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HoBaa pmnnocodpma matemaTmuKku
®dpaktan — 3710 cnoBo, mlobpeteHHoe beHya MaHaenbbpotom Ans TOro, 4TobbLI

06begMHUTL NMOA, O4HWM 3aro/IOBKOM OOLWMPHBIM Knacc 0ObEeKTOB, KOTOpble Cbirpanau
NCTOPUYECKYIO PO/b B PA3BUTUM YNCTON MaTeEMATUKK. Knaccruyeckyto matemaTuky XIX B. oT
COBPEMEHHON MATEMATUKKU OTAENAET BE/MKAA peBoalouMAa maen. KopHM Knaccnmyeckom
MaTeMATUKMU  NIeXaT cpegun NpaBUIbHbIX TreoOMeTPUUYeCKUX CTPYKTyp EBkanpa u
nocTynaTtesibHOM AUMHAMUMKM  HbtoToHa. CoBpemeHHaa MmaTemaTuKa HauMHaeTca ¢
KaHTOPOBOW TEOPUM MHOMKECTB W 3aMONHAKOWEN NPOCTPAHCTBO KpuBon [leaHo.
NcTtopuueckn pesontoumna 6Oblna Bbi3BaHA OTKPbITMUEM MaTEMATUYECKUX CTPYKTYpP, He
YMELLABLUMXCA B pamKax noctpoeHnin EBkAMpa v HblOTOHA. DTM HOBble CTPYKTYpbI
PacCMaTPMBAZINCb KaK «MNaTO/IOTMYECKME» KaK HEeKasa «BbICTaBKa 4ygosuuw», Bpoae
KyOUCTCKOM XMBOMUCU N aTOHANIbHOM MY3bIKM, NEPEBEPHYBLUMX MPUMEPHO B TO *Ke Bpems
YCTaHOBJIEHHbIE CTaHAAPTbl XOPOLIEero BKyca B UCKyccTBe. MaTemaTuKn e, COTBOpuMBLUME
3TUX YyA0BULL, CYHNTAIN UX BAXKHbIMU CBUAETENLCTBAMM TOTO, YTO MUP YNCTOM MATEMATUKM
COAEepXUT B cebe HeobbIKHOBEHHOE M306UNME BO3MOXKHOCTEM, OANEKO BbixogdAllee 3a
PaMKM TeX NPOCTbIX CTPYKTYP, YTO MOXHO HabatogaTth B [Mpupoae.

N TyT, Kak oTmeyaetr MaHgenbbpot, lNpupoaa cbirpana € MaTeEMATUKAMMU  LLYTKY.
Bo3mokHO, matematukam XIX B. HegocTtaBano BoobpaxkeHua — [lpupoaa *Ke HUKoraa
TaKMM HeJO0CTAaTKOM He cTpadana. Kak oKaszanocb, OKPYXKatoWmMMmM HAC U XOPOLIO 3HAKOMbIM
Ham obbeKkTam Bceraa 6ol NpucyWM Te camble MATONIOTMYECKUE CTPYKTYPbl, KOTOPbIE
MaTeEMaTUKN n3obpenu, 4tobbl N36aBMTbLCA OT Y3 HaTypanmama XIX B.
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5. MaHaenbbpot
«PpaKTasibHaA reoMeTpuAa NPUPOabLI»

Moyemy reomeTpuio TaK YacTO Ha3bIBAKOT «XON0AHOM» U «cyxom»? OAQHA M3 NPUYNH — ee
HecnocobHocTb onucatb dopmy obnaka, ropol, AepeBa uaum beperoson nuMHMKU. Obnaka He
ABNATCA cpepamu, ropbl — KOHycamu, beperoBble NUHUM HeNb3s M3006pPa3nTb C MOMOLLbHO
OKPYKHOCTEN, KOPY AEPEBLEB HE HAa30BELUb IMaAKoM, @ MyTb MOAHUU — NPAMONAUHENHbIM.

B 6onee obuiem Buae s 3aABAAK0, YTO MHOTMe popmbl MNprpoabl HACTONbKO HEMPABUbHbI U
bparmeHTUPOBAHbI, YTO B CPAaBHEHUU C €BKAMAOBbIMU Purypamum Mpupoaa AeMOHCTPUPYET He
npocto 60/ee BbICOKYIO CTEeNeHb, HO COBEPLUEHHO WHOW YpPOBEHb C/AOXKHOCTU. Konumyectso
Pa3NIMYHbIX MaclwTaboB ANMHbI B €CTeCTBEHHbIX GOPMax MOMKHO CYMTaTb OGECKOHEeYHbIM ANs
KaKUX YrogHO NpakTUYeCcKnx 3aaau.

CyuwiecTBoBaHne TakMx ¢eHOMeHOB BpocaeT Ham BbI30B M NOBYKAAET 3aHATLCA NOAPOOHbLIM
nsydyeHnem tex ns Gopm, Kotopble EBKAMA OTNOXKMUA B CTOPOHY U3-3a UX «6eCcHOPMEHHOCTU» —
nccnenoBaTb, TaK CKasaTb, mopdonornio «amopdHoro». MaTemaTUKKU Ke npeHebpernm 3tum
BbI30BOM W npeanoysnn 6exaTb OT NpuUpoabl NyTem M306peTEHUs BCEBO3MOMKHbIX TEOPUA,
KOTOPble HUKAK He 0OBbACHSIOT TOr0, YTO Mbl BUANUM WU OLLYLLAEM.

PUCKHYB OTBETUTb Ha BbI30B, A 3a4yMa/ U pa3paboTtan HoByto reomeTputo MNMpupoabl, a TaKxKe
Halen ANs8 Hee NPUMEHEHME BO MHOMMX pa3HoobpasHbix obnacTtax. HoBas reomeTpua cnocobHa
onucaTb MHOTME U3 HENPaBWUIbHbIX U PParMeHTUPOBAHHbIX POPM B OKPYXKAMOLWEM HaCc Mupe u
NopoAUTb BMOJHE 3aKOHYEHHbIE TEOPUWN, ONPEOENUB CEMENCTBO PUrYyp, KOTOPbIE A HA3biBaKO
dbpaKkTanamm.



/' —

HoBaA reomeTpuA

C momeHTa BbixoAa KHUrn b. MaHgenbbpota «PpaKkrasnbHaa reomeTpua NPMpPoabI» Hayanocb
bypHoe pa3BuTUe PpakTanbHOU reomeTpuun. PpakTanbl O0OHAPYKUIN MNPAKTUYECKM BO BCEX
eCTeCTBEHHbIX fBNEHUAX U npoueccax. «Cernyac aHanM3 Ha GPaKTaNbHbIX MHOMKECTBAX Pa3BUT B
TOW e Mepe, YTO M aHa/IN3 Ha rMagKkux MHoroobpasmnax», — rosoput P. CTpuuapTtu, npodeccop
amepuKaHcKkoro yHuBepcuteta KopHenn. aen n AoCcTUXKEHUA HOBOM reOMeTPUM HallaM camble
pa3HOObpasHble NpuaoXKeHUA. PpaKTanbHble MOAENN MPUMEHAIT B MeAULUMHE ANA paHHeN
ANArHOCTUKWN pPaKOBbIX OMyXO/iel; B reonormm U MNOYBOBEAEHWM; B MaTepuanoBedeHUn npwu
N3YYEeHUMN NPOLLECCOB Pa3pYyLUEHUS U3AENUNN; B aaepHON PU3NKe U aCTPOHOMUU ANA U3YYEHUS
3N1eMEeHTapHbIX 4YacTul, pacnpefeneHua rafaktuk Bo BceneHHol, npoueccoB Ha ConHue; B
NHPOPMATUKE ANA CKATMA AaHHbIX U yaydlweHua TpaduKa B ceTu MHTepHeT; AnA aHanusa
KonebaHWM PbIHOYHbLIX LUEH B 3KOHOMMUKE, CepaevyHoro putma B Kapamonoruu, norogbl B
METEOPOIOTUN; B XMMUKN, UCKYCCTBOBEAEHUN... — NEPEYEHb MOMKHO NPOAO0NXKATb 6E@CKOHEYHO.

Bcem 3TMm yenoBeyecTBo 0653aHO maTemaTuKy beHya MaHaenbb6poTy. To, YTO HOBYHO HAyKy
CO CTO/Ib WUMPOKUMMU MPUNOKEHUAMM CO34aN OAUH YeNOoBeK, BbIrNAAUT HEBEPOATHbIM. B Hawe
BPeEMA BCE 3HauuTeNbHble AOCTUMKEHUA HAYKM WU TEXHONOTMW ABAAKOTCA naogamu paboTsbl
KONNeKTMBOB. Bpema oaMHOYEK—3HUMKAONEeANCTOB MPOLLO, cneuumannsaumsa A0CTUINA TaKoW
CTEMEHU, YTO OAHOMY YENOBEKY He Mnod CUAY OXBaTUTb Aae OCHOBHble MAEU U3 pPasHbIX
obnacten. Ona storo Hago 6biTb reHMem. Ho MHoOrMe Tak M CUYMTAIOT: OTKPbIB ¢paKTansl, b.
MaHaensbpoT coBeplwna NepeBopoT B GU3UKe, YTBEPXKAAOT aBTOPbl KHUMM «OT HbloTOHa Ao
MaHaensbpota» (LUtaypdep A., CtaHam X.E.).
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beperosaa 1MHMA HopBermu

Mpu n3yvyeHumn reorpadumm Bbl, KOHEYHO, MOMHUTE, YTO KaXKgasa w3
CTPaH WMMeeT CBOK NAOWAAb TEPPUTOPUM WU  ANNHY T[PaHULbI, B
YaCTHOCTM, €C/IN CTPAHA OMbIBAETCSA KaKMM-IMBO MOPEM UM OKEAHOM,
TO OHa MMEET MOPCKYHO FpaHULYy onpeaeneHHoOn AAnHbl. 3a4yYMbIBaINCh
NN Bbl KOrAa-nnbo, Kak 3Ty ANMHY rpaHuubl onpegenstoT? B 1977 .
BeHya MaHpaenbbpoT noctaBmn nepen coboi cneayrounii BONpoc: Yemy
paBHa AnnHa beperoBoit nnHUKM BenmkobputaHumu? OKaszanocb, 4TO
KOPPEKTHO OTBETUTb Ha 3TOT «AETCKMM BONpPOC» He yaaeTcsa. B 1988 r.
HOPBEXCKMUIN yueHbit EHC Penep pelwmnn BbIACHUTb, YeMY paBHa AJ/MHA
b6eperoBor nuMHMM Hopsern. O6paTUTe BHUMAHME HA TO, Y4TO
nobepexbe HopBermm cunbHO M3pe3aHo puopaamu. [pyrve yyeHble
3afaBanu cebe aHanOrMYyHbie BOMPOCblI O ANMHAX OGeperoBbIX JIMHUM
nobepexun Asctpanuu, tOxHon Adpuku, lepmanHuun, MopTyrannm um
APYrUX CTPaH.

Mbl  MOXem Uu3MepuTb AANHY 6eperoBo AUHUKM  TO/BKO
npnbamsutenoHo. Mo mepe TOro Kak Mbl YyMeHbllaem macwTtab, Ham
NPUXOAUTCA N3MePATb BCe 6O/blUe MasIEHbKMX MbICOB M BYXT — A/NMHA
beperoBo NIMHMW  yBeNUYMBAETCA, U OOBEKTMBHOrO npeaena
YMEHbLUEHMIO MacwTaba (KM, Tem CcambiM, YBENUYEHWUIO ANUHbI
H6eperoBoi MHMMN) NPOCTO HE CyLEeCTBYEeT; Mbl BbIHYXAEHbI MPU3HATD,
4TO 3TA IMHUA UMeeT 6€CKOHEUYHYIO A/INHY.
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N3mepeHne anmHbl beperosou
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ToT ke rpadmK B ABaxKAbl norapuPmmyeckom
Mmacwtabe. ObpaTute BHUMAHUE: TOYKU MOTYT
6bITb XOPOLLO aNMNPOKCMMMUPOBAHbI NPAMON.

N3mepeHHan ganHa 6eperoBon IMHUKU Kak
bYHKUMA ANNHBI Wwara
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A 4TO e BCe-TaKu Aenatb C ganHoun beperoson AMHMK? OTKa3aTbCA ee U3MepATb, MOTOMY
YTO OHA Hemsmepmma?

HeT, 31O He Bbixoa,. [pocTo, npuBOAA ANMHY 6eperoBon IMHUN, cneayeT BCceraa yKasbiBaThb,
No KapTam Kakoro macwraba oHa usmepsanacb, KakKMum cnocobom. bes ykaszaHmna macwtaba KapT
BCAKME OaHHble O g/IMHe GeperoBoM NMHUM TEPAIOT CMbICA. K coXKaneHuto, faxe B UCTOYHUKAX,
npeTeHayLWmMx Ha Cyrybyto conMaHoOCTb, MOXHO BCTPETUTb CTPalLHble HesnenocTn. Hanpumep,
n3BecTHbIM canT UPY «The World Factbook». 3aecb ans Kaxaon cTpaHbl U OKeaHa NpuBeAeHbl
AaHHble No 6eperosBoi AMHUK, HO cnocob M3mepeHua He yKkasaH. B pe3ynbraTe beperoBas AMHUA
KaHaabl oKa3biBaetcs 6onbwe 200 Tbic. KM, CeBepHoro J/legoBuToro okeaHa — 45,4 TbiC. KM,
AtnaHtmnyeckoro — 111,9 Tbic. KM (AaHHblE NPUBEAEHbI C TOYHOCTbIO A0 KMAomeTpa). beperosas
JIMHUA ABYX M3 TPEX OKeaHOB, OMbIBatOWMX KaHaay, B cymme MeHblue 6eperosoit IMHUN O4HOM
Tonbko KaHaabl. Ana HopBermn npmseaeHa umdpa 21 925 Km 1M gaHo npumevaHue: «MaTepuk
3419 Km, 6onblumne octpoBa 2413 KM, A/ IMHHbIE PbOPAbI, MHOFOYNC/IEHHbIE Ma/IEHbKME OCTPOBaA
n menkme nsrmbol (8 6ykBanbHoM nepesoge 3a3ybpuHbl) 6eperosont AnHUKM 16 093 Km». B cymme
nony4yaeTcs Kak pa3 yKasaHHaa obuwas agnmHa 6eperoson AMHUKU. Ho BOT nodyemy bepera ¢pbopaos
— He yvacTb H6eperoBoM JIMHUM MaTepUKa, NMOYEeMy ANMHA 3a3yOpUH NPUNAOCOBAHA K A/NHE
6eperoBon IMHUN MaTEepPUKa, KakMe OCTPOBA CYMTaTb HonbwMMM — 060 BCEM 3TOM NMPUXOAUNTCS
TONbKO AoragbiBatbca. CoBeplieHHO H6eccnopHble gaHHble B 3TOW Tabauue npuBeaeHbl TONbKO
ana AHpoppbl, ABcTpun, boTtcBaHbl, BeHrpun, CBasmneHga u nogobHbIX MM CTpaH, Bbixoga K
MOPIO HE MMEIOLLUX, — HanmncaHo: «0 Km».
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OpaKTazibHAA Pa3MepHOCTb

Kak 06BbACHUTb TO, YTO BCE pe3yabTaTbl USMEPEHUI B ABaXKAbl NOorapndmmyeckom maclitabe
YKN1aAblBalOTCA Ha NpAmMyto?

= In(L(0)) =a+b(Ino),

rae a n b — HeKOTOpPble KOHCTaHTbI. [ToTeHUMpys, NoAyYum
ach
L(o)=e"0".

C oAHOM CTOPOHbI, KOHCTAHTA b eCcTb TaHIeHC yrna HakAoHa NPAMON, NPUYEM, KaK cneayeT u3
rpaduKoB, OHa He nonoxutenbHa. C Apyrom CTOPOHbI OHA MMEET Ba*KHbI PUINYECKUN CMbICST —
yem OHa 6osbwe No moaynto, Tem bbicTpee pacteT AnHa nobepexbs C yMeHbLEHUEM O/MHDI
wara, Wn, cnepgosaTtenbHo, 6onee u3pesaHHbIM BbIAAUT nobepexkbe. B pganbHenwem Mmbl
YBUAUM, YTO KOHCTaHTa b TECHO CBA3aHa C OAHOWM M3 BA*KHEMLLINX XapaKTePUCTUK dpaKTaNbHbIX
KPUBbIX — PpPaKTa/IbHON Pa3MepHOCTbIO.



[lapagoKc LLBapua

PaccmoTtpu paBHObOeapeHHbIN 1
NPAMOYronbHbIN TpeyronbHMK ABC c KateTamu B
PaBHbIMU 1 [MOHATHO, 4yto  A4JIMHA

Kpatyaurwero nyty n3 A B C paBHa KOpHIO 13 2.
[MpeanonoXmMm, 4To NO YC/IOBUIO, 3a43a4Mn Mbl
MOXXeM nepeasuratbCA TONIbKO MO BEepTUKaIN
UNn ropmsoHTann. Torga gavHa nytm ns A s B
3atem B C, 0603HaYeHHOro 3en1eHbliM LIBETOM,
paBHa 2. Ecinm mbl Bblbepem cuHWUI Man
KPacCHbIM NyTb, TO €ro AJMHA NO MNpexXHemy
byaetr paBHa 2. bonee TOro, Mbl MOXem
Bblbpatb Nyt M3 A B C , coctoAwmn wu3
BEePTMKA/IbHbIX N TOPU3OHTANIbHbIX OTPE3KOB,
CKONlb YrogHo 6AM3KMi K runoteHy3se AC, HO
ero A/MHa no npexkHemy byaer paBHa 2, 4To
oyeBnagHo 6Honble, 4Yem A/MHA CamoW
rmnoteHy3bl. Kak MOXHO OOBACHUTL 3TO
HecooTBeTCcTBME?
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Camonopnobue

Hepeako 10, UTO mMbl Habnogaem B Npupoae, MHTPUryeT Hac HECKOHEYHbIM NOBTOPEHUEM
O4HOr0 U TO }Ke y30pa, YBEIMYEHHOTO MU YMEHbLUEHHOIO BO CKOJ/IbKO YrogHo pa3. Hanpumep, y
AepeBa ecTb BeTBM. Ha 3TUx BeTBAX €CTb BETKU MOMEHbLUEe M T. 4. TeopeTUyecKn, snemeHT
«pa3BeTBAeHME» NOBTOpAETCA BECKOHEYHO MHOTIO pa3s, CTAHOBACb BCE MeHbLUe U MeHbLe. To e
CaMoe MOXHO 3aMeTuTb, pa3riagbiBas ¢otorpaduio ropHoro penbeda. Nonpobynte HEMHOro
npubansnTb n3obpakeHme ropHoOM rpagbl — Bbl CHOBA yBUAMTE ropbl. [pnbansbre KapTUHKY eLle
— Bbl MNo-npexHemy OyaeTe pasnAnyaTb HeYTO, HanNnOMMHatowiee ropobl, H6narogapAa Balwewn
CNocobHOCTM pa3nmyaTb TUN 0OBEKTA Ha pPUCYHKe. KpaTKO MOMKHO CKa3aTb, 4TO camonoaobHbIin
0OBEKT «BbIMNAAUTY HEU3MEHHbBIM M NOC/E YBE/MYEHUSA, U NOC/E YMEHbLUEHMA ero pa3mepos.
Tak nposBnAeTcA xapakTepHoe ansa GppaKTanoB CBOMCTBO camonogobus.

MHoOrne 3aKoHbl Npupoabl He 3aBUCAT (MM NOYTM He 3aBMCAT) OT macwTaba. To, 4yTo
CKEWNUHT (M3meHeHMe macliTtaba) obbiMHO mmeeT npegen (noctoAaHHyo [MnaHka — Koraa
0O6BbEKTbl CTAHOBATCA C/AMLWIKOM MajblMW, WUAM CKOPOCTb CBETA — KOraa OOBbEKTbl ABUMMKYTCA
CAUWKOM bbICTPO), HE YMaNAET NONe3HOCTU «Pa3MbllL/IEHUIA B TEPMUHAX camonogobumsa» — TakK
3TO He CO34aeT CKOMb-HUOYyAb Cepbe3HblX NPenATCTBUMA ANA NPUMEHEHUA 3TOrO0 MOHATUA B
peanbHOM mupe. Tak, B TypbyNeHTHbIX MOTOKAX KpymnHble BUXPU MOPOXKAAIOT MeHblune, Te, B
CBOIO oYepeab, — eLle MeHbLUNEe M Tak NoYTn A0 6eCKoOHEeYHOCTH.
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Teopema lNudaropa

BoT pgokasatenbctBo Teopembl [lMudaropa,
npeanoxKeHHoe OANHHAALATUNETHUM IUHLWITENHOM,
7 6ancTaTenbHO UNNOCTPUpYytoLee naeto
camonoaobus.

BbicoTa, npoBeaeHHAs U3 NPAMOro yria, AenuT
60/1bLLION TPEYrosibHMK Ha ABa MeHbLIMX, NOoA0OHbIX
Apyr Apyry n 6onbwomy TpeyronbHUKY. YUnTbiBas,
4yTO n/owWwaau noaobHbIX @Uryp OTHOCATCA Kak
KBagpaTbl COOTBETCTBYIOLWMX JIMHENHbIX PA3MepPOB,
MOYYMM COOTHOLLEHME ANA NAOoWAAEeN

Si—ker S —kan S b

rae k — HEKOTOPbIA OT/IMYHbBIA OT HY/IA MHOMUTENb,
OOMH W TOT e BO BCEX TPex COOTHOLUEHUAX.
YuuTtblBasn, 4To

S,=S,+S,,

noay4Ynm

c’=a’+b’.

b

Slb

o



Camonoaobue «npocTbiX» OOBEKTOB

Pazgenum oTpe3ok npAMoM Ha N paBHbix 4YacTen. Toraa
Ka)kOQyl0 4YaCTb MOXHO CuYMTaTb KOMMEM BCero OTpesKa,
YMeHbLUEeHHOM B r pa3. OueBngHo, N 1 r cBA3aHbl COOTHOLLEHNEM
N=rl. Echu kBagpaT pa3butb Ha N paBHbIX KBaApPaTOB KaKAblii U3
KOTOPbIX ABNAETCA KOMMEN BCEro KBaApaTa, YMEHbLUEHHOM B r pas,
TO COOTHOLEeHWe 3anuwetca Kak N = r’. Ecam kyb pa3butb Ha N o—o—o0—0 —
paBHbIX Kyb0B, TO COOTHOLWEHWE NpUMeT caeayolwmin sua: N = r3.
3ameTnm, 4YTO pasmepHocTb d obbeKTa, byab TO OAHOMEPHbIN
OTPEe30K, ABYMEPHbIN KBagpaT UanM TpexmepHbIn Kyb, noasnsetca
KaK CTeneHb r B COOTHOWeHun mexay N, 4ynucaom pasHbIX
nogo6beKkToB, n KoapdnumeHTOoM NogobuA r. A UMEHHO:

N-r

PaccmoTpeHHble MHOXecTBa obnapatoT Lesowm
pa3mMepHOCTblO. 3agagMmcs BOMPOCOM, BO3MOMKHO M TaKoe
NOCTPOEHMe, NPU KOTOPOM MOKasaTeNb d He ABNAETCA LeNbiM, TO
eCTb TaKOe, YTO Npu pa3bUeHMn UCXOAHOro MHoXKecTBa Ha N
HenepeceKaroLwmxca NOAMHOXECTB, NOSIyYEHHbIX
MacwTabupoBaHnem opurmHana ¢ KosdPpuumeHTom r 3HayeHue d
He OGyaeT BblpaXKaTbCa uenbim yncnom. OTBET, KaK Mbl ybeanmcea
—  pewwuTtenbHoe pga! Takoe  MHOMeCTBO  HasblBalOT
camonofobHbim ppakTanom. BennumHy d Ha3biBalOT ppaKTabHOM
(ApobHOI) pazmepHOCTbIO MK Pa3MepHOCTbIO Noaobus.

e
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RpuBaa Koxa

n=0

KpuBaa, npuaymaHHaa [lenbrom ¢oH
Koxom B 1904 roay, asnaetcA ¢pakTanom
pasmepHocTn d = 1,2618.

Myctb K, — HavyanbHbIN OTpe3oK. Ybepem !
cpeaHiol TpeTb W aob6aBuMM [fOBa  HOBbIX
OTpe3Ka TAaKOW Ke OJIMHbI, KaK MOKa3aHO Ha
pUCYHKe. HasoBem nosy4yeHHOE MHOXKeCTBO > <
K;. MNosTOpKM AAHHYI0 npoueaypy =1 /\ /\

MHOTFOKPaTHO, Ha KaXAoM Luare 3ameHssn
CpeaHIo TPeTb ABYMA HOBbIMU OTPE3KAMM.
O6o3Haumm uepe3s K, ourypy, nony-
NO/IyYMBLLYIOCA Nocae n-ro wara. MHTYyUTMBHO n@\fL

ACHO, 4YTO nocnefoBaTenbHOCTb KpwmBbix {K.} *lq

CXOAUTCA K HEKOTOPOW NpeaenbHon Kpusown K. ﬁg

Mbl npoBegem CTporoe  MmaTemaTuyeckoe |

nccneaoBaHue CXOANMOCTH TaKmx 11=mhm* % mjﬁh
nocneaoBaTeNibHOCTEM  KPUBBLIX U APYruX

no3sxe. [loKka 4To Npeanonoxum, 4to Kpueaa K

CyLLEeCTBYeT, M PACCMOTPUM HEKOoTopble ee

CBOMCTBA. =5 mgﬁ”éwm e



CBounctBa KpnBoun Koxa

Ecnun B3aTb Konuto K, ymeHbLUEHHYIO B TpM pa3a (r=3), To Bce MHOXecTBO K MOXHO cocTaBuTb M3 N = 4
Takux Konun. CnepoBaTenbHO, OTHOLIEHME Camornoaobuma BbINOAHAETCA NPKU YKa3aHHbIX N 1 r, @ pa3amepHOCTb
¢dpakTana byaert:

4 In(N) _ In4)
In(r) In(3)

Ewe oaHO BaxHOe cBONCTBO KpnBon Koxa — ee beckoHeyHaa agnunHa. MNycTb ncxogHbIn otpesok K, nmeet
eAuHUYHY0 anvHy. Torga anuHa Kpweow K, pasHa 4/3. OnvHa Kpusok K, paBHa 16/9. MNpopgonkasa Takum

obpasom Mmeem, 4To Kpusaa K, nocne n-ro wara umeet anuHy 4"/3". CnepoBatenbHo, A/IMHA NpeaenbHOM
KpuBon K paBHa 6eCKOHEeYHOCTH:

~1,2618.

n
lim— =oo.
Nn—o0 3”
ToT e paKT MOXKHO A0Ka3aTb C MCMO/Ib30BaHMEM Maen camononobusa. OuesnaHo, YTo Kpmeasa K coctouT
M3 YeTblpex KYCKOB KaxAbli N3 KOTOPbIX B TP pa3a MeHblUe camon KpuBon. CnegoBatenbHO, ecin 6bl KpuBas
K nmena KoOHeuYHYo ANnHY, cKaxem L>0, To oNKHO 6b1n10 6bl BbIMOAHATHCA COOTHOLLIEHUE

L:ﬂL,
3

OTKyAa cnepayeT, YTo L=oo,
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TpeyronbHuUK CepnmMHCKOro
camcfll:ll-:')il,o6HoorgMH¢paKTgagme—p Tpecrrz)%f:;?(

CepnuHckoro, NPMAYMaAHHbIN NONbCKUM
MmatemaTmkom Baunasom CepnmHcKkum B 1915

roay.

[lycTb HavyanbHOe MHOMKecTBO S, —
PAaBHOCTOPOHHUMN  TPEYrosibHUK BMecTe C
obnacTblo, KOTOPYIO OH 3ambikaeT. Pa3obbem
So Ha YeTbipe MeHbLune TpeyronbHble obnactuy,
coeAnHMB OTPe3KaMn cepeauHbl  CTOPOH

NCXOA4HOro TpeyrosnbHuKa. Yoanum E % £

BHYTPEHHOCTb  MaNeHbKOM  LEHTpa/ibHOM ;v
TpeyronbHo obnactn. HazoBem ocTaBLueecA g
MHOXeCTBO S;. 3aTem NOBTOPUM Nnpouecc ANA
KaXOoro K3 Tpex OCTaBLIMXCA MaJeHbKUX
TPEYroNbHUKOB WM NOAYyYUM  creaytoulee
npubnuxkeHne  S,.  lpogomKaa  Takum
obpasom, nonyymm  NOCNeA0BaATE/NIbHOCTb
B/IOMEHHbIX MHOXECTB S,, Ube nepeceyeHune u
obpasyeT KoBep S.

A2
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CBouncTBa TpeyrosibHMKa CepnmMHCKOro

N3 nocTpoeHMa BMAHO, 4YTO BeCcb KOBep npeacTaBnfeT cobon obbeanHeHne N=3
CYLLECTBEHHO HEMEepPEeCeKaALWMXCA YMEHbLUEHHbIX B ABa pa3a Konui; KoadduumeHT nogobua r=2
(Kak Mo ropu3oHTanu, Tak U No BepTuMKanu). CnegoBaTenlbHO, S — CaMoONoOAO0OHbIN PpaKTan ¢
pPa3MepHOCTbIO:

OuyeBMAHO, YTO CyMMapHaa naowaab 4acTen, BbIKMHYTbIX MPU MOCTPOEHWUMU, B TOYHOCTMU
paBHa N0LWaAn UCXOA4HOro TPeyrosbHMKa. Ha nepsom Lware mbl Bbibpocuan 1/4 yactb naowaaw.
Ha cneaytouwem ware mbl BbIBPOCUAU TPU TPEYIoNbHMKA, NpUYeM NAoLaAb Kaxkaoro pasHa 1/16
naowaan ucxoaHoro. Paccykgaa Takum ob6pas3om, Mbl ybexaaemca, 4TO NONHAs AO0NS
BbIKMHYTOM NA0LWAaAmM COCTaBMAa:

2 3
%+34—12+32%+---=%£1+%+(%) +(%) +---J=%%=l.
(-]

CnepoBaTenlbHO, Mbl MOXEM YTBEpX/JaTb, YTO OCTaBLIEecA MHOMXECTBO S MMeeT Hy/eBylo
naowaap.



YnpaxkHeHua 1
1) Onpeaennte paamepHoOCTb Noao06mA GpaKTasnoB, KOTOPbIE CTPOATCA, KaK YKa3aHOo Ha

PUCYHKaX. BbluncauTe AnunHbI U NaoWwaau.
2) MocTpoinTe camonogobHOe MHOXKECTBO Pa3mepHOCTM 1, OTAMYHOE OT OTpe3Ka.

o O
o € —

(a)

(a) [__N_ﬂ (8) rr%—rx
(e)

6) . | oy
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| -cnuctembl

MoHsATHe L-cuctem, TECHO CBA3aHHOE C camonogobHbiMU  dpakTanamu, nosasmaocb B 1968 roay
6narogapa Apuctpuay JlmHaeHmalepy. WM3HayanbHO L-cucTtembl ObinM BBEAEHbI MPU  U3YYEHUU
bopManbHbIX A3bIKOB, @ TaK¥Ke UCNO/b30BaNUCh B BMONOrMYECKMX Modensx cenekummn. C ux nomoLLbo
MOKHO CTPOUTb MHOTME U3BECTHbIE CamonoAobHble ppaKTasbl, BKAOYAS CHEXKUHKY Koxa U TPeyronbHuK
CepnuHcKoro. HekoTopble Apyrne KaacCUYecKMe MOoCTPOeHMA, Hanpumep Kpusble [leaHo, TaKKe
YKNaAbIBalOTCA B 3Ty CXemy. Ml KOHEYHO, L-cMcTembl OTKpPbIBAIOT NyTb K 6eCKOHEYHOMY pa3Hoobpasuio
HOBbIX PPAKTANIOB, YTO U MOCAYXHKMIO NPUYNHOM UX LUMPOKOrO NPUMEHEHUSA B KOMMNbIOTEPHOM rpaduke
N8 NOCTPoeHUA GPaKTa/ibHbIX AEPEBLEB U PACTEHUN.

Ana rpaduyeckolt peanusaumm L-cuctem B KayecTBe NOACUCTEMbI BbiBOAA WCMO/Mb3yeTcA Tak
Ha3blBaemana TepTa-rpaduka (turtle — yepenaxa). Mpu 3Tom TouKa (Yepenallka) ABUNKETCA MO SKPaHY
ONCKPETHbIMM LIaramu, Kak NpaBuio, NPOYEpPUYMBAA CBOW cnel, HO NpPU HeobxoaMMOCTU MOMKET
nepemelLatbca 6e3 pucoBaHMA. B Hawem pacnopsaxeHuUn nmerotca Tpu napametpa (x,y,a), rae (x,y) —
KOOPAMHATbl Yepenawlkn, o — HamnpaBleHMe, B KOTOPOM OHa CMOTPUT. Yepenalwka oby4yeHa
MHTEPNPETMPOBATb M BbINOAHATb NOC/N€A40BaTEIbHOCTb KOMAHA, 3a4aBaeMblX KOAOBbIM CNOBOM, BYKBbI
KOTOPOro YMTalTca cnesa Hanpaso. KogoBoe cnoBo npeacTaBaseT cobon pesynbrat paboTbl L-cuctemsl
M MOMKET BKOYATb Cneaytoline KoMaHabl U MHTepNpeTaTopbl:



ROMaHAbl U UHTepnpeTaTopbl

F nepemecTuTbCA Brnepea Ha O4uH Wwar, NPopucoBbIBaA cnes,
b nepemecTmTbCA Brnepea Ha OAMH Liar, He NPOPMCOBbIBasA C/en,
[ OTKPbITb BETBb

] 3aKpbITb BETBb
+ YBE/INYUTb Yro/1 0L Ha BENNYNHY O

- YMEHbLIUTb Yro/ o Ha BENNYNHY O
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[paduyecKaa MHTepnpeTaums

Pasmep wWwara u BeIM4MHa NpupalLeHns no yray & 3a4atoTca 3apaHee U OCTalTCA HEM3MEHHbIMU AN BCeX
nepemelleHnin depenawku. Ecnnm HavyanbHoe HanpaBneHWe ABMMKEHMA o (yron, OTCYMTbIBAEMbIA OT
NMONOXKUTENIbHOIO HanpaBAeHUsa ocn X) He YKa3aHo, TO NoNaraemM o PaBHbIM Hy/HO.

®opmanbHo, L-cuctema coctouT u3 andaBuTa, CI0BA MHMLMAAN3ALMM, HA3bIBAEMOTO aKCUMOMOWU UM
MHULMATOPOM, M Habopa MopoXKAaoLWMX NPaBUA, YKa3biBalOWMX, Kak ciegyeT npeobpa3oBbiBaTb C10BO NPU
nepexoae OT YPOBHSA K YPOBHIO (OT ntepaunm K utepaumm). K npumepy, MoxHo 3ameHsTb bykBy F npu nomoum
nopoxpatowero npasuna newf = F-F++F-F, ytOo cootBetctByeT L-cucteme pna kpuBoit Koxa. OcTanbHble
CMMBOJIbI He OBHOBAIAIOTCA, @ NPOCTO OCTAKOTCA HAa TeX MeCTax, rae OHW BCTpeTuancb. OH6HoBNEHME OYKB B
AAHHOM C/10Be MpeanosaraeTca 0AHOBPEMEHHbIM, TO eCTb BCe OyKBbl C10BAa OAHOrO ypoBHA OBHOBAAOTCA
paHbLue ntoboi ByKBbl CAeayroLWero ypoBHA.

L-cuctema, cooTBeTcTBYIOWAs KpmBoM Koxa, 3agaeTca cneayrowmm obpasom:
U=n/3;
akcmoma: axiom=F;
nopoxaatouiee npasmno: newk = F+F--F+F.

Mpadumyeckoe npeacTaBneHMe akcMombl F — oTpe3oK. Ha nepBom ware Kaxkaaa 6ykBa F B cnoBe—
MHULMaTOpe 3ameHsaeTca Ha F+F--F+F. [paduyeckoe npeacraBneHMe — B TOYHOCTM MEPBbIN AT NOCTPOEHMUSA
KpuBon Koxa. MoBTopAsA 3TOT NPOLLECC, Ha BTOPOM LUare noay4ymm:

F+Fo-F+F+F+F--F+F--F+F--F+F+F+F--F+F.
HecnoxHo 3dMeTUTb, YTO I'pad)W-IeCKaFI peannsaumna ectb BTOpOﬁ war NnocrpoeHnA I-(pVIBOﬁ Koxa u T.4.

Cnepytolian nporpaMmma npegHasHauveHa ana rpapuyeckomn peanmnsaumm L-cuctem.


http://www.ksu.ru/f5/fg/lsystem.rar
http://www.ksu.ru/f5/fg/lsystem.rar

[lpumepbl L-cuctem

T

A
e

4
7

2

CHeXXMnHKa Koxa
axiom=F++F++F

newF=F-F++F-F
O=m/3

LiBeTOK

axiom=F[+F+F][-F-F][++F][--F]
newF=FF[++F][+F][F][-F][--F]
O=r/16

KycT

axiom=F
newF=-F+F+[+F-F-]-[-F+F+F]
O=m/8

Octpos

e axiom=F+F+F+F
* newF=F+F-F-FFF+F+F-F
* O=m/2

CHeXWHKa
e axiom=[F]+[F]+[F]+[F]+[F]+[F]
e newF=F[++F][-FF]FF[+F][-F]FF
* O=m/3

CopHak
® axiom=F
* newF=F[+F]F[-F]F
° O=11/7
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1)

2)

3)

4)

5)

Yemy paBHO C/NOBO Ha Bbixoge cneaywouwen L-
CMUCTEMbI MOCNE ABYX UTEPALUN:

axiom=F;

newF=FF-[F]+[F];

O=r/4.

N306pasute HangeHHoe B NpPeablaylem MyHKTe
CNOBO rpadpuyecku.

HanuwuTte nceBaokod ans L-cuctem, peanmnsyrolmx
npaBuia Ha pUcyHKax (a) u (6) (nonoxutb axiom =
F).

MocTtpoite  L-cuctembl ana  ¢pakTanos  u3
ynpaxHeHnsa 1 nyHKTbl (@) — (a). Otobpasute
pe3ynbtat paboTbl L-cuctem B rpaduke.

MNpuaymante M peannsymte Ha KOMNbOTEpPE TPU
HOBble L-cucTembl, pe3ynbTaToM PaboTbl KOTOPbIX
6bi1n 6bl Bawm coBCTBEHHbIE BapUaHTbl CIEAYHOLLMX
buryp: CcHeXumHKa, ocTpoB (c rpaHuuen 6Ges
Pa3pbIBOB), KYCT MU COPHAK.

(a)

(6) !
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MHoOXecTBO KaHTOPAa

Knaccuyeckoe mHoxkectBo KaHTtopa, nan nbinb KaHTopa, Ha3BaHO No umeHu feopra KaHTopa, KOTOPbIN
onucan ero B 1883 roay. CyuwecrsoBaHue nbian KaHTopa oTmevanochb Ao atoro leHpu Cmutom (Henry Smith) B
1875 ropy wnm ewe paHee. 3TO MHOXKECTBO XOPOLLIO M3BECTHO CTYAEeHTAaM M3 Kypca MAaTeMaTMYeCKOro aHanmsa
KaK NPMMepP MHOXeCTBa HyneBoM mepbl JSlebera, YbAa MOLWHOCTb PaBHA MOLHOCTU KOHTUHYYMa. ®paKTasibHble
CBOMCTBA Mbl/In KaHTOpa MMeKT OrpoMHoe 3HayeHue, 0OCOBEHHO y4nTbiBasA TOT GaKT, YTO MHOIMEe M3BECTHbIE
dpaKTanbl ABAAKOTCA HAU3KMMN POACTBEHHMKAMM STOFO MHOKECTBA.

MocTpoeHue Knaccmyeckon nblav KaHTopa HauyMHaeTcA C BbibpacbiBaHMA cpeaHein TpeTu (He BKAto4Yasd
KOHLbl) eAMHUYHOro OoTpe3Ka. To ecTb UCXOAHOEe MHOXEeCTBO ecTb oTpe3ok [0,1], U nepBbIi War cocTouT B
yAaneHun oTKpbiToro uHTepBana [1/3,2/3]. Ha cneapyrowem M Bcex OCTaNbHbIX LWIarax Mbl BblKMAblIBAaEM
CPeAHIo TpeTb (He BK/KOYAnA KOHUbI) BCEX OTPE3KOB TEKYLLEro ypoBHA. TakMm 06pasom, mbl Mosydaem
ybbiBaloLLyO NOCNeA0BaTe/IbHOCTb MHOMECTB:

N, =[0,1]
N, =[0,1/3]U[2/3/1]
N, =[0,1/9]u[2/9,1/3]u[2/3,7/9]U[8/9,1]

MpepgenbHoe mHoXecTBo C, KOoTOpoe npeacTasnaer cobon nepecedyeHne MmHoxects {C.}, Ha3biBaeTcA
KNAaCCUYECKMM KaHTOPOBbIM MHOKECTBOM.
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CBOMCTBA KAHTOPOBA MHOXECTBaA

KaHTOpOBO MHOeCTBO ecTb camonoaobHbin ¢pakTan pasmepHoctn d = In(2)/In(3)
~ 0,6309, TaK Kak cooTHolleHne camononobua N = r? geinonHaetcanpu N =2 u r =
1/3.

KaHTOpOBO MHOXECTBO HE COAEPXKUT NHTEPBAIOB NONIOXKUTE/IbHOM ANNHbI. JTO
oyeBnaAHO U3 NOCTPOEHUA.

CyMMa AMUH UHTEPBANIOB, YAaNeHHbIX NMPU NOCTPOEHNUN MHOMECTBA C, B TOYHOCTM
PaBHa 1. J10Ka3aTenbCTBO aHAJIOTMYHO TOMY, 4TO 6biN0 npoeeaeHo npu
BblUMCNEHNN NaoWaan TpeyrosibHUKa CeprnmHCKoro.

Knaccnyeckoe KaHTOPOBO MHOMKECTBO NpeacTaBnaeT coboi npumep KOMNAKTHOrO,
COBEpPLUEHHOrO W BMOJIHE Pa3pbIBHOrO MHOXKecTBa. bosiee TOro, MOXHO
yTBEPXKAATb, UYTO  TOMONOIMYECKM  KJlaCCMYECKoe MHOoXecTBo  KaHTopa
onpeaenaerTca Kak KOMNAKTHOE, COBEPLLUEHHOE U BMOJIHE Pa3pbiBHOE MHOMECTBO.
JTO 03HayaeT, yTo Noboe KOMMNAKTHOE, COBEpPLIEHHOE W BMOJIHE Pa3pbiBHOE
MHOX€eCTBO roMeoMOPPHO KAHTOPOBY MHOMKECTBY.
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MOLHOCTb KAHTOPOBA MHOXeCTBa

Teopema. MowHocms wmHoxcecmea KaHmopa C pasHa MmMowHocmu
KoHmuHyyma [0,1].

[1Ba MHOXecTBa 061a4at0T PaBHOM MOLLHOCTbIO, €C/IN CYLLEeCTBYeT B3aMMHO OZIHO3Ha4YHOe
COOTBETCTBME MEXKAY TOYKaMU STUX MHOXKECTB.

Takum obpasom, Ham HeobxoAMMO YCTAaHOBUTb B3aMMHO OAHO3HAYHOE COOTBETCTBUE
mexay Toykamu m3 C n Todkamum oTtpeska [0,1]. na atoro Ham noTpebyeTcs paccmoTpeTb
ABOMYHOE (MO OCHOBAHUIO 2), a TaKKe TPOUYHOoe (Mo OCHOBaHUIO 3) NpeacTaBAEHUA TOYEK
oTpe3ka [0,1].

[nAa Toro 4To6bI M36€EXKaTb ABYCMbICIEHHOCTU B C/ly4ae, KOraa ToYKa MMeeT ABa ABOUYHbIX
WA TPOWUYHbLIX NPeACTaBieHus, Mbl byaem Bceraa BblbMpaTb TO NpeacTaB/ieHUe, KoTopoe
3aKaHYMBAETCA BCEMU HYIAMMU B IBOUYHOM MU B TPOUYHOM NPEACTaBAEHMUAX.

3amMeTuUMm, YTO TOYKa NonagaeT B MHOXKecTBO KaHTopa C Toraa v To/AbKo Toraa, Korga B ee
TPOUYHOM NpeacTaBNEHNUM OTCYTCTBYIOT €A4MHULbI, TO €CTb KOrAa B HEM MPUCYTCTBYHOT TO/IbKO
HYAM W ABOWKWU. Torga WMCKOMoOe cooTBeTcTBMe ToyeK M3 C ¢ ToyKamm oTpeska [0,1]
OCYLLECTBNSAAETCA 3aMeHOM BCeX [ABOEK B TPOMYHOM MpPeACTaB/IEHMM X Ha eaAUHULBI.
MonyyeHHoe Takmm o0b6pasom ABOWYHOE MNpeacTaBAeHMEe oOnpeaenser HeKoTopoe
BelwecTBeHHoe 4yucno y. Hanpumep, ecam x=0,220200020... (B Tpou4yHOM cucteme), TO
nonaraem y=0,110100010... (B aBonuyHOM cucTeme). OnucaHHaa npoueaypa onpeaenner
B3aMMHO OHO3Ha4YHOe COOTBETCTBME MeXay TouKamu x n3 Cny ns [0,1].
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YnpaxHeHuna 3

1)

2)

3)

4)

5)

MOXKHO Nn YyTBEPXKAATb, YTO KaxKAana TOYKA KAHTOPOBOM MblAU ABASETCA
KOHLLOM KaKOro-TO U3 OTPEe3KOB, BO3HWKAOWMX NP ee NOCTPOeHnun, 1o
ecTb umeet Bua k[3"? ObocHoBaTbL OTBET.

ABnaetca nn  TpeyronbHUK  CepnuMHCKOro MHoxKectBom KaHTopa?
ObocHoBaTb OTBET.

Onpepennte ¢paKkTaibHYlO pPa3MepHOCTb (pasmepHocTb noaobusn)
MoANIULMPOBAHHOIO MHOXKecTBa KaHTopa, B KOTOPOM Ha KaXKAom Liare
BblOpacbIBaeTCA UeHTPasibHaA NATaA YacCTb KaXKAoro MHTepBana.

Onpegennte pasmepHOCTb ¢GpaKTana, COCTOAWEro M3 TaKMX TOYeK
oTpe3Kka [0,1], B gecATMpPUYHOM NpeacTaBNeHUN KOTOPbIX X=0,XX X,...
OTCYTCTBYIOT Undpbl 3 n 7.

Onpegennte pasmepHoOCTb ¢pakTana Ha MNNOCKOCTU, COCTOALLErO M3
TOYEeK eaMHWYHOro KBaapaTta (X, y), npuyem B CUCTEME CHUC/EHMUSA C
OCHOBaHMeM 5 B 3anucu uncna x=0,x,X X,... OTCYTCTBYIOT umdpbl 2 1 4, a
B 3anucu yucna y=0,y.y,Y,... otcyTcTeytoT umdpbl 0, 1 n 3. N306pasuTtb
NONYy4EeHHOE MHOEeCTBO.
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RpuBaa [leaHo

CHeXXMHKY Koxa un pgpyrve HenpepbiBHble KpuBble HA MNA0OCKOCTH,
NO/lyYEHHbIEe C NMOMOLLbIO L-cuctem, obbeanHSAET TO, UYTO UX PAa3MEPHOCTb
yaosnetBopAeT HepaBeHCTBY: 1 < d < 2. Bo3HMKaeT BONpoC, CyLecTByeT nu
KpuBaa pasmepHoCcTU d=27? ITOT BONPOC NpumevaTteneH He TONbKO TeM, YTO
OTBET Ha HEro NMoNOXKUTE/IbHbINA, HO U TeEM, YTO OH Bbin pa3pelwieH [xKy3enne
[MeaHo ewe B 1890 roagy. MeaHO NOCTPOMAN HEMPEPbIBHYO YHKLUIO, YbA
obnactb onpegeneHna — OTPe30K, a 0bnacTb 3HAaYeHMWM — KBaApaT Ha
nnockoctn. COOTBETCTBYIOWAA JIMHMA Ha3blBaeTca KpuBou [leaHo wam
KPUBOM, 3aNONHAKOLWEN NNOCKOCTb. Kpueaa lNeaHo He aABnsaeTca ppaKkTasiom B
onpeaeneHn MaHaenbbpota, HO TEM He MeHee MHTEpPecHa Kak npumep
byHKUMK, oOTOobOparkatowen MHOXKEeCTBO 3aJaHHOM pPa3MepHOCTU Ha
MHOXeCTBO Ho/blLen Pa3mMepHOCTH.



[TocTpoeHune Kpmnsowu lNMeaHo

Myctb S — eguHW4YHbIN  KBagpaTt. [lepBbin war
NOCTPOEHUSA COCTOUT B TOM, 4YTODOblI pa3butb S Ha AeBATb
paBHbIX YacTel N 3aHymepoBaTb Mx. HenpepbiBHaa KpuBasn
P,:[0,1]->S5, KoTopasa npoxoauT 4epe3 BCe KBagpaThl,
CTPOUTCA TaK, KaK MOKa3aHO Ha pUCyHKe (a) cniowHowm
JIMHWEN CO CTPeNKaMMU. (a)

[anee, Kaxkabl U3 3TUX AEBATU KBaApPaTOB pa3busaeTcs
Ha OeBATb PaBHbIX NOAKBAAPATOB, KOTOPble HYMepyoTCA
aHaNoOrM4yHO TOMY, KaK 3TO OblI0 cAenaHo Ha MepBOM
utepaumn. [Monyyaem kKpusyto P,:[0,1]-S, KoTtopas
NPOXOANT 4yepe3 AeBATb MOAKBAAPATOB TakMM o0bpasom,
YTO ee Haya/ibHaA M KOHEYHAs TOYKM /I0XKATCA Ha KPUBYHO
npeablayLlwero ypoBHA. 3TO NO3BOJISET HAM 3aHYMepoBaTb
nogkeaapatbl uncnamm ot 0O [0 8 BHYTPU KaxKgoro 5 ;
kBagpara (puc. (6)). e RNl

MosTOpUM  onucaHHylO  npoueasypy  HeckoHeuHo, (6) G wX;
KaXKabl pa3 pa3bmBan KBagpaTbl Ha AeBATb NOAKBAAPATOB, |
CTPOA KPUBYIO 4epe3 BCe MNOAKBagpaTbl TaK, 4Tobbl ee R,
KOHUbl /NIOXUANCD Ha /NMHUIO Npeablaylwero YpoBHA, U 0 I
3aHYMepOoBbIBaA UX. i | 3

____________________________________________________________

...........................................................



Teopema. [locsredosamenbHOCMb Herpepsi8HbIX omobpaxceHul
P:[0,1]>S cxodumca K  HenpepbiBHOMY  CHOPLEKMUBHOMY
omobpaxceHuro P:[0,1]->S, komopoe Ha3bisaemca Kpusoli [NeaHo.

B npouecce noctpoeHna oTobpaxeHun P, mbl pa3busann eguHUYHbLIN
KBagpaT S Ha Bce 6onee menkue KBaapaTbl M HYMepoBanM UX. Takum
obpasom, Kaxaom Touke A M3 S COOTBETCTBYET HEKoTopasa (BO3MOXHO He
eANHCTBEHHAs) 6ecKkoHe4yHaAa nocnegoBaTenbHocTb uupp or 0 po 8:
ADX XX 5.

N3 noctpoeHna ouyeBuaHo, uto ecan x=0,x;X,X;... — [OeBATUYHOE
npeacTaBAeHNe TOYKM X U3 eAMHMYHOro oTpeska, To P,(x) npuHagnexut
NOAKBaZApPaTy MNepBOro YpPOBHA C HOmepom Xx;, P,(x) npuHagnexut
NOAKBaApPaTy BTOPOro ypOBHA C HOMEPOM X, U T.A. Takum obpasom, P (x)
CXOAMTCA K TOYKE MepeceyeHuss BAOXKEHHbIX MOAKBAApPaTOB C HOMepamu
X1X5X3... ITO [OKa3bIBAET CIOPHLEKTUBHOCTb OTOBpaxeHuUA lMNeaHo.

Y106bI AOKA3aTb HEMpPepbIBHOCTb OTObparkeHus P, AOCTAaTOYHO 3aMETUTb,
4YTo cxoaumoctb P —P paBHOMepHasA, cneaoBaTe/NbHO, MO Teopeme O
PAaBHOMEPHOM CXOAMMOCTM M3 CTAHAAPTHOrO Kypca MaTeMaTUYeCcKoro
aHa/n3a, npeaenbHoe OTOOparKeHNE TaKXKe HenpepbIBHO.



RpuBble, 3anoNHALWMEe NIOCKOCTb

: : I

J ﬁ b “a E“ d o :
-

Kpusaa CepnmnHcKoro Kpusasa [ocnepa nocne 3-x Kpusas lmnbbepTta nocne

nocne 3-x UTepauumn nTepaumm 4-x nTepauumn
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YnpaXXHeHuna 4

1)

2)

4)

5)

6)

Hanaute L-cuctemy, peanmsytowyto Kpusyto [leaHo. W3o06pasute,
MCNO/Ib3yA KOMMbIOTEPHYIO NpOorpammy ana susyanmsaumnm L-cucrtem.

Hangute obpasbl Touek x=0,4444..., y=0,2222... (B AeBATUPUYHOMN
cucteme) npu otobparkeHmu NeaHo.

HanauTe yeTbipe npeacrtasneHun MNeaHo ana touek (1/3,7/9) v (2/3,7/9).

Onpep,emATe BCe€ TOYKUN €ANHNYHOIO KBaAA4paTa, npeacrasiaeHue [leaHo
KOTOpPbIX €eaAUHCTBEHHO. Kakme TO4YKM wumeT ABa Pa3/TNYHbIX
I'Ipe,EI,CTaBI'IEHVIﬂ? Kakue TOYKHU MMEIT YeTblpe Pa3/TNUYHbIX
I'Ipe,EI,CTaBﬂeHMFI?

Hanante reometpuyeckoe MeCTO TOYEeK eAUMHMYHOro KBaapaTta, B
npeactasneHnn MeaHo KOTopbiXx OTCYTCTBYET unudpa 5. ABnaerca am ato
MHOXXecTBO ppaKTanom? Ecnm aa, To KAKOBA €ro pasmepHoOCTb?

Hanaute L-cuctembl, peanusytouwme Kpusble [mabbeprta, [ocnepa wu
CepnuHckoro. M306pasuTte, ncnonblya nporpammy AN Bu3yanamsaumm L-

CUCTEM.


http://www.ksu.ru/f5/fg/lsystem.rar
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Cuctembl UTEPUPOBAHHBIX PYHKLINM

Cuctembl UTEPUPOBAHHLIX GYyHKUMKM (CUP) — oaHO w3 Haumbonee
3amevaTtesibHbiX U TNyOOKUX [AOCTUXKEHUM B NOCTPOEHUM GPaAKTaNoB..
MaTtemaTmnyeckme acnekTtbl Obln pa3paboTtaHbl [KOHOM XaTYMHCOHOM B
1981 r.,, a cam meToA, CTan WUPOKOo m3secteH bnarogapa Mankny bapHcan.
Moaxon, Ha ocHoBe CU®P npepocTaBaseT XOPOLIYHO TeopeTuyeckyto 6basy ana
MaTEMATUYECKOro NCCNeA0BaHMA MHOIMX KNnacCuYyecKux GpaKkTanos, a TaKxe
nx o6o6LLEeHUN.

CnenyeTt UMETb B BMAY C CAMOTr0 Havyana, uYto pesynbtat npumeHeHnsa CUD,
Ha3bIBaeMbI aTTPAKTOPOM, He Bceraa sBnaaeTcs ppakTaiom. ITO MOMKET ObITb
N0O6ON KOMNAKT, BKAOYAA MHTEPBas UM KBagpaT. Tem He meHee, U3y4yeHue
CUAD BarKHO AnA PppaKTaNbHON TEOPUU, TaK KaK C UX MOMOLLBIO MOXKHO
NONYYUTb YANBUTE/IbHOE MHOXKeCTBO PPaKTaNoB.



[1lnaH nccneposaHma CUP

Onsa Toro 4ytobbl AaTb MaTemMaTMyeckum cTporoe onucaHune CUD Ham

NoHagobATCcA HeKoTopble 6a30Bble MOHATUA METPUYECKON T[EOMETPUMH,
KOTOpPble Mbl U3/1I0KMM B CIeAYHOLEM NopsaaKe:

1)
2)
3)

4)
5)
6)
7)

OnpeneneHne MeTpMKU U METPUYECKOTO NPOCTPAHCTBA.

PopmMynnMpoBKa TEOPEMbI O CHMMAKLLMX OTODpaXKeHUAX.

OnpepneneHne meTpukn Xaycaopda HaA MHOXKECTBe HenycrbiX
KOMMAaKTOB.

OnpeneneHne CUNO.,

OnpepeneHune atrpaktopa CUO.

[Mpymepbl aTTPaKTOPOB.

YnpaxXHeHus.
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MeTpunKa

MeTpukon (pacctosHmem) Ha MHoxKectBe X  Ha3blBaeTcH
BeLLEeCTBEHHAaA PYHKLMA

d: XxX —I[]
y10B/1IETBOPAIOLLAA CNeAYIOWLMM aKCUOMAM:
1) d(x,y) =0 anascexx, yusX.
2) d(x, y) = 0 TOraa v ToNbKo TOrAa, Koraa x = .
3) d(x,y)=d(y, x).
4) d(x, z) <d(x, y)+d(y, z) nna Bcex x, y, zn3 X.
MeTpnyeckmm NpPoCTPaHCTBOM Ha3biBaeTca napa (X, d).

MeTpuyeckoe npocTpaHCTBO (X,d) Ha3biBaeTcA NOJHbIM, €Cau
ntobana nocnegosatesibHOCTb Kowun mM3 X cxoauTCa K HEKOTOPOUM TOYKe

ns3 X.
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Teopema 0 CXMUMaOLMX OTODparKeHUs

Myctb (X,d) — meTpuyeckoe npocTpaHcTBO. [MpeobpasoBanme T : X - X
Ha3bIBAETCA CHMUMAOWMUM OTODparkeHnem (UAKn cKaTuem), ecnm cyuecTsyeT
Takoe yncnos,0<s< 1, yro:

d(T(x), T(y)) <s-d(x,y)

Ana nobbix x, y n3 X. Yncno s HasbiBaeTca KO3GPULUMEHTOM CKATUSA.

Teopema. llycmeo (X,d) — nonHoe mempuyeckoe npocmpaHcmeo u T : X =
X — owmumarowee omobpaxceHue. Toecda T umeem 8 MOYHOCMU OOHY
Hernoo0B8UXCHYIO MOYKY, MO ecmb cywecmsyem makxkasa moyka x* uz X, umo
T(x*) = x*. Knome moeo, 014 nt0bol Ha4yanbHOU MOYKU X

e =

N—o0
WHeimu cnosamu, opbuma 6ol moyku X =X, X;=T(X,), X,=T(x,), X5=T(X,) ...
cxooumcs K x*.
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/IVIETpI/IKa Xaycaopoda

OOHUM M3 OCHOBHbIX MaTeMaTUYeCKMX acneKToB Teopuu @paKTanoB ABASETCA BOMPOC O
CXOAMMOCTM HEKOTOPOM NOCnenoBaTe/lbHOCTU MHOMKECTB K ¢dpaKktany. Hawa nepsasa 3agavya —
pa3obpaTbcA C MNOHATMEM npedena NoOC/AeA0BaTe/NIbHOCTM MHOXecTB. [nA 3Toro Heobxoaumo
onpeaennTb NOAXOAALLYIO METPUKY Ha MHTEPECYIOLNX Hac MHOoXKecTBax. MeTpuKa, KoTopon Mbl byaem
NMo/1b30BaTbCA, Ha3biBaeTCcA MeTpuKoi Xaycaopda.

MeTpuka Xaycgopda onpenenserca Ha MHOXKecTBe K BCeX HEeMyCTbIX KOMMAKTHbIX MOAMHOMECTB
MOJIHOTO METPUYECKOro MpocTpaHcTBa (X,d) (Kak npaBwmno, B KayectBe X BbICTyNaeT €BKAMAOBO
npocTpaHcTBo R"). TakMm 06pa3om, «TOYKMU» U3 K CyTb KOMNAKTHbIE MHOXKeCTBa 13 X.

Myctb E — HenycToir KoMnakT u3 (X,d) u € > 0. Torga €-060/104KON MHOXKecTBa E HasbiBaeTcA

[E]l. ={xel":3yeE,d(x,y) <&}

PacctoaHnem no Xaycgopdy Mmexkay ABYMA HENyCTbiIMM Komnaktamm E u F byaem Ha3biBaTb
CNneayroLLyo BeUYNHY:

d, (E,F)=inf{s:E c[F] &F c[E]L}.

M3BecTHO, YTO MHOXKecTBO K, CHabeHHoe MeTpuKoW d,, ABNAETCA NONHbIM METPUYECKUM
MPOCTPAHCTBOM.
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OnpeaneneHne CUOP
Myctb (X,d) — nonHoe meTpuyeckoe npocTpaHcTBO. [nAa 4yTobbl MOCTPOUTL

CUCTEMY UTEPUPOBAHHbLIX QPYHKUMA BBEAEM B PACCMOTPEHME COBOKYMHOCTb
CMMAKOLWNX OTOBpaXKeHUn

T,:X>X, j=lm

2T\ m OTO6pa)-KeHMl7I MCNnosib3yrotTca AnAd nocrpoeHnAaA OAHOro CxMMAaroWero
OTO6pa)+(EHI/1FI Ha NMPOCTPaHCTBE K Bcex HEMYCTbIX KOMIMAKTOB U3 X

m
T:K—>K, T(E)={JT,(E), EeK. (%
j=1
310 I'Ip606pa3OBaHI/Ie CTaBUT B COOTBeTCTBME «TOYKaAM» U3 K, TadKXe «TOYKU» U3 K,
npunyem nog ToO4Kamu 3gecb NOHMMAKOTCA KOMMNAKTHblIE MHOXECTBA.

Takum obpasom, cMCTEMOU UTEPUPOBAHHBLIX PYHKLUWU HA3bIBAOT COBOKYMHOCTb
BBEAEHHbIX Bblle O0TObpaXkeHni T; BMeCTe C UHAYLMPOBAHHLIM UMUK OTOBPaKeHNem
T, aencreytowmm Ha K.



AtTpakTop CUD
Teopema. [lpeobpa3zosaHue T:K=>K, oripedesnieHHoe

coomHoweHuem (*), aensemca  cxamuem  HAQ  MOHOM
mempuyeckom rnpocmpaHcmee K.

CnepoBaTenbHO, NO TEOpeME O CHumawuwmx otobparkeHusax T obnagaet
eANHCTBEHHON HEeNoABUXHOM Touykon E* u3z K, m.e T(E*)=E*. 370 Henyctoe
KOMMNAKTHOE MHOXecCTBO E*, Mmbl byaem Ha3biBaTb aTTpakTopom CUD. ATTpaKTop YacTo
(Ho He Bceraa!) okasbiBaeTca GpaKTa/ibHbIM MHOMKECTBOM.

Teopema 0 CHUMAKLWMX OTOOPAXKEHMAX MNO3BONAET C BbICOKOM TOYHOCTbHO
nonyyaTb M300parkeHMe aTTpaKTopa Ha 3KpaHe KomnbktoTepa. HaumHaa ¢
NPOM3BO/ILHOTO (BO3MOXHO OAHOTOYEYHOro) MHOXecTBa E,, Mbl Haxogum opbuty
3TOr0 MHOXeCTBa npu genctsmm TpaHcbopmaumn T, T.e. E,, E,=T(E,), E,=T(E,), ... . U3
TEOPEMbI O CHUMAKLLMX O0TOBPaXKEHUAX CenyeT, YTo opbuTta cxoauTca K aTTPaKToOpy
E*. Takum 0bpasom, Mbl MOXKEM NOCTPOUTb MHOXKECTBO E, ckonb yrogHo 6amskoe K E*.




R T e LI

P

PaccmoTtpum TpU adbPUHHbBIX
npeobpa3oBaHuA Ha R2.

X 0 X

y 0 ¥y
- X % 0)(X %]
2 % T

y U
- TN %j
3 5 o NG

Yool oyl e e

HecnoXXHo NpoBepuUTb, YTO aTTPAKTOPOM ANA
JaHHOMN Cno ABnAeTcsa TPEeyroabHuK

CepnuHcKoro ¢ BepwnHamm B TouKax (0,0), (1,0) n
(1/2,v3/2). Ha pucyHKax MOMKHO YBMUAETb, KakK
NMPOW3BO/SIbHOE  WUCXO4HOE  MHOXECTBO, oA
Aenctenem onepatopa T, CXoAMTCA K aTTPaAKTOpY.

Cnepytowaa nporpamma no3BOAAET CTPOUTb
atTpaktopbl CUD, coctoawmx w3 adPUHHbLIX
npeobpa3oBaHUN.

|
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[Tpnumepsbl apPUHHbLIX CUD

a b C d e f
0,2550 0,0000 0,0000 0,2550 0,3726 0,6714
0,2550 0,0000 0,0000 0,2550 0,1146 0,2232 4
0,2550 0,0000 0,0000 0,2550 0,6306 0,2232
0,3700 -0,6420 0,6420 0,3700 0,6356 -0,0061
g@

NManopoTHUK
a b C d e f
0,7000  0,0000 0,0000 0,7000  0,1496  0,2962
0,1000 -0,4300 0,1732  0,2500  0,4478  0,0014
0,1000  0,4300 0,1732  0,2500  0,4445  0,1559
0,0000  0,0000 0,0000 0,3000 0,4987  0,0070
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[Tpnumepsbl apPUHHbLIX CUD

a b C d e f
0,4000 -0,3733 0,0600 0,6000 0,3533 0,0000
-0,8000 -0,1867 0,1371 0,8000 1,1000 0,1000

a b c d e f
0,1950 -0,4880 0,3440 0,4430 0,4431 0,2452
0,4620 0,4140 -0,2520 0,3610 0,2511 0,5692

-0,0580 -0,0700 0,4530 -0,1110 0,5976 0,0969
-0,0350 0,0700 -0,4690 0,0220 0,4884  0,5069
-0,6370 0,0000 0,0000 0,5010 0,8562 0,2513
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C)KaTtne n3obpaxeHunmn

PaccmoTpum 3apadvy, obpaTHyt0 K HaxoxaeHuto atTpaktopa CU®. MycTb B Hawem
pPacnopsaXXeHnn MMEEeTCA HEeKOoTopoe W300parkeHMe WAW ero 4acTtb, Hanpumep JINCTKA,
aepesa U T. . HeobxogMmMo HaMTU COBOKYMHOCTb CMMatoWmMx apdUHHbIX OTODBparkeHun,
ANA KOTOPbIX A3AHHOE MHOXEeCTBO SIB/IAETCA aTTpakTopom. PeweHue obpaTHOM 3aaauu
nmeeT 6onblLUOe 3HAYEHME ANA Takon 06nacTM NPUKNAAHBIX MCCAeA0BaHUM, Kak catue
n3obparkeHn, LMPOKO MCNoAb3ylolleeca Npu nepepade U30OparkeHU B peanbHOM
BpemeHU. MNpounnntocTpupyem ckazaHHOE Ha Npumepe nepeaaym TeneBU3nNoHHOro CMrHana
BbiCOKOM yeTkocTn (HDTV). U3-3a TOro 4to cTtaHAapTHble Kabenu, nogBoAsuiIne CUrHan K
NO/b30BaTENIbCKMM TeNenpMeMHMKAM, He MOTYT nepeaaBaTb AaHHbIe A40CTaTOYHO ObICTpO,
YyacTtoTa 06HOBNEHUA 3KpPaHa He yaosaeTBopAeT ctaHaapTy HDTV — oHa Huke Tpebyemoin.
Mo HEKOTOPbLIM OLLEHKaM, ANA AOCTUXKEHUA NPUEMIEMON YacTOTbl pereHepaunm Tpebyetcs
cXaTue AaHHbIX nopaaka 1000:1. bbino onpoboBaHO MHOXECTBO aNrOPUTMOB, HEKOTOpPbIE
N3 KOTOPbIX NPETEHAYIOT Ha yCnelwHoe peleHne npobiemsi.

OAnH npuBNeKaTeNbHbIM CNOCOD CrKaTus M300paXKeHUA 3akao4aeTca B TOM, 4YTOObI
pa3butb ncxoaHoe nsobpaxkeHrne Ha KOMMOHEHTbl U CYMTATb UX aTTPAKTOPAaMU HEKOTOPbIX
CND. Tak Kak Kakpoe apduHHOe npeobpasoBaHMe onpeaensieTcs BCEro /Mlb LEeCTbto
KoadpPuumeHTamm, To NoNHoe m3obparkeHue, B NpUHUMNE, MOXKeT ObiTb 3aKOAMPOBAHO
AOCTAaTOMHO ManbiM 4YncaoM aPpPUHHbIX KoaIpduumeHTOoB. Toraa no Kabenw MOXKHO
nepegaBatb  KoadPpuuUMeHTbl, a  M300parkeHMe  (COBOKYMHOCTb  aTTPaAKTOPOB)
BOCCTaHaB/IMBATb NO HUM, BbINOAHAA anropntm CUD,



,/
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BocctaHoBneHUe n306paKeHnn

PaccmoTpum runotetMyecknnm npumep. [lyctb Ham Tpebyetrcs nepepaTb
n3obparkeHne kKoBpa CepnuHckoro pasmepom 512 x 512. He npumeHaa crKatua,
npuaetrca nocnatb 262144 6ut uHbOpmaUUU, HYIb WUAWN eANHULY ANA KaxKaoro
nukcena. C gpyron CTopoHbl, ecan 6ol mbl nepegann Bcero nvwb 18 aPpPUHHbBIX
KO3pduumeHToB Tpex aPpPuHHbIX MNpPeobpa3oBaHUN, CBA3AHHLIX C KOBPOM
CepnUHCKOro, Mbl CMOTAN Bbl NOTHOCTbIO BOCCTAHOBUTb OPUTMHAJ B MPUEMHOM YacTu.
MO»HO CKa3aTb, YTO B 3TOM C/ly4ae Mbl AOCTUIIN Bbl cxKaTna 262144 : 18 = 14563 : 1.

OcTaBnAa Ha Bpems B CTOPOHe Bomnpoc 06 oTbiCKaHUM adpPUHHbIX OTOOPaKEHUN
ONA aTTpaKTopa, COOTBETCTBYIOWEro WCXoAHOMY u306parkeHUto, obpatumca K
MaBHOMY MaTeMaTUYECKOMY acrnekTy npobnemsbl. Cneayowan Teopema, Ha3biBaemas
TEeoOpemMoi KOANaXa, N03BOAAET OUEHUTb pPacCTOAHUE MeXKAYy WCXOAHbIM W
BOCCTAHOB/IEHHbIM M300paxeHnsmu 6e3 HenocpeaCcTBEHHOrNO0 BOCCTAHOBAEHMUA, YTO
CYLLLECTBEHHO COKpalw,aeT 06bem BblMMCNEHUN, HEODXOAMMbIX AN OLEHKM KavyecTsa
BOCCTaHOB/EHMUA.
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Teopema Konnaxa

Teopema. Obo3Hayum E, — ucxoO0Hoe u3obpaxceHue; T — cHamue Ha
IpoCMpaHcmee Herycmsoix KOMIaKmos, ornpeoesndaemoe gopmynol (*); s =
max{s,s,,...5 < 1 — KoagppuyueHm cxcamusa T, E* — HenodsuxHyro
moyky T, m.e soccmaHosneHHoe u3obpaxceHue. To2oa

dH (EO’T(EO))
1-¢ '

MHOFOKpaTHO npnmMmeHAA HepaBeEHCTBO TPEYTOJIbHUKA, MOTYHNM

d, (E, E*) <

dH (Eo’ E*) < dH (EovT(Eo)) i dH (T(Eo)’ TZ(EO)) S dH (TZ(E0)1 TS(EO)) s
dy (Eo, T(Ep))

d, (E, T(E,)A+S+8°+-) = =




YnpaXHeHua 5

1) [Moctponte CUD, aTTpakTOp
KOTOPOM eCTb B TOYHOCTM

KBagpar.

2) Wcnonb3ya Teopemy
KOJ11aXa, oueHuTe
paccToaHue Xaycoopda
mexay oTpeskom [0,1] wm
aTTPaKTOpPOM CUD,
onpeaensiemMon  CATUAMM:
T,(x)=0,51x-0,01 7
T,(x)=0,47x+0,53.

3) Hangute CNQ,
NoporKaatolmne aTTPaKTopbl,

n3006parkeHHble Ha PUCYHKaX.




e
RomnaeKkcHaa AMHAMUKA

BepOFITHO, He/1b3A npmneecTtTu npmnmep TaKoOro KOMMNbOTEPHOIO
IKCNEPUMEHTa, KOTOprI71 BneyatnieHnem OT pe3y/ibTaToB MNnpeBoCcxoaunsi 6bl TO
4yyBCTBO yaAuBAEHUNA U BOCXULLEHWNA, KOTOPOE Bbi3blBAET rpacbmqecr(oe
NMNOoCTpoeHNE MHOXKECTB Io1na U MHOXKecTBa M3H,£I,€!'Ib6pOTa Ha NJIOCKOCTMHU.

MHoxKecTBO Kto/iMa Ha3BaHO B YeCTb PppPaHLLy3CKOro maTtemaTtmKa lacToHa
Hionuna (1893-1978), koTopbi oaHOBpPemeHHo ¢ Nbepom Paty (1878-1929) B
1917-1919rr. Hanucan ocHoBOMONarakwuine CcraTbM MO UTEPUPOBAHUIO
OYHKUMN KOMMNAEKCHOro nepemeHHoro. Eule pas mbl BUAMM Bne4vyaTAAaoLWnm
npuMmep MaTeMaTUYECKMX UCCeA0BaHMN, KOTOPbIE Aa/leKo onepeanan CBoe
Bpema B TOM CMbIcsie, YTO noTpeboBanocb bonee nATUAECATM NET, Npexae
4eM KOMMNblOTEPHaA rpaduka AOCTUINA YPOBHA, No3BonAtowero Habaoaatb
3TM MaTemaTuyeckme obbeKTbI.



.

MHoOXecTBa Konma

PaCCMOTpVIM NOJIMHOM OA4HOI0 KOMNNEKCHOTO nepemeHHoOro
o n n-1
f(z)=a,z'+a, ,z " +---+az+a,, n=2.

MHoxkectBo Xionma dpyHKUMK f, 0603HavYaemoe J(f), onpeaensercs Kak
J(f)za{z e :lim f“(z):oo}.
nN—o0

Taknm obpasom, mHoxecTBO HKionna GyHKUMKM f eCcTb rpaHMLa MHOXEeCTBa TOYeK
Z, CTPEMSALLMXCA K BECKOHEYHOCTU NpU nTepmpoBaHuu f(z).

Hapsgy c mHoxectBom Mi/imMa 4acTo pacCMaTpuBaloT U 3anoJiHAKOLWEee
MHOKecTBo Hionmna, coctosulee M3 TouyeK, OpbuTbl KOTOPbIX OFPaHUYEHbI, B
OT/INYME OT TFPaHULbI 3TOTO MHOXECTBA, KOTOPOE W SABAAETCA HaCToAWMM
MHO)KecTBOM Kionma. 3anonHawowmre MHoxKecTBa 6onee npuBAeKaTeNbHbl

BM3ya/lbHO U MMEHHO MO 3TON npuunMHe Haubosnee YacTo peannsyrTcs
MPOrpaMmmHo.



/

a5

MHoKecTBa MKto/ima KBagpaTUYHbIX NOJIMHOMOB

B nepByto ouepeab M B OCHOBHOM, Mbl byaem nsyyaTb MHoXKecTBa Hionma
KBaApaTUYHbIX MOIMHOMOB

f(2)—7 ‘¢

rAe ¢ — KOMMJIEKCHAA KOHCTaHTA. TaKoW NoaxoA, He ABASETCA OrpaHUYEHHbIM,
Kak 3TO MOXeT [OKa3aTbCA, TaK KaK PacCMOTPEHWE MNPOU3BOJILHOIO
KBaJpaTUYHOIrO MNOJIMHOMA MOXeT ObiTb CBEeAEHO K YKa3aHHOMY Bblle
4YaCTHOMY C/y4Yato NPOCTON 3aMeHOM nepemeHHbIX (cm. yrp. 7).

MpocTelilee MHoKecTBO MI0/Ma COOTBETCTBYET cayydato f(z)=z>. HecnosxkHo
3aMeTUTb, YTo f"(z)—>°° TOraa n TonbKo TOrAa, Koraa |z| > 1. MpaHwuuen atoro
MHOeCTBa, TO eCcTb MHo»KecTBoM Kionna, ABNAETCA eAMHNUYHAA OKPYXKHOCTb
{z : |z| = 1}, KoTopas ¢pakTanom He sABASETCA, XOTA B obuwlem cny4yae
MHO»KecTBO HKtoima ecTb ppaKTan.

Cne,u,yrom,aﬂ nporpamma no3sondet CTpontb MHOXeCTBA Kionua.
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Ynpa*XHeHuna 6

1)

2)

MoKaxknte, 4To MHOXecTBO MioaMa NPOM3BOAILHOIO KBagpaTUYHOrO MOJMHOMA
g(z)=a,z*+a,z+a, nogobHOo mHOxecTBy ionna nonnHoma f(w)=w?+c, roe c=-a,*+
a,+a,a,. Ncnonb3ynte KOMMYTaTUBHOCTb ANArpaMmbl

g
iy

_i
G
RS A e
_|

9
roe T(z)=a,z+a;,. :
Mcnonb3ya  nporpammy, MNOCTpouTe  MHOXecTtBa  XKiwnama  cnepyrowmx
KBaApaTU4HbIX MoAnMHOMOB: f(z)=2z?-1, f(z)=z%-0.2+0.75i, f(z)=2%-0.1244+0.7560i,
f(z)=2?-0.1194+0.6289i. CpaBHMTEe pe3ynbTaTbl C MHOXecTBamu HKionuma,
n3o0b6parKeHHbIMW Ha PUCYHKaAX.



http://www.ksu.ru/f5/fg/fe.rar

/

/ —

[lpmepbl MHOXeCTB Kto/11a




/

MHoectBo MaHaenbbpoTa

Mbl ye ybeaunmcb B TOm, YTO MHOXKecTBa HKionma dyHKumu f(z)=z+c obnapatoT 60ablLUM
pa3Hoobpasnem. [encTBUTENbHO, [ANA Ka)KAOr0 HOBOFO 3HAYEHWA C  Mbl  MOJy4Yaem
BneyaTasaowme n3obparkeHna. Tem He meHee, Ha camMOM AeNe CyLecTBYHT BCero ABa Tvna
MHoKecTB Hionuna. Kaxkaoe mHoxectBo Hionma ¢yHKumu f(z)=z2+c nnbo cesa3Ho, 1Mbo BNoJHE
HecBA3HO. KOHEYHO, OHM MOryT BbIMAAETb COBEPLIEHHO pPa3nMyHbIM 06pa3om, Aarke
npUHagNeXa K O4HOMY M TOMY Ke Tuny. HekoTopble CBA3Hble MHOXecTBa MKioauva BbIrnagat
Kak NPOCTble 3aMKHYTble KpWBble, KOTOpble ABAAIOTCA (paKTasaMu, Kak 3TO MMEEeT MecTo B
cnyyae 0<|c|<1/4 (nposepbTe, wucnonb3ys nporpammy). CyLLeCTBYIOT TaK¥Ke CBA3Hble
MHOKecTBa HKoana, KoTopble He ABAAKOTCA NPOCTbIMU 3aMKHYTbIMU KPUBbLIMU, KaK, Hanpumep,
B cnyyae c=—1. C apyroi cTopoHbl, BCe BNOJIHE HECBA3HbIE MHOXKecTBa Kioama 0bnaaatoT Tem
CBOWCTBOM, YTO OHM NPeAcTaBAAlOT CcObON «KaHTOPOBY Mblib». ITO Mbl Habaogaem Ha

PUCYHKaX.
4 : cTD T CTNETY

* .;5 ” o ., (.ﬂ ﬁJ C(- . . . ")

. o Cc 33 (\J J

Lt ———’ L ' . /

P - 3 s C/" ~

B T cuq, 2 < .;JJ S ot
: “ & Coo

flz)=22-1.2i f(2)=22+0.5 f(2)=22+0.31+0.04i
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MHoxectBo MaHaenbbporta (cm.
puUcyHOK) M gna nonuHoma f.(z)=z*+c
onpeaenseTca Kak MHOXeCTBO BCEX
3HaYeHMM napameTpa ¢, ANA
KOTOPbIX opbuTa TOYKMU 0
orpaHunyeHa, To ecTb

M Z{CED :{fC”(O)}::OTé6éié+éia}.

Teopema. [lycmeob M =
MHoxcecmso MaHOenbbpoma. To20a
0114 Kaxcoou MOYKU cLM
coomeemcmaytoujee el
MHoxecmeo Mronua J(f.) ceasHo, a
ona cIM  coomeemcmsyrouiee
MHoxecmeo Mronua J(f.) enosnHe
Heceda3HO U H879emcad HA CAMOM
0esie KAHMOPOBbIM MHOXECMBOM.




YnpaXXHeHuna /
1) MoKaxkuTe, 4yTOo MHOX€eCTBO MaHaenbbporTa

CUMMETPUYHO OTHOCUTENIbHO BeELLeCTBEHHOW ocu. [ns
3TOro MNOKaXKMTe, YTO OTODOparKeHMUs

)z ¢ &8 )7 1cC

TOMOMIOFMYECKM COMPAXKEHbI. 3aTem nccneagymte opbuTtsl
TOYKM O Npun 3TUX ABYX OTOOPAKEHMUSAX.

2) Ucnonb3ysa  nporpammy, NOCTPOUTE  U300parKeHusA
MHo)ecTB Hiwonama u Mangenbbpota ana  GyHKUUN
flz)=z"+c npwn pasnnyHbiXx n. lpoBepbTe BbINOJHEHUE
YCI0BUN npeablayuien tTeopemsl npu nl2.
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[Mpobnema Kann

B 1879 rogy cap ApTtyp Kanu noctaBun 3agadvyy UTEPUPOBAHMSA KOMMNEKCHbIX QYHKUWUN,
KOTOpaa no3gHee CTUMYAMPOBana uccnepoBaHua lactoHa Mwonma no npobnemam Teopuu
MHOEeCTB, Ha3BaHHbIX Tenepb ero umeHem. lpobnema Kanu 3akntovaeTcA B MUCCAe[0BaHUMU
CXOAMMOCTU KNACCMYECKOro anroputma HblOTOHA HaXOXKAEHUA KyOUYECKUX KOPHEW, HO npwu
YCNOBUMU, YTO BELLECTBEHHbIE YNCNA 3aMEHAIOTCA Ha KOMMNJIEKCHbIe.

MeToa HbioTOHa ANA HaxoXKAEeHWUA BelLecTBEHHOro KopHs f(x) 3aknto4yaeTcs B cneaytolem.
Bbibepem HavanbHoe NpubaunkeHne x,, BbIMUCAUM TOUKM

X=X —M, n=012,...
F'(x,)

n Hanaem npegen lim - x.. Mpeanonaraetca, uto f, f, n f” cywecTByloT U HenpepbiBHbI B
OKPECTHOCTU HyNa GYHKUMKM, CKaxem, npu x=c, To ectb f(c)=0, npuuem f’(c)L10. 3ameTum, 4To
TOYKA C AB/IAETCA CBEPXNPUTATUBAIOLLEN HENOABUMXKHOMN TOYKOM ANA PYHKLNM

- Y
g(x) 0

T0 ectb g(c)=c n g’(c)=0. Takmum obpasom, ecan X, HaxoAMUTCA AOCTAaTOMHO OAM3KO K C, TO
lim,-X,=C.
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Ana f(x)=x31 eaAUHCTBEHHbIN BeLLECTBEHHbIA HONb GYHKLUMWN paBeH 1, n utepaumm HbloToHa
NPUHUMAIOT BUA,:

Gy
X . =X —

n
n+1 n Dk
3X;

Kanu npeanoxun nccnenosaTb NnoseaeHMe 3TUX UTepaLmMi ANA KOMNAEKCHbIX Z,:
3
; S Zoel
A ARG AT B
3z

n

NmetoTca Tpu Kybnyecknx KopHa ms 1:
. 3 e
2 -

O61acTblo NPUTANKEHUA ONA KOPHA W, HA30BEM MHOKECTBO

w =1 w,

A(Wk):{zO ell :limz, :Wk}.

n—oo

Kanu noctasun 3agayy onucanua obnacren A(w,), A(w,) n A(ws,).
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Kak n B cnyyae BeleCcTBEHHbIX UTepaLMii, eCIM HaYanbHaA TOYKA Z, HAXOAWUTCA 4OCTAaTOYHO
6NM3KO K KOPHIO W, , TO HbIOTOHOBCKME UTEPaLMU CXOAATCA K 3TOMY KOPHI0. Takmm obpasom,
Kaxpgaa obnactb A(w,) coaep>KUT OKPecTHOCTb W, . HO KaKyro 4acTb KOMMIEKCHOM NAOCKOCTU
3aHMMmaeT A(w,) 1 KakoBa ee reomeTpua? OTBET HA 3TOT BONPOC KpaliHe HETPUBMANIEH.

Mepen wvccnepoBaHMem npobnembl Kanu  ans  KyOUYECKMX KOPHEer paccMmoTpum
COOTBETCTBYIOLLYIO 3af4auy ANA KBaApaTHbIX KopHel. B atom cnyyae f(z)=z°1 n HbIOTOHOBCKME
nTepaunm MMerT BUA;:

Ecnm z, nexut B npason nonynaockoctu, To z,[11 npu nl]ll, a ecan z, nexut B NeBoNn
nonynaockoctu, 1o z,[11 npu nll[] (cm. ynp. 8). Takmm obpa3om, 33 UCKAOYEHNEM HAYANbHbIX
TOYEK Z,, KOTOpPble paBHOYAA/IEHbl OT ABYX KOPHEW, Z, CXOAUTCA K KOPHIO, banxanwemy K z,,. Ecam
Z, NEXUT HA MHUMOM OCM, TO B 3TOM C/lydae utepaumm He cxogAarca (cm. ynp. 8).

Mo aHanorum co cnyyaem z?1 MOMKHO NPeanoNOKUTD,
4To B C/yyae z31 UTepMpoBaHHbIE 3HAYEHUA Z, CXOOATCA K
Kybuueckomy KopHio, 6aumkanwemy K Z, €Cau TaKou A(w,)
H6AMKANLWMIA KOpPEeHb cyllecTByeT. Takmm obpa3om, OTBET Ha
Bonpoc Kanu npeanonoxumtenbHO BbIMAAUT TaK, Kak
MOKa3aHO Ha puUCyHKe. KaK HM  CTpaHHO, 3TO - A(wy)
NpeanonoXeHMe  OKasblBAaeTcd  HeBEepHbIM B CUAy

cneayouleit Teopembl. A(ws,)




* Teopema. [paHUUbl  8cex
obnacmedli npuUMAXEeHUA
A(w,) cosnadarom.

TeopeN\a roBOPUT HamMm O TOM, YTO OTBET

Ha Bonpoc Kanu oTanyaeTca OT TOro, 4To
n306paxKeHo Ha npeablaywem pucyHKe. B

NPON3BOJIbHOM OKPEeCTHOCTU KaXkaou
rpaHMYHOM TOUKM ntoboin u3 obnacren A(w,)
OONKHbI HaXO4AUTbCH TOYUKMN,

npuHagnexKawme Bcem Tpem obnacTam.
MpaBuabHoe Kn306parkeHue Tpex obnacrei
NPUTAXKEHNA N3006PaXKEHO Ha PUCYHKe.

NHbiMK cnoBamm, Mbl NOJIYYMUSIN OTBET Ha
cneayowmm  BOMPOC: KAk  3aKpacuTb
NJIOCKOCTb TpPema Kpackamu, 4tobbl Ha
rpaHuue Ka*Kaomn LBETHOM obnactu
CYLLEeCTBOBA/IN TOYKM ABYX APYrUX LIBETOB,
KOTopble 6bin 6bl PACMO/IOXKEHbI
NPOW3BO/IbHO 6AN3KO?




YnpaxXHeHna 8

1)

2)

3)

[nAa cxembl UTepUpPOBaHUA
2
z: -1
e e
n ]

n+1
27,

Z

COOTBETCTBYIOLLEN MPUMeEHEHU0 meTofda HbloToHa K f(z)=2z21, noKaxKuTe, 4TO ecnu z,
NeXuT B MpaBoM nojaynnockoctn, 1o z,[11 npu nlll], a ecan z, nexxut B NeBOW
MNONynAoCcKocTH, To z,[ 11 npu nl][]. lnA 3TOro nokaxuTe, 4to PyHKUMA HbloTOHA

%
g2)=2-2">

TOMOJNTIOTMYECKU CornpAaxKeHa C 22 npmn nomouwu 0T06pa>KEHMﬂ
z—1
H(z)=——.
Z+1

[NoKaxknte, YTO ecnn B I'IpEﬂ,bIﬂ,YLLI,EI?I 3afiave Z; NeXKUT Ha MHUMOM oCcun, 1O npouecc
nTepPUPOBaAHNA HE CXOOAUTCA.

MCI’IOI’Ib3yﬂ cheayrwuwyr nporpammy, ﬂOCTpOﬁTe obnactu NPUTAXKEHNA ONA PA3/TUYHDbIX
NnoJINMHOMOB.
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