®© ä®à¬ë ¤«ï ®¯¥à â®à  x,
­¥¬¥¤«¥­­® ¯®«ãç ¥¬, çâ® ®¯¥à â®à xn = x� xs ­¨«ì¯®â¥­â¥­.

�áâ «®áì ¤®ª § âì ãâ¢¥à¦¤¥­¨¥ ® ¥¤¨­áâ¢¥­­®áâ¨ ¯®«ãç¥­­®£®
à §«®¦¥­¨ï. �ãáâì x = s + n | ¤àã£®¥ à §«®¦¥­¨¥ ®¯¥à â®à  x,
¯à¨ç¥¬ s | ¯®«ã¯à®áâ®© ®¯¥à â®à, n | ­¨«ì¯®â¥­â­ë© ®¯¥à â®à ¨
®­¨ ª®¬¬ãâ¨àãîâ.

� ª ª ª n ª®¬¬ãâ¨àã¥â á s, â® ®­ ª®¬¬ãâ¨àã¥â á x,   á«¥¤®¢ -
â¥«ì­®, ¨ á xn. �­ «®£¨ç­®, ®¯¥à â®àë s ¨ xs â ª¦¥ ª®¬¬ãâ¨àãîâ.
�®£¤  ®¯¥à â®à n � xn ­¨«ì¯®â¥­â¥­,   ®¯¥à â®à xs � s ¯®«ã¯à®áâ.
�¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®. �à®¢¥à¨¬ ¢â®à®¥. � ª ª ª s ¨ xs ª®¬-
¬ãâ¨àãîâ, â® ª ¦¤®¥ ¯à®áâà ­áâ¢® Vi ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® s.
�§ ¯®«ã¯à®áâ®âë ®¯¥à â®à  s á«¥¤ã¥â, çâ® ¥£® ®£à ­¨ç¥­¨¥ ­  Vi
â ª¦¥ ¯®«ã¯à®áâ®. �®íâ®¬ã áãé¥áâ¢ã¥â ¡ §¨á ¢ Vi, ¢ ª®â®à®¬ ¬ âà¨-
æ  ®¯¥à â®à  s ¤¨ £®­ «ì­ . �¡ê¥¤¨­ïï íâ¨ ¡ §¨áë, ¯®«ãç¨¬ ¡ §¨á
¯à®áâà ­áâ¢  V , ¢ ª®â®à®¬ ®¡  ®¯¥à â®à  s ¨ xs ®¤­®¢à¥¬¥­­® ¨¬¥îâ
¤¨ £®­ «ì­ë© ¢¨¤. �«¥¤®¢ â¥«ì­®, ®¯¥à â®à xs�s ¤¨ £®­ «¨§¨àã¥¬.

�§ à ¢¥­áâ¢  xs � s = n� xn ¯®«ãç ¥¬, çâ® ®¤¨­ ¨ â®â ¦¥ ®¯¥à -
â®à ®¤­®¢à¥¬¥­­® ¯®«ã¯à®áâ ¨ ­¨«ì¯®â¥­â¥­. �® â ª¨¬ ¬®¦¥â ¡ëâì
â®«ìª® ­ã«¥¢®© í­¤®¬®àä¨§¬. �âáî¤  á«¥¤ã¥â s = xs, n = xn.

19



�¥®à¥¬  8.2. �ãáâì x 2 EndV (dimV <1), x = xs + xn | à §-

«®¦¥­¨¥ �®à¤ ­ . �®£¤  adx = adxs + adxn | à §«®¦¥­¨¥ �®à-

¤ ­  ¤«ï adx ¢ End(EndV ).

�®ª § â¥«ìáâ¢®. �á«¨ í«¥¬¥­â y 2 EndV ­¨«ì¯®â¥­â¥­, â® ­¨«ì¯®-
â¥­â¥­ ¨ í«¥¬¥­â ad y. �¥©áâ¢¨â¥«ì­®, ad y = �y � �y, £¤¥ �y(a) = ya,
�y(a) = ay, a 2 EndV . �­¤®¬®àä¨§¬ë �y ¨ �y ­¨«ì¯®â¥­â­ë ¢ á¨-
«ã ­¨«ì¯®â¥­â­®áâ¨ y. �® áã¬¬  ª®¬¬ãâ¨àãîé¨å ­¨«ì¯®â¥­â®¢ ¥áâì
­¨«ì¯®â¥­â­ë© í«¥¬¥­â. �®íâ®¬ã ®â®¡à ¦¥­¨¥ ad y ­¨«ì¯®â¥­â­®.

�­ «®£¨ç­®, ¥á«¨ í«¥¬¥­â y ¯®«ã¯à®áâ, â® ¯®«ã¯à®áâ ¨ í«¥¬¥­â
ad y. �à®¢¥à¨¬ íâ®. �ë¡¥à¥¬ ¡ §¨á v1; : : : ; vn ¢ V , ¢ ª®â®à®¬ ¬ âà¨-
æ  y ¨¬¥¥â ¢¨¤ diag(a1; : : : ; an). �ãáâì feijg | áâ ­¤ àâ­ë© ¡ §¨á ¢
EndV , ª®â®àë© á®®â¢¥âáâ¢ã¥â v1; : : : ; vn: eijvk = �jkvi. �®£¤  ¯à®áâ®¥
¢ëç¨á«¥­¨¥ ¯®ª §ë¢ ¥â, çâ® ad y(eij) = (ai � aj)eij. � ª¨¬ ®¡à §®¬,
¬ âà¨æ  ad y ¤¨ £®­ «ì­  ¢ ¢ë¡à ­­®¬ ¡ §¨á¥ ¤«ï EndV .

�â ª, í­¤®¬®àä¨§¬ adxs ¯®«ã¯à®áâ,   í­¤®¬®àä¨§¬ adxn ­¨«ì-
¯®â¥­â¥­. �­¨ ª®¬¬ãâ¨àãîâ: [adxs; adxn] = ad[xs; xn] = 0. �áâ ¥âáï
¯à¨¬¥­¨âì ¯. a) ¯à¥¤ë¤ãé¥© â¥®à¥¬ë.

x 9. �à¨â¥à¨© à §à¥è¨¬®áâ¨ � àâ ­ 

�¤¥áì ¨ ¢áî¤ã ¤ «¥¥ ¯®«¥ k  «£¥¡à ¨ç¥áª¨ § ¬ª­ãâ® ¨ ¨¬¥¥â å -
à ªâ¥à¨áâ¨ªã ­ã«ì.

�¥¬¬  9.1. �ãáâì A � B | ¤¢  ¯®¤¯à®áâà ­áâ¢  ¢ gl(V ),
dimk V < 1. �®«®¦¨¬ M = fx 2 gl(V ), [x;B] � Ag. �à¥¤¯®«®-
¦¨¬, çâ® ¤«ï ­¥ª®â®à®£® x 2M ¢ë¯®«­ï¥âáï á¢®©áâ¢® tr(xy) = 0
8y 2M . �®£¤  í«¥¬¥­â x ­¨«ì¯®â¥­â¥­.

�®ª § â¥«ìáâ¢®. �ãáâì x = s + n | à §«®¦¥­¨¥ �®à¤ ­  ¤«ï x.
(�¤¥áì s = xs, n = xn.) �ë¡¥à¥¬ ¡ §¨á v1; : : : ; vm ¢ V , ¢ ª®â®à®¬ s ¨¬¥-
¥â ¬ âà¨æã diag(a1; : : : ; am), £¤¥ a1; : : : ; am | á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

®¯¥à â®à  x. �ãáâì E =
mP
i=1
Q ai | ¢¥ªâ®à­®¥ ¯®¤¯à®áâà ­áâ¢® ­ ¤ Q

¢ k, ¯®à®¦¤¥­­®¥ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ a1; : : : ; am, £¤¥ Q | ¯®«¥
à æ¨®­ «ì­ëå ç¨á¥«. �ã¦­® ¤®ª § âì, çâ® s = 0, çâ® à ¢­®á¨«ì­®
à ¢¥­áâ¢ã E = 0. �®áª®«ìªã ¯à®áâà ­áâ¢® E ª®­¥ç­®¬¥à­® ­ ¤ Q ,
¤®áâ â®ç­® ¯®ª § âì, çâ® ¤¢®©áâ¢¥­­®¥ ¯à®áâà ­áâ¢® E� ­ã«¥¢®¥, â. ¥.
çâ® «î¡ ï «¨­¥©­ ï äã­ªæ¨ï f : E ! Q ­ã«¥¢ ï.

�«ï ¤ ­­®© äã­ªæ¨¨ f ¯ãáâì y | â®â í«¥¬¥­â ¢ gl(V ), ¬ âà¨æ 
ª®â®à®£® ¢ ¢ë¡à ­­®¬ ¡ §¨á¥ à ¢­  diag

�
f(a1); : : : ; f(am

�
. �á«¨ feijg

| á®®â¢¥âáâ¢ãîé¨© ¡ §¨á ¨§ ¬ âà¨ç­ëå ¥¤¨­¨æ ¢ gl(V ), â®, ª ª á«¥-
¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 8.2, ad s(eij) = (ai�aj)eij, ad y(eij) =
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�
f(ai)�f(aj)

�
eij. �ãáâì â¥¯¥àì r(T ) 2 K[T ] | ¬­®£®ç«¥­ ¡¥§ á¢®¡®¤-

­®£® ç«¥­ , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ r(ai � aj) = f(ai) � f(aj)
¤«ï ¢á¥å ¯ à i, j. �ãé¥áâ¢®¢ ­¨¥ â ª®£® ¬­®£®ç«¥­  á«¥¤ã¥â ¨§ ¨­-
â¥à¯®«ïæ¨®­­®© ä®à¬ã«ë � £à ­¦ . �¥®¤­®§­ ç­®áâ¨ ¢ § ¤ ­­ëå
§­ ç¥­¨ïå ­¥â, ¯®áª®«ìªã ¨§ à ¢¥­áâ¢  ai�aj = ak�al á«¥¤ã¥â (¢¢¨¤ã
«¨­¥©­®áâ¨ f) f(ai)� f(aj) = f(ak)� f(al). �á­®, çâ® ad y = r(ad s).

�®£« á­® â¥®à¥¬¥ 8.2, í«¥¬¥­â ad s | ¯®«ã¯à®áâ ï ç áâì í«¥-
¬¥­â  adx, ¨ ¥¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª ¬­®£®ç«¥­ ®â adx, â. ¥.
ad s = h(adx), £¤¥ h(T ) | ¬­®£®ç«¥­ ¡¥§ á¢®¡®¤­®£® ç«¥­ . �®íâ®-

¬ã ad y = r
�
h(adx)

�
, ¯à¨ç¥¬ ¬­®£®ç«¥­ r

�
h(T )

�
| ¡¥§ á¢®¡®¤­®£®

ç«¥­ .
�® ¯à¥¤¯®«®¦¥­¨î adx ®â®¡à ¦ ¥â B ¢ A, ®âªã¤  á«¥¤ã¥â

ad y(B) � A, â. ¥. y 2 M . �á¯®«ì§ãï ¯à¥¤¯®«®¦¥­¨¥ tr(xy) = 0,

¯®«ãç¨¬
mP
i=1

aif(ai) = 0. �¥¢ ï ç áâì à ¢¥­áâ¢  | íâ® Q -«¨­¥©­ ï

ª®¬¡¨­ æ¨ï í«¥¬¥­â®¢ ¨§ E. �à¨¬¥­ïï f , ¯®«ãç¨¬
mP
i=1

�
f(ai)

�2
= 0.

� ª ª ª f(ai) | à æ¨®­ «ì­ë¥ ç¨á« , â® ®âáî¤  ¢ëâ¥ª ¥â ¨å à -
¢¥­áâ¢® ­ã«î. �®áª®«ìªã ai ¯®à®¦¤ îâ E, äã­ªæ¨ï f ¤®«¦­  ¡ëâì
­ã«¥¢®©.

�¥à¥¤ â¥¬ ª ª áä®à¬ã«¨à®¢ âì ªà¨â¥à¨© à §à¥è¨¬®áâ¨, ¯à¨¢¥-
¤¥¬ â®¦¤¥áâ¢®,  ­ «®£¨ç­®¥ â®¦¤¥áâ¢ã ¨§ x 3 £«. 1. �ãáâì x; y; z 2
EndV . �®£¤ 

tr([x; y]z) = tr(x[y; z]):

�«ï ¥£® ¯à®¢¥àª¨ á«¥¤ã¥â à áªàëâì ª®¬¬ãâ â®àë ¨ ¢®á¯®«ì§®¢ âìáï
á¢®©áâ¢®¬ á«¥¤  tr

�
y(xz)

�
= tr

�
(xz)y

�
.

�¥®à¥¬  9.1 (ªà¨â¥à¨© � àâ ­ ). �ãáâì L| ¯®¤ «£¥¡à  ¢ gl(V ),
£¤¥ ¯à®áâà ­áâ¢® V ª®­¥ç­®¬¥à­®. �à¥¤¯®«®¦¨¬, çâ® tr(xy) = 0
¯à¨ ¢á¥å x 2 [L;L], y 2 L. �®£¤  L à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯à®¢¥à¨âì, çâ®  «£¥¡à  [L;L] ­¨«ì¯®-
â¥­â­  ¨«¨, çâ® à ¢­®á¨«ì­®, ¢á¥ x 2 [L;L] |  áá®æ¨ â¨¢­® ­¨«ì¯®-
â¥­â­ë¥ í­¤®¬®àä¨§¬ë (á¬. â¥®à¥¬ã �­£¥«ï).

� áá¬®âà¨¬ ¤®ª § ­­ãî «¥¬¬ã ¤«ï á«ãç ï, ª®£¤  A = [L;L], B =
L. �®£¤  M = fx 2 gl(V ), [x; L] � [L;L]g. �á­®, çâ® L �M .

�á«¨ â¥¯¥àì [x; y] { ®¤¨­ ¨§ ®¡à §ãîé¨å ¢ [L;L],   z 2 M , â®
¢ëè¥¯à¨¢¥¤¥­­®¥ â®¦¤¥áâ¢® ¤ ¥â

tr([x; y]z) = tr(x[y; z]) = tr([y; z]x) = 0;

â. ª. [y; z] 2 [L;L] ¯® ®¯à¥¤¥«¥­¨î ¬­®¦¥áâ¢  M . �§ ¯®«ãç¥­­®£®
á®®â­®è¥­¨ï ¨¬¥¥¬ ­¨«ì¯®â¥­â­®áâì í«¥¬¥­â  [x; y].
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�«¥¤áâ¢¨¥ 9.1. �ãáâì L|  «£¥¡à  �¨ â ª ï, çâ® tr(adx ad y) =
0 ¤«ï ¢á¥å x 2 [L;L], y 2 L. �®£¤   «£¥¡à  L à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. � á¨«ã áä®à¬ã«¨à®¢ ­­®£® à ¢¥­áâ¢  ¨¬¥¥¬ à §-
à¥è¨¬®áâì  «£¥¡àë adL. �®áª®«ìªã Ker ad = Z(L) | à §à¥è¨¬ë©
¨¤¥ « ¢ L, â® ¨ L à §à¥è¨¬  (á¬. ¯à¥¤«®¦¥­¨¥ 1.1).

x 10. �®«ã¯à®áâë¥  «£¥¡àë �¨

�ãáâì L | ¯à®¨§¢®«ì­ ï  «£¥¡à  �¨. �á«¨ x; y 2 L, â® ¯®«®¦¨¬
K(x; y) = tr(adx ad y). �®£¤  K | á¨¬¬¥âà¨ç­ ï ¡¨«¨­¥©­ ï ä®à¬ 
­  L, ª®â®à ï ­ §ë¢ ¥âáï ä®à¬®© �¨««¨­£ . �®à¬  K â ª¦¥ ¨­¢ -
à¨ ­â  ¢ â®¬ á¬ëá«¥, çâ® K([x; y]; z) = K(x; [y; z]). �â® á«¥¤ã¥â ¨§
â®¦¤¥áâ¢  ¯à¥¤ë¤ãé¥£® ¯ à £à ä : tr([a; b]c) = tr(a[b; c]), £¤¥ a, b, c
| í­¤®¬®àä¨§¬ë ª®­¥ç­®¬¥à­®£® ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢ .

�¥®à¥¬  10.1. �ãáâì L |  «£¥¡à  �¨ ­ ¤  «£¥¡à ¨ç¥áª¨ § -

¬ª­ãâë¬ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ ­ã«ì. �®£¤  L ¯®«ã¯à®áâ , ¥á«¨

¨ â®«ìª® ¥á«¨ ¥¥ ä®à¬  �¨««¨­£  ­¥¢ëà®¦¤¥­ .

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¢­ ç «¥, çâ® RadL = 0. �ãáâì S =
L? = fx 2 L, K(x; y) = 0, y 2 Lg. �® ®¯à¥¤¥«¥­¨î tr(adx ad y) = 0
¤«ï «î¡ëå x 2 S, y 2 L. � ç áâ­®áâ¨, tr(adx ad y) = 0, ª®£¤  x 2
S, y 2 [S; S]. �® ªà¨â¥à¨î à §à¥è¨¬®áâ¨ � àâ ­ ,  «£¥¡à  adL S
à §à¥è¨¬ . �® ï¤à® ®â®¡à ¦¥­¨ï ad : S ! adL S à ¢­® Z(L) \ S,
â. ¥. ï¢«ï¥âáï à §à¥è¨¬ë¬ ¨¤¥ «®¬ ¢ S. �®íâ®¬ã S | à §à¥è¨¬ ï
 «£¥¡à . � ª ª ª S | ¨¤¥ « ¢ L, â® S � RadL = 0, â. ¥. ä®à¬ 
�¨««¨­£   «£¥¡àë L ­¥¢ëà®¦¤¥­ .

�¡à â­®, ¯ãáâì S = 0. �â®¡ë ¤®ª § âì ¯®«ã¯à®áâ®âã  «£¥¡àë L,
¤®áâ â®ç­® ãáâ ­®¢¨âì, çâ® «î¡®©  ¡¥«¥¢ ¨¤¥ « I ¨§ L á®¤¥à¦¨âáï
¢ S.

�à¥¤¯®«®¦¨¬, çâ® x 2 I, y 2 L. �®£¤  ª®¬¯®§¨æ¨ï adx ad y § ¤ ¥â
®â®¡à ¦¥­¨¥ L! L! I ¨ (adx ad y)2 ®â®¡à ¦ ¥â L ¢ [I; I] = 0. �â®
®§­ ç ¥â, çâ® í­¤®¬®àä¨§¬ adx ad y ­¨«ì¯®â¥­â¥­. �âáî¤  á«¥¤ã¥â
0 = tr(adx ad y) = K(x; y), â. ¥. I � S = 0.

�á¯®«ì§ãï ¤®ª § ­­ãî â¥®à¥¬ã ¨ â¥®à¥¬ã 3.1, ¯®«ãç¨¬ ãâ¢¥à¦¤¥-
­¨¥,  ­ «®£¨ç­®¥ â¥®à¥¬¥ 3.4 ¤«ï  áá®æ¨ â¨¢­ëå  «£¥¡à.

�¥®à¥¬  10.2. �ãáâì L | ¯®«ã¯à®áâ ï  «£¥¡à  �¨ ­ ¤  «£¥¡à -

¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ ­ã«ì. �®£¤  L ¥áâì ¯àï-

¬ ï áã¬¬  ¨¤¥ «®¢, ª ¦¤ë© ¨§ ª®â®àëå ï¢«ï¥âáï ¯à®áâ®©  «£¥¡à®©

�¨.
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� ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3.1 ¨á¯®«ì§ã¥âáï ®£à ­¨ç¥­¨¥ ¡¨«¨­¥©-
­®© ä®à¬ë ­  ¨¤¥ «¥  «£¥¡àë B. �®íâ®¬ã ¢®§­¨ª ¥â ¥áâ¥áâ¢¥­­ë©
¢®¯à®á: ª ª ®â«¨ç ¥âáï §­ ç¥­¨¥ ä®à¬ë �¨««¨­£  KI ­  ¨¤¥ «¥ I,
à áá¬ âà¨¢ ¥¬®¬ ª ª á ¬®áâ®ïâ¥«ì­ ï  «£¥¡à , ¨ §­ ç¥­¨¥ ä®à¬ë
�¨««¨­£  K ­   «£¥¡à¥ L ¢ ®£à ­¨ç¥­¨¨ ­  I? � ª ¯®ª §ë¢ ¥â ¯à¨-
¢®¤¨¬ ï ­¨¦¥ «¥¬¬ , íâ¨ §­ ç¥­¨ï á®¢¯ ¤ îâ.

�¥¬¬  10.1. �ãáâì I | ¨¤¥ «  «£¥¡àë �¨ L. �á«¨ KI | ä®à¬ 

�¨««¨­£  ­  ¨¤¥ «¥ I (à áá¬ âà¨¢ ¥¬®¬ ª ª  «£¥¡à  �¨),   K |

ä®à¬  �¨««¨­£  ­   «£¥¡à¥ L, â® KI(x; y) = K(x; y), ª®£¤  x; y 2 I.

�®ª § â¥«ìáâ¢®. �®-¯¥à¢ëå, ¢á¯®¬­¨¬ ¯à®áâ®© ä ªâ ¨§ «¨­¥©­®©
 «£¥¡àë: ¥á«¨ W | ¯®¤¯à®áâà ­áâ¢® ª®­¥ç­®¬¥à­®£® ¢¥ªâ®à­®£®
¯à®áâà ­áâ¢  V ,   ' | í­¤®¬®àä¨§¬, ®â®¡à ¦ îé¨© V ¢ W , â®
tr' = tr'jW . (�â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬, ¤®¯®«­¨¬ ¡ §¨á ¯à®áâà ­áâ¢ 
W ¤® ¡ §¨á  ¢ V ¨ ¯®á¬®âà¨¬ ­  ¯®«ãç¨¢èãîáï ¬ âà¨æã ®¯¥à â®à 
'.) �á«¨ â¥¯¥àì x; y 2 I, â® adx ad y | í­¤®¬®àä¨§¬ ¯à®áâà ­áâ¢ 
L, ®â®¡à ¦ îé¨© L ¢ I. �®íâ®¬ã ¥£® á«¥¤ K(x; y) = tr adx ad y á®-
¢¯ ¤ ¥â á® á«¥¤®¬ í­¤®¬®àä¨§¬  (adx ad y)jI = (adI x)(adI y). � ª
ª ª tr(adI x)(adI y) = KI(x; y), â® ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

� x 3 ¡ë«® ¯®ª § ­®, çâ® à ¤¨ª « ª®­¥ç­®¬¥à­®©  áá®æ¨ â¨¢­®©
 «£¥¡àë A ­ ¤  «£¥¡à ¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨
­ã«ì à ¢¥­ A? = fx 2 A, t(x; y) = 0, y 2 Ag, £¤¥ t(x; y) = trLxLy. �«ï
 «£¥¡àë �¨ ¥¥ à ¤¨ª « â ª¦¥ ¬®¦­® ®¯¨á âì ¢ â¥à¬¨­ å äã­ªæ¨¨
á«¥¤ .

�¥®à¥¬  10.3. �ãáâì L | ª®­¥ç­®¬¥à­ ï  «£¥¡à  �¨ ­ ¤  «£¥-

¡à ¨ç¥áª¨ § ¬ª­ãâë¬ ¯®«¥¬ k å à ªâ¥à¨áâ¨ª¨ ­ã«ì,   R = RadL
| ¥¥ à ¤¨ª «. �®£¤  R = [L;L]? = fx 2 L, K(x; [L;L]) = 0g.

�®ª § â¥«ìáâ¢®. �á«¨ a | ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¨§ L â® A =
ka+R | ¯®¤ «£¥¡à  �¨ ¢ L. �ç¥¢¨¤­®, A| à §à¥è¨¬ ï  «£¥¡à ,  
¯®íâ®¬ã ¨ adLA | à §à¥è¨¬ ï  «£¥¡à  «¨­¥©­ëå ®¯¥à â®à®¢, ¤¥©-
áâ¢ãîé¨å ¢ ¯à®áâà ­áâ¢¥ L. � á¨«ã â¥®à¥¬ë �¨ áãé¥áâ¢ã¥â ¡ §¨á
¢ L, ¢ ª®â®à®¬ ¢á¥ ®¯¥à â®àë ¨§ adLA ®¤­®¢à¥¬¥­­® ¯à¨¢®¤ïâáï ª
âà¥ã£®«ì­®¬ã ¢¨¤ã. �­ ç¨â, ¤«ï «î¡®£® b 2 R ¬ âà¨æ  ®¯¥à â®à 
[ad a; ad b] ¨¬¥¥â áâà®£® âà¥ã£®«ì­ë© ¢¨¤, â. ¥. ¤«ï «î¡®£® í«¥¬¥­â 
x ¨§ [L;R] ®¯¥à â®à adx ­¨«ì¯®â¥­â¥­. �®«¥¥ â®£®, áâà®£® âà¥ã£®«ì-
­ë© ¢¨¤ ¨¬¥¥â ¨ ¬ âà¨æ  ®¯¥à â®à  ad a[ad c; ad b], £¤¥ b 2 R, c 2 L.
� ª¨¬ ®¡à §®¬, K(a; [c; b]) = 0,   §­ ç¨â K([a; c]; b) = 0 ¤«ï a; c 2 L,
b 2 R. �«¥¤®¢ â¥«ì­®, R � [L;L]?.
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�®ª ¦¥¬ ®¡à â­®¥ ¢ª«îç¥­¨¥. �¡®§­ ç¨¬ I = [L;L]?. �® ®¯à¥¤¥-
«¥­¨î ®àâ®£®­ «ì­®£® ¤®¯®«­¥­¨ï ¨¬¥¥¬K(I; [L;L]) = 0. �¥¬ ¡®«¥¥,
K(I; [I; I]) = 0. � ª ª ª §­ ç¥­¨¥ ä®à¬ë �¨««¨­£  KI ­  ¨¤¥ «¥
I á®¢¯ ¤ ¥â á ¥£® §­ ç¥­¨¥¬ ­  ¢á¥©  «£¥¡à¥ (á¬. «¥¬¬ã 10.1), â®
KI(I; [I; I]) = 0, â. ¥. tr(adI I[adI I; adI I]) = 0. �® ªà¨â¥à¨î à §à¥-
è¨¬®áâ¨ � àâ ­  ¯®«ãç ¥¬, çâ®  «£¥¡à  «¨­¥©­ëå ®¯¥à â®à®¢ adI I
à §à¥è¨¬ ,   â®£¤  à §à¥è¨¬  ¨  «£¥¡à  I. � ª ª ª I | ªà®¬¥ â®£®,
¥é¥ ¨ ¨¤¥ «, â® I = [L;L]? � R = RadL. �¢  ¯®«ãç¥­­ëå ¢ª«îç¥­¨ï
¤®ª §ë¢ îâ ãª § ­­®¥ ¢ â¥®à¥¬¥ à ¢¥­áâ¢®.
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