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BBenenue

Kypc sieknuit sipjisiercst mpojioszkeHneM KHur ABropa “AHajuTndeckast reoMeT-
pust. Kype neknuit. Hacrs [, Hacrs 117 [0], [B], “IIpoekTuBHas reomeTpust u Me-
Tosel n3o6pazkennit” [B]. B meit Takrke HaIm orpazKkeHne OCHOBHBIE HJeH Oosiee
panneii kauru Apropa [A]. Kype jseknuit moctpoen B coorBeTcTBIE ¢ TPeOOBAHNU-
simu HOoBoro ['occrangapra Poccuiickoit @enepalinim.

B nannom Kypce Jsieknnii m3jararorcst OCHOBHbIE BOIPOCHI JinddepeHInaibHO
reoMeTprUN KPUBBIX W TTOBEPXHOCTEN B TPEXMEPHOM €BKJIMIOBOM ITPOCTPAHCTBE,
PACCMOTPEHBI BOIIPOCHI BHYTPEHHE IeOMEeTPUN TTOBEPXHOCTEN U 3JIEMEHThI TEO-
pUU Te0/Ie3NUECKUX JIMHUI Ha TTOBEPXHOCTSX, & TaK:Ke M3JI02KEHbI OCHOBHBIE BO-
IIPOCHI, CBsI3aHHBIE CO BTOPOI KBaJIpaTU4HON (opMoil moBepxHocTH. B "acTHO-
CTHU, yCTaHOBJIEHA CBA3b MKy TeomeTpueit JlobadeBckoro m reomeTpueit mces-
Jlochephl.

CymectBeHHOE COKpAIIlEHIEe YacoB, OTBOJUMOe B HOBOM ['occranjapre Poccuii-
ckoit Pesiepalun Ha TeOMETPUIO, TP COXPAHEHWH JHC/Ia U KadecTBa BOIPOCOB,
BBIHOCUMBIX Ha, ['0CyJapCTBEHHYIO aTTeCTaInIo, MOTPeO0OBAIO U CYIIEeCTBEHHOI
nepepadborku Kypca reomerpun.

B cpaBHEHWN € TTPEIBILYITUMI BepCUAME JIEKITi B HACTOSIIEH NCITPaB/ICHBl MHO-
rOYNCIeHHbIe OIMMUOKN W OIeYaTKU, OIMYIIeHbl BTOPOCTENEeHHbIE BOIMPOCHI U TI0
MHOTOYNCJIEHHBIM TPOCHOaM CTYJAEHTOB 3HAYUMEAbHO PACIINPEHO KOJUYECTBO
MPUMEPOB U WJLTIOCTPAINii, 9TO JiejlaeT yA00HbIM Kypce JieKnuit /it caMOCTOsA-
TeJILHOTO peleHus 3a/a4 1o guddepennnaabnoit reomerpun. JIBaamars mpumMe-
POB pelenns CTaHIaPTHBIX 3a/4a9 cOOPAHO B BUJE OT/IEJbHBIX Pa3/iesioB B KOHIIE
cooTBeTCTBYIONMX I1aB. OTae/bHas IyiaBa OCBSIIIeHa [TOBEPXHOCTSIM BpaIlleHus,
1 9TY IVIABY TaKzKe MOXKHO pacCMaTPUBATh B KAUECTBE MPAKTUIECKOIO0 MaTepHa-
na. Kypc Jexiuit conmpoBoKIaeTcs TakzKe U KOMILIEKTaMI WH MBIy aIbHBIX 3a-
JlaHmii, 6e3 KOTOPbIX OH ObLI Obl He 1moHbIM. Clie/lyeT OTMETUTDb, YTO 6Ce MuUnbl
3a0a4, BXOJANINX B MHUBU/IyaJIbHbIE 33 IaHUs], HAIILJIN OTPaKEeHIe B HACTOSIIIIEM
Kypce.

B pse BaXKHBIX CIy9aeB WIIOCTPAINN MOJTYUEHbl MOUHbMU CPEJICTBAMU KOM-
IBIOTEPHOMN IpaduKu ¢ IOMOIIBIO MaKeTa CUMBOJILHOI MaTeMmaTuku Maple. As-
TOP TaKKe CUesl 11e/1ecO00Pa3HbIM BBECTH B KYPC PsJl IPUMEPOB PEITeHNs CTaH-
JAPTHBIX 33724 JuddepeHnaabHoil TeOMeTPUN CPEJICTBAMI ITaKeTa MPOorpamMM
CUMBOJIbHOIT MaTemMaTukn Maple, Hajiesscbh 9TO 3TO OKYIHUTCS B JajbHENIEM, B
HOC/IE/TYOIIIX HAYIHBIX U3BICKAHUSIX MOJIOJABIX MATEMATUICCKIX TAJaHTOB.

ABTop
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Huddepennnaibias reoMeTPUsT KPUBBIX



I'maBa 1

Kpusble u noBepxHocTu

I.1 duddepennmumpoBanne m MHTErpUPOBaHINE BEKTOPHOIL
byHKINMI
I[.1.1 bBeckoHneuHo MaJible BEKTOPbI

Cpean nepeMeHHBIX BEKTOPOB 0COOEHHO BayKHYIO POJIb UTPAIOT OECKOHEYHO Ma-
JIbI€ BEKTOPBI.

Onpenenenne Ol.1. Bexmop nasvieaemcs 6ECKOHEYHO MAABIM, €CAU €20 ab-
CONMOMHAA BEAUNUNG (UAU MOOYAD) CIMPEMUMCA K HYAIO.

Y10ObI OTMETHTD, 9TO BEKTOP O ODECKOHEUHO MaJl, YIOTPEOJIAIOT OOBITHYIO 3a-
IICh:

a— 0.
Jl1s1 6eCKOHEIHO MAaJIbIX BEKTOPOB MOYKHO YCTaHOBUTH TEOPEMbI, COBIIAIAIOIINE
110 cBoUM (POPMYJIMPOBKAM C TeopeMaMi OObIYHOI'O aHaJIn3a.

Teopema TI.1. Cymwma ozparuuenno2o wucsa 6ECKOHEMHO MAABIT GEKMOPOS
OECKOHEYHO MAAQ.

[Tepexojis K paccMOTPEHNIO ITPOU3BE/IeH NI, HAIIOMHUM, YTO B BEKTOPHOIT ajrebpe
CYIIECTBYIOT CJICAYIONNE TUIIBI IIPOU3BEICHUIT BEKTOPOB:

1. mpou3BeieHNEe BEKTOPa Ha CKAJIAP

2. cKaJIIpHOE NPOU3BejIeHNe IBYX BEKTOPOB

A= (aB),



I'maBa I. KpuBble u mOBEepXHOCTHU

3.B€KTOpHOe IIpou3BeaceHue IByX BEKTOPOB

— —

A= [@6].

Bo Bcex aTux ciydasix abCoJII0THAS BeJIMUNHA [IPOU3BEIeHIsI MEHbIIIe ITPON3Be/Ie-
Hus aOCOJTFOTHBIX BeJIMIWH COMHOYKUTE el uin papHa emy. [losTomy, ecin oaun
13 COMHOXKUTe el 0eCKOHETHO MaJl, a JPYroil TOJIbLKO OrpaHuYeH 110 aDCOJIIOTHOI
BeJIMUNHE, TO a0COIIOTHASI BEJIMUNHA, [IPOU3BEJIEHNSI, a 3HAUUT U CaMO IIPOU3Be-
JeHne 6eckonedHo Masio. Takmm obpas3oM JJIsI BCeX TPEX CIydaeB MMEeeT MeCTO
cJiejIyrolasi ooIast Teopema.

Teopema TI.2. FEcau sexmop yuwacmeyem 6 Hexkomopom npoussedenuu, 00um
U3 CoMHOACUMENET KOMOPO20 OECKOHEUHO MG, & OPY20Ti MOALKO 02PAHUYEH MO
abCcoMmommoti BeAUNUNE, MO U npoudsederue DECKOHEUHO MaAAO.

3aMeTHM, 4TO JIjIsi BEKTOPHBIX, TaK YKe, KaK 1 JIJIsi CKAJIAPHBIX BEJINIIH, MOXKHO

rOBOPUTH 00 OTHOCUTEJILHOM TIOpsiJIKe UX OECKOHEUHON MaJIOCTH, pacCMaTpuBast
JIJIsl 9TOI'O OTHOIIIeHNEe X abCOTIOTHBIX BeJIndnH. Ec/n rnpejies oTHoIeHns: abco-
JIIOTHBIX BEJIMUNH OECKOHEUHO MAJIbIX BEKTOPOB O 1 5 paBeH HYJIIO, TO MOPSIIOK O
BBIIIIE MTOPSAJIKA 5—’ , €CJIA K€ OH paBeH YUCJIY, OTJIMYHOMY OT HYJIsl, TO UX OPs KU
OJINHAKOBBI.

I.1.2 Ilpenen nmepeMeHHOrO BEKTOpa

Onpenenenue OI1.2. [locmosannoili éexmopa O Ha3bl8aAEMCA NPedesoM NEPe-
MEHHO020 6EKMOPA U, ECAU PAZHOCTNG MEHCAY HUMU DECKOHEUHO MAAQ.

[Tonb3ysich OOBIYHLIME 0O03HAYCHUAMEI 3AIIUIIEM 3TO TaK:
a=limu

nJjim
€CJIn

13 onpenenennst ciemyer TaKuM 0Opa3oM, YTO ITePEeMEHHBI BEKTOD paBeH
CYMMe CBOEI'o IIpejiejia i HEKOTOPOIro GECKOHEYHOI'0 MAaJIor0 BEeKTOPA.
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L1. JlugpepenupoBaHmue u HHTErPUPOBAHHE BEKTOPHON (DYHKITHH

[Tosb3ysich ATUM COOTHOIIEHUEM, & TaKxKe CBOHCTBaMU OECKOHEYHO MaJIbIX
BEKTOPOB, IPUBEJEM OCHOBHBIE TEOPEMBI O IIpejiesax CyMMbl U IPOU3BEIECHUS,
3aMEeTHUB, UTO JOKa3aTe/bCTBa 9TUX TeopeM (popMajbHO HUUYEM He OT/INYaI0TCH
OT JIOKa3aTeJIbCTB COOTBETCTBYIOIINX TEOPEM CKAJISPHOIO aHAJIN3A.

Teopema TI1.3. I[lpedes cymmor 6exmopos pager cymme npedesos CAG2aEMBIT.

limw = lim(« 4 ¥) = lim @ 4 lim ¥.

Teopema TI.4. [lpu ymnooicenuu eexmopa ma CKAAAD U NPU CKAAAPHOM UAU
BEKMOPHOM NEPEMHONCEHUU BEKMOPOS Npedens npoudsedenus pPaset npouseeie-
HUI0 NPedesos commHoHcumenet.

Tak, nanmpumep, B cjydae BEKTOPHOTO MTPONU3BEJICHNA:

— —
lim[u U] = [limﬁ~ limﬁ’]

B paccMoTpenHoM citydae BEeKTOPHOT'O TIePEeMHOYKEHU CieyeT 0OpaTuTh BHU-
MaHHe Ha MOPSI0K coMHOkuTeneil. [Ipenessr, nepeMuokaeMble B IpaBoii 9acTH,
JIOJIZKHBI CJIEJIOBATD JIPYT 3a JAPYIrOM B TOM 2Ke IOPsIJIKe, YTO U COOTBETCTBYIOIINE
UM MHOXKUTEN JieBoit dacTu. IIpenes mocTOSHHOrO BEKTOpa CJIENyeT CIATATH
DAaBHBIM €My CAMOMY.

Vmest 910 B BUTY, MOJIyIUM KaK CJIEJICTBUE CJEIYIONTYIO TEOPEMY.

Teopema TI.5. B ycrosuaxr meopemoi NOCTOAHHOITL MHOHCUNEND MOIHC-
HO BLIHOCUMD 30 3HaK npedena.

I[.1.3 Bekrtopuas pyHKINsS CKAJSIPHOTO apryMeHTa

BekTop MOXKeT M3MEHATHCA B 3aBUCUMOCTH OT HepeMeIMo ckaJsrgapa. [Ipumep
TaKOIl 3aBIUCHMOCTH MbI HaxoauM B MexaHuke. Ecin 7 = OM ectb pajinyc-BeKTOD
JIBUzKYIIeiicss Toukn M, To OH M3MeHsIeTCd B 3aBUCUMOCTH OT BPEeMEHH, KOTOPOe
n3MepdAeTcs CKaJISIPHON BeJININHOI.
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I'maBa I. KpuBble u mOBEepXHOCTHU

Omnpenenenue OI.3. [lepemernviti 6exmop U HaA3v6aEMCA PYHKUUET CKANAD-
H020 ap2YyMeHma t, ecAl 6CAKOMY 3HAUEHUIO IMO20 AP2YMEHMA COOMBEMCIMEB] -
em onpedeseHHoe 3HAYEHUE GEKMOPA.

Y100bI OTMETUTH TAKYIO 3aBUCUMOCTD, YIIOTPEOJISIOT 3allliCh
7= i(t).

Yrob6b! 3a7aTh BEKTOD U, 3aBUCAIINI OT CKAJISIPHOTO apryMeHTa ¢ ero KoopaimHa-
TaMU Uy, Uy, Uz, HY?KHO 33JIaTh 9T KOOPAUHATEL B (DYHKIUAX ITOIO apryMeHTa.
C 9T0i1 TOUKM 3peHNs 3a/laHne BEKTOPHON (DYHKIINN CKAJIAPHOIO apryMeHTa, PaB-
HOCHUJILHO 3aJIaHUI0 TPEX 3aBUCIIINX OT HEr'0 CKaJsIPHbIX IepeMeHHbIX:

HenpepbIBHOCTE BEKTOPHOIN (DYHKINH OIPEIE/ISIETCS TAK Ke, KaK U B CKAJISIPHOM
aHajm3e. PasHocTb 3HadYeHnit (pyHKINN, COOTBETCTBYIONINX JAHHOMY 3HAYEHIIO
t = t; u npupareHHoMy 3HadeHno t = t; + At

A = (1 + At) — ii(ty),

Ha3bIBaeTCs HpupalfeHueM (PyHKIUN 1, COOTBETCTBYIOIIIM Ipupaiennio At ap-
ryMeHTa.

Onpenenenune Ol.4. Qynxuyus nasvieaemcsa Henpepwvierol npu t = t1, ecau
ee NPUPGULEHUE, COOMBEMCMBYIOUEE OECKOHEYHO MANOMY NPUPAULEHUIO ap2Yy-
MEHMA, Mogice HECKOHEUHO MaNO.

AbcoJitoTHas BeJIMUMHA [IPUPAIIEeHNs] BhIPAXKaeTcsl depe3 HIpupalieHne Koop-
JIMHAT TaK:

|Ai]* = Au? + Auz + Au?.

Ecmu ipu At — 0 npupaiiietie KOOpIMHAT CTPEMUTCs K HYJTH0, To 1 |Ad| — 0
u dyuknus ¢ vHenpepbiBaa. Obparno, ecsin |Ad| — 0, To npuparienune Jo6oit 13
KOOD/IMHAT, HAIIPUMED:

| Au,| < |Ad]

Orcrosia cieayer: Jijist HEelIPEPbIBHOCTH BEKTOPHOH (pYHKIMH CKAJISIPHOIO apry-
MeHTa HeoOXo[iuMa 1 JJOCTaATOYHA HEIIPEPBIBHOCTH €€ KOOPIHHAT

12



L1. JlugpepenupoBaHmue u HHTErPUPOBAHHE BEKTOPHON (DYHKITHH

I[.1.4 IIpousBomHasi BEKTOPHOI (PYHKINHN

Omneparust auddepeHnupoBanns BBOIUTCS B BEKTOPHOM aHAJI3€ COBEPIIEHHO
TakK 7Ke, KaK 1 B aHaJIN3¢ CKAJIAPHOM.

Omnpenenenue OI1.5. [Ipoussodnoti sexmopholi GyrnKuuu no ee CKaAAPHOMY
apeyMenmy Ha3v6aemces NpPedes OMHOWENRUA NPUPGULEHUA OYHKUUL K COOM-
BEMCMBYIOULEMY NPUPAUWEHUIO AP2YMEHMA, K020a IMO NPUPAUEHUE GP2YMEHME
CPEMUMCA K HYAI0.

Urak:
du ) AU

dr T A AL
Tak kax mpu gesennn BekTopa At Ha dncao At CHOBa IOJyYaeTCsl BEKTOD, TO
pesiesl 9TOr0 BEKTOpa, T.e. MPOM3BOAHAsI, BJSETCS BEKTOPOM. Pesyinbrar Iie-
pexojia K Ipejery, OYeBUIHO, 3aBUCHT OT TOr0, KAaKOMY 3HAUYEHHIO € JaBaJIOCh
npupaienne At, a 3HAYUT, caM BEKTOD [IPOU3BOIHO 3aBUCUT OT t U OLPEJIETISIET

HOBYIO BEKTOPHYIO (DYHKITIO apryMeHTa ¢

st 9T0i#t PYHKIIMU CHOBA MOYKHO BBIUKCJIATH ITPOU3BOJIHYIO 1 T./1. [Ipon3Boji-
HbIE BTOPOT'O, TPETHErO U T.J. TIOPSJIKOB 0003HAYAIOT:

di d°d
= — =U.

di &
_— —_— _u _—
dt  d2 7 dt 4t

—

Onpenenenne OI.6. FEcau ¢dynxuyus donycrxaem cywecmseosaHue npoussoo-
HOLT J0 onpedenennozo nopadka Npu 6Cer 3HAUYEHUAT T HEKOMOP020 NPOMENHCYM-
ka t1 < to, mo ona Ha3wveaemcsa Juddeperuupyemoti CoOOMEeMEmMBEYULEE YUCAO
Pa3 HA IMOM TPOMENHCYMKE.

Tl'omorpad BekTOpHOIT pyHKIUN

Y100bI 1IOIYIUTH HAIVISIIHOE IPEJCTaBIeHNe O BEKTOPHOI (DYHKINN, MOXKHO I10-
cTynuTh Tak. [locTaBuM B COOTBETCTBUE BCAKOMY €€ 3HAUEHUIO MeOMEeTPUIECKHil
BEKTOP 1, HAYaJIO KOTOPOI'O COBIIJaeT ¢ Hada/JOM KOODPJMHAT, a KOHEI[ ¢ HEKO-
Topoit Touxkoit M. Ilpu usmenenun « touxka M oInuiIeT HEKOTOPYIO IIPOCTPAH-
CTBEHHYIO KPUBYIO, KOTOPYIO HA3bIBAIOT I'oJorpachoM JaHHONH (OYHKIUN.
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I'maBa I. KpuBble u mOBEepXHOCTHU

=2

t=3

Puc.1.1. Iogorpacp BexkTOpHOIT
yHKIIIN

[Ipy paccmoTpeHun  BEKTOPHBIX
dyunmit romorpad urpaer poJib,
B U3BECTHOIl Mepe, aHaJorm4y-
Hyl0o posu Tpaduka QYHKIUIT
B ckajiipHOM aHaJsinze.  OJIHaKo,
JUIsT  TIOJTHOTO  TIPEJICTABJICHUA O
dyHKIMM  3ajgaHug  rojorpada
HeJlocTaTouHo.  Kpome  3ajiaHus
ero (opMbl U IOJIOKEHHUS B IPO-
CTpAHCTBE, CJIeJlyeT eIle WMeTb
BO3MOYKHOCTB  OIPEJIC/INTh, KaKoe
3HaUYeHUe aprymenTa t (BpeMeHHm,
HAIIPUMED, ) COOTBETCTBYET KazKJIOM

13 ero toyexk Puc T

I.1.5 T'eomerpuyeckuii CMbICJI IPON3BOJHOII BEKTOPHOI (OyHKIIIN

C nmomorpio rojgorpada MOXKHO YCTAHOBUTH I'€OMETPUUIECKUN CMBICI OIIEPAIHii,

NPUBOJIAIINX K IIOJIyHEHUIO ITPOU3BOJIHOIA.

Puc.l.2. K reomerpudeckomy
3HAYCHUIO IIPOU3BOJHOH

14

Bosbmem Ha rojorpade jaBe TOUKH
My n M7, cooTBeTCTBYIOIINE 3HAUE-
HUIO apryMenTa tg u ty + At u 1o-
CTPOMM UX PAJINYC - BEKTOPDI

OM, =@, OM, =i+ Ai.

[Ipupamenne dyukuun Awu Oymer
PABHO PA3HOCTH STUX PAJINYC - BEK-
TOPOB

Aii = OM, — OM, = MyM,

n OyJIeT COOTBETCTBOBATH OTPE3KY
XOpJIbl Tojorpada, CoeanHsIIonei
rouku My n My PucIA



L2, JlugppepennupoBaHnmue u HHTErPUPOBAHHE BEKTOPHOI (DYHKITHH

1.2 duddepennmmpoBanne m MHTErpUPOBaHINE BEKTOPHOIL

byHKIINM
CocrapJisiss OTHOIIEHUE IIPUPAIIEHIH, TOJYIUM BEKTOD
At ——
— = Mo,
At

HalpaBJeHHbIN 110 cekymeit MyM;, Tak Kak Tpu JieJIeHUN BEKTOpa Ha YUCJIO,
HallpaB/eHne BeKTopa He m3Mensiercs. [Ipeamosoxkum, ato Gyuknus @ = u(t)
HelpepbIBHA, 3aCTaBUM Ipupalienne aprymenta At crpeMuTbes K Hy/o. [Ipn
5TOoM BeKTOp AU = MyM; Oyner ToxKe CTPpeMUThC K HyJ0, & Touka Mp Oyier

JIBUTaThC 110 rojorpady, Npud/nzKasich HeOrpaHmIeHHO K Touke M.

At —
Bektop — = M N Toxe OyjeT BpamaThcd BMECTe C CEKYIeil BOKPYT TOUKN

At

My, cTpeMsCh 3aHATh HEKOTOpOE IpejiestbHoe rojoxxenne MT'.
Ho nipejiesibHoe noJiozkeHne cekyIneit, mpoxoisineit uepes jise 6ecKoHeTHO cOJTI-
JKaroIumecd TOYKN KPUBOil, eCTh KacaTe/ibHad K 9TO KPUBOIA.
Takum ob6pa3oM, BEKTOD
—? At du
MT = lim — = —
At—0 At dt

HaIIPaBJIeH 110 KacaTe/JbHOI K rojorpady.
Urak:

[IpousBoHas BEKTOPHOI (DYHKIIUN 110 €€ CKAJISIPHOMY apryMeHTY
€CTh BEKTOP, HallpaBJIeHHBII 110 KacaTeJbHOI rojgorpada B ero co-
OTBETCTBYIOIIEI TOYKe.

[Tonyuennoe reoMeTpruieckKoe NCTOJKOBAHNE ITPOU3BOHON Opeie/isieT TOb-
KO HallpapjieHne BeKTopa U. Ero abcosrorHast BeJIMUnHa 3aBUCUT OT TOIO, KAKOii

CMBICJI HMeeT apryMenT t. B gactHocTn, eciiu ¢ - Bpemst, 10 | @ | = v ecTh MOJIYJIb
CKOPOCTH, ¢ KOTOPOil ToUKa jBuzKeTca 1o rojgorpady. Cam BeKTOp U Ha3LIBACTCS
B TAKOM CJiydae BEKTOPOM CKOpocTu Touku M.

1.2.1 IIpasmaa auddepeHIIupoBaHUs BEKTOPA

O0brunble npapuia guddepeHInpoBaHus CyMMbI U IIPOU3BEIEHISI UMEIOT MECTO
1 B BEKTOPHOM aHaJII3e.

Teopema TI.6. Ilpousdsodnasn cymmovl 6eKMOpPoO6 PasHa CyYMme Npou38ooHbLT
CAQ2AEMDIT.
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I'maBa I. KpuBble u mOBEepXHOCTHU

Jloka3aTejabCTBO: << [Iycrn
W=1u+ U,

rie U u U auddepeHiupyembie QyHKIIN .

Torma
Al =ud+ AU+ 7T+ A0 — (U +ud) = Au+ AU
Aw  Ad AU
At AT AL
lim A—w:hm(A—a-i—A—U) = lim A—U—i- lim A—U
At—0 At At At At—0 At At—0 At
I

d(d+v) dad N dv
dt dt — dt’

))

(L1)

Teopema TI.7. Ilpoussederue gexmopa Ha CKAAAD, CKAAAPHOE U BEKMOPHOE
npoussederus dupdeperyupyromes no 06vvHOMY NPABUNY CKAAADPHO20 AHAAUSGE.

,ZLOKaBaTeJIbCTBOi << Bo Bcex TpEX NEPECUYUCICHHBIX CJIy4YasdX AdOKa3aTEJIb-

CTBa OJIMHAaKOBDI. HOSTOMY pacCMOTPHUM TOJIBKO OJMH cnyqaf/’l, a IMEeHHO - BEK-

TopHoe npoussegenne. [Iycto
— —
w = [u v ],

rie o u U auddepeHiupyemMbie QyHKIIN apryMeHTa, t.
[Ipuparmenne w

AG = |G+ AT T+ AT| = [uv]+ A7 7|+ @ 7]+ ] A

Aw [_,. AU}+[AE. }+[Aﬁ.

At At At At
AT 7. AT AT AT
v & hmxﬂ + [hmE' 7|+ [hmﬂ lim A7 |
HO
i D€ _dd . AT _dv
ALS0 Af  dt’ Aitso At dt’
a
lim Av =0
At—0
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L2, JlugppepennupoBaHnmue u HHTErPUPOBAHHE BEKTOPHOI (DYHKITHH

B CIJIY HEIPEPBIBHOCTH (DYHKINH .
[TosTomy
dw 1, dv du
rol R ALt
[IpoBenst aHajOrmdIHbIe PACCYXKIEHUSI U BBIKJIAJIKNA, Mbl IPUIEM K CJIEILYIOIIIM
dopmyiam:

d . di dxr

d, —— Sdv du

d. 1 [ diy [di

P e LA R bt (14)

13 dpopmyasr L3 crenyer:

[IpaBuio jst qudppepeHnnpoBatns CKaJIsipHOIO KBaJipaTa

d dit
(@) = 2at. L5
) =20 (15)

)

Teopema TI.8. Cwmewanroe npoussedenue sexmopos duddepernuyupyemcs no
CAEOYIOULEMY NPABUNY:

,ZL.HH JOKa3aTeJIbLCTBa 9TOi TEOPEMDBI Had0 IIPUHATHL BO BHUMaHUE, 9TO

(u, v, 0) = ([uo]d)



I'maBa I. KpuBble u mOBEepXHOCTHU

Teopema TI.9. Ilpouszsodnas nocmosmno20 6eKMOpa PasHa HYA0, MK KGK
€20 NPUPGUEHUE DPABHO HYAIO.

Teopema T1.10. Bexmophoiti ual cKarapHbLl NOCTOAHHDITL MHOACUMEND MOIHC-
HO BLIHOCUMD 3G 3HaAK NPOU36odHot, wmo ciedyem us meopem (LI v [T

[ToryyeHHbIE TEOPEMBI IIPUMEHUM K HaXOXKJIEHUIO0 KOOPAMHAT IIPOM3BOJIHOI 110
3aJIaHHBIM KOOp/inHaTaM JuddepeHmepyMoro BeKTopa.
[TycTn

—

u = uJ+ uyf+ UZE

[Ipumenss K npaBoit yacTn PaBEHCTBA IPABIIIO JbdepeHITuPOBAHIS CYMMbI
U BBIHOCSI [IOCTOSIHHBIE BEKTOPBI 1, ], k 3a sHak TPOM3BOJIHOMN, TIOJTY UM

du du, - du, - du, -

Taxkum O6paSOMZKOOp,ZII/IHaTbI HpOI/ISBO,lIHOFI paBHbI IIDOU3BOJIHBIM OT COOTBET-

CTBYIOLIUMX KOOPJUHAT JH(MDEPEHIINPYeMOil BEKTOPHOH (DYHKIIIH.

1.2.2 ®opmyna Teitsopa

Ecmu dbyuxius @ = d(t) nuddepennnpyema B mpomexyTke or t 10 t + At,
TO ee KOOPJAMHATHI Ju(DEepeHINPYEMbl CTOJBKO K€ pa3 B 3TOM [POMEKYTKE.
Hammmem g kaxkpoit m3 nux dopmyny Teitnopa:

( 1 1 (n
: n.

()
Y v+ A = g+ GAL+ LIAR £ Ly ()AL 4 o(AE);

L@
n!

24+ At) = 24 2AL+ LEAE + .+ L2 ()AL + o At7).

B BEKTOPHOM BHIE IIOJIYYIHM:

~—

(n

@t + At) = @(t)+ @ (t) At + % TOAE+ ...+ — 1@ (HA" 4 Bo(t), (1.8)

1
n!

IJe OCTaTOYHBIN djeH, R, paBeH:
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[.3. BekrtopHbrie pyHKIIMH CO CIEIIHAILHBIMH CBOHCTBAMH

R,(t)=—— @ (§)6t", (1.9)

re t € [t,t + At.
[.2.3 HWaTerpupoBanue BEeKTOPHOI (PYHKIINN

Onpenenenune OL.7. Heonpedeaerrvim urnmeparom om 6eKmopHoti hynruuL
u(t) nasweaemen dynryus

ecau

Oma PynryuL, 04e8UOHO, ONPEICAAEMCA, KAK U 6 CKAAADPHOM AHANU3E, C
MOYHOCTNDBIO D0 NOCMOANHO20 CAG2GEMO20, 00HAKO IMO CAGRGEMOE BEKMOPHOE.
Onpedenermnvim unmezpasom 6ydem Ha3vieamsv cAedYIowuts NoCmoAHHbIT GEX-
mop

OcHoBHBIE CBOICTBa MHTEIPAJIOB COXPAHSIOTCS ¥ JIJIT NHTErPAJIOB BEKTOPHOI
dyukmyun. Tak, HAIIpUMep, HHTErpal CyMMbI BEKTOPHBIX (DYHKIUIT paBeH cyMMe
MHTErPAJOB OT cJaraeMbiX (BYHKIHH, & MTOCTOSHHBIN MHOKUTEIb (BEKTOPHBIi
WJIN CKAJISIPHBIIN) MOXKHO BBIHOCUTH 38 3HAK HHTErDaJIa.

Onupasich Ha 3TU CBONCTBA, MOJYUNM BbIpaKeHUsl HHTerpaJia depe3 KOop/Iu-
HATBI (DYHKIIIH

Q) = ug(t) + juy (t) + ku.(t),

/ a(t)dt =1 / up (t)dt + 5 / w, (t)dt + k / . (t)dt.

I.3 Bekrtopubie dbyHKIINN CO CcrelAaJIbHBIMI CBOMCTBAMN

I.3.1 BekTop nocTossHHOI AJUHBI 1 BEKTOP ITOCTOSSHHOIO HAaIIpaBJie-
HUS

1. BekTop mocTosinHO# JJuHBI.Ecin BeKTOp, M3MeHdAd cBoe HaITpaBJIeHHE
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I'maBa I. KpuBble u mOBEepXHOCTHU

COXpaHsieT HeM3MEHHOI abCOIIOTHYIO BEJIMINHY, TO
@2 = Const .

Huddepennupys JeByio 1 MpaBylo 9acTb 9TOTO paBEHCTBa, OYIeM UMEeTh BCJIe/I-
crue opmyJibl L3:

i— =0, (1.10)

OTKY/Ia CJIeJIyeT: IIPOU3BOJIHAsI BEKTOPA ITOCTOSIHHOH JIIHHBI MePIEH IUKYJISIPHA
9TOMY BEKTODY.

DTOT pe3y/IbTaT UMeeT CJejIyiolee reomeTpudeckoe 3Hadenne. ['ogorpad dyHk-
n 4 = 1(t) ecTh HEKOTOPash KPUBasi, JiezKalllast BCEMU CBOMMHU TOYKAMU Ha, MO~
BepxHoCTH cepbl pajuyca R = |i| ¢ nenrpom B Hauaje koopuHat. Tak kak

du

BEKTOP T HallpaBJIeH 110 KacaTe/JIbHON K 9TOU KPUBOI1, TO IIPEbIIYIINNI PEe3Yy/Ib-

TaT PaBHOCUJICH CJICAYIOIIEl TeOMeTPUIeCKOl TeopeMe:

Teopema TI.11. Kacameavran % chepuveckoti kpusoti nepnenoukyiipra pa-
duycy chepol, HaANPaBAEHHOMY 8 MOUKY NPUKOCHOBEHUA.

2. BeKTOp MOCTOSITHHOIO HampaBJieHud. Ec/in BeKTop U m3MeHsIeT CBOil MO-
JlyJIb, COXpaHsisl HallpaBJIeHNe, TO €er0 MOYKHO IPEJICTaBUTh B BUJIE IPOU3BE/IeHU
9TOr0 MO/LYJ/IsI Ha MMOCTOAHHBIN €IMHUIHBI BEKTOD T

= uT. (L.11)
Hunddepennupyst 370 paBeHCTBO U BLIHOCS T 3a 3HAK IPOM3BOIHON, Oy INM
du du_ U
dt  dt u
0003HATNB CKAJISIP % qepe3 A, OyJaeM uMeTh
U= \u. (I.12)

Hokazkem, aro yeaosue [12 qoctaTodro /17151 TOrO, YTOOBI BEKTOP U MMEJI I10-
crogHHOe HampasjeHue. /g sroro npoanddepennupyem LTI, He mnpejmosiaras
cHavaJIa, ITO €JIMHUIHBII BEKTOp T MOCTOSTHEH, U BOCIOJIb3yemcs yeaopuem [T,

di  du, dF .
%—% +u%—)\u—)\u7.

Ho npousBojiHasi e IMHUTHOIO BEKTOPa 7 HEPHEHIUKY/ISIPHA STOMY BEKTOPY.

dT
[TosToMy moCIIE CKAJISIPHOTO YMHOXKEHUSI [IOCJIEIHEI0 PABEHCTBA Ha pr MBI T10-

JIyIIM
N 2
dT

dt

—
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[.3. BekrtopHbrie pyHKIIMH CO CIEIIHAILHBIMH CBOHCTBAMH

Tak xkax u # 0, TO
dr
dt

OTKY/Ia CJIEIYeT, 9TO BEKTOp T 1ocTostHeH. Mrax:

0,

KosmmaeapHOCTb BEKTOPA U €0 IIPOM3BOIHON HEOOXOMMMAa 1 JIOCTa-
TOYHA JIJIsT TOTO, 9TOOBI 9TOT BEKTOP COXPAHSII HEU3MEHHBIM CBOE
HallpaBJeHue.

1.3.2 BekrTop, napaJiejibHbIil JJaHHON MJIOCKOCTU

Ecin BeKTOp U, M3MEHSSCh, OCTAETCsI ITapaJlie/IbHBIM JIAHHON IIJIOCKOCTH, TO OH
HEPIEH UK Y/ISTPEH HOPMaJIbHOMY BEKTOPY @ 9TOH IJIOCKOCTU. 3aluiieM yCJIOBUe
NEePIEHIUKYAAPHOCTA B BUJI€ PABEHCTBA

— =

(au):()

n npoanddepeHImpyeM 9T0 PaBEeHCTBO JIBarK/bl, UMesI B BHUJY, YTO BEKTOP @
rocrosHed. BeseacTsue 3Toro

_du _d*i

Mo LY.
Y T Va2

BekTop @ u jiBe ero npou3BoHbIE TEPHEHINKYISPHBI OJIHOMY HAIIPABJIEHMUIO,
CJIeJIOBATEIBHO TApaJIJIe/IbHBI OJTHOM TJIOCKOCTH. YCJI0BUE X KOMILIAHAPHOCTH
MOKHO 3allicaTh B BUJIe PaBEHCTBA HYJIO UX CMENIaHHOI'O IIPOU3BeJIeHN s

(ﬁ, z, ﬁ) — 0. (1.13)
JlokazkeM J10CTaTOYHOCTH 9TOI0 YCJIOBHS I TOTO, YTOOBI BEKTOP U, M3MEHSI-

fCbh, OCTaBaJICsA ITapaJlJleJIbHBIM HEU3MEHHOIT IIJIOCKOCTH.

Vckimouast n3 paccMOTpeHust Cjiydail KOJJIMHEAPHOCTH U U U, pa300paHHbIi
paHee W OYEBUIHO He IIPOTHBOPEYAINNii HAIIeMY YTBEPKIEHUIO, 0003HAUNM HX
BEKTOPHOE IIPON3BeIeHIe

] =
HuddepeHnupyst 370 paBeHCTBO MOy INM:
da {



I'maBa I. KpuBble u mOBEepXHOCTHU

HO U KOoMIIaHapeH u 1 U BesejcTBue [13, u MoxKeT OBbITH IIpeJ/iCTaB/IeH B BU/IE
X JIMHEHHON KOMOMHAIIIN

U= \ U +nu.
[ToxacTaBiss BolpazkeHnne BTOPOI TPON3BOIHON, IOy INM
da :
=AM @]l @] =2
dt s

DTO PABEHCTBO IOKA3bIBAET, 9TO BEKTOP G MMEET IIOCTOsIHHOE HallpaBJICHHE.
Ho on neprieninkysisipen BEKTOPY U, KOTOPBIi BCIEACTBHE 9TOTO H0JIKEH OCTATh-
csl TIapaJiie IbHbIM HEM3MEHHOM IJIOCKOCTH, TEPIeHINKYISIPHON BEKTOPY a.

Wrak: /I Toro, 9T00BI BEKTOP, M3MEHAACH OCTaBaJICS ITapaslie/ib-
HbIM HEM3MEHHOI IIJIOCKOCTH, HEOOXOAUMO U JIOCTATOYHO, YTOOBI OH
OBLT KOMILIaHAPEH BEKTOpaM CBoeil 11epBoil 1 BTOPOil IIPOU3BO/IHOIA.

1.3.3 Kpyrosas BekTOopHass QPyHKIIUS

[Ipenmosioykum, 9T0 B IJIOCKOCTH 3aJiaH €IMHUIHBIA BEKTOP €, 00pasyromuii ¢
OJIOKUTEIbHBIM HampasjerreM ocu O yroJ ¢, OTCIUTaHHBII IIPOTUB YacoBOil
CTPEJIKH.
Tak Kak 3HaUEHIE BEKTOPA BIIOJIHE OIPeIeIsieTcsl 3aaHieM 9TOT0 yIjla, TO BeK-
TOP € ecThb (PYHKINA (p:
€= é(p),

olpejie/ieHHast TaKuM 00pa3oM (DYHKIIUS BECbMa YaCTO BCTPEYAETCS B IIPILIO-
»KeHustx. Mpbl OyjeM Has3blBaTh €e KpPYIroBoi (DYHKIHEH B CBSI3M C TeM, 9TO ee
rojiorpad ecTh Kpyr eJINHIIHOTO PAJINyCa.

Hapsiity ¢ kpyrosoii dyukimeit €(y), paccMoTpumM (byHKITHIO

&1(y) = 5(<p + g) . (1.14)

JL1s1 TOro, 9TOOBI Oy IUTh BEKTOP €1 () I0CTATOTHO TIOBEPHYThH BEKTOD €(()
Ha NPSIMOIT yToJI IPOTUB 9acoBoil cTpesikn B 1tockoctu xOy.

[TpousBoamyIo Kpyrosoit (pyHKIWME MOKHO IIOJIyYUTh U3 MEOMETPUYECKUX CO-
oOparKeHunii.

de

BekTop 70 JIOJIZKeH OBITH NMEPHeHINKY/ISIpeH eInHnaHomMy Bektopy €. C npy-

roif CTOPOHDI,
de ! dAe
—| = lm
ng Ap—0 dA(p ’
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I1.4. Kpussle B mpocTpaHCTBE

HOo |A€] ecTh XOpja OKpyKHOCTH, & A - craruBaeMas XOpJOil Jyra, mpejel
OTHONICHUS KOTOPBIX PAaBEeH €MHAIE:

. sin«
lim =1,
a—0 8%
de .
BCJIEJICTBIE U€r0 — €CTh eJMHUIHBIN BEKTOP:
dyp
de
—| =1.
dyp
de

C yderom TOrO, 4TO 70 JIOJIZKEH ObITH HAITPaBJIEH B CTOPOHY BO3PACTAHUSA YTJIa

©, TOJIyYNM PaBEHCTBO.

de(p) .
_ , 115
i e1(p) (1.15)
Paccyzk1ast TakuM »kKe 00pa3oM, MOJIYIUM JIJIsi BEKTOPa
dei(yp) .
2 ). 1.16
o ) (I.16)

OTMeTHM BbIpasKeHus KpyroBbiX (PYHKIMH B KOOpAMHATAX
€(p) = icosp + jsinp, (L.17)

&(p) = —ising + j cos p. (L.18)

I.4 Kpusble B IIpocTpaHCTBE

I.4.1 TIlapamerpuzoBaHHas KpuBas

HauboJiee yo0HbIM criocoO0M 3a1aH1s KPUBOIL SIBJIAETCS ITapaMeTPHIeCKOe IIPel-
crapjeHne. B MexaHuKe paJinyc - BEKTOD JBUZKYIIEHCS TOUKH 3MEHACTCs B 3aBH-
cumocTu oT Bpemenn. Ecym Touka M jaBmKercs, To ee paguyc - Bekrop OM =1
U3MEHsIeTCsl B 3aBUCUMOCTH OT Bpemenu t. Takum oOpasoM, JABUKEHUE TOUKH
XapaKTepu3yeTcs ypaBHEHIEM

7= 7(t). (1.19)

9T0 ypaBHEHHUE BIIOJIHE OIIPeIe/seT TPACKTOPHIO JIBUYKEHUS MaTepHaJbHOM TOY-
K. Eciin oTBIedbcsi 0T MEXaHMYECKOIO CMbIC/Ia t U paccMaTpPUBaTh €ro IPOCTO
KaK IapaMeTp, T.e. KaK BCIIOMOTaTe/IbHYIO IepeMenHyto, To ypapHenue [ 19 ompe-
JIEJIUT HEKOTOPYIO KPUBYIO.
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I'maBa I. KpuBble u mOBEepXHOCTHU

Coorsercriue (CI9) 10/2KHO YIOBJIETBOPSATH TPEOOBAHUSM OJHO3HATHOCTU U
wenpepbiBHOocTU. COOTBETCTBHE MEXKJIy TOYKAMU KDUBOI H 3HAYEHHSIMU Mapa-
MeTpa HA3BIBACTCS HEIPEPBIBHBIM, €CJIH, TIPH HEOIPAHUICHHOM COJIZKEeHUH JIBYX
3HAUYeHUii napamerpa t, paCCTOSHHE MEXKJ[Y COOTBETCTBYIOIUMH UM TOYKAMIU
KPHUBOI CTPEMUTCST K HYJIIO.

Ecnu kpuBas mapameTpusoBaHa, TO

BCSIKOMY 3HAYEHUIO IMapaMeTpa, t co-

oTBeTCTBYET TouKa M Kpupoil u ee

paguyc - BekTop ¥ = OM. Taxkum
Az 00Pa30M PaJyc - BEKTOP TOUYKH I1a-
paMeTpu30BaHHON KPUBOI ABJIAET-
cs gBJIsieTcs (PyHKIMEl mapamMeTpa.
CooTBeTCTBYIOIIEe ITOI 3aBUCIMO-
CTH COOTHOIIEHNE

7= (1)

Ha3bIBaETCS napaMeTpu4ecKuM
ypaBHeHHeM KpuBoit. OueBuHO,

YTO TlapaMeTpU30BaHHasl KpUBas
saBJisieTcs rojorpadoM st PyHK-
Puc.1.3. [umungprieckas [IIOHAJIBHON 3aBUCUMOCTH PaJIITyCa,
BUHTOBAs JITHUS - BEKTOpa M €ee TOYKH OT Ilapa-
MeTpa. PyHKINA 9Ta HEIpepbIBHA
BCJIEJICTBUE HEPEPBIBHOCTH COOT-
BETCTBUSI MEXKJIy TOUYKAMU KPHWBOIL
1 3HAYEHUSIMHU MapaMeTpa.

OTpe30K MOCTOSTHHOMN JITMHBI @, TePIEHINKY/IsIPHBII HEKOTOPOIT IPSIMOI, CKOJIh-
3UT 10 Hell OJIHUM U3 CBOMX KOHIIOB. Fc/n paccTosinme, TpoXoinMoe STUM KOHIIOM,
IIPOHOPIIMOHAJIBLHO YIVIY ¢ IIOBOPOTa OTPE3Ka, TO APYTOil ero KOHEIl OIIICHIBAeT
BUHTOBYIO Jinnnio. CocTaBUThL ee TapaMeTpuiecKoe ypaBHEHHE.

Ecan Touka A orpeska AB CKOJIB3UT 110 HPsIMOi coBlaatolieit ¢ ocbio Oz,
a (© eCThb yroJi, 00pa30BaHHBII STUM OTPE3KOM ¢ 0Cbio O, TO COOTBETCTBYIONINUIT
eMy BEeKTOD

AB = a(icos p + 7sin @) = aély).
Paccrosiane Toukn A oT Hadaa KOOPUHAT IPOTIOPIIHOHATBHO YTy ¢
OA = bop.
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I1.4. Kpussle B mpocTpaHCTBE

Panmyc-BekTop Toukn B BUHTOBOI JTMHUN
7= OA+ AB,
OTKY/Ia ypaBHEHNE BUHTOBOMN JITHIH
7= aé(p) + bk,

—

rie k - eqnHNYIHBIN BekTOp ocu Oz.

1.4.2 KacaregbHass mapaMeTpU30BaHHON KPUBOMi

Ecmm kpuBas 3a1ama mapamerpude-
CKUM ypaBHEHUEM

P = (1),

TO HallpaBJICHIE KacaTe/IbHOI OIIpe-
JIeJISIeTCsl BEKTOPOM IIPON3BO/IHOI

dr -,
—_— =7
dt
YpaBHeHne KacaTeJbHO 3altuinemM
Puc.l.4. K kacaresbHOI napa- Kak ypasuenue mpsmoii d(Mp, T),
METPU30BaHHOI KPHBOII npoxopameii 4yepes Touxy My B
HallpaBIeHNN BeKTopa 1 =T
(PucTa):
r=7Tg+ 70 . (12())
[TapameTpudeckue ypaBHenus 3TOH KPUBOIl UMEIOT BUJI;
(= Ty + io)\;
Y = Yo+ Yo (L.21)

re:
7o = (%0, Y0, 20);  To= (Z0, Yo, 20)-
VckirouuB A, 1OJIydnM KAHOHUYECKOE ypaBHEHUe KacaTelbHO
=% _Y~—Y% _ =~ %0
o Yo Z

(1.22)
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I'maBa I. Kpusple 4 IOBEPXHOCTH

YKazaHHBIII CII0CO0 OIpejeieHnsl KacaTe/bHOI, OYeBUIHO, HE NPUIOKUM B

TOI TOUKe KPUBOii t = t, B KOTOPOit BeKTOP To=T7" (t() oOparaercs B Hy/1b. Taxme
TOYKHM MBI OyJeM Ha3bIBATh OCOOLIMM TOUYKAMU IIaPAMETPU30BAHHON KPUBOI 1
MCKJIIOYUM U3 PACCMOTPEHUSI.

| : y
E//
\
N

Puc.l.5a. Konnueckass BunroBast Puc.1.5b. 3Jta xe smaUMSA, HaMO-
JIHHHS TaHHAas] HA KOHYC

Ocobast TouKa Ha3bIBAETCS HECYIIECTBEHHOM, €CJIH PaINyC-BEKTOP MOXKHO pas3-
JIOZKUTH BOJTI3M 9TOi ToukM 1o popmyite Teitopa. B 9ol Touke HaIIpaB/IsAONnii
BEKTOP KacaTeJIbHOI MOYKHO OMpPEJeUTDL cJIeyionuM odpaszom. lomyctum s
obITHOCTH, 4YTO TTpU t = tj, KpoMe IepBOil ITPOU3BOJIHOI, 0OpaIalTcsd B HYJIb
BCE€ IIPOU3BO/IHBIE Pa/IyCa-BeKTOPa 10 HEKOTOPOI'O HOPAIKA S UCKJIIOYUTEIHLHO.
B rakoMm ciyuae,

0= )+ (7900)-+) .

BekTop, HanpasieHblii Mo cekyIeit, coequugionuii Toaxkn 7 (t) u 7(tg), MOXK-
HO IIPEJICTABUTH B BUJIE

rie @ — 0 Bmecre ¢ At.

[Ipun HeorpanuvyennoM COTMKEHUN TOYEK ITPeIeIbHOe TOJI0KEHNEe BEKTOpa Ce-
KYIIeil orpe/ie/isieT HalpaB/ieHne Kacare/ bHoil. Takum o0paszoMm, HallpaBJIIONTHiT
BEKTOP KacaTeJbHOI

r(t) —(to) _ 1

m— i 2 T\ T a(s)
T= lim — g (),

a ypaBHEHUE KacaTeJLHOI MOKeT OBLITH 3alllCaHo B BUJE

L—2o Y—Yo 22— %20

) Yo 20 ( )
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I1.4. Kpussle B mpocTpaHCTBE

[.4.3 HesaBHoe ypaBHeHUEe IJIOCKOI KPUBOii

N3 anajmTudeckoi reOMETpumr M3BECTHO, 9TO IIJIOCKaA KpUBad MOZKET OBITH 3a-
JdaHa COOTHOIIEHMEM MEXK/AY €€ IIPAMOYI'OJIbHBIMA KOOPpAMHaTaMH

F(z,y) =0. (I.24)
Bripasum Ty ke KpUBYIO apaMeTpHIECKIM YPaBHEHHEM
xr = x(t)
’ 1.25
y=y(t). (129

[ToncraBnsasa Beipaxkenus x u y B ypaaenue [24, moyryuanm TOXK1eCTBEHHOE
PaBEHCTBO, CIpaBEINBOE PN JIOOOM 3HAYEHUN

F(z(t);y(t)) = 0. (1.26)

Huddepennnpyst j1eByio 4acTh 10 HE3aABUCKMOIl IIepeMeHHoil ¢, OyaeM MMeTh
OF dx OF dy

——+ ——F=0. [.27

Ox dt * Oy dt (127)

3 sToro ypaBHEHUsT MOXKHO OIPEJIEINTD OTHOIIIEHNE KOOP/IMHAT HAITPABJISIO-
IIIero BeKTOpa KacaTeJIbHOI B JJAHHON TOYKE KPUBOIi, €CJIN BEeJIUINHBI

OF OF
g p 2
or’ Y Oy

He paBHbI B HEl O/JHOBPEMEHHO HYJIIO.

F, =

[Ipunumas Bo BuuManne 2O, mepenuiineM ypaBHEHHE KacaTeIbHOI
r—To Y—Yo
Lo Yo

B BUJIE
Fo(x —x0) + Fy(y —yo) = 0. (1.28)

Hopmasibio I0cKoi KpUBOi HA3BIBAIOT MPAMYIO, PACIIOJIOXKEHHYIO B €€ TILI0C-
KOCTH, MEPIEHINKY/IIPHYI0 KAcaTeJIbHON U IPOXOIAIIeil Yepe3 TOUKY ITPUKOCHO-
BEHUSI.

YrioBoit KoadduiuenT HOpMaIn 0dpaTeH M0 BeJIMYMHE U [TPOTHUBOIOJJIOXKEH
0 3HAKY YTJIOBOMY KO3 DUIMEHTY KacaTebHOil (13 yCIOBHs MepIeHINKY/IsAP-
rHoctn). OTciofia CIelyer, 9To ypaBHeHe HOPMAJIH MOYKET ObITh IPEICTABICHO B
CJIEJLYIOIINX BUJIAX:

To(x — x0) + Yoy — o) =0 (1.29)
r — Xy Y—1Yo

— [.30

-t (130)

[Tociienee ypapnenune 1okasblBaeT, 4YT0 BeJIMIuHbl Fy, n Fy MoryT ObIThH 1Ipu-
HATHI 38 KOOPJNHATHI HAITPABJ/IAIONIETO BEKTOPa HOPMAJIH IIJIOCKOI KPUBOI.
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I'maBa I. KpuBble u mOBEepXHOCTHU

I.5 IloBepxHocTu

I.5.1 IloBepxHocTb u ee KacaTejibHble. HopMaJjib moBepXHOCTH

3 anammTnaeckoil TeOMeTpUN U3BECTHO, UTO MMOBEPXHOCTDH BbIpAXKaeTCs ypaBHe-
HUEM

F(z,y,z) =0, (I.31)
CBSI3BIBAIOIINM KOOD/IMHATHI €€ TOYEK.

Onpenenenune OI.8. [Ipamas nazvieaemcs xacamesvroti npamot nogeprHo-
CMU, ECAU OHA KACAEMCA KAKOU-AUb0 Kpueot, npuradiescauleti amoti nosepr-
HOCTAL.

Y10o0bI HAMITH yCJI0BUE TTPUKOCHOBEHUS MPAMOIl U MOBEPXHOCTH, 3aJ1a/IUM KPU-
BYI0, PACIIOJIO?KEHHYIO Ha 3TOI MOBEPXHOCTH, MapaMETPUUYCCKUMU YyPaBHECHUAMU:

v=ua(t); y=yt); =z==z(@) (1.32)

[TopcTanoBka KOOpJMHAT TOUYEK ITONH KPUBOI B ypaBHEHHUE TOBEPXHOCTU JTa€T
TOXKJICCTBEHHOE PABEHCTBO

F(x);y(t); 2(t)) = 0, (1.33)

CIpaBeJI/INBoe PN JIIOOOM 3HAYEHUN .

JuddepeHnupyst 3T0 TOXKJIECTBO, MOy UM

OF de OFdy OFdz
%a + 8—ya + E% = 0. (1.34)

JleBas JacTh MocjeHero paBeHCTBa COJIEPKUT JIBE TPYIIIILI BEJTUUNH.

A. ITpousBo/iHble OT KOOPANHAT TOYKN KPUBOI, paBHbIE KOOPINHATAM HAIIPAB-
JIATOIIET0 BEKTOPA KacaTeJILHOI.
b. YacrHble 1pousBoiHbIE OT JIEBOI YaCTU YpaBHEHUs IOBEPXHOCTHU, BEJIMIHMHDI
KOTOPBIX 3aBUCAT TOJIBKO OT MOJIO?KEHUSA TOYKHN, B KOTOPOIl OHU BBIYUCIAIOTCA 1
He 3aBHCSIT OT BbIOOPA KPUBOI, IPOXOJIsIIEil Yepe3 9Ty TOUKY.
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L5. IloBepxuocTn

Bsejiem B paccMoTpeHne BEKTOP
N = Fi+F,j+ F.k, (135)

3aBUCSIIUI TOJBKO OT TOYKM, BbI-
OpaHHOil Ha JAHHON ITOBEPXHOCTHU
PucTd Taxk kak JieBasg 9acTb pa-
BencrBa [34 MmoxkeT OBITH IIpejIcTaB-
JIeHa B BHUJIE CKAJISIPHOI'O ITPOU3BE-

senns sekTopos N u 7 (t), 10 pa-

BEHCTBO IIPpUMET BUJI

Puc.1.6. Hopwmajb K 110BepxHO- <]\7’ - (t)) = 0. (1.36)
cru

HazoBem ocobbIMu TOUKAMU ITOBEPXHOCTH TOYKH, B KOTOPBIX N = 0, a ocTaJib-
HbI€ €€ TOUKH - OObIKHOBEHHBIMHU. B 0OBIKHOBEHHBIX TOUKAX ITOBEPXHOCTH PaBEH-
crBo 34 mpejcTaBisgeT ycaoBUe MePHEHINKYIIPHOCTH KacaTeJIbHOIO BEKTOPa
KPUBOIl 1 BIIOJIHE OIIPEICJICHHOTO BEKTOPa N , CBA3AHHOI'O C JAHHOUW TOYKOI 110-
BepxHOCTH. Ha moBepxHocTH vepe3 JaHHYI0 TOYKY MOYKHO ITPOBECTH CKOJILKO
YIOJIHO KPUBBIX U JIJIsSI BCEX 3TUX KPUBLIX Oy1eT uMersb Mecto yesaosue [34. Core-
JIOBaTEJIbHO, BEKTOPBI KACATEIbHBIX 9TUX KPUBBIX BCE OYAYT MEPICHINKYISPHbI
OJIHOMY HAalIpaBJIEHHIO, T.€., OYYT PACIIOJIOXKEHbI B OJIHOM IIJIOCKOCTH.

Urak: Bce npsmble, Kacarolmecs MOBEPXHOCTH B OOBIKHOBEHHOI
TOYKE, JIezKaT B OJIHOI IIJIOCKOCTH.

Onpegenenune OL.9. Kacameavrotll naockocmuvio noseprHocmu 6 ee 00bikHO-
BEHHOT, MOUKE HA3BIBAETNCA 2EOMEMPUYUECKOE MECTNO NPAMBLT, KACAOULUTCA N0~
BEPTHOCTNU 8 IMOT, MOUKE.

Y1o0b! TOTYINTH ypaBHEHHE KacaTeIbHOI TJI0OCKOCTH, TPUMEM BO BHUMAaHUE,
YTO OHA MTPOXOJIUT Yepe3 JIAHHYIO TOUKY TOBEPXHOCTHU T, 8 €€ HOpMaJIbHbIi BEKTOP
onpeeuTed papenctBoM [L3A. [TosTomy, 0603HAUNB PaJIyCc-BEKTOP MTPOU3BOJIb-
HOIl TOYKM KacaTeJIbHON IIJIOCKOCTU Yepe3

F=xi+yj+ zl;,
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I'maBa I. KpuBble u mOBEepXHOCTHU

MOZKEM 3alliCATh ee YPABHEHHE B BUJIE
N T
<N- r—ro):(), (L.37)
WM B KOODJIMHATAX
Fp(x —x0) + Fy(y — yo) + F.(z — 20) = 0. (1.38)

[Ipsimas, ipoxo/isiias Yepe3 TOUKY NPUKOCHOBEHUS TEPIEHINKYISPHO Kaca-
TeJILHOM MJIOCKOCTH, HA3BIBAETCS HOPMAJIbIO TIOBEPXHOCTH. KaHOHMYecKoe ypaB-
HEHUE HOPMAaJIU UMeeT BUJ

90—560:9—90:2—20
F, Fy F,

(1.39)

1.5.2 Ocobast Touka NOBEPXHOCTH

B ocoboit Touke MOBepXHOCTN YaCTHBIE TTPOM3BOJIHBIE OT JIEBOI YaCTH ee ypaBHe-
HUS 110 KOOPJAWHATAM TOYEK OJJHOBPEMEHHO OOPAIaloTcsd B HYJIb

F,=0, F,=0; F,=0, (L.40)

u paencTso [34 He 1103BOJISIET CJIE1aTh 3aK/II0UEHHSI O PACIIOJIOXKEHIH KacaTe Ib-
HBIX HPAMBIX, IPOXOIANINX depe3 3Ty Touky. st Toro, 9rodbl oxapakTepu3o-
BaTh 9TO pacroJjoxkenne Oynem nuddepeniuposars [34 o napamerpy t. 1o
nuddepeHnupoBane IpUBeJIeT HAC K HOBOMY TOXKJIECTBY

da\ 2 dy\ > dz\ > de d dy d dzd

dt dt Ydt dt “dt dt Cdt dt
d? d? d?
Y ol ANy ) (1.41)

di? Ty dt? dt
JIeBasi 4acTh KOTOPOro B 0co00il TOuke He OyleT co/iep:KaTh TPEX IOCIEIHUX
YJIEHOB.

BaHI/IHleM ypaBHeHMe KacaTeJIbHBbIX Hp?[MI)IX7 HpOXO,ZLHHLI/IX qepeS OCO6YIO TOY-
Ky B HapaMeTpI/I‘{eCKOM BHUJIE

d[ljo
— = A—":
X T dt ;
dyo
Y —Yo dr ( )
dZo
_ = \A—
Z 20 dt s
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L5. IloBepxuocTn

U TIOJICTABUM BbIpayKeHUe IMPOU3BOJHBIX B JieBYIO dacTh paBencTsa [L41l. Ilocse

COKpAaIIleHHsI Ha, 2 paercTBo [0l mpumer B 0co00il TOUKe BUJI ypaBHEHUA

Fxm(x_x0)2+Fyy(?J_ZUO)2+F22(Z_ZO)2+2FM(x_xO)(y_yO)+2FyZ(y_y0)(Z_ZO>+
+2F..(2 — 20)(x — ) = 0, (1.43)

KOTOPOMY YJIOBJIETBOPAIOT KOOPJAMHATHI TOUEK BCEX MPAMDIX, KACAIOMIIXCS T10-
BEPXHOCTU B 3TOi TouKe. Ecam cpeim BTOPLIX MPOU3BOIHBIX €CTh OTJIMIHBIE OT
Hyss, To ypasaenne 44 ecth ypaBHeHme Konyca BTOPOTO MOPSJIKA.

DTOT KOHYC MOYXKET OBbITh MHUMBIM U TOIJIa 0coDast TOUKa M30JIMPOBaHA, T.€.
HE COJIEPYKUT B CBOEH OKPECTHOCTU JPYTUX TOUYEK MOBEPXHOCTH.

Ecnn xonyc JeficTBUTEIBLHDIN, TO TTOBEPXHOCTH NMEET B €r0 BepInHe KOHnJe-
ckyto dpopmy. Takyio TOUKY MOYKHO IOJYYUTH, HAIIPUMED, CJIerka jgedopMupys
9TOT KOHYC, ICKPUBUB €0 0Opas3ylolue Tak, 9ToObI Bce JTUHUHU, OBIBITHE ero 00-
pas3yIoNMi, Kacaanuch UX B €ro BepInHe.

Haxomner, ypaBuenue MOYKET BbIPaKaTb JIBe ILJIOCKOCTH. DTU IIJIOCKOCTU
OyIyT AefiCTBUTE/ILHBIMI, HAIIPUMED, B TOM CJIydae, KOTjia 0co0asd TOUKa ITPIHA/I-
JIEYKUT JIMHUU camoriepecevenns nmoepxuoctu. [Ipu ojHOBpeMennom obpariennn
B HYJIb BCEX BTOPBIX MPOU3BOJHBIX JuddepeninpoBanne ypapuenns A1 mpu-
BeJIeT K YpaBHEHUIO KOHYCa, 00Pa30BAHHOIO KacaTeIbHBIMI ITPSMBIMU, TIOPSIIOK
9TOTO KOHYyca OyJieT BbIlie BTOporo. [lopsiok 3Toro Konyca Ha3bIBaeTCA TOPS/I-
KOM 0CO0OI TOYKH.

1.5.3 HesaBHoe 3a1aHe TPOCTPAHCTBEHHOI KPUBOt

[IpocTpancTBeHHyI0 KPUBYIO MOYKHO pacCMaTPUBATh, KaK KPUBYIO IlepecedeHust
JIBYX IOBEpPXHOCTel. 3aJaB 3TU HOBEPXHOCTH yPABHEHUSIMIU:

o(x,y,2) =0, P(x,y,2) =0, (1.44)

OIpeJIeJIUM KPUBYIO KaK MeOMETPHIECKOEe MECTO TOUYEK, KOOPIAMHATHI KOTOPBIX
VJIOBJIETBOPSIIOT OJIHOBPEMEHHO TU JIBYM YDABHEHUSIM.

Y100bI HIepeiTH OT sIBHOT'O 38 IaHUsT K [TapaMeTPUIECKOMY, MOZKHO ITOCTYIIHTh
Tak. Paspermm ypaBHEHUs] OTHOCHTE/ILHO KaKUX-JTUOO JIBYX HEPEMEHHBIX, Ha-
IpUMEp, ¥ U 2 U HPUMEM TPEThIO IMEPEeMEHHYI0 X 3a mapamMeTp. Lorja BMecTo
44 6ynem nMeTh

r=t y=y(t); z==z(). (1.45)

9T0, OYEBUJIHO, JaeT YaCTHBIA ciaydall napaMeTpudeckKoro IpejacTaB/ieHusd Kpu-
BOIA.
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I'maBa I. KpuBble u mOBEepXHOCTHU

Kacareabnyio KpuBoii MOXKHO Hali-
TH, He Tepexojis K ee IapaMeTpu-
YecKOMY Ipe/icTaBaeHunio. eiicTBu-
TeJbHO, paccMaTpuBaeMasi KpHUBasi
> JIEKUT Ha 00enX IOBEPXHOCTAX M

z
—v

ee KacaTeJbHblll BEKTOP OPTOTOHA-
JIEH HOPMAJIbHBIM BEKTOPaM obenx
OBEPXHOCTE Nin Ng, BBLIYHUCJIEH-
N, HBIM JIJIsT COOTBETCTBYIOIIEN TOUKU.
Ecnmmu 9T moBepXHOCTH HE UMEIOT
B TOUYKAX KPUBOil 00IIeil KacaTeb-
HOIT IIJIOCKOCTH, TO BEKTOPBI UX HOP-
MaJieil HeKOJIIMHeAPHBL, i IX Kaca-

Puc.1.7. Hessooe 3aganmne npo- TeJbHBII BEKTOp 1' KpUBOIl MOXKET
CTPAHCTBEHHOI KPUBOH OBITH ITOJIyYeH UX BEKTOPHBIM ITepe-
muoxkennem Puc T
. - =
T =[N N,]. (1.46)

HopwmausibHble BEKTOPBI HOBEPXHOCTEN BBIUMUCJIMM, I10JIb3YAch dopmyJioit [34,
TaK 4TO KOOPJMHATHOE BhIParKeHle KacaTe/JlbHOIO BEKTOpa OYJIeT UMeTb BHJL

—

R A
T=| o, Oy P2 (1.47)
Ve Yy P,

[.6 ConpukocHoBeHrEe KPUBBLIX U IIOBEPXHOCTEM

1.6.1 n-mapamMerpmyecKoe ceMeiiCTBO KPUBbBIX

YpaBHEHHE BUIA

F(z,y,a1,a9,...,a,) =0, (1.48)

rje T U Y KOOPJUHATHl TOYKH, a ai, A9, ..., A, HE3aBUCUMbIE ITapaMeTphbl, 3a/la-
eT HEKOTOPYIO TJIOCKYIO KPUBYIO, NIPU KazKJI0il (DUKCHPOBAHHOI cucTeMe 3Have-
HUil 9TUX mapaMeTpoB. Mensdsg 5T 3HadeHnsA, Mbl OyJeM MOJTydaTh pas/indHble
KPUBBIE, KOTOpPble B CBOEil COBOKYITHOCTH OOPa3yloT CeMeHCTBO, 3aBHUCAIIEE OT
n nmapamMerpoB. [Ipumepom cemeficTBa, 3aBUCAIIETO OT JIBYX apaMeTPOB, SBJIs-
€TCs COBOKYITHOCTD BCEX MPAMBIX IJIOCKOCTH. JleficTBUTEIbHO, YpaBHEHUE 3TOTO
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1.6. ComnpukocHOBeHHEe KPUBBIX H IIOBEPXHOCTEHH
ceMeiicTBa MOXKHO IIPEJICTaBUTh B BUJIE
y=kx+0,

npuyeM, yriaoBoi KoadgdunnenT k 1 oTpe30K b, oTceKaeMblIil MpsiMoit Ha OCU Op/I1-
HAT, CIY2KAT mapaMeTpaMiu 3Toro cemeiictsa. OKpyKHOCTH TJIOCKOCTH 00pa3yioT
CEeMEICTBO

(x—a)?+(y—b?—R*=0,

3aBUCSIIEE OT TPEX MapaMeTpPOB, & BCe KPUBbIE BTOPOIO MOPsIJIKa - CEMECTBO, 3a-
BUCsIITIee OT ST NapaMeTpoB. Boszsparasich K o0IieMy ciiydalo, MOKayKeM, 9T
IIPOU3BOJI B BLIOOPE 3HAUEHUIT TTapaMeTPOB MOXKET OBITH UCIOJIL30BaH JIJIsi TOTO,
YTOOBI HAWTU KPUBYIO CeMeiicTBa, IMPOXOISIINYI0 depe3 n 3apaHee 3aJaHHBIX TO-
YeK 11ockocTH. /leiicTBuresibao, 115 Toro, 4Todbl Kpubas [48 mpoxojuiia depes
touku Aq, Ao, ..., A,, JOJZKHBI BBITOJIHSITHCS YCIOBHS

F(:belaa'l)aQ? < '7a’n> — 0’
F(22,y2, a9, a3,. .., a,) = 0, (I.49)

F(xrwynaalaaﬂ; .- '70'71) = 0.

PaccmarpuBast 9T ycI0BUS KaK ypaBHEHUs] OTHOCUTETHHO HEM3BECTHLIX 3Ha-
YeHUII ITapaMeTpoB, MOXKHO, pelliasgd CUCTEeMY, OIIPeJe/INTh 3TU 3HAUYCHUA, & C HUMU
I NCKOMYIO KPUBYIO CeMeICTBA.

B corniacum ¢ 3Tum o0IUM BBIBOJOM MOXKHO, HAIIpUMED, HAHTH TPAMYIO, ITPO-
XOJAIIYIO Yepe3 JABe JaHHble TOYKU IIJIOCKOCTU, NN OKPY?KHOCTD, IIPOXO/IAIILYIO
qepe3 Tpu JaHHble TOYKI.

Yrobbl 3ajiaua nMesia perlenue, B IOCTAETHEM Clydae 3ajJaHHble TOUYKU He
JIOJIZKHBI JIeYKaTh Ha OJHOM mpsAMoiil. Kcam 3To ycmoBue He BBITOJHEHO, TO CHU-
cTeMa MOJTyYeHHbIX yYpaBHeHUil He Oy1eT COBMeCTHA.

Taxyro UCKIIOUNTETHHYIO BO3MOXKHOCTH HY?KHO UMETH B BUJLY U B OOIEM CJTy-
qae.

[.6.2 ComnpukocHOBEHNE KPUBBIX
PaccMoTpuM HEKOTOPYIO MJIOCKYIO KPUBYIO
=a(t); y=y()

1 CeMeliCTBO
F(z,y,a1,a9,...,a,) =0.
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I'maBa I. KpuBble u mOBEepXHOCTHU

Bo3bmem Ha KpuBOii  n TOYEK
Ay, A1, ..., A,_1 BucTR u npose-
JleM depe3 HUX KPUBYIO ceMeiicTBa,
T.e. OIIpeJIe/INM 3HaUYCHUs TapaMeT-
POB, COOTBETCTBYIOIINE 3ITON KpU-
BOIA.
[IpenmooKuM Tenepb, 9To TOUKU
Ao, A1, ..., Ay_1 KpuBOil Heorpa-
HUYCHHO COJIMXKAIOTCS MEXKIy CO-
0010, TaK, HAIIpUMED, ITOOBI BCE OHI
CTPEMIJIUCH K HEIMOJABUXKHON TOUKE
Ap. B Takom ciiyuae Kpuasi cemeii-
Puc.1.8. Conpukocrnosenme CTBa, NPOXOJIasd Iepe3 3TU TOU-
KPHBBIX Ku, OyJieT U3MEHSITh U CBOIO (pOpPMY
1 CBOE IIOJIOYKEHIE, & COOTBETCTBY-
IoIIMe eif 3HadYeHus mapaMeTpoB Oy-
JIyT, BOOOIIE TOBOPsI, CTPEMHUTHCS K

HEKOTOPbIM HIIpeae/JIbHBIM 3Ha4YCHUN-
o o0 0
AM Q1,09,...,0p .

Onpenenenue OI.10. Kpusyro cemeticmea
F(.CC,y,Ci)l,Ci)Q,... ,G?n) = O,

COOMBEMCMBYIOULYIO IMUM NPEJEALHBIM 3HAYEHUAM, HA306EM TPEETHHBIM TT0-
JIOXKeHHEeM KPHBOI ceMelcTBa, IPOXOJsIIell depe3 N HeorPaHHIeHHO COJIMXKATO-
IIIAXCA TOYEK JJAHHOH KPHUBOH , HJIM KPDUBOIH CeMeiiCTBa, KOTOpas COIPUKACACTCS
KpuBoii B TOUKe Ajy.

THopadkom conpurocHo6enuA HaA3LIBAEMCEA YUCAO NAPAMEMPOE CEMETCMEA, YMEHb-
wenmnoe Ha euHULY.

Y100bI HallTH yCJIOBUS COINPUKOCHOBEHUSI, TIPEJIIOJIOKUM JIJIsi OlPE/IeJIEHHO-
cTH, 4TO N = 3.
IIycts KpuBasg 3ajaHa ypaBHEHIEM

z=ux(t); y=y) (1.50)

a KpuBas ceMmeficTBa, poxo/isimast depe3 Tpu ee Toukn Ay, A1, As, ypaBHeHIEM

F(z,y,a1,as2,a3) = 0. (I.51)
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1.6. ComnpukocHOBeHHEe KPUBBIX H IIOBEPXHOCTEHH

Paccmorpum QyHKITIIO

ft,a1,a9,a3) = F (x(t);y(t); a1, as, as) , (L.52)

IIOJIYYCHHYIO B pe3yJbTaTe IIOJACTAaHOBKU KOOPUHAT IIPOU3BOJILHON TOYKHU KPU-
BOIl B JIEBYIO YaCTh ypaBHeHUs KPUBOil cemelicTBa. Kcin 3navennsa nmapamerpa
to, t1, to coorBeTCcTBYIOT TOuKaM Ag, A1, Ao, 1o jmist bynkiun [hA Hynem nmersb

f(t()a ap, az, 0,3) — 07
f(t1,a1,as,a3) =0, (1.53)
f(t2,a1,a9,a3) =0,

TaK KakK KPHUBas CeMeiiCcTBa 10 yCJIOBHUIO IIPOXOIUT depe3 Toukn Ag, Ay, Ao u ee
ypaBHEHHUE YIOBJIETBOPSIETCs IPH MOJICTAHOBKE MX KOOP/IMHAT.

Ecm dyukuns f(t, ar, as, ag) HenpepbiBHa n aud depeHnupyema, To, IpuMe-
HsIs K Heil Teopemy Posiist, mosyanm

f(tg,a1,a2,a3) = 0;  f(t},a1,a2,a3) =0, (1.54)

rje t, u t}] 3HavueHUs MapamMeTpa, 3aKII0TeHHbIe MKy to, t1, 1 to.
[Tpumensia Teopemy PoJist BTOPHYHO, Oy IUM

f(ty, a1, az,a3) = 0. (1.55)

IIpennonoxum Temnepb, 910 Toukn A; n Ay HEOrpaHMYEHHO IPUOIUZKAIOT-
cs1 K Touke Ag. B TakoMm ciydae mapamMeTphl aq, as, a3 CTPEMATCST K HEKOTOPBIM
1peJie/IbHbIM 3HAYEHUSIM 651,652,@03, COOTBETCTBYIOIINM COIPUKacatoleiics Kpu-
Boil cemeficTBa. Tak Kak BO Bce Bpemst nxX mamenenust ycjaoBusi [h3, [54 [53
UMEIOT MECTO, TO OHM UMEIOT MECTO U JIJIsl IIPEJICJIbHOIO PACIOJOKEHNA KPUBOI
ceMeiicTBa. Ho nipm mepexojie K 9TOMY HOJIOXKEHNIO 3HAYEHNUs t1 U to MapaMeTpa, t
CTPEMSITCS K 3HAYCHUIO ty BMECTE CO BCEMNU IIPOMEKYTOIHBIMU 3HAYCHUAMIE T, t’
ity

Taxum obpaszoMm, 1ocJie mepexojia K npejiessy paBeHcTBa - (A3 obpammatorcs

B COOTHOIIIEHUA
f(to, a1, a9,a3) =0,
f(to, dy, a2, az) =0, (1.56)
; o

f(t07 aola ag, 0,3)

o
13 KOTOPBIX MOZKHO OIIpeIe/INThL 3HAYCeHN apaMeTpOB a; J1Jisd COITPUKACAIONIeiCcs
KPUBOIA.
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I'maBa I. KpuBble u mOBEepXHOCTHU

[IpuBejiennble 711 TpeX MapaMeTpPOB pacCyzKjeHusI 0e3 BCsIKOTO Tpyjia pac-
IIPOCTPaHSIIOTCs Ha obmuit ciaydaii. Cucrema 3aMEHSETCdA CUCTEMOII 1 COOT-
Hotrennit. Teopemy Posuist MOXKHO TPUMEHATH K 3TOI CUCTEME U CJIC/YIONUM U3
Hee n — 1 pas, Tak 4TO HOCJE/IHEe COOTHOIIEHNE UMeeT BUJ

(n) (] o o
f (t5,a1,a9,...,a,) =0.

[Ipn mepexojie K mpefeny MOIyIuM CUCTEMY

o o o \
f(t07 ai, g, . ,CLn) - 07

o o o
f(t()? ai, ag, . ,CLn) - 07

> (1.57)

13 KOTOPBIX U OIIPEJEISAI0TCA 3HaYeHUsI N IIapaMeTpPoB, XapaKTepus3yIoline co-
IpUKAacaloNLyocss KpUBYyIo. B 3akioueHne JIoKaxkKeM, 9TO KPUBbIe CONPUKACAIO-
mpecs B Touke Ay, IMEIOT B 9TOI TOUKe OOIIYI0 KacaTeabHYIO.

[Ipexksie BCero B 9TOM MOYKHO yOEIUTHCs CJIEIYIOMINM IPOCTBIM (XOTsI U He
OYeHb CTPOIMM) paccyzkienueM. IIposejem depes Touky Ag n Ap npsimMyro, Ko-
TOpas OYeBUHO OyJjIeT HaIpaBjieHa 10 00Ineil XopJe KPUBOil 1 KPUBOI ceMeli-
cTBa, npoxoadameil gepes Toukn Ag, A1, ..., A,. Ilpu HeorpannmaeHHOM COJIMIKe-
HUHU BCEX 9TUX TOUeK mpsiMasd AgAj OyJeT cTpeMuTbCst 3aHSITh IIPEIeTbHOE I10-
JIOZKEHHe, B KOTOPOM OHa, 09eBU/IHO, OyJIeT KacaTeJbHON 1 K KPUBOIl W K COIpHU-
Kacaloleicda KpuBoil ceMeincraa.

K Tomy ke pe3ysbTaTy MOYXKHO NMPUATH, pacCMaTpuBasi BTOPOE YCJIOBUE CO-
IIPUKOCHOBEHUSI

: o o 0 d 0 0
f(t())alaa?a o 7a’n) = % <F($(t)7y(t)7a’l7 .. '7an))

t=to

[Ipumensist npaBuio audepeHnpoBans CJI0XKHON PYHKINN, MTOJTYIIM CO-
OTHOIIIEHUE

oF\ . n oF\ . 0
_— T _— =

13 KOTOPOTO CJIEJyeT, UYTO KacaTe/lbHbIll BEKTOP Ty KPUBOII HalpaBjeH 10 Ka-
caTeJIbHOI collpuKacaroleiicd KpuBoil ceMeiicTBa, ec/in TOYKa COIPUKOCHOBEHU ST
He gBJIsieTcst 0co00il TOUKOM HU TOil, HU JPYroil KPUBOIl.
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1.6. ComnpukocHOBeHHEe KPUBBIX H IIOBEPXHOCTEHH

[.6.3 ComnpukocHOBeHUEe KPUBOIi 1 TIOBEPXHOCTU

YpaBHenune

F(z,y,z,a1,a9,...,a,) =0, (1.58)

rje T,1, z KOOPJANHATHI TOYKHU IIPOCTPAHCTBA, a a1, ds, . . . , A, HE3aBUCUMBbIE ITa-
paMeTphbl, OIPEJIeITeT CeMeHCTBO MOBEPXHOCTEN, 3aBUCSIIIEe OT 1 TapAMEeTPOB.

[Tojcrapiisist B ypaBHeHMe cemeiicTBa KoopauHaThl Touek Ag, Ay, ..., A, 1 n
paspeliiast oIy YeHHbIe COOTHOIIEHNsT OTHOCUTEIBLHO ITapaMeTpoB, MOYKHO HANHTH
[IOBEPXHOCTD CeMeiCTBa, MPOXOIAILYIO0 Uepe3 1 JaHHBIX TOYEK.

Teopust CONPUKOCHOBEHUST KPUBOIi
JIMHAU K IIOBEePXHOCTH, IIpUHA/JIe-
ZKaleil TaHHoOMY CeMeiCcTBY, CTpPO-
NTC aHAJIOIMYHO TEOPUU COIIPUKOC-
HOBEHUY KPUBDIX.

[ToBepxHocTh cemeiicTBa, 3aBUCS-
IIIeTo OT N ITapaMeTpoOB, HAXOIUTCSI
C JAHHOI HpPOCTPaHCTBEHHON Kpu-
BOIl B collpukocHOBeHUu 1 — 1 110-
pa/Ka, ecau OHa COBIaJaeT C Ipe-
JCJIBHBIM  ITOJIO?KEHUEM  ITOBEPXHO-
CTU CeMeliCTBa, IPOXOJdIleil yepes

N HEOIPAHWYEHHO COJIMKAIONINXCS
TOYEK ITON KPUBOIA.

Puc.1.9. Conpukocrosenune Y100bI HAWTH MOBEPXHOCTH CEMeli-
KPHUBOIH U ITOBEPXHOCTH CTBa, CONPUKACAIONLYIOCH ¢ KPUBOIt
, OIpeJIeJIeHHO MmapaMeTpIUIecKu-
MU yPaBHEHUSIMU,

PACCMOTPUM ypPaBHEHHE [OBEPXHOCTH
F(x7y7z7a17a27" . 70%) — 07

ceMeiicTBa, mpoxosiieil guepe3 Touku Ag, A1, ..., A,_1, pacmooKeHHbIe Ha, TaH-
Hoit kpusoit Puc T, u obpaszyeM BcroMorarebHy0 (OYyHKIITIO

ftar,a, ... a,) = F(x(t);y(t); 2(t); a1, as, . . ., an).
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I'maBa I. KpuBble u mOBEepXHOCTHU

Tax kak (hyHKIS T02KHA 00PATUThCS B HYJIb IPHU 3HAUYEHUSIX ITapamMerpa t,
COOTBETCTBYIONINX ToUKaM Ag, A1, ..., A,_1, TO I HEe NMEIOT MECTO PABEHCTBA,

flto,ar,a9,...,a,) =0,

f(t()aalva@)' . .,Cln) - 07

f (t07a17a27"'7an) :07

anajornunpie pasencrsaM [D3. Paccykigas Tak ke, Kak U paHee T.e. IpHU-
MeHsIsSI COOTBETCTBYIOIIEE YICJIO pa3 Teopemy PoJuis u mepexosst K mpeeny Ipu
YCJIOBUN HEOTpaHUIeHHOro coymkenns Todek Ag, Ay, ..., A,_1, IpUIeM K cucre-
M€ COOTHOIIIEHU A

o o 0 \
f(t()aa’l)aQ)' 7an> — 07
f(t o o 0 ) 0
0,01, 02, . y Ap ) = U,
> (1.59)
(n—1) o o o
f (t();a’laa?n Jan) — 07 y
o o o
JJIA KOTOprX u OHpe,D;eJII/IM SHa4YeHUA HapaMeTpOB al, CLQ, RN an, COOTBeTCTBy—

IOIIIIe COTIPUKACAIONIENcsS TTOBEPXHOCTH.
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I'maBa 11

ConpoBoxkjaioninii TpeXrpaHHuK

II.1 Compukacaroimasics IJIOCKOCTb

I1.1.1 Ompenesenue compukacaionieiicss IMJI0CKOCTHI

Onpenenenne OIL.1. Conpuxa-
caruLetics naockocmslo Kpueot Al-
HUU  HA3DIBACTNCA NPEIEALHOE NO-
A0JACEHUE NAOCKOCTIU, NPOTOdAULET
wepes mpu  HeoPaAHUMEHHO COAU-
AHCANWUECA MOYKU  IMOT  AUHUU

(Puc IT 11,

Ecnm ypaBnenne conpukacaronieiics
IIJIOCKOCTU KPUBO

7 = F(t)
Pwuc.I1.10. ComnpukocrnoBenue B €€ TO1Ke
KDPUBOH U IIJIOCKOCTH B .
g = it
nMeeT BU/I
(]\7 T > +D =0,

TO COIVIaCHO O6Hleﬁ TEOPHUN COIIPUKOCHOBEHNA JOJI2KHDBI BBIIIOJIHATBLCA CJIELY-
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I'masa II. ConpoBoxkaroriuii TpexrpaHHIK

IOIIUe YCJIOBUS:

[Tpousses uddepeHiupoBanne 1 MoJICTAHOBKY, MOJIYINM TPU PABCHCTBA!

(N-F0)+D:O, (IL1)
(]\7- 7'70) —0, (I1.2)
(N- %0) — 0. (I1.3)

[IepBoe M3 HUX MMOKA3BIBAECT, YTO CONPUKACAIOMIALCA IJIOCKOCTH ITPOXOJINT Ye-
pe3 TOYKY NPUKOCHOBEHUS, YTO COBEPIIEHHO OYEBUJIHO.

Bropoe roBopuTt, 4TO BEKTOP IMPOU3BO/IHOI JIEKUT B COIMPUKACAIOIIEHCs T1I0C-
KOCTH. Ec/in NIpuHATH BO BHUMAaHNE, YTO COTPUKACAIONIASICS IOCKOCTD MTPOXO/IAT
yepe3 TOUKy Ag, TO U3 9TOr0 CJe/yeT: CONMPUKACAIINIAsICS MJIOCKOCTh KPUBOH B
JIAHHOIT ee TOYKe IIPOXOJIUT Yepe3 KacaTeJbHYIO IIPSIMYIO, OIPEJIe/IEHHYIO JIJisl TOH
JKe TOYKH.

HeitctBurenibao, npsiMasdg AgA; cTpemuiach 3aHsATh MOJIOYKEHIE KacaTeIbHO
B TO BpeMsi, KaK cojep:Kalas ee ILI0CKoCcTh AgAjAs npuamMmasia mosoxKeHne
COIIPUKACAIOIIENCsT TIJIOCKOCTH. B ¢ty HelpepbIBHOCTU OYEBU/HO, UTO IIPsiMast 1
IJIOCKOCTH ¥ B MPEJIesie JTOJIKHBI OB COXPAHUTH COEJMHEHHOE TTOI0ZKEHHE.

40



I1.1. Comnpurkacaroriasicsi JIOCKOCTh

PasencTBo HE MOYKET OBITH MC-
TOJIKOBAHO T€OMETPUYCCKHU, TaK KaK
JIJISl TAKOT'O UCTOJIKOBaHUSI HET BEK-
TOpa BTOpOil npousBojHoit. OHa-
KO, BBIpayKEHHBIIT MM (haKT BeCh-
Ma Baxked. IIpm Jr000if mapa-
MeTpU3aluu KPUBOM BEKTOP
BTOPO MPOU3BOAHON paauyca-

> BEKTOPa KPUBOH paiCHOJImKeH B
_ ee collpuKacamolleincd MJI0CKO-
- ctu (M. PucITTT). Eciu ¢ Bpewms,

/ r a

Zy

7 = 7i(t)

.. ypaBHEHUE JBUKEHUdA, TO BEKTOD
BOJ 10 OTHOIIIEHHUIO K COIIPDUKACA- 4

IOLL[GI;’ICH ILJIOCKOCTH B TOYKE CO- 7 Ha3bIBAETCS BEKTOPOM YCKOpP€HUA

[IPUKOCHOBEHHS IBrzKyleiica Touku. Bekrop ycko-
peHHs Bcerjla pacloJIOXKeH B CO-

HpHKéLCELIOHIGfICH IIJIOCKOCTH Tpa€K-

Puc.Il.11. Pacnosoxxenne Kpu-

TopHuH JBIXKyILeicss TodkHu. Tako-
BO MEXaHIU1IeCKOe UCTOJIKOBAHIE Pa-
BencTBa 3.

I1.1.2 VYpaBHeHHUe colrpuKacaroIeiica miI0CKOCTHA

Cootnorrenust [T u [T3 no3BoIsIOT HAWTH HOPMAJIbHBIN BEKTOP COIPUKACAIO-
eiics IMI0CKOCTU BO BCAKON TOYKE KPUBOIl, B KOTOPOIl BEKTOPHI IIEPBOIl U BTOPOIA
IIPOUBBO/IHON HEKOJLINHeapHbl. K0 MOXKHO IIOJIOXKUTH PABHBIM UX BEKTOPHOMY
[IPOU3BEICHUIO.

é:[#-ﬂ. (IL.4)

BestesicTBre 3TOTO ypaBHEHNE COPUKACAIONIEHCS TIJIOCKOCTH OYJIeT MMETh BU

(F—%,%,%)zo, (IL.5)

nJIn B KOOinLI/IHaTaX
r—Xo Y—Y < — %0
T Yo zo | =0; (IL.6)
Zo Yo 20
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I'masa II. ConpoBoxkaroriuii TpexrpaHHIK

YpaBHEHHNE TepAaeT CMbICJI JId TEX TOYEK KpI/IBOI‘/JI7 B KOTOPBIX
[ 7o - fo} — 0. (IL7)

Takue Touky MbI OyJIeM Ha3bIBATh TOUYKAMU CIIPSIMJICHHS. ByaeM cunTaTh, 9T0
COIIpUKACAIOIIAsACS IJIOCKOCTh B 9TUX TOYKAX HE OlpejesieHa U B JIaJIbHENIIeM
HCKJII0YaTh UX U3 PACCMOTPEHUsI, HapaBHE ¢ OCOOBIMI TOYKAMU KPUBOIL.

O1HaKO TaKoe UCKJII0UeHIe, 0YeBUIHO, HEJIOIYCTHMO JIJIs JIMHIUU, KOTOPast BC
COCTOUT U3 TOUeK crpamienus. cciemnyem ee.

Tak Kak mpousBogHasI OT IEPBOil IPOM3BOIHON KOJLINHEAPHA €if, TO 110 Teope-

me [Tl BekTOp 7 MMeeT IOCTOsTHHOE HallpaBJIeHHe 1 MOYKeT ObITh IpPeJICTaB/IeH
B BUJIE

rJie @ MOCTOSIHHBI BEKTOP.
uTrerpupyst 970 COOTHOLIEHNS 1 IIOJIarast

u(t) = / A(t)dt,

TTOJTY THM
¥ = pua—+ b,

rJie BeKTOp b urpaer poJib MOCTOAHHOIO MHTerpupoBanus. [lomydennoe ypasHe-
HUE II0OKa3bIBaeT, YTO JIMHHUA, COCTOSINAs U3 TOYEK CIPAMJICHHUS €CThb IPSIMas.
HeotpejiesieHHOCTD conpuKkacarorieiics: IJI0CKOCTH B 9TOM CJiydae OYeBUJIHA, TaK
KaK TPU TOYKH, PACIIOJIO}KEHHbIE Ha, OJIHOI IPAMOIl, HE OIPEJIesSIOT ILJIOCKOCTH.

I1.1.3 KacarejgbHas NJIOCKOCTh 1 COIIPUKACAIOMIASCS IIJIOCKOCTD

KacarebHOIl TJI0CKOCTBIO KPUBOIT Ha3bIBAETCS BCSKasl IJIOCKOCTD, COJIeprKaliast
KacaTeabHyto npamyio. [lnockocTn, kacaromnuecsd KpuBOil B JIaHHOW TOYKe, 00-
pazytor nmydok. Conpukacalonascs MJI0CKOCTb TOUKH MPUHAJJIEKAT ITOMY ITyU-
Ky U SIBJISETCS OJHOM M3 KacaTeJbHBIX IJIOCKOCTel. BhIScHIM, KAKOBO OT/IMYNe
COITPUKACAIOINIEHCs TJIOCKOCTH OT OCTAJIbHBIX IIJIOCKOCTEH, KOTOpble MbI OyjeM
Ha3bIBAThb IIPOCTHIMU KACATEIbHBIMU ILJIOCKOCTIMU.

YpaBHEHHE BCAKOH KacaTebHOM JI0OCKOCTH MOXKHO TPEJICTABUTE B BHUJIE

(ﬁ- (7 — m) —0, (IL.8)
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I1.1. Comnpurkacaroriasicsi JIOCKOCTh

PEIIOJIOKNB, UTO 77 000 e IMHIIHBII BEKTOD, MEePIEHINKY/ISIPHBII KacaTeIb-
HOIT IPSMOIi, T.e. IOJYNHUB €ro €MHCTBEHHOMY YCJIOBUIO

(ﬁ. ?0) —0. (IL.9)

Bosbmem Ha KpuBoit Touky M, 6m3Kyio K Touke npukocHoBenus M. Ob6o-
3HAYNB Yepe3 ¢ 3HaUeHUs IapaMeTpa, COOTBETCTBYIOIIEE MMOJI0XKeHNI0 TouKu M,
U TI0JIOXKUB

At =t — 1,

——
pazsoxkuM pajuyc-Bektop OM = 7(t) no dopmyste Teitrtopa
F(t) = ot 7 At + 5 7 At + QAL

Paccrosinue ot Touku M 10 KacaTebHOI MIOCKOCTH OY/IeT PaBHO Pe3YIbTATY
IOJICTAHOBKH 7(1) B JIEBYIO 9aCTh HOPMAJIHHOIO YPABHEHHSI [LIIOCKOCTH

d— (ﬁ (F(t)—ﬁ)))
nwin . %(ﬁ 7;0)At2+ (ﬁ @)AtB. (I1.10)

Ecin Touka M npubiuzkaercs K Touke My, To d cTpeMHUTCS K HYJIIO BMECTE C
At. TTopsiJIOK MaJIOCTH PACCTOSIHUST 3aBUCUT IIPEXKJIE BCEI'O OT TOI'0, 0OpaIaeTcs

JI1 B HYJIb [IpOU3Be/IeH1e (ﬁ - T ) Ho ono obpamaercs B HyJIb B TOM U TOJHKO

B TOM CJIydae, ecjii 7l €CTb HOPMAJIbHBI BEKTOP COIMPHUKACAIONIEHCs IIIOCKOCTH.
Taxum obpazoM MOXKHO cjiesiaTh CJlejlyloliee 3aKaouenne. Ecin Touka KpuBoil
HpUOJIMKAETCA K TOUYKE IIPUKOCHOBEHUS, TO:

1. Paccrosinne ee or 1pocToii KacareJabHOI IJIOCKOCTH €CTh OECKOHEYHO MaJioe
2-10 TopsJiKa 110 OTHOIIEHWIO K IIPUPAaIeHnIo 1apamMeTpa.

2. Paccrosinne TOUKM OT conpuKacaroleiics MIOCKOCTH eCTh OECKOHETHO MAaJIoe,
110 KpaiiHeil Mepe, TpeTbero Mopsijika MO0 OTHOIIEHUIO K TOMY Ke IPUPAIEHUIO
napaMeTpa.

I1.1.4 Paccrossnue oT TOYKM KPHBOI 0 COIIPUKACAIOMIEHCS IJIOCKO-
CTU

Y100bI TOYHEE OIEHUTH PACCTOSIHUE OT TOYKU KPUBOI JIO CONpPUKACAIONIENCs
IJIOCKOCTH, IPOJIOJIZKIM PA3JIOyKEHIE pajinyca-BeKTopa Touku M, 10JI0KIB

7(t) = Fo+ 7o At + 3 7y At? + G 7o At + Q1 At
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I'maa I1. ConpoBoxiatoruii TpexrpaHHUK

[Tocsie nogcranoBku 7(t) B JIEBYIO YaCTh YPaBHEHUST COMPUKACAIOIIEHCsT TI0C-
KOCTH, TTOJTy UM

a= (5 7o)ar+ (it G)ar (IL11)

Kosdpdurment mpn At? MozKkeT 06paTUThCA B HYIIb TOIBKO B OTIEIBHBIX TOU-
KaX KPHUBOII, KOTOPbIE MBI OyJIeM Ha3bIBATH TOUYKaAMHU yILIom[eHus. Taxum odpa-
30M:BO BCEX TOYKaX KPUBOH, HE ABJIAIOIINXCA TOYKAMU YILJIOIICHUS, PACCTOSHUE
OT TOYKHU KPUBOH, CTPEMAAIEHC s K TOYKe IPDUKOCHOBEHHUS, JIO COIIPUKACAIOIICHCS
IJIOCKOCTH €CTh OECKOHEYHO MaJioe TPETHEro IOpsi/IKa, 110 CPABHEHUIO C IIPHpa-
IeHueM rapamMeTpa.

OrneHKa paccTOsHMS TOUYKM KPUBOI OT KacaTeJbHON ILJIOCKOCTU II03BOJIsIeT
HMPUJITU K BayKHBIM 3aKJIFOUEHUSIM, 00 X B3aMMHOM pacloyioyKeHnn. Kcan Touka
M ;BuzKeTcs 110 KPUBOI B OIIPEJIe/ICHHOM HAIIPABJICHUU U IIPOXOJUT Uepe3 TOUKY
My, To mpupallieHne napamMeTpa MeHsieT [P 9TOM CBOil 3HaK Ha 0OpaTHBIIL.

DTO n3MeHeHne 3HaKa He BJINgeT Ha 3HAK Pe3yJbTaTa MOJCTAHOBKN T B ypaB-
HeHUe IIPOCTOI KacaTeJ bHOH IJIOCKOCTH, TaK KaK IVIaBHasl 9acTh d comep:KuT At
B Y€THOI CTeIeHu.

Haobopor, pesyabrar Toii ke 10/I-
CTAHOBKH B ypPaBHEHUM COIIPHKACA-
foliefics MJIOCKOCTH B TOYKE, He sIB-
JIATOIIEiCS TOYKON YILJIOIIECHNUA, Me-
HsteT 3HaK BMecTe ¢ At. Ho usmene-
Hue 3HaKa d IT0Ka3bIBaeT, 4TO TOUKA,

/ M, tpoxons 4depe3 TOUYKY IPUKOC-

HOBEHMSI, IIEPEXOJUT C OJHOI CTO-

_____ 7 POHBI COIIPUKACAIOIIEICA IIJIOCKOCTHI
Ha ee JIPYI'YI0 CTOPOHY.

j Takum obpaszom:

1. BOimsu TOYKM TPUKOCHOBEHUS
IIDOCTOIf KacCaTeJIbHOW IIJIOCKOCTH
Puc.I1.12. Paccrossaue ot To4- p
) . KpUBas pACIOJIOKeHa 10  OJHY
KH KPHUBOIH JI0 CONMPUKACAIOIIEHCS

CTOPOHY OT 3TOH ILJIOCKOCTH.
IIJIOCKOCTH

2. BOo/m3u TOYKM NPUKOCHOBEHUS
KpHUBasl pacHoJIOXKeHa M0 Dpa3HbIe
CTOPOHBI ~ OT  COIPHUKACAIOIEHCsT
IIJIOCKOCTH, €CJIN JIaHHAsl TOYKa
He SBJISETCH TOYKON YILIONIEHN

(PEcITTY).
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I1.2. OcHOBHOIT TpexrpaHHHK

I1.1.5 Touku ymnsonieHus

—

B Touke yiuiomenns BEeKTOp 7 HePIEeHINKY/ISIPEH HOPMAJIbHOMY BeKTOpy B co-
IpuKacaromeiics mI0cKocTu. Ho aTomy »Ke BeKTOPY HePIeHUKYIIPHbI 1 BEKTO-
PBI JIBYX TIEPBBIX MPOU3BOIHBIX. TakuM 00pa30M TOYKa YILIONIEHNS XapaKTepu-
3yeTcsd KOMILJIAHAPHOCTBHIO MEPBBIX TPeX IMPOU3BO/IHBIX U PABEHCTBOM:

( 77 F) — 0. (I1.12)

Elcim 970 paBeHCTBO BBIMOJIHAETCS B OTACILHBIX TOUYKAX KPUBOI, TO B Caydae
HEOOXOIMMOCTHU Mbl MOYKEM HCKJIIOUUTH UX U3 paccMoTrpenus. JIpyroe jeno, ecu
BCsl KpUBasl COCTOUT 13 9Tux Touek. Mceaeayem Takyto jauHuio. V3 Toxk1ecTBeH-

HOI'O PaBEHCTBa HYJIO cMelraHHoro mpousseaenns [ ciaemyer, 910 BEKTOp T,
N3MEHsIsICh, OCTAEeTCsI IapaJsljie/IbHbIM JIAHHOM IIJIOCKOCTU. DTOM »Ke ILJIOCKOCTH

napaJiiesieH 1 BeKTOP 7 . 3HAUNT, ee HOPMaJIbHBII BEKTOP COBIIA/IAET C HOPMaJIh-
HbIM BEKTOPOM COIIPUKACAIONIEiics TIJIOCKOCTU U IIPU 3TOM [TOCTOSHEH.

(7 7)=S(nr)=0,

Benencrue storo

nJjm
- —

(nr)+C:O,

TaKUM 00pa30M PaJINyC-BEKTOP TOUYKHM KPUBOM YJ/IOBJIETBOPSET ypPaBHEHUIO II0-
CTOAHHON IJIOCKOCTHU, B KOTOPOIl KpUBag JICZKUT BCEMU CBOMMU TOYKAMMU.

WNrak: Kpusasi, cocTosimias U3 TOYEK YILIONIEHUS, €CTb ILIOCKAast
KpuBad. [[J10ocKoCTh, B KOTOPOII OHA PACIOJIOKEHA, SIBISIETCS CO-
[IPUKACAIONICHCA TIJIOCKOCTBIO BO BCAKON TOYKE ITON KPUBOIA.

I1.2 OcHoBHOII TpexrpaHHUK

Omnpenenenue OIIL.2. Hopmaivio npocmpancmeennoti Kpusoti Ha3vi6GEMCA
BCAKAA NPAMASA, NEPNEHOUKYAAPHAA KACAMEALHOT U NPOTOOAULAL YEPES MOUKY
NPUKOCHOBEHUA.

Taxmm obpazoM B KazKJI0i cBOeil TOUKe KpuBas MMeeT OeCUncJIeHHOe MHOZKe-
CTBO HOpMaJieil. Bece onm pacmosiozkenbl B OJHOM IJIOCKOCTH, TEPIEHINKYIIPHO
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I'maa I1. ConpoBoxiatoruii TpexrpaHHUK

KacaTeJbHON NPAMOIil, 9Ty MJIOCKOCTH HA3bIBAIOT HOPMAJIBLHOH IMJIOCKOCTHIO KPU-
BOIA.

Cpenn HopMaJieil BBLIEIAIOT JIBE.
1. HopmauJib, pacroJio>KeHHasT B COMPUKACAIOIIEHCST TIJIOCKOCTH, Ha3bIBACTCS TJIaB-
HOIf HODPMAJIBIO.
1. HopmaJib, neprieHuKyasspHas COIPHKACAIOIIEHCs TIJIOCKOCTH, HA3bIBACTCS IJ1aB-
HOIf OHHODPMAaJIBIO.

KacarejibHasi, 1yiaBHasI HOpMaJib 1 OMHOPMAJIb OIPEJIE/IAI0T B KayK 0l TOUYKe
KPUBOIT TPEXI'PAHHUK C TPeM¢ IPAMbBIMU YIJIAMU IIPU BEPIINHE, COBIAJIAIONIECH C
TOUYKOII KPUBOI. DTOT TPEXIPAHHUK HA3BIBAETCS COIIPOBOXKIAIOIIAM, OCHOBHBIM
WIN HaTypaJbHbIM TPEXI'PAHHUKOM KPUBOM. ['paHsaMu 0CHOBHOIO TpexrpaHnnKa
Oy/IyT TPpU B3aUMHO TEPIEHINKYISIPHbIE TIJIOCKOCTH:

1. cornpukacarorasicsi 1J0CKOCTb, cojepzKalllasl KacaTeJbHYI0 U IJVIABHYIO HOP-
MaJlb.

2. HOpMaJIbHAasl IIJIOCKOCTD, COJieprKalllasl IIAaBHYI0 HOPMaJib 1 OMHOPMAJIb.

3. TPeTbsl ILJIOCKOCTh, CoJieprKaliiasi OMHOPMAJIb U KaCaTe/IbHYIO, HA3bIBACTCS CIIPSIM-
JISAIOIICH IIJIOCKOCTBIO.

Ecnaun Touka KpuBoil 3aj1aHa, TO /s ONpeJie/ieHIs IpaHeil 1 pebep 0OCHOBHOTO
TpeXrpaHHUKa HYXKHO yMeTh BBIUUC/IATH UX HaIpaBJIdfoNe BeKTopbl. Hampas-
JIAIOIINI BEKTOP KacaTe/IbHOII paBeH IIePBOIl IIPOU3BOHONI

T =F. (IL.13)

HanpasJisitomnii BeKTop OMHOPMAJIM paBeH BEKTOPHOMY IIPOU3BEIEHII0 BEKTOPOB
[IepPBOIl 1 BTOPOIl ITPOMU3BOHOI

B= [ 7. F} (I1.14)

HanpagJisiionuii BEeKTOP IJIaBHOI HOpMaJIU EPIEHIUKYITPEH BEKTOPY KacaTe b
Hoit n BekTopy onnopmaJju. [TosTomy ero MoxKHO OJIOXKUTH paBHBIM UX BEKTOP-
HOMY ITPOU3BE/ICHUIO

N=[F[FF]] (I1.15)



I1.3. Harypa/sbHas napaMeTpu3aIiist KPUBOH

I1.3 HarypaJjibHag napamMeTrpusalius KpUBOi

11.3.1 dawuna jgyrmn

Jnuna jyrun KpuBoil TUHUM OlpejessieTcsd Kak Ipejes nepuMeTpa JJOMaHoH JIu-
HHUU, BIIHCAHHOI B JIJAHHYIO JIYTY, €CJIM YUCJIO 3BeHbEB 3TOI JIMHUH HEOI'DAHUYEHHO
BO3pacTaeT, a JIJIMHA KaXKJI0I'0 3BeHa CTPEMHUTCS K HYJIIO.

Haiijiem criocod BbraumcjieHus JJIMHBL JyT'd, JUHAM, 3a/aHHOI IapaMerpude-
CKMM ypaBHEHUEM

7= 7(t).

st aT0or0 pazobbem jannyio jayry AB nan dacteit roukamu Ay, Ag, ..., A, =
B n Brmimem B Hee JIOMaHYIO JIUHUIO C BEPIIMHAMI B 9TUX TOUKax. Kaxkjioe 3Be-
HO 9TOi JIoMaHOIl JuHUN OyjIeT XOpJoil KPUBOIi, U ero jjuHa OyjeT paBHa ab-
COJIIOTHOMN BeJIMUIHE IIPUPAICHIsS PaJInyca-BeKTopa KPUBOIl, COOTBETCTBYIOIIETO
[epexojly OT TOYKM HOMepa ¢ — 1 K TOuKe HOMepa 7.

A; 1 A; = |AT.

Jlmuna BImcanHoi JJoMaHoi Oyj1eT paBHa
n

Sp =Y _|AF. (11.16)
=1

Eciu npupamnienne |Af7;| coorBercTByer npupariennio At; mapamerpa, TO Ty ¥Ke
CYMMY MOYKHO IIPEJICTaBUTEL B BIJIE

Se=Y || At (IL.17)

eCJIi TIPU 3TOM IIPEJIINOJIOKUTD, YTO HOMEPa TOUYEK BO3PACTAIOT BMECTe C BO3pac-
TaHIEM IapaMerpa, Tak 970 At; MOJ0KUTEIbHO.
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I'maa I1. ConpoBoxiatoruii TpexrpaHHUK

Ho pasnocTh Mexk1y OTHOIIEHUEM
[IpUpalleHnil 1 IPOU3BOIHON, B3d-
TOI PN KaKOM-JTNO0 TTPOMEXKYTOU-
HOM 3HaYeHUn t Ha IMTPOMEXKYTKE
At;, cTpeMHuTCs K HYJIIO BMeCTe C
9TUM MPOMEKYTKOM, TaK Kak Ipe-
Jies1 060MX paBeH MPOM3BOHON B Ha-
JaJIbHOI TOYKE 9TOr0 MPOMEXKYTKA.
PaznocTb MexK 1y abCOJIIOTHBIMU Be-
JUIAHAMEI TOTO K€ OTHOIICHWS W
[IPOU3BOHOMN

A?“Z'
At;

P =i — 0,

OYEeBUIHO, TOXKe OyleT 6eCKOHEYHO
MaJIO BEJIUYUHOIL.

Puc.I1.13. /lnnna gyrn kax ma-

[TpegcraBum cymmy S, B cjeyio-
1eM BUJIE:

pamMerp

Z\ 7 ()| At +Z%At

=1

13 HenpepbIBHOCTH MTPOM3BOIHOM 7 (1) cjiejyer, 4To MpH J0CTaTOIHO MajioMm At;
BCe qy; 110 abCOTIOTHON BeJIMYMHE MOTYT OBITH CJIeJIaHbl MEHbIIe JII000T0 HaTepes
3aJaHHOTO YNCJIa €, OJHOTO U TOTO »Ke JIJId BCeX ¢. TaK uTo

;| < e,

HO B TaKOM CJIy4dae

‘ZO&@ SZ‘OAZ‘AtZSEZAtZZE(t—to)

Taxum obpazoMm, BTopast CyMMa CTAHOBUTCS U OCTAETC MeHbIIIe JII0O0ro Hatle-

pe/l 3aJJaHHOTO MOJIOZKUTEBLHOIO YUC/Ia IIPU CTPEMJIEHUN K HYJIIO IIPOMEXKYTKOB
At;. Ho BesesicTBre 9TOr0 mpejies1 BTopoil CyMMbI paBeH HYJIIO 1

lim S, —hmZ\ )| At;.

n—oo

48



I1.3. Harypa/sbHas napaMeTpu3aIiist KPUBOH

Ho cymma B mpaBoil 4actu ecTb uHTErpasibHasi cymma i dpyHknun | 7 |.
Orkyna cienyer

t
S — / |7 (8)]dt (I1.18)
to

1 MBI OJTYYIINA yJIOOHYIO JIJIT BBIYUC/IeHUsT (DOPMYJTY JIJIMHBI JTYTH.
B Koop/imHAaTHOII 3aIliCH 9TO BbIpayKeHNE NMeeT BU/I:

ty
S:/\/j:2+3)2+22dt. (11.19)
to

11.3.2 lauwnHa ayru Kak nmapaMeTp

Bribepem Ha KpuBoil, napaMeTpu30BaHHOIl ¢ IIOMOIIBIO IPOU3BOJILHOIO IIapaMeT-
pa t, HEKOTOPYIO TOUKY Aj, COOTBETCTBYIOIIYIO 3HAYEHHNIO apaMeTpa t = ty, u
HA30BEM ee HadaJbHOH Toukorn. [mmaa mayru, nmeromieii Hagaao B Touke Ay u
KOHEI[ B IIPON3BOJILHOI TOUKe KpuBoit A, onpeaennrcs popmysioit

t
3=/| 7 |dt. (I1.20)
to

Omna onpejiessier s Kak OJJHO3HAYHYIO U HENPEPBIBHYIO (DYHKIUIO MTapaMeTpa,

Taxk Kax 1mpomsBojiHasA STON PYHKITIH

ds 5 ;
= =17 0)
HOJIOZKUTEIbHA BO BCEX HE OCOOBIX TOYKAX KPHUBOil, TO 9Ta (DyHKINST MOHOTOHHO
BO3pAacTaeT MpU BO3pacTaHUU 3HadeHud napamerpa. OTcroja ciiejlyeT, 9To MexK-
Jly TOYKAMHU KPWUBOW W 3HAYEHWAME JIJINHBI JYTH, OMICHIBAEMOI OT HAYaJLHOMN
TOYKU, MOXKHO YCTAHOBUTD B3AUMHO OJIHO3HAYHOE U HEIIPEPBIBHOE COOTBETCTBUE.
3aMeTnM, 9TO TOUKaM KPHUBOIi, pacIIOI0zKEeHHBIM 110 Pa3Hble CTOPOHbI HAYAJILHO
TOYKH, COOTBETCTBYIOT pa3IMIHbIe 3HAUCHUS [TapaMeTpa, Tak Kak rnpu t < tg 3Ha-
Jenne s, onpejaensgemoe naTerpasom 20, OyaeT orpumaTeJbHbIM, a Ipu ¢t > ¢
OHO OyJIeT TOJIOYKUTE/IbHBIM.

BBujy Toro 9To TOYKM KPUBOI 1 3HAYEHUS JIJIMHDBI JIyTH S HAXOJISTCS BO B3a-
UMHO OJTHO3HAYHOM U HEIPEPBIBHOM COOTBETCTBUHU, S MOYKHO IIPUHSITH 38 HOBBIIi
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I'masa II. ConpoBoxkaroriuii TpexrpaHHIK

napamMeTp. ITOT HapaMeTp, KaK Mbl YBUJINM HUKe, OCOOCHHO y100eH JIjIsd U3y ve-
HU KPUBOII 110 €€ YPaBHEHUIO U Ha3bIBaeTCdA HATYPAJIbHBIM IIapaMeTPOM KPHUBOI.

Urak, 3Ha49€HnEe HATYPAJIBLHOTO TTapaMeTpa /il HEKOTOPOI TOYKN KPUBOI paB-
HO II0 BeJW4YMHEe JJINHE JIYI'M KPUBON MEXKJy HEKOTOPOIl TOYKON, IIPUHATON 3a
Ha4YaJIbHYIO, U JJAHHOU TOYKOIl, 3HaK K€ ero olpejesdeTrcd B 3aBUCUMOCTH OT
BBIOOpaA HAIpaBJICHUSA JIBUYKEHUA 10 KPUBOI, YCJIOBHO NMPUHATOIO 3a IOJIOYKHU-
TeJIbHOE.

11.3.3 IIpousBoanbIe paJimyca-BeKTOpa IO HATYPaJbHOMY IIapaMeTpy

B oTsmmame oT Mpom3BOIHBIX, OEPYIINXCs 0 MTPOM3BOJLHOMY TapaMeTpy, OyaeM
0003HaYaTh MPOU3BOJIHBIE 110 HATYPAJILHOMY MapaMeTpy IITPUXOM, TaK

., A

ds 7 ds

—//

[\

u T.I.
[Ipumenss bopmysry peodpaszoBaHus EPEMEHHOI, IOy InM

_dr _drdt - dt
T ds  dtds | ds

Ho juddepennupopanne narerpasa [LI8 gaer

—/

ds :
—=|r I1.21
B (1.21)
[TosTomy
2= (I1.22)
| 7]

Ho npu nesienun BekTopa Ha ero abCOIIOTHYIO BEJIMUIHY 101y YaeTCsI € MHIIHbIIT
BeKTOp. Takum obpasoM, repBasi HPOU3BOJHAS PaJIHyCca-BeKTOPa TOYKH KPHBOI
110 HATYpaJIbHOMY IIapaMeTpy €CTb eUHUYHbIN BeKTOD, HAIPAaBJICHHBII 110 Kaca-
TEeJIbHOH.

DTOMY Pe3yJIbTaTy MOYKHO IPHJIATh NeOMETPUUIECKYI0 (OpPMYJINpPOBKY. Tak
KaK IIPOU3BO/IHasl paBHa IIpeJiesly OTHOIICHUd IIpUpaIleHnus pajnyca-BeKTopa U
JIyTu, & abCOJII0THAs BeJIMUNHA IIPUPAIeHIsT PaJInyca-BeKTopa paBHa, JJINHE XOP-
JIbl, TO U3 PaBEHCTBA

A7

li — =1
A}S’IEO As
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I1.3. Harypa/sbHas napaMeTpu3aIiist KPUBOH

cJIeJIyeT, UTO Ipeel OTHOIIEeHUs] XOPAbl K CTSIHBaeMOIl ero JIyre paBeH eJUHHUIe,
ecJiu JIJIMHA JIYTH CTPEMHUTCS K HYJIIO.

ObparHO, ecyin IPOU3BO/IHAS 110 HEKOTOPOMY IIapaMeTpy 110 abCOJIIOTHON Be-
JIMYMHe paBHA €IUHNIe, TO 3TOT IapaMeTp HaTypajbHblil. [leiicTBUTEILHO, B
9TOM CJIydae

t

t
s:/|?|dt:/dt:t.
0

0
BekTop BTOPOil TPOM3BOAHOI IO HATYPAJILHOMY ITapaMeTpy

d
S
T ds(

paBeH NPOU3BOJHOI OT BEKTOPA MOCTOAHHON JIJIMHBL U, CJIEJIOBATEIbHO, IEPIIeH-

)

IUKyIgper emy. Ho BeKTOp mepBoil mpom3BOAHOI HAITpaB/IeH 110 KacaTeJbHOI.
SHAYNT IepIeHINKYJIsPHBI eMy BEKTOpP BTOPOMH IIPOM3BOIHON HAIIpaBJIEH 10
HOpMaJIN, & TaK KakK OH JIOJIZKeH, KpOMe TOI'0 JIe?KaTh B COIIPUKACAIOIIEICs I1JI0C-
KOCTH, TO 3Ta HOPMAaJIb - [VIaBHAasI.

BexTop BTOPOIT MPOU3BOIHON OT pajinyca BEKTOpa TOUYKH KPUBOIL
[10 HATYpaJIbHOMY ITapaMeTpy HallpaBJeH I10 [VIAaBHOI HOpMAaJIN.

Ecnn kpuBag oTHeceHa K HATypaJbHOMY TapaMeTpy, TO HAITPABJISIONINE BEK-
TOPBI OCHOBHOTO TPEXTPaHHUKA OMPEJIETITIOT (POPMYIaMM

— —

Te i B:[f”.f’”}; N=7" (I1.23)

Cpe KOTOPBIX TMOC/Ie/IHsAS 3HATNTEILHO MPOIIE COOTBETCTBYIOINIEH eft dop-
Mystel [LTH, mpuroHoit mpu JitoboM BBIOOpE TapaMeTpa.
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I'maBa 111

Oopmyasl Ppene - Ceppe

II11.1 Eannmyaable BEeKTOPHI OCHOBHOI'O TPeXI'PaHHUKA

OcCHOBHOII TpexIpaHHUK IIO3BOJISIET CBSI3aTh C KaXKJIOH TOUYKOH KPHUBOI IIPSMO-
YIOJIbHYIO CUCTEMY KOOPJAUHAT, OCU KOTOPOI COBIIALAIOT C KacaTe/JIbHOM, IVIABHOH
HOPMAaJIbIO H OHHOPMAJIbI0. I TOOBI ONpee/TMTh X OPUEHTAITIIO BBEJIEM € TNHI Y-
Hble BEKTOPLI, HallpaBJICHHbIE 110 9TUM OCAM B IIOJIO?KUTEJILHYIO CTOPOHY.
[Ipenmonoxkmm, 9TO KpuBas OTHECEHa K HATYPaJbHOMY HapaMeTpy.

1. EjuHUYHBIL BEKTOp KacaTeslb-
HOWl T OHpeIeuM TaK, 9TOObI OH
COBIIQIAJI C TIEPBOI IIPOU3BOJHOI
pajuyca-BeKTopa 10 HaTypPaJbHOMY
rnapamMeTpy

=|

v
il

=7 (LIL.1)

2. Epunuyanerit BeKTOp TJIaBHOI
HOPMAJIN ¥/ OLPEeJe/INM TaK, ITOOBI

ero opmeHTals CoBIajgaJja C OpH-
eHTaIuell BeKTOpa BTOPOU MPOU3-

B

BO/IHOI1 110 HATYpaJIbHOMY T1apamMeT-
Py

. 7:’//
V= .
Puc.I11.14. Ejunudbble BeKTO- |77 |

(I11.2)

PbI OCHOBHOI'O TPEXTDAHHIKA 3. Eaunuuneii BekTOp OWMHOpMA-

Jau [ onpejesnM TakK, YToObI TPOii-
Ka BEKTOPOB T, U, 3 ObLia HpaBoii

Puc TIT T4,
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II1.2. Dopmyasr @pene - Ceppe

Tak KaK BEKTOPBHI OCHOBHOI'O TPEXI'PAHHUKA, € IMHUYHBI I OPTOIOHAJILHBI, TO X
CKaJlsipHbIe KBaJIpaThl PaBHbI €JMHUIIE, & UX IIPOU3BEIEHIE MEXKy cO0O0il paBHO
HYJIIO.

Pep= =1 (rv)=(vB)=(F7)=0.  (I3)

BekTopuble mpon3BeIeHNs JIBYX PA3JIMIHbIX BEKTOPOB TPONKM, CJIEIYIONINE IPYT
3a JIPyroM B KPYTOBOM TOPsJIKe; KacaTe/lbHasd - TJlaBHas HOPMAaJIb - OMHOPMAJTh
- KacaTeJIbHasl, pPaBHbI TPEThEMY BEKTOPY TPONHKHU, TaK KaK 3TO UMeEeT MECTO JIJIsI
KOODJIMHATHBIX BEKTOPOB BCAKOIT ITPaBOil CUCTEMbBI KOOP/IMHAT

— = — = — =

[rv]=8 [vB]=7 [B7]=7 (I11.4)

[Ipy n3MeHeHnn HAIPABJICHUSA BO3PACTAHUSA JIyT, T.e. IIPH 3aMeHe HATYpPa/lb-
HOI'O TIapaMeTpa
$1=—s (ITL.5)

—

BEKTOPHBI T, I/, 3 N3MEHSIIOTCS TaK

dr dr
B III.
ds ds T (11L.6)

d°r d (dr\  d [ dF\ dF
ds?  dsy \dsy)  ds\ ds) ds*

—

T1

OTKY/1a
= U. (IIL.7)
Haxkonerr
Bi=[rm]=[—1v]=-F (I1L.8)
Urak:

[Ipu m3menennu HAITPaBIEHS BO3PACTAHNA JIYT BEKTOPHI KacaTe Th-
HOIT 1 OMHOpMAJIM MEHSIOT CBOIO OPHEHTAINIO, & BEKTOP IJIABHOI
HOpMaJI COXPaHSeT ee.

II1.2 ®Popmyansr Ppene - Ceppe

BekTopbl OCHOBHO# TPOIKN MEHSIIOTCSI IIPU ABUKEHUN TOYKU 110 KpUBOil. YT0ObI
OXapaKTepnu30oBaTh 9TO U3MEHEHUe, HY?KHO YMETb BBIYUCJATL UX IIPOU3BO/IHBIC
110 HaTypaJbHOMY HapameTrpy. OcobeHHO yI00HO 3HATH Pa3JIOXKEHUs] ITUX ITPO-
M3BOJIHBIX 110 BEKTOpPaM OCHOBHOI TPOWKU.
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I'masa I1I. @opmysr @Ppene - Ceppe

[Ipore Bcero moryunTh MPOU3BOIHYIO BEKTOPa KacaTeJbHO, TaK Kak

ar _ i(f’) Y

ds ds ’
a BeKTOp BTOpOﬁ HpOI/IBBOﬂHOﬁ HaHpaBﬂeH 10 TJIABHOM HOpMaﬂI/I, OpI/IeHTI/IpOBaH
Tak 2Ke, Kak u BekTop . ITosTomy

dT
ds

Iie k - HEKOTOpa IIOJIO2KUTEJ/IbHAA BEJINYNHA, 3aBUCAIIaA OT S.

= ki, (111.9)

Byniem nckath Terepb pasyiozKeHue 1MPOU3BO/IHOM BEKTOpa OMHOPMAJIA. JTOT
BEKTOP OIIPEIe/INM KaK BEKTOPHOE Ipou3BejieHne T u U u OyneMm jauddepeHin-
pPOBATH 9TO COOTHOIIEHNE, MpUHUMas BO BHUMaHue 1T J

dg {d? ﬂ}jL{H dﬁ] k[_}%}Jr{ﬂ dﬁ} {H dﬁ]
— ==V T — | =FK|VV T — | =17 —|.
ds ds ds ds ds
TaK KaK BeKTOpHoe HpOI/ISBe,ZLeHI/IG HepHeH,ZLI/IKyJIHpHO Ka}K,ZLOMy 13 CBOUX CO-

dp

MHOKUTEJIel, TO HOJyUYeHHbII pe3yabTaT [OKAa3bIBAET, YTO T [epIeHINKYJIsIPHO
S
T.
C zpyroit cTOpoHbI, 3 — eJIMHUIHBII BEKTOP, [I09TOMY €ro IIPOU3BOIHA IIep-
[IeHINKYJIIPHA €r0 CaMOMY.

Ho Oynyun neprnenanky/sipHa KacaTeJabHOI 1 OMHOpPMAJIH, T JIOJIZKHA, OBITh

HalpaB/ieHa 1o TyiaBHOil HOpMas. Obo3Hadas KOI(MOUIUEHT TPONOPIUOHATb-
HOCTHU - K, TIOJIY UM

e
d—f —— (I11.10)

Haxkomnerr, BeKTOp TJIaBHOI HOpMaJIW OIPEJIEINM, IIePEMHOKasl BEKTOPHO [ U
T u juddepeHupyst 5To nponussejieHne, npuHnMast Bo BauMmanne 119 n [ITTT.

dv  rdf - d7 - ==
—_— =7 +{ -—}:—m vt |+EklBr].
ds [ ds } b ds [ ] [6 ]

Haxomer, BeKTop TyiaBHOI HOPMAJIH OLPEIETINM, IEPEMHOYKAS BEKTOPHO E u

T u nuddepeHImpys 9To IpousBeaenHne, npuanMas Bo BanManne [T i [ITT0.



II1.2. Dopmyasr @pene - Ceppe

Ho Bcaencrsue dpopmyst -4 BeKTOpHBIE MPOU3BEJICHUS B TPABOI YaCTH MOK-
HO 3aMEHUTH BEKTOpPaMU OCHOBHOI TPOWKH, CJI€I0BATEILHO:
W iy K. (1IL.11)
ds
Ob6beunss TpeIblIyIe pe3yabTaThl, TOJTyIIM CHCTeMY (hOPMYJI, Ha3bIBae-
MbIX opmysamu Ppene - Ceppe:

d7

S 72 [11.12
dv _

d—Z = k7 + Kf; (IIL.13)
d

d—f _— (IIL.14)

IIpejcraBum bopmyiibl @pene-Ceppe B MaTpudHoM Buje. J1jist 5TOro m3MeHnm
0003HAUYEHIE BEKTOPOB COIPOBOK/IAIONIETO TPEXTIPAHHUKA'

—
—

L =T 2 =V, e =0

Torma dopmyiier (77)- (1) MoKHO 3aICATH B BUJIE:

dey
— = kéy; III.15
ds €2, ( )
Jé.
% — k&, + Kéy (I11.16)
de: .
d—j S (111.17)
Brous marpuiy €
0 k£ 0
Q=1 -k 0 &k |, (IT1.18)
0 —x 0

3aMEeTUM, 9TO OHA AHTHCHUMMETPHYIHA U OLpPeJe/sdeTcs JIBYMsI KO3MUImeHTaMu
k 1 K, KOTOpbIe Ha3bIBAIOTCS KPUBHU3HOH U KPYyYEeHHEeM KPUBOIl; X IeoMeTpudie-
CKO€ 3HavYeHNe U CIIoco0 BBIUUCJIEHUA OY/IyT JaHbl HUZKE.

C nowmoripio BBegeHHo MaTpuibl 2 dopmysibl Opene - Ceppe MOXKHO 3alli-
caTb B BHJIE:

dé;
L= Qe I11.19
dS Zek? ( )




I'masa I1I. @opmysr @Ppene - Ceppe

WM B MaTPUIHO opme:

de
Q0 I11.20
7 e ( )

BBojist Tak HazbiBaeMblit eexmop lapoy:

—

C = Iie_i + k€3, (HIZl)

9TU (POPMYJIbI MOYKHO TaKXKe 3alicaTh B CJIELYIONEC SKBUBAJIEHTHON (dopMe:

de; - =

i [ Ceil, (i =1,3). (I11.22)

Bamerum Tak:ke, uro B Buje (1Y) wan (II20) dhopmyasr Ppene-Ceppe
CIIpaBe/IUBDI JIJIs1 KPUBOI U B CJIydae JII000ro puMaHo6a TPOCTPAHCTBA pasMep-
HOCTH 7, TJIe 110J MaTpuIleii {2 ciiegyer moHIMAaTh aHTHCUMMETPUIECKYIO MaTPH-

Iy pasMepHOCTH 1 X .. BeKTOpHI €5, ..., €, B ITOM C/Iydae Ha3bIBAIOTCsI IIEPBOI,
BTOPOI,..., (n-1) HOpMAaJISIMH KPUBOIi, COOTBETCTBEHHO, & COOTBETCTBYIOIIUE KO-
3G uImeHTs MATPUIBL - NEPEOTl, 6MOPot,..., (n-1) KpususHamu 3TON KPUBOIL.

I11.3 Pa3zaoxkenme mpom3BOJHBIX 110 HATYypPaJbHOMY Hapa-
MEeTpy

@opwmysibl Ppene - Ceppe MO3BOJISIIOT IIPOCTO OLPEIEJNTh KOIMDDUINEHTHI pas3-
JIOZKEHUST ITPON3BOIHBIX PAJINyCa-BEKTOPa 110 BEKTOPaM OCHOBHOI'O TPEXTI'PAHHI-
Ka. ByjgeM nexonnTh u3 n3BeCTHBLIX (GOPMYJI, JAIOIMINX BhIPArKEHUE IEPBLIX JIBYX
IIPOM3BOHBIX

7= (I11.23)

7 = ki, (111.24)

Huddepennupyst mocyieHIon U3 HIX 1 TO0JIb3ydach gopMystoir Opene, mosry-
IIM

d -,
—(7") = K7+ k(=k7 + kB),
P = k27 4 KT+ kkf. (I11.25)

TaxuMm ke 00pa3oM MOXKHO HalTH pa3jiozKeHHne IIPOU3BOIHBIX 00Jjiee BHICOKIX
MOPSJIKOB.
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I11.3. PaznoxkeHnne mpou3BOJHBIX IO HATYPAJIbHOMY HapaMeTpy

PaccmoTpuM mepBble WIeHBI pa3jioxKeHHus paJlyca-BeKTopa TOYKN KPUBOIl B
pan Teitopa 1Mo cremensM JJINHBI AYTH, OTCIUTHIBAEMON OT TOUKN Ag :

1 1 -
o s+ 5_’0 8%+ 6770 " s34 O(s?). (I11.26)

l

=l
I
pcdl
I
<

[TojcTaBiisist BeIpazKeHune IPOU3BOIHBIX 1 coOupasi KO3(MUINEHThI IIPU 011~
HAKOBBIX BEKTOpax, IOJYUUM pasjIoyKeHne 110 CTEIeHsM Pa3HOCTU S IIPOEKIHil
T — T Ha OCH OCHOBHOI'O TPeXI'paHHUKa. Ec/ii NPUHSTH 9TU OCU 38 KOOPIMHAT-
Hble, coBMecTuB ocb Ox ¢ KacaTesbHOll, a ock Oy ¢ TJIaBHOII HOpMaJibio, a OCb
Oz ¢ OMHOPMAJIBIO, TO PA3JIOZKEHNE COOTBETCTBYIOIINX KOOPUHAT Oy/IeT MMeTb
BII

k? ~
r=s-— gs?’ + Oy (s%), (IIL.27)
Lo K4 = 4
y = éks + 5° + Os(s), (ITL.28)
1 -
z = élmﬁ + Os(sY). (111.29)
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I'masa I1I. @opmysr @Ppene - Ceppe

I11.4 JlemMma 0 e AMHMUYHOM BEKTOPE

[lycTh e IMHIYIHBII BEKTOD 171, N3Me-
HSISICH TIOJIyYaeT npuparlierne Am u

cranouTcsi pased (PmcIITTH)
my = m + Am.

[TomecTB HAYAJBHYIO TOUYKY €JIH-
HIUYIHBIX BEKTOPOB 1M U 1M1 B TOUKY
O, poBejieM U3 Hee KakK 13 IIeHTPa,
m, OKPY?KHOCTb, COEIMNHSIIONIYI0 KOH-
el m 1 my. Jimna gyrn AA; sroi
~ OKPY?KHOCTH
m
O
AAlz @Y
Puc.Ill.15. K Jsemme o enn- Gyjter paBen yIIy MOBODOTA 1), a

HUYHOM BEKTOpE JJINHa XOPAbI

AA; = |Am)

aDCOJIIOTHOI BeJIMYMHe IIpupalie-
HISI BEKTOpa 1.

Tax xak mpemen

AA,
AA,

lim

XOpAbl K jyre Oyraer pasen emuauie nupu AA;— 0, To npexenr orHomeHHsT a0-
COJIFOTHO! BEJIMYUHBI IIPUPAIEHUS] €JJMHUYHOIO BEKTOpa K YIVIy IIOBOPOTAa 3TOIO
BEKTOpa paBeH eJIUHUIe, €CJIH 3TOT YIoJl CTPEMUTCSI K HYJIIO:

A—)
i AT _

1. (I11.30)
=0 @
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II1.5. T'eomeTpudeckuii CMbICT KPDUBU3HBI

II11.5 T'eomerpuyeckuii cMbICJI KPUBU3HbI KPUBOIA

Hamnpaienne kacaTebHoll m3Me-
HSIETCsl 1PU  JIBU2KEHUM TOYKHU 110
KpuBoit. YT0OBI M3MEPUTH CKOPOCTH
9TOTO WU3MEHEHUs BO3bMEM Kaca-
TeJIbHbIE B KOHIIAX HEKOTOPOM JIyT'H
Puc TTT TA, #aiijeM yroa @ MeXKIy
HUMU U MTOJICJIUM 3TOT YTOJI Ha JITH-
uy As ayru M M,. Ycrpemiisas Te-
nepb Touky M; K Touke M, naiijem
peJies OTHOIICHUST

Puc.II1.16. I[eomerpmyeckrii Aléglo AS k. (I11.31)
CMBICJT KPHBHSHEI Bennunny k Ha3bIBaeTCss KPUBU3-

HOIl KpUBOII B JaHHOI ee TOYKe.
Nrax:

Kpusnsna KpuBoii B JaHHOIT ee TOUKE €CThb MpeJiesT OTHOIIEHUS YTJIa
[I0BOPOTa KacaTeJbHONI Ha Jyre, CTATNBAIOIIECCA K JJaHHON TOYKe,
K JIJINHE 3TOM JIYT'U.

Kpusnusna copnajiaer ¢ kosdgpdunnenrom k B hopmysiax @Ppene - Ceppe. leii-
CTBUTEJILHO, U3 IEPBOI (POPMYJIBI CJIEIYET, UTO MOJOKUTEIbHAS BEeJININHA,

7 . |AT . |AT] . @
k=|—|=lim — = lim —— = lim —,
ds As—0 As As—=0 @ As—0 As
HO IIpeJie/ OTHOMIEHUsT aDCOIIOTHON BEJIMYUHBI NPUPAIEHUs] €IMHUIHOTO BEK-
TOpa KacaTeJbHOH K YIVIy €ro MoBOPOTa pPaBeH eIMHUIE, & BTOPOl MHOYKUTEb
COBIIQJIa€T C KPUBU3HOI, W Hallle yTBEpXKJeHue Joka3aHo. V3Mepss cKOpOCTb
N3MEHEeHHsT HallpaBJIeHUsT KacaTeJbHO, KPUBU3HA ITOKA3bIBAET, HACKOJILKO OT-
KJIOHsIeTCsl KpuBas 1o cBoeil hopme oT opmbl mpsiMoil unun. Hem OoJibiie
KpUBHU3HA — TeM CUJIbHee 3TO OTKJIOHeHue. [l nmpsaMoil Iuanm KpuBU3Ha, Ove-
BIJIHO, paBHA HYJIIO BO BCEX €€ TOUKaX, TaK KaK HAIIPABJISIIONIII BEKTOD IIPsIMOif
He MeHsieT CBOoero HampasjeHus. [lokaykem, 9To cipaBeInBO U 0OpaTHOE I10JI0-
JKEHTe.
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I'masa I1I. @opmysr @Ppene - Ceppe

Ecim KPpHBU3Ha JIMHUU PaBHa HYJIIO BO BCEX €€ TOYKaX, TO 3Ta JIMHUA

— HIpgamas.

JleficTBUTENBHO, JJIT paccMaTPUBAEMOIl JIMTHUAN

d7 ©
—| =lim— =0,
ds AS
OTKY/IA
7T =1y = Const .
Ho ecan
L dar
T=— =1,
ds 0
TO

= Tys + 70,

a 9TO eCTh YpaBHEHUE MPAMOl JIMHUH.
60




II1.6. T'eomeTpudeckuii CMBICJT KPYIEHUST

I11.6 T'eomerpuyeckuii cMbICJI Kpy4YeHUsI KPUBOIA

Corutacuo I T4 kpydeHne ecTb KO-
3P puImenT pasyiokeHnus: CKOPOCTU
M3MEeHEeHIsT BeKTOPa OMHOPMAJIH 110
OCHOBHOMY TPEXIDAHHUKY KPHUBOIL.

M3 [IL14 cnenpyer:

45

6l = |-

C Jpyroil CTOpPOHBI IIO OIIpejieIe-
HUIO [IPOU3BOJIHOIL:

db| _ . 155
— | = lIm

ds As—0 As '’

Puc.III.17. [eomerpudeckmuii

rae As — JUIMHA JYT'H, CTSATHBAIO-
CMBICIT KPy ICHH meiic K touke My, a AE - COOT-
BETCTBYIOIIEE eii IpupalieHue em-
HUYHOI'O BEKTOPa OUHOpMAasu (CM.

PocIITT7).

Ho corsiacHo jiemMe 0 eIMHUYHOM BeKTOpe abCOIOTHAsT BEJIMIMHA [TpUPAalIle-
HUsI €JJUHUIHOIO BeKTOopa A MOXKeT ObITh 3aMeHeHa B IIpejiesie OTHOIIEHUSI yI-
JIoM 1) oBopoTa BekTopa 3 Ha myre As. Takumm obpasom:

= i Y
k| = Aliglo e (I11.32)

AbcosroTHasT BeJIndnHa KPydeHUsl B JAHHON TOYKe KPUBOI paBHA
1Ipejiesly OTHOILIEHMS YIJIa IIOBOPOTa OMHOPMAJIU Ha, JAyTe, CTIIIBa-
IoIeiica K JJaHHO TOYKe, K JIJTMHE ITOU JIyTH.

Paccmorpum kpusyto I', Kpydenne KoTopoit BO BcexX TOUYKax paBHO HYJII0. [l
Takoit Kpupoit u3 rperbeit hopmysibl Opene - Ceppe MITT mosryunm:

ds L
d—f =0= g =y = Const. (II1.33)
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I'masa I1I. @opmysr @Ppene - Ceppe
Ho xacarejbnblii BeKTOp 7 = 7/ OpTOroHa/IeH BEKTOPY OMHOPMAJIH:
— = .
(r8)=0—(7-5).

[Tosromy BenencTaue [II33:

d > — > —

d—<50~r>=O:><ﬁo-r):Const (I11.34)

S

— PaIyC-BEKTOP IPOU3BOJIBHOI TOUKI KPUBOIl Y/I0BJIETBOPSET Y PABHEHUIO ILIOC-
KOCTH C BEKTOPOM HOPMAJIN N = 60
Urax:

KpI/IBaH C HYJIEBbIM KPYy4Y€HHUEM €CTb IIJIOCKad KpuBagd.

I11.7 ®opmyJibl JJisi BBIYUCJIEHUS KPUBU3HbI U KPYyY€eHUs

Y100bI BEIYUCINTH KPUBU3HY U KpyUeHUe KPUBOIi, 38/ IaHHOI CBOUM IIapaMeTpu-

YecKUM ypaBHeHueM, Bocrosb3yemcs gopmystavu T3 T 24 [IT21. M3 #Hux
6e3 Tpy/aa MoJIydaloTCd CJIeIyIoNe COOTHOIIEHUS

U (I11.35)
—/ —// _ o — 3
77 =k[Tv] = kB, (II1.36)
(F', (. F”’) = [F’ -7 ]F” = k’k. (IL.37)

OTU COOTHOIIIEHUS ITO3BOJIAIOT BbIPA3UTh KPUBU3HY U KPYUeHHe depe3 MMPon3-
BOJIHBIE BEKTOPA T 110 HATYPAJbHOMY I1apaMerpy.

st TOro, 4ToOBI MOJIYIUTh (DOPMYJIBI, COJIEpPKAIIle ITPOU3BO/IHbBIE 110 TTPOU3-
BOJILHOMY IIapaMeTpy, Ipeodpa3yeM IepeMeHHbIE U 0Ty IUM

O (IT1.38)
7;»// :77 (t/)2+ ,'.:’t//’ (11139)
M :% ( ) L 37+ 7 t’” (HI.40)

[IpousBessi mepeMHOXKEeHHE W IPUHUMAS BO BHUMAHHUE, YTO BCE IIPOM3BEJICHMUSI,
coJieprKalliie paBHble MHOXKUTEJIN, 00PAIATCs B HYJIb, Oy/IeM UMeTh:
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II1.7. @opmysbl /15T BEIYACIEHUS KPUBU3HBI U KPYIeHUST

7=t (I11.41)
kF = [ 7. ﬂ (t')?, (I11.42)
Kk = ( 7 %)(t’)ﬁ. (II1.43)

CpaBHuM abCOJIIOTHBIE BEJIUYUHBI 1IpaBoit 1 JieBoit yactu B hopmyse ITAT, a
roroMm u L 47

t = (I11.44)
| 7l
! [P

TaxoBa dopmyita,onpegessionias Kpupuzay. PopMmyia JlaeT JIJIT KPyYeHus

(F, 7 F)

(I11.45)

= M (I11.46)
k2| 7|8
WJIN I10CJIe 3aMeHbl KPUBU3HBLI €€ BbIPpazKEHNEM
(7 7 )
= va (I11.47)

7

®opmyiia [T 41 mokas3bIBaeT, YTO PABEHCTBO HYJ/IIO0 KPUBU3HBI XapaKTePU3YeT
TOUYKY crpsmjeHns. Takum ke oopazom u3 [IIA4 ciremyer, 9T0 TOUYKH VILJIOIICHUS
XapaKTepU3yIOTCA PABEHCTBOM HYJ/IIO KPYUYeHUsI B 9TOM TOYKeE.

B kooppunarhoii 3anucu Beipaxkenne 143 n [IIL471 npuHuMaiOT BII;

\/ 2 . .2
|y z Z T Ty
p— 1Y 17y (111.48)
(2% +9>+27)2
Ty Zz
iy E
K= — 5 — —. (IIL.49)
y z z T Ty
‘gj z Z T Ty




I'masa I1I. @opmysr @Ppene - Ceppe
I11.8 KpuBusHa mnjaockoii KpuBoii

[11ockocTh HA3BIBAETCSA OPUEHTUPOBAHHON, €CiN Yy Hee pa3InvdaeTcsd BHENTHIS
BHYTPEHHASI CTOPOHDL.

Tak, Harnpumep, 1m10ckocTb £y MOXKHO CIUTATh OPUEHTUPOBAHHON TaK, UTO
ee BHEIIHsisI CTOPOHA OIPEJIC/ISIeTCs MOJIOXKUTEIbHBIM HalpajienueM ocu Oz.

B opuerTnpoBaHHO MJIOCKOCTH MOXKHO Pa3anydaTh MOJOKUTETbHOE U OTPHU-
[aTeJIbHOe HallpaB/IeHUe BpallleHNd U IPUINCHIBATH YIVIY 9TUX BPallleHUil COOT-
BETCTBYIOIINII 3HAK.

Cuuralor, 9T0 BpallleHne MOJI0KUTEIHLHO, eCJIN pacCMaTpUBaeMoe ¢ BHEITHE
CTOPOHBI TIJIOCKOCTH OHO COBEPINIAETCS B HAIIPABJICHIHT, OOPATHOM JIBUYKEHUIO Ja-
coBoOil cTpesiku. PaccMorpum KpuBYyIO B OpueHTHPOBAaHHON 11ockocT xOy 1pa-
BOI cucTeMbl KOOpJAMHAT. EINHNIHBII KacaTe/bHbII BEKTOP 9TOH KPUBOIl, yKa-
3BIBAIOIINI HallpaB/IeHIe BO3paCTaHUsl IapaMeTpa, MOXKHO IIPEJICTaBUTL B BUJIE

&(a) = icosa + jsina,

rgpe & eCrb yroJj MexkKay IIOJIO2KHNTEJIbHBIM HallpaBJIEHHUEM OCHU Ox n BEKTOPOM

e(a).

BekTop

e1(a) = 5(04 + g)

HAIIpaBJIEH 110 HOPMAJIU TO YK€ KPUBOIT I TOJIyUeH u3 BeKTOpa €( () ero moBOpoTOM
Ha IIPAMOI YTOJI HOJOZKUTEJIBHOTIO HAIIPABJICHUA.

Huddbepennupyst paBeHCTBO

7' =7=c¢a),
MOJTY UM
. . L, Jda
"= kv = 1(0{)@
Bemmaumy
da
ko = —, I11.50
o (I1.50)

KOTOpasi MOYKET OTJIMYATLCA OT KPUBU3HBLI TOJLKO 3HAKOM, OyJeM Ha3LIBATD
OTHOCHUTEJIbHOH KPHUBU3HOH.

OTrnocuresbHast KpUBN3HA OyJIeT IOJIOKUTEILHA, eCJIU BeKTOp TJIaBHOI HOp-
MaJii I/ COBIaJIaeT ¢ BEKTOpoM €1(a) u orpurarenbia ecin U = —ey(a).

64



I11.8. Kpunusna mjiocKoil KpuBOIT

Tak Kak BEKTOP IVIaBHON HOpMaJIU OlpejesseT HalpaBeHne BOIHYTOCTH, TO
HCTOJTKOBAHWIO 3HaKa OTHOCUTEJLHON KPUBU3HBI MOXKHO TPHUIATH CJIETYIONLYIO
dopwmy.

OrHocuTebHAST KPUBU3HA TOJIOZKUTEIbHA, €CJIn HaOJII0IaTe b JIBUKY IIAICS
110 BHEIITHEH CTOPOHE IJIOCKOCTH B HAIIPABJIEHUN BO3PACTAHUS ITapaMeTpa, IMeeT
BOTHYTOCTH KPUBOII 110 CBOIO JIEBYIO PYKY, U OTpUIIATEIbHA B TPOTHBOIIOIOZKHOM

coydae Puc IIT T8,

Ke>0 K,<0
Puc.III.18a. Kpusnsna maockoit Puc.II1.18b. KpuBusna msiockoit
KpuBoit Kqpphg > 0 KpuBOIH Kgipng < 0

Y100BI BBIYMC/IUTH OTHOCUTEIbHYIO KPUBU3HY, TpUIoxKuM dopmyrny T4
paccMaTpuBaeMOMY CJIyYdalo KPUBOii, pacio/ioykeHHoi B miaockoct xOy

C Jipyroit cTOpOHBI

kG = [F’ : F”] - (5(@)- é’l(a))k:a — k.

Orcrona caejyer, 9To

ko = (24 — y)(t')°.
Ecim mapameTp ¢t Bo3zpacTaeT BMeCTe ¢ Bo3pacTaHUEM S, TO t IOJIOYKUTEILHO,
HO

OTKY/1a
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I'masa I1I. @opmysr @Ppene - Ceppe

i — i
-2 -2\3/27
(% + %)Y
HpI/Iqu KOpHIO B 3HaMeEHaTeJIe HpI/I,HaeTCSI apI/ICbMeTI/IquKoe 3HAYEHUE. B qgacT-
HOCTI/I7 ecJin KpI/IBaH BaﬂaHa ypaBHeHI/IeM

(I11.51)

a:

y = f(z),
rje r UrpaeT poJb IapamMerpa, To B OpMyJIe cieayeT HOJ0KUTh
dy d2y
r=1, y=— =0 y=-—75—;
dx 4 d*z
OTKY/JIa,
d2y
_ dax?
ko, = R (IT1.52)
14 (Y
dx
8HaK OTHOCHTE/JIbHOI KPHBU3HBLI COBIIAJIAET CO 3HAKOM IIPOM3BOJIHOI % "

olpejiesIsieT HallpaBJ/ieHne BOTHYTOCTU KpuBoil. Kcim k., mosiokuresibHa, TO BO-
I'HYyTOCTb HallpaBjieHa B CTOPOHY BO3PaCTaHUs OPJMHAT, a IIPU OTPHUIATE/ILHOIT K,

B IIPOTUBOIIOJIOXKHYIO cTOpoHy. Touka Iepernda xapakTepusyercs oOpallleHIeM
2

d "
B HYJIb d—q}é, a BMeCTe C TeM 1 KPHUBU3HDbI, TO €CTb ABJIACTCA TOYKON CIIPAMJICHUA

IJIOCKOI KpuBoiil. Bestmunna obpaTHast KpHBU3HE €CTh paJiiyCc KPUBU3HBI KPUBOIl

pP=7-
k
Touka, onpeesieHHasd paIyCc-BEKTOPOM

fe =T+ pv,

Ha3bIBaETCS [[EHTPOM KPHUBHU3HBI JIJAHHOI KPUBOIL.
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I'maBa 1V

HarypaJjibHble ypaBHeHIsI KPUBOIA

IV.1 HarypaJjbHble ypaBHEeHUs

uBapuantaMu MpOU3BOILHON KPUBOI ABJIETCA ee JIUHA JTYTU, KPUBU3HA 1
Kpydenne. /leficTBUTEILHO, ITPU JIFOOOM ITPEOOPA30BAHNN KPUBOI WJIN IIPU I1epe-
MeIEeHNN KPUBOIl OTHOCUTE/ILHO CUCTEMBI KOOP/IMHAT OHU HE MOTYT U3MEHUTHCS.
Y1obb! yOeIUTHCS B 9TOM, JIOCTATOYHO BCIIOMHUTE UX olpejenenue. limna gyru
OlpeJieNisIeTcs KaK MpeJiesT JIUHBI lepuMeTpa BIMCAHHON, & KPUBU3HA W KpyUe-
HUe Kak IpeJiesibl OTHOIIEHH yIJIOB MOBOPOTa KacaTeJ bHOi mim OMHOpMAaJIn K
JymHe ayru. Ho jmHa m yriibl He MEeHAIOTCS MPU MTepeIBUZKEHNN KPUBON WJIN
pu Tpeodpa30BaHuN KOOP/IMHAT, & BCJIEJICTBUE STOrO Jyra, KPUBU3HA W KpyUe-
HUE OCTAIOTCs HEM3MEHHBIM.

Ecnmn kpuBasg oTHeceHa K HATypaJbHOMY HapaMeTpy, TO ee KPUBU3HA U KPY-
YeHue sIBJIAIOTCA PYHKIUSIMU 3TOTO ITapaMerpa

k=k(s); rk=r(s). (IV.1)

Cucrema 3TUX JIBYX COOTHOIIEHUIT HA3BIBACTCA HATYPAJIbHBIMA YPABHEHUSIMA
kpuBoii. Tak Kak HaTypaJibHOe YpaBHEHUE CBA3bIBAET MHBAPUAHTHI KPUBOM, TO
OHO He MeHseTcsd NpU TPeodPa3oBaHNN KOOPJAUHAT WJIN P IepeMelieHnn Kpu-
BOIl OTHOCUTEJILHO 3TOM cucTeMbl. OCHOBHOE 3HAUEHNE HATYPAJbHBIX YPABHEHUIT
COCTOUT B TOM, UTO 3aJaHie UX BIOJIHE XapakTepusyeT (hopMy KPHUBOIi, TaK UTO
JIB€ KPUBBIE C OJIMHAKOBBLIMK HATYPAJbHBIMHI yPABHEHUSIMI HEOOXO/IMMO COBIIa-
JIaIOT 110 CBOeil (hbopMe U MOTYT OTJINYATLCA TOJIBKO MOJIOYKEHNEM TTPOCTPAHCTBA.

IV.2 Kpusble ¢ o0mmuMu HATYPaAJbHBIMI ypPaBHEHASIMN

I—Ipe,B;HOJIO)KI/IM7 9TO HaM [JaHbl JIBE KPpUBLIE U 1. Ecan na stux KPHUBbLIX MOZKHO
BBECTU HaTypaJlbHbIC IIapaME€TPbl § U S TakK, 4TOOLI B TOYKaX, OTBE€YarOIIMnX
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I'maBa IV. HatypaJibHble ypaBHEHUS KPHUBOH

OJIMHAKOBBIM 3HAUECHHUSM STHX [TapaMeTpOB, COBIIAIAIN UX KPUBUBHBI ki U k 1
X KpPy4eHusl kK1 U K T.e., 9T00bI

ki(s1) = k(s);  ki(s1) = k(s) (IV.2)

npu
S = 81,

TO MBI OyJIeM IOBOPUTH, UTO UX HaTypaJbHbIe YpaBHEHU COBIIaIaroT. Jloka-
JKeM, 9TO IIPH 9TOM YCJIOBUU KPUBBIE MOT'YT OTJIMYATHCS TOJBKO IOJIOXKEHHEM
B npocTpaHcTBe. MHbIMK cjioBaMu, OJHY W3 HUX, HAIIPUMED 1, MOXKHO IIepeMe-
CTUTH TaK, UYTO OHA BCEMH CBOMMHI TOYKAMIH COBIQJET ¢ KpuBoii . Ilepemectim
KPHUBYIO 1 Tak, 9TOOBI ee Touka A, oTBeuaromias 3HAYEHNIO apaMerpa S; = S,
COBIIaJIaIa ¢ TOUKOH Ay KpuBOil (, 0TBedalomeil TOMy »Ke 3HAUEHUIO [1apaMeTpa
s. Ilocsie aToro 6yaeMm Bpalarh ; BOKPYT 9TOM TOYKHM JI0 TEX IIOP, ITOKA BEKTOPHI
ee OCHOBHOI'O TPEXTI'PAHHNKA, B3SITHIE B TOM K€ TOUYKe, He COBIAJIYT ¢ BEKTOPAMU
TpeXIpaHHUKa KPUBOIT . DTOr0, OYEBUIHO, MOYKHO JIOCTUTHYTh, TaK KaK 00e TPOii-
KU IIpaBble 1 00Pa30BaHbl €MHUYHBIMI U B3aUMHO OPTOIOHAJIBHBIMU BEKTOPAMU

Puc TV T9.

ol

<~

7

Puc.IV.19. Kpussle ¢ obmmmu
HATypaJIbHBIMU Y PABHEHUSIMI

OTMmeuast HOJIMKOM 3HAYCHUS BEKTOPOB B TOYKE Ao, 6y,ZL€M NMETDb

-0 =0, -0 _ =0, -0 __ =0, 70 __ 30
=T T =T, v =V G =06".

MbI JTI0/KHBI TTOKa3aTh, YTO 9TH PABEHCTBA, KOTOPbLIE 10 MOCTPOEHUIO MMEIOT
MeCTO JIJI 3HAUEHUT §1 = § = S(, CIPaBEJJINBLI U IIPH JIIOOOM JIpDYTOM 3HAYEHUH
napametpa. s 9Toro paccMoTpuM KOMOWHAITAIO

T+ +Bbi=0
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IV.2. Kpussle ¢ obmumu HaTypaJIbHbIMA Y PABHEHUSIMH

U HaiijleM ee IIPOM3BOJHYIO II0 IapaMeTpy S, Hojb3ysch dopmyaamu Ceppe -
@pene n npunnmas Bo BanManne V. Ho sta nmponssoanas
do' NN - = = NN - - — =
7= kvTy + (—kT + kB)h — kP + kTt + U(—kT + kB1) — kB = 0,
OTKY/la CJIeJIYeT, 9TO
o = Const,

T.€.HE 3aBHUCUT OT S. O,ZLHaKO npn s = §g UMeEM PaBEHCTBO
= 2 — 2 3 2
o) =T0 + 1) —f—ﬁo :3,

BCJIEJICTBIE Uero ¢ = 3 IPH JIOOOM 3HAUEHUN S.

CxaJisipHble [IPOU3BeIeHIsI €UHUIHBIX BEKTOPOB PaBHbI KOCHHYCY YIJIa MEK-
Jly HUMHM, a8 CyMMa TPeX KOCHHYCOB MOYKET PaBHATHCS TPEM TOTJa M TOJIBKO TO-
rJ1a, eCJIM KaxKIblil 13 9THX KOCUHYCOB paBeH eauauie. Orcio/a cieryer, 9To Ipu
JIIOOOM 3HAYECHUU S

| =T; =V B = B.
Hcnosb3yeM mepsoe U3 9THX PABEHCTB IIePeIcaB ero B BUJIE
dr  dr
ds dsp

[IpouHTErpUpPOBAB 9TO PABEHCTBO, MOJIY UM
1(s) =7(s) + ¢,

e € OCTOsHHDIN BeKTOp. Ho 1o yeaoBuio npu s = sy 71 u 7 coBuagaioT. Orcrona,
caenyert, uto ¢ = 0, a

i(s) = r(s)
npu JoboM 3Hadennn S. Taxkum obpaszom Kpuas [’y 1mocjie cOOTBETCTBYIOIIETO
nepeMernenns coBlajia ¢ KpuBoit [' 1 Mor/ia oTimdIaThes OT Hee TOJBLKO MOJIOXKe-
HUEM B ITPOCTPAHCTBE.
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I'maBa V

Sagaun auddepeHnuajabHOl TeoMeTpun
KPUBBIX

V.1 O6imme 3a1a9m 0 KPUBBIX

OcHoBHBIE HOPMYITBI

d du  d\

—(\D) = \— + = 1
N = T (V-1)
d,,, _dv diu,
E(u@) = U -+ ikt (V.2)
d.—— dv du
— = U — — - U. V.3
ikl [u dt} {dt U] (V-3)
[Tonesna Takzxke dpopmyria Jiiyiepa:
— = — —
[ab]P+[(ab)]=1.

IIpumep IIV.1. Buuwucasums kpusudny u Kpydenue Kpueot:
7= dcost+bsint + ¢,

ede d u b - He KoaruHeapHvle 6eKmMopb.

Permmenne

Huddbepennupys, Haiigem:

r= —asint 4+ bcost; 7= —dcost — bsint; = asint — bcost.
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V.1. O6iune 3aja4m 0 KPUBBIX

Taxum obpaszomM, Haiigem:
FoA = (7R =0,

Taxum obpazom, KpydeHnne KpUBOil paBHO HYJIIO, CTAJI0 ObITH, KPUBas - IJIOCKAs.
Boruncisis KpuBU3HY KPUBOIl 110 hopmy.ie:

LA

K

Y

HaliJ1eM:

: - —
| 7| = \/ *sin®t —2( a b )sintcost + b°cos* t =

[a- o]

— —
a’sin’t — 2(a b ) sintcost + b? cos? t

IIpumep IIV.2. Jlokazamwv, uwmo 2o0doepagd dyrruyuu
7=dcost+bsint + ¢

ECTND INAUNC, PACTOAOACEHHVLT 6 NAOCKOCTU, Npoxodawet yepes mowky Mo(7)|To =
C u codepotcaweti sexmopuv, @ u b, ecau amu 6eKMOpPvL He KOANUHEAPHDL MEAHCIY
coboti.

Permmenne

Tor cdakr, 4TO dTa JIMHUS JIEXKUT B ILJIOCKOCTH, MbI JIOKa3a/i Bbllle. Bse-
neM B ykasanuoii mwiockoctu 11(Mo; @, b) cucremy jgekaproBbix koopauHat rOy
¢ nadasoM B Touke My(7p): Torma:

—

¥F—1Ty=acost + bsint.
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I'maBa V. 3Banaqwn gucgepernnaibHOi reoMeTpHH KPUBBIX

Bbeibepem B KaudecTBe opTa IIepBOil
KOOPJIMHATHOI OCH:

—

1 =

| =1

Y

=

a B KaueCTBe BTOPOI'0 OPTa - BEKTOD,
nexarmuit B wiockoctu 11(My; d, b)
I OPTOTOHAJIBHBIN BEKTOPY €] (M.

Pac\m):

— —
a a

[a [ba]]
[a [va])

BBojisi Tereph KOOPJAMHATHI TOYKU

€y =

M Ha 11JIOCKOCTU:

Puc.V.20. K zajgaue IV 2 r—ry = &€l +néy = acost+bsint,

U TpupaBHUBasg KOIPOUITMEHTDHI
PU AUHETHO - HE3ABUCUMBLT 6EkK-
mopax a n b B IIPaBOil 1 JIeBOIl 1a-
CTSIX 9TOTO BEKTOPHOI'O PaBEHCTBA,
HalijleM KOODPJIMHATHI TOYKU KPH-
BOI1:

— = - =

ab
§:li\cost+%sint; n=

YauTsIBas, 9To
R — — =
|[ab]\:absin¢; (ab):abcosgb,

TJIe ¢ - YIOJI MEXK/Iy BeKTopaMu @ u b, a a = |d| u b = |b| - JyINHBI STUX BEKTOPOB,
HOJIYYNM IIapaMeTpUUYecKne ypaBHeHnd KPUBOIi:

& =acost+ bsin ¢sint;
n = bcos ¢sint,

—,

rie £ 1 1) - IPSIMOYTOJIbHBIE KOOpAUHATHI 110cKocTH 11( My, @, b). Paspemast st
ypaBHEHUSI OTHOCUTEIBLHO coSt U sint, Haiijiem:

n o § n

sint = ——— cost = > — =
bsin ¢’ a a

ctg . (V.4)
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V.2. KpwuBas n KacaTejabHas

BO3BOJIL B KBajipar obe dactu coornomennii (VA) i ckiabBasi, OJLY THM:

(€sin ¢ — 7 cos )’ U

=1.
a’ sin? ¢ b? sin? ¢

—

Droit KpuBoit 6mopozo nopadra na miockoctu [I(My; d, b) coorBercTByeT MO0
JKUTEILHBIN OIIPEJCIUTEb KBAAPATUIHON (POPMBIL:

1 2

s
IIO3TOMY KpuBad ABJIAETCA SJIJIMIICOM. HpI/I gb = § I[IOJIYOCH 3JIJIMIICaA HallpaBJICHDbI

BOJIb Oceil & u ) u pasubl a = |@|, b= |b].

V.2 KpuBasg n kacarejibHAd

OcHoBHBIE (POPMYJIBI

Ecnu kpuBag 3a/1aHa mapaMeTpuiIecKnM ypaBHEHIEM
= 7(t), (V.5)

TO HalIpaBJIEHUE KacaTeJIbHOI OlIpeneIdeTcda BEKTOPOM HpOI/IBBOILHOﬁ

dr -
— =7 V.6
o =" (V.6)
=% _Y~Y% _~2—%0 (V.7)
T Yo Zo .

rie Mo(zo, Yo, 20) - TOUKA KaCaHUSI.

V.3 lloBepxHOCTh U ee KacaTeJIbHbIe
OcHoBHBIE HOPMYJIBI

13 ananmnTndecKoit reoMeTpun U3BECTHO, YTO TMOBEPXHOCTH BhIPAXKaeTCd ypaBHe-
HIEeM

F(z,y,2) =0, (V.8)

CBA3bIBaOIIM KOOPAMUMHATBI €€ TOYEK. BeKTOp HOpMaJIA
N = F,i+ F,j + F.k, (V.9)
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I'maBa V. 3Banaqwn gucgepernnaibHOi reoMeTpHH KPUBBIX

oF oF oF
P Fe = oy’ 7 0z

Kanonnueckoe YpaBHEHHUE HOPpMaJI1 UMeEET BU/I:

L—2o Y—Yo 22— 20

1
F, F, . (V.10)

B ocoboit Touke TOBEPXHOCTU YacTHBIE PON3BOHBIE OT JIEBOI YacTU ee ypaB-
HEHUS 110 KOOPJMHATAM TOYEK OJHOBPEMEHHO 0OpAaIaloTcs B HYJIb

F,=0;, F,=0; F,=0. (V.11)

[IpocTpancTBeHnyI0 KPUBYIO MOXKHO paccMaTpUBaTh KaK KPUBYIO IlepecedeHust
JIBYX HOBEpPXHOCTe. 3a1aB 3TU IHOBEePXHOCTH YPABHEHUSIMIU:

o(x,y,2)=0; (x,y,2) =0, (V.12)

OIIpeJIe/INM KPUBYIO KaK IeOMETPUYECKOe MeCTO TOYEK, KOOPJMHATBI KOTOPBIX
YJIOBJIETBOPSIOT OJTHOBPEMEHHO OOOUM STUM yPABHEHUSIM.

Kacarenbublit BEKTOD T KPUBOIl MOXKeT OBbITH MOJIyUeH UX BEKTOPHBIM yMHO-
JKeHUeM

T = [ﬁl ﬁg}. (V.13)

HopwmausibHble BEeKTOPBI TOBEPXHOCTEH BBIYHCINM, IOJIL3YsICh dopmyltoil .9
TaK UTO KOOPJMHATHOE BbIpasKeHHe KacaTeJIbHOIO BEKTOpa Oy/eT UMeTh BHU/I

1
T=| o, Oy Pz |- (V.14)
(0

V.4 ComnpukocHOBeHNEe KPUBBIX U MOBEPXHOCTEM

OcHoBHbIE (POPMYITBI

YpaBHeHue
F(z,y,z,a1,a9,...,a,) =0, (V.15)

rjie x, Yy, 2 KoOOpJAUHAThl TOYKU IIPOCTPAHCTBa, & a1, ds, . .. ,d, HE3aBUCUMbIC I1a-
paMeTpbl, OIpeiesisieM CeMeHCTBO IIOBePXHOCTEI,3aBUCHIIee OT 1 TapaMeTpPOB.

Y100bI HAMTH TOBEPXHOCTDb CeMeiicTBa, COIPUKACAIOILYIocd ¢ Kpuboil [, ompe-
JIeJICHHO ImapaMeTpuieCKUMU YPaBHEHUAMU,

ZUZiU(t), y:y(t)a Z:Z(t)a
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V.5. ConpoBoxKgaroruii TpexrpaHHuK

obpazyeM 6CNnoOMO2aMEALHYIO PYHKUUIO

f(t,ar,a9,...,a,) = F(x(t);y(t); z2(t); a1, a9, ..., a,). (V.16)

TOI‘,ZLa YCJIOBUA COIIPUKOCHOBEHHUA MOXKHO 3all1CaTb B BHAE CHCTEMbBI aﬂre6pa1/1—
YEeCKUX ypaBHeHI/Iﬁ OTHOCHUTEJILHO IIapaMeTPOB

o o 0
ay1,09,...,0y,

COOTBETCTBYIOINUX COHpHKacaIOLHeﬁCH IIOBEPXHOCTU:

o o o \
f(t()? ai, ag, . ,CLn) - 07

o o o
f(t()a ai, ag, . 70%) - 07

(n—1) o o
f (t07a17a27"'7an):0- y

B gactnocTn, ypaBHenue compukacalomneiicsa mIoCKOCT NMEeET BU/I:

(F — Ty, 7, ) = 0. (V.17)

V.5 CompoBoxKgaonimii TpexrpaHHuK
OcHoBHbIE (HOPMYITBI

Ecmu Touka KpuBoil 3ajaHa, TO JJIsd OlpejeeHus TI'paHeil 1 pedbep OCHOBHOIO
TpeXTpaHHnKa HY»KHO YMETh BBIUHNC/IATH UX HaIpaBIdioNne BeKTophbl. Hampas-
JAIONNN BEKTOP KacaTeJbHOI paBeH MepBOil POU3BOIHON

—

T =F. (V.18)

Hanpassitomuiit BeKTop OMHOpMaJii paBeH BEKTOPHOMY IIPOU3BEICHUIO BEK-
TOPOB IEPBOIl 1 BTOPOIl MIPOU3BO/IHONM

B = [ 7. F] (V.19)
HanpagpJstiomuii BeKTOp IVIaBHON HOPMaJIK HEePIEHINKYJ/ISIpDEH BEKTOPY KacaTeIb-

Hoit 1 BekTOpy OnnopmaJju. [TosTomy ero MoxKHO OJIOXKUTH PaBHBIM UX BEKTOP-
HOMY ITPOU3BE/ICHUIO

N = [F [F-FH. (V.20)
BoibepeM Ha KpuBoii, mapaMeTpu30BaHHO ¢ TTOMOIIHIO TPOM3BOJILHOTO MTapaMeT-
pa t, HEKOTOPYIO TOUKY Ap, COOTBETCTBYIOILYIO 3HAYEHNIO apamMeTpa t = tg, u
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I'maBa V. 3Banaqwn gucgepernnaibHOi reoMeTpHH KPUBBIX

HA30BEM ee HadaJbHOH Toukon. mmHa myru, umeromieil Hadaao B Touke Ay u
KOHEI[ B IIPOM3BOJILHOI TOUKe KpuBoit A, onpemennrcs popmytoit

t
s::b/“|#|dt (V.21)
to

Ecnn kpuBag oTHeceHa K HaTypaJbHOMY HapaMeTpy, TO HAITPABJISIONINE BEK-
TOPBI OCHOBHOT'O TPEeXI'PaHHUKA OMPEETIOT (hOpMYIaMu

T =7 é:[W-W} N=7" (V.22)

1. Eauananeiii BEeKTOp KacaTebHOI T, ONpeJIe/NnM TaK, YTOObl OH COBIAJIAJ C
1ePBO#l IPOM3BO/IHOM paIyca~-BeKTOPa M0 HATYPAJbHOMY ITapaMeTpy

7= (V.23)

EnHUYIHBI BeKTOp TIaBHOI HOPMAJIHM I/, OIpPeIesMM TaK, 9TOObI ero OpheHTa-
g COBIIaasIa C OpueHTaleil BeKTopa BTOPOU ITPONU3BOIHOIN 110 HATYPAJILHOMY

napameTpy
=/

5 T
7
3. E,Z[I/IHI/I‘IHbIﬁ BEKTODP 6I/IHOpMaﬂI/I 6 OPHUEHTHUPYEM TakK, YTOOBI TPOIKa BEKTOPOB

{7, 7, E} ObL1a NpaBOIi:
— -

B=[Tv] (V.25)

BBejiennble BEKTOPDHI YIOBJIETBOPSAIOT YCJIOBUSM:

(et e (V.26)
(rv)=(vB)=(87)=0
(vg]=7 [Br]=0 (v.27)

IIpumep 1IV.3. Cocmasumos ypasnenue conpuracarou,eticsa naockocmu KoHU-
yeckot 6UNMOB0T AUHUU

7(t) = (tcost, —tsint, at) (V.28)

6 Hava.ne %’00]90?”1,@772.
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V.5. ConpoBoxKgaroruii TpexrpaHHuK
Permenne

Ypasrenue conpukacaroreiicst miockoctu (M17) umeer Bu:

r—Xo Y—Y < — %0
o %oz |=0, (V.29)
oW A

Hauaso xkoopaunar (0,0,0) coorBercTByer 3Hauernio t = 0. Borancisisa mpous-
BOJIHBIE pajinyca-BekTopa (N28); moryamm:

7= (cost—sint, —sint—tcost,a); 7= (—2sint—tcost, —2cost+tsint,0).
Takum 06pazoM, B HaUaIe KOOPMHAT:

7(0) = (1,0,a);  7(0) = (0,-2.0).)

BanuceiBast ypaBHeHue conpukacaomnieiics mrockocrn (V29):

r Yy z
1 0 =0,
0 -2 0
HaiijieM obinee ypaBHEHHE:
—ax + z = 0.

ITpumep IIV.4. Hatimu conpukacarowyrocs naockocms Kpusot nepecedenus
dsyx noseprrocmedi:

Y1 O(x,y,2) =0,

Yo : U(z,y,z) =0.

B uacmnocmu natimu conpuracaiowyrocs naockocms Kpusoti nepecedenus cihe-
poe S: 22 +y? + 22 = R? u yuaundpa C: 2 +y? = R?, ne npubeeas x napamem-
PUIAUUL IMOT KPUBOTU.

Permenne

Kacarenbnblit BeKTOp, 1', KpUBOil Iepecevenns paBen:

T=[VD- -V,
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I'maBa V. 3Banaqwn gucgepernnaibHOi reoMeTpHH KPUBBIX

rjie VF' - Tak Ha3bIBaeMbIil BeKTOp 2paduenma pyrryuu F':

OF OF OF
F = :
v (Gx’ﬁy’ﬁz)

[Ipenmonoxkum, aro kpubasg [' = X1 M X9 nmapameTpusoBaHa HEKOTOPLIM Tapa-
metpoM t. Torma

= \T

Bropast mponsBojiHast paJinyca-BeKTopa TOria paBHa:

Cdt dt

wodr_ T (oTdr oTdy oTd
B Or dt Oydt 0Ozdt

)V(?%)f-

Taxum 06pa3oM, HOpMaJIbHBII BEKTOP COIIPUKACAIOIENCS IIJIOCKOCTH, T.€., BEKTOP

GUHOpMaJN paBeH®:

- . . - — — -
B=[F-fl=[T-(TV)T].
ObpaTuMcest K KOHKPEeTHOMY HpuMepy. Bbrauciisis, Haiijiem (OHyCKaH Hecylle-
CTBCHHDBIC MHO)KI/ITGJII/I) .

Vo = (,y,2); VU = (x,9,0).

T=[V®- VU] = (—yz,z2,0) = (—y,z,0).

Taxum obpazom:

n
— =

OxonuaTeJbHO HailjeM:

— - = —.
[T-(TV)T]=—(0,0,2*>+y*) = —R*(0,0,1) =
3 =1(0,0,1).
DTO O3HAYAET, YTO CONPHUKACAIONIAACH IJIOCKOCTH OyJjleT napaJiie/ibHa KOOpP/Iu-
natHoi mockoctn X OY B 10001t Touke Kpuoii. Haiing obyio TouKy KpuBoil
I
o2+t + 22 = R 2?4+ =R'= 2=0,

Ivuokurem Buia A /Mbl oTOpachBaem.
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V.6. ©@opmyser @pene - Ceppe

IPUXOJUM K TOMY, 4TO 3Ta IJIOCKOCTL U ABJIFETC B HAIlleM cJydae COIpuKaca-
FOIIericd:

—

(7"—=710,0)=(r—20)- 0+ (y—yo) - 0+2-1=0=2=0.

ITpumep IIV.5. Hatimu edununrvie sexmopuv, xKacameavhoti, 2aa8Hot HOPMa-

AU U OUHOPMANU KPUBOT.:
() = (t, 1%, 1) (V.30)

6 Hava.ne %OOdeHClm.

Pemnienne
Haiinem mpoussojiabie pajmyca-sektopa (MV30):

F=(1,2t,3%); 7= (0,2, 6t).

Hauasy koopjimnaT coorBeTcTByeT 3HadeHue napamerpa t = 0. Takum obpazom,
B HaydaJle KOOPJNHAT:

7(0) = (1,0,0); 7= (0,2,0).

Taxum 00pasoM, eMHNYHBIE BEKTOPhI KacaTeJabHO, 7, 1 OunopMaJn, 3, paBHbI

T = 7 =7 (0) = (1,0,0);
B =[F(0)-7(0)] = (0,0,2) = § = (0,0,1).
Bekrtop ryiaBHOiT HOpMaJIU, I/, PaBeH:
— =
v=[pv]=(10,0).

Mrak, B Havaje KOOpAMHAT OCHOBHBIE €INHUYIHDBIE BEKTOPLI 7, I/, (3 COBIIALAIOT
C OCAMM KOOpJAWHAT.
V.6 ®opmyinsr @pene - Ceppe

OcHoBHBIE HOPMYITBI

®opmyisl Ppene-Ceppe UMEIOT BII;

7! = kv;
7 = —k7+ Kf; (V.31)
B! = —kD.
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I'maBa V. 3Banaqwn gucgepernnaibHOi reoMeTpHH KPUBBIX

IIpumep IIV.6. Ilapamempusosamsd 6uHMOBYO AUHUN C NOMOUDIO HATY-
PANDHO20 NAPAMEMPG U HATMU BEKMOP €€ 2AG6H0T HOPMAAU.

Permenne

]_[I/IJH/IH,H,pI/I‘{GCKaH BHUHTOBasA JIMHUA OIIMCBIBaECTCA IIapaMETPpUIeCKUMU YPpaBHECHN-
AMMN:

7 = aé(p) + bok = (acos g, asin g, by).
Boluneisst mepByio IPOU3BOIHYIO 9TOTO BEKTOPa, HafileM:
7= aé\(p) + bk = (—asin g, acos p, b).

Takum obpaszoMm, JJIMHA JIyTH paBHA:
t t
5 = / I7|dt = /\/a2 +02%dt =tV a® + VP
0 0

Orciojta HaligeM:
s

\/a2+b2.

Taxum obpazoMm, MOJACTaBISAS 9TY CBA3b B YpaBHEHUE BUHTOBOI JIMHUU, OCYIIIE-

t =

CTBUM ee HaTypPaJbHYIO ITapaMeTpu3alnio:

S bs -
— | + —=k
vV a? + b? vVa?+ b2

Kak m3BecTHO, TPU 3TOM €IUHUYHbBIN BEKTOP TJIABHOI HOpMAaJIN

— —

T =ae

—//

)
npuiemMm
k=|r"|-
- KpuBuU3Ha KpuBoil. Takum obpazom, HailgeM :
a
7= ————=¢
PERyS (),
a
=k = —5—
‘ | CL2 + b?’
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V.6. ©@opmyser @pene - Ceppe

v =é(p).

IIpumep IIV.7. Hatimu eexmopvl 0CHOGH020 MPET2PAHHUKA U COCTMAGUMD
popmyave Ppene-Ceppe Oaa yusundpuueckotli 6uHMOB0T AUHUU.

Permenne

Ha ocnoBanuu permenns npumepa [V 8, nmeem

~ ae(p) + bk
v a? + b2 7
—=//
V= ‘7;»//| - _5(90)

f=[rv] =220
Va? + b?
Kosdduruent
k=" = ———— (V.32)

OTKY/Ia CJIEJIyeT, YTO

K =

Taxkum obpazom dhopmyiisl Ceppe-Ppene UMEIOT B/

ar __a -

ds  a>+ b2’

dv a _,_}_ b ﬁ—»
_ = ——T -
ds a* + b? a’+ b
g b

ds _a2—|—bzy'
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I'maBa V. 3Banaqwn gucgepernnaibHOi reoMeTpHH KPUBBIX

V.7 KpuBusHa u KpydeHue KpuBOIi

OcHoBHBbIE HOPMYJIBI

KpuBusna KpuBoil B JaHHOI TOYKe eCThb MpeJjie/l OTHOIIEHNS YTIJIa TOBOPOTa, Ka-
caTeJIbHOI Ha Jyre, CTArnBaloNieiicd K JIJaHHOI TOYKe:

dT
ds

k= lim LA

ASS0 AS ' (V:34)

AbcosroTHas BeIMYNHA KPYYeHUsl B JAHHOI TOYKe KPHUBOM paBHA IIPENeJTy
OTHOIIIEHN yTJIa II0OBOPOTa OMHOPMAJIN Ha JIyT'e, CTSTMBAIOIeics K JJaHHO TOUKe,
K JIJTUHE 3TOU JYyTU:

R L
= 1 — = |—]. V.35
] AS S0 As ds ( )
FEcu kpusas 3ajiana B obeit napamerpusaimn 7 = 7(b), 10 (HhOpMyIIbl st

BbIYMCJICHNA KPUBU3HBI 1 KPy4Y€HUA ITPUHUMAaIOT BU:

L — . , (V.36)
| 7]’
(77 )
K= —F (V.37)
K
B koopamHaTHOIT 3aI1cu BhIPayKeHHe n 371 npuHnMaroT BUI:
) 2 i@ iyl
L — 53 (V.38)
(T°+y~+27)2
Ty z
T Yy Z
Ty z
K=" .2 T (V.39)
y z z T Ty

IIpumep IIV.8. Buvuciums xpususdny xpusod
T = cos’ t, y= sin® t, 2z = cos?2t.
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V.7. KpuBnszna w KpydeHue KPHUBOI

Permmenne

Jlis1 BBIYmC/IeHNST KPUBU3HBI BOCIIOIB3YeMcs (pOPMYIIOit
nmeem

T = —SCOSQtSint, Y= SSin2tcost, z = —2sin 2t;

i =6sin’tcost — 3COS3t, Yy = 6sint cos® t — 3Sin3t, z = —4 cos 2t.
[IpojesraB HeoOXOMMMbIE BBIYUCICHUS, TTOJTYIUM

6
k=——7—.
25| sin 2t

IIpumep IIV.9. [loxazamsv, wmo xpusas
r=14+3t+2t* y=2—-2t+5t3 z=1-—1¢

NAOCKAA, U HATMU YPABHEHUE NAOCKOCTIU, 68 KOMOPOT PACNOA0NCEN €€ 00pa3.

Peurenne

[ToacunThiBasi NPON3BOIHBIC, TMEEM

() = (34 4t, —2 + 10t, —21);
7 () = (4, 10, —2);
7 (1) = (0, 0, 0).
[TosToMy Kpydenme KpuBoil
G N
[7r)?

Kak MBI mokazasm paree, Bedkasd KpuBasd, KpydeHnne KOTOPOil paBHO HYJIIO, ILJI0C-
Kasl. YToOBI HEMOCPEICTBEHHO YCTAHOBUTD, UTO Hallla KPUBas IJI0CKasd, BMECTE C
TeM OIIPeJIeIUTh YpaBHEeHNE IJIOCKOCTH, B KOTOPOIi JIE?XKUT KpUBasi, MOXKHO, I10/I-
CUNTBIBas ypaBHEHHE ee COIPUKACAIOIIENHCs IIJIOCKOCTH, OOHAPYZKHUTh, YTO 9TO
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I'maBa V. 3Banaqwn gucgepernnaibHOi reoMeTpHH KPUBBIX

ypaBHEHIEe He 3aBUCUT OT mapameTpa t. ['opasigo mpoire HernocpecTBEHHO HC-
KJIIOUUTh ITapaMeTp t U3 YpaBHEHNUIT, Olpe/le/IaoNinx Hally KPpUBYIO:

r—1 3 2
y—2 =2 5 |=0,
z—1 0 —1

orkysa 2z + 3y + 192 — 27 = 0.

IIpumep IIV.10. Joxazamv, wmo dopmyasve Ppene 0ZZD moorcho 3anucamo
6 Bude

F=C =0 F=(CA
Hatimu sexmop C (eexmop Japby). Cm. maxorce (ILZ1),

Permenne

Pazsioxkum BekTOp ¢ 110 OPTOHOPMUPOBAHHOMY 0a31CYy BEKTOPOB COIIPOBOKIAI0-
1Iero TpexrpaHHuKa KPUBOIL:

—

(= a7 + b + ¢f.
Nmeem B B
¢, 7] = —=b08 + dvV = kv,
orkyna b =0, d = k. Jlanee
C,7) = aff — d7 = —k7 + KB,

oTkyJa a = k. Ocraercs MPoBepHUTH IocieIHIo0 dhopMmysty. Mmeem

- - = -

€, B) = [w7 + kB, B] = &[7, B] = —k7.

Nrax
( =kT+kp.
BekTop ¢ mMeeT mpocToii KHHEMATUYECKNT CMBICTT — 9TO BEKTOP YTJIOBOI CKOPO-

CTHU BpallleH!sI COIIPOBOXK/IAIONIEro TpeXI'PaHHUKa IIPU JIBUYKEHUN BJIOJIb KPUBOIi
(e mojr BpeMeHeM MOHUMATH JJIHHY JyTH 9TOH KPHUBOIL).

ITpumep IIV.11. Hadimu evipasicenue i Kpususmnv, xkpucot, 3a0aHHoT no-
AAPHOM YPABHEHUEM:

7= p(p)elp), ede €(¢) = (cos ¢,sin ¢, 0) — xkpyeosan 6ekmopHas PYHKUUA.
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V.8. HarypaJ/ibHble ypaBHEHUST KPUBO

Pelntenue

[IpuauMas B KadecTBe napamMerpa t MOJIAPHBII yroy: t = ¢, Halijgem:
pe(p) + 2pelp),

= (p — p)elp) + 2pe1(p)

{ o7 | = 20+ = pi)k,

7= (4 5

—_

OTKy,ZL& HOﬂquM:
. p*+2p° — pit

(0> — p2)**

V.8 HarypaJjibHble ypaBHeHUsT KPUBOii

OcHoBHbIE DOPMYIIBI

Ecn kpuBas oTHeceHa K HATYPaJIbHOMY ITapaMeTpy, TO ee KpUBU3HA 1 KPYJeHHe
SBJISIOTCS (DYHKIIUSAMEI 3TOTO TTapaMeTpa

k=k(s); rk=r(s). (V.40)

Cucrema 9THUX JBYX COOTHOIIEHWIT Ha3BIBAETCSI HATYPAJIbHBIMHU YPaBHEHUSIMU
KPHBOH.

IIpumep IIV.12. Cocmasums namypasvhoie ypasrenus kKpueoti

r=ct, y= V2elnt, z=ct "

Permenne

[Ipexkie Bcero HaiigeM 3aBUCUMOCTH MEYK/y IMapaMeTpoM t W HaTypPaJIbHOM IIa-

pamerpoMm s. Mmeem

2 1 2(t* + 1)
ds* = da* + dy* + dz* = & <1 + <5+ —4> dt* = %dta
t t t
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I'maBa V. 3Banaqwn gucgepernnaibHOi reoMeTpHH KPUBBIX

T.€. )
t“+1
t
[TosTomy
t

241 1 1
s=c s—dt=c|t——|—clto——|.
t ¢ £
to
1
s=cl|lt——-].
t

13 5T0r0 paBeHcTBa HETPY/JIHO HAlTH ¢ KaK (DYHKIIUIO S :

[Tonaras tg = 1, momyanm

s+ v/ 82 + 4c?
2c '

ypaBHeHI/Ie KpI/IBOﬁ B HaTypaJIbHOM IlapaME€Tpe UMEET BUI:

t =

s + 52—|—402’ y:\/iclns—i_ 32—|—402’ s 202 |
2¢ 2¢ s+ /5% +4c?

Boeramcsisist Teriepb KpUBU3HY U KpYyUeHMe JaHHON KpUBOil, KaK (DyHKINUM Iapa-
MeTpa S, HailjleM ee HaTypaJibHble YDaBHEHUSI:

V2

k=K=——5.
s2 4+ 4c?
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I'maBa VI

JIndpdpepennnaibHas reoMeTpust KPUBBIX
B 1maketre Maple

VI.1 Maple-tiponeaypa BbIicJeHNS IIPON3BOIHBIX BEKTOP-
HOll (pyHKIINN CKAJIAPHOTO apryMeHTa

Bgejiem mmpore 1y pbl BBITMCJIEHUS [IEPBLIX TPEX IPOU3BOIHBIX BEKTOPHOMN (DyHK-

I CKaJIAPHOI'O aprMeHTaim

> restart:

[Ipu sTOM HEOOXOIUMO COOJIIOAATDH CJICAYIONINE TTPABIIA
> df:=(f,t)->diff(f,t);
> df(sin(t),t);
df == (f, t) — diff(f, t)
cos(t)

MTak, ¢ moMoNibio BBEJIEHHON MPOIELyPhl BHIUYUCIEHUS TIEPBOiT
IIPOM3BOIHON (PYHKIMHU BBeJIeM IIPOMEyPy BbIYNCJIEHUSA MePBOIi

IIPOU3BOAHON pajnyca-BeKTopa r(X,y,z), dr(x,y,z):

> r:=(x,y,z)->[x,y,z];
> dr:=(x,y,z,t)->[df(x,t) ,df (y,t) ,df (z,t)];
> dr(cos(t),sin(t),t,t);

r=(z,y, 2) = [z, vy, Z]
dr = (z,y, z, t) — [df(z, t), df(y, t), df(z, t)]
[—sin(t), cos(t), 1]

B sroit rmaBe memorb30BaHbl cobeTBeHHEle Maple-porpaMMbl ABTOpa a TaksKe CTYZEHTOB MATEMATHIe-
CcKOro (paKyabTeTa, BHIIMOJIHSBIINX IATLIOMHbBIE PAOOTHI IO, €r0 PYKOBOICTBOM.
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I'maBa VI. udpepennmanipaas reomerpust Kpubbix B makere MAPLE

AnaJjiornano BBeJieM MPOIEypPbl BBIYUCJIEHNUsI BTOPOil U TpeTheit

IIPOM3BOAHBIX PaJlyCa-BeKTOPa:
> d2f:=(f,t)->diff(f,t$2);
d2f (cos(t),t);
d2r:=(x,y,z,t)->[d2f(x,t) ,d2f (y,t) ,d2f(=z,t)];
d2r(cos(t),sin(t),t,t);
d3f:=(f,t)->diff(£f,t$3);
d3f (cos(t),t);
d3r:=(x,y,z,t)->[d3f(x,t),d3f(y,t) ,d3f(=z,t)];
d3r(cos(t),sin(t),t,t);
dof .= (f, t) = &
—cos(t)
d2r = (z, y, z, t) — [d2f(z, t), d2f(y, ), d2f(z, ?)]
[—cos(t), —sin(t), 0]
d3f == (f, 1) = 4= f
sin(t)
d3r = (z, y, z, t) — [d3f(x, t), d3f(y, t), d3f(z, t)]
[sin(t), —cos(t), 0]

vV V.V V V V V

V1.2 Ilpoueaypa BbluucjieHue KPUBU3HbI KPUBBIX

JleiicTBusI ¢ BEKTOpaM# IPOU3BOAATCS ¢ IOMOoIbio Oudsmoreku linalg, koro-
pyto nojkoanm Komau1oii: with(linalg): Beraucmm aymnst, [ u [, BEKTOpoB
IIEPBOIl I BTOPOil IIPOM3BOIHOM € ITIOMOIIBI0 KOMAH/IbI CKAJISIPHOI'O IIPOU3BeIeHHSsI

innerprod(a,b). /Ijis1 91010 co3gaaum mporeypy BbIUUCIEH s IJTUHBI BEKTOPA,
Mod(a):

> Mod:=(a)->simplify(sqrt(linalg[innerprod] (a,a))):

[IpuBejiem npumep:
> Mod([cos(t),sin(t),t]);
> Mod(d2r(cos(t),sin(t),t,t));
2+ 1
1
CozaauM IpoLeaypbl BHIUNC/IEHIS MOJYJIsSI IIEPBOil 1 BTOPOIl IIPOU3BOIHBIX
paJiyca-BeKTopa:

88



VI.3. Ilponenypa BbeIrauc/IeHUs KPYIeHUsT KPUBBIX

> mod_dr:=(x,y,z,t)->Mod(dr (x,y,z,t)):
> mod_d2r:=(x,y,z,t)->Mod(d2r(cos(t),sin(t),t,t));

mod_d2r := (z, y, z, t) — Mod(d2r(cos(t), sin(t), t, t))
[IpuBegem npumep:

> mod_dr(cos(t),sin(t),t,t);
> mod_d2r(cos(t),sin(t),t,t);

V2
1
BBG,[LGM HpOU;e,ZLypr BbIYUCJIEHU A BeKTOprIX HpOI/ISBerILeHI/II?)I HepBbIX n BTOprX

II pOU3BOJAHDLIX

¢ TIOMOIIIBI0 KoMaH ikl crossprod(a,b) u Mo/iy/isi BEKTOPHOIO PON3BEJIeHNUS:
> dvec_12:=(x,y,z,t)->linalg[crossprod] (dr(x,y,z,t),d2r(x,y,z,t));
> mod_dvec_12:=(x,y,z,t)->Mod(dvec_12(x,y,z,t)):

dvec_12 := (z, y, z, t) = linalg ..,sproa(dr(z, ¥y, 2, ), d2r(z, y, 2, 1))
ITo dpopmyse yaeonuka A.IT.Hopaena " Iundbdepennnanbras reomerpus”

CO3/IaJINM, HAKOHEII, IIPOIE/IyPY BbIUNC/IEHIsT KPUBI3HBI KPUBOii, k:=(x,y,z,t):

> k:=(x,y,z,t)->simplify(mod_dvec_12(x,y,z,t)/mod_dr(x,y,z,t)"3):
B kagecTBe mpuMepa pacCMOTPUM IIUINHIPUIECKYIO BUHTOBYIO JIMHIIO:
r =acos(t), y =asin(t), z = bt

> k(axcos(t),a*sin(t) ,b*xt,t);

(0% 4+ a?) a?
(b2 + a2)B/2)

V1.3 Ilpoueaypa BbIuucjieHusas KpydeHnss KPUBBIX

M1t BBIUKCIeHNsT KpydeHns £(t) BBeJEM MPOIEYDY BBIUUC/IEHUsST CMEIIAHHOTO
[IPOU3BE/ICHUE TIEPBBIX TPEX MPOU3BOIHBIX

pPaanyCOB-BEKTOPOB KPUBLIX KaK pPe3yJibTaT CKaJIAPHOI'O IIPOU3BEACHNA OT
BEKTOPHOTI'O ITPOU3BECACHM A

89



I'maBa VI. udpepennmanipaas reomerpust Kpubbix B makere MAPLE

[IePBBIX JIBYX IIPOU3BO/IHBIX U TPEThell MPOU3BO/IHON pajnyca-BeKTopa:

([r7 r”] I.”,)

> comb_123:=(x,y,z,t)->
> simplify(linalg[innerprod] (dvec_12(x,y,z,t),d3r(x,y,z,t))):

B kadecTBe mpumMepa BBIYUCIIM CMeIIanHoe IPOn3BeaeHNe TIEPBLIX TPeX MPon
3BOJIHBIX

paJinyca-BeKTOpa IMUJINHIPUIECKON BUHTOBO JIMHNML:
> comb_123(a*cos(t) ,a*sin(t) ,b*t,t);
ba?

C momomnipio popmysibl kauru A.IL.Hoppena "Jlekun o auddepennnaabHoit
reomeTpun" co31a UM IIPOIEILYPY BBIUNCIEHNsST KPYUIeHUsT KPUBOIL:

> kappa:=(x,y,z,t)->simplify(comb_123(x,y,z,t)/mod_dvec_12(x,y,z,t) "2

B kagecTBe mpuMepa BBIUNCINM KpydeHHe UINHIPUIECKON BUHTOBOM JIMHIML:
> kappa(axcos(t),a*sin(t) ,b*t,t);
b

Taxum 06pa3zoM, Mbl CO34AJIH IPOIEYPbl BBIUUCICHUS KPUBU3HBI U KPYYCHHS
I TIPOU3BOJIBHON IMapaMeTPpU30BaHHON KPUBOIA.

V1.4 Ilpumep uncciegoBanmsi KPpUBbIX
BuHTtoBas nuuuna Ha rmnepﬁonomp,e
PaccMoTpuM 0JIHOTIOJIOCTHOM TUIIEPOOJION] BPAIICHHS:

x = ach(u) cos(v), y = ach(u)sin(v), z = ash(u)

" 3aJa /UM Ha HEM BHHTOBYIO JIMHUIO C IIOMOIIBLIO BHYTPEHHUX ypaBHeHI/Iﬁi
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VI1.4. Ilpumep wcciiesoBaHusT KPUBBIX

u=at,v=_,0t

9

- TeéM CaMbIM MBI IIOJIYYUM BHUHTOBY1IO JIMHNIO Ha OJHOIIOJIOCTHOM FI/IHep6OJIOI/I,Z[e

BpallleHU

> Hyp:=(a,u,v)->[a*cosh(u)*cos(v),a*cosh(u)*sin(v),a*sinh(u)]:
> Hyp(a,u,v);

[a cosh(u) cos(v), acosh(u) sin(v), asinh(u)]
> Line_1:=(a,alpha,beta,t)->Hyp(a,alpha*t,beta*t):
Line_1(a,alpha,beta,t);
> Line_1(1,0.1,1,%t);

[a cosh(at) cos(6t), acosh(at)sin(ft), asinh(at)]
[cosh(0.1¢t) cos(t), cosh(0.1¢)sin(t), sinh(0.1¢)]

V

300pa3uM OJIHOIIOJIOCTHOM THIIePOOJION ¢ BHHTOBOM JIHMHUEI:
> Hyp_G:=plot3d(Hyp(1l,u,v),u=-1.5..1.5,v=0..2%Pi,style=WIREFRAME, colc
> BLUE):
> Line_1G:=plots[spacecurve] (Line_1(1,0.1,1,t),t=-5%Pi..5*%Pi,color=NA
> thickness=2,numpoints=2000) :

> plots[display] (Hyp_G,Line_1G);

Puc.VI1.21. Chupanp nHa rumepbo-
JIonjie BpaIl[eHHsI

Borancinm TCIIEPb KPUBU3HY 1M KPpy4Y€HUE STOM JIMHUMN:
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I'maBa VI. udpepennmanipaas reomerpust Kpubbix B makere MAPLE

> ’k’=k(op(Line_1(a,alpha,beta,t)),t);
> ’kappa’=kappa(op(Line_1(a,alpha,beta,t)),t);

k = (a*(3cosh(at)ta? B* + 2cosh(at) at B2 — 4 cosh(at)? 8 a® + 4 5% o
— 7a* cosh(at)? B2 + cosh(at)* g5 4 af))(1/2) /(a2

(cosh(at)? B2 + 2 cosh(at)? a? — a?) \/a? (cosh(at)? 32 + 2 cosh(a t)? a? — a?))

k = acosh(at)B(2at+ a?cosh(at)? f% — 4 32 a® + cosh(at)? f) /(a(

3cosh(at)*a? B* + 2cosh(at)* a* B2 — 4cosh(at)? B a? + 4 3% o
— 7a*cosh(at)? B2 + cosh(at)* 35 + ab))

[IpoBeprM, CUMMETPUYHBI JIU 3TU POPMYJIBI IIPU 3aMEHe Z Ha, -7,

unu, t Ha -t:

> simplify(k(op(Line_1(a,alpha,beta,t)),t)-k(op(Line_1(a,alpha,beta,t
> ,t));

0

> simplify(kappa(op(Line_1(a,alpha,beta,t)),t)-kappa(op(Line_1(a,alph
> beta,t)),t));

0

- DYHKIUE CUMMETPUIHBL. BhraucmM mnpeiebl 3TuxX GyHKING Ha
OECKOHEYHOCTI:
> simplify(limit(k(op(Line_1(a,alpha,beta,t)),t),t=infinity),
> assume(alpha>0,beta>0,a>0));
> simplify(limit(kappa(op(Line_1(a,alpha,beta,t)),t),t=infinity),
> assume(alpha>0,beta>0,a>0));

lim (a*(3 cosh(at)* a? B* + 2 cosh(at)* a* B2 — 4 cosh(at)? Bt a? + 4 B o

t—00

— 7o cosh(at)? B2 + cosh(at)* 0 + af))1/2) /(a2

(cosh(at)? 8% + 2 cosh(a t)? a? — a?) \/a? (cosh(a t)? 8% + 2 cosh(a t)2 a? — a?))
0

- KpUBU3Ha U KPpy4Y€HUeE BIUHTOBOI JIMHNN Ha OECKOHEYHOCTH paBHBI HYJIIO.

Taxk kax opMyJIbl JIJIsT KPUBU3HBI U KPYUEHUs MOJIYIUIUCH IPOMO3JIKIMU,
JQJIIM UX Tpaduieckoe IpejicTaBienne
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> plot([k(op(Line_1(1,1,0.1,t)),t) ,kappa(op(Line_1(1,1,0.1,%)),t)],
> t=-5..5,color=[red,blue],legend=[‘k(t) ‘, ‘kappa(t) ‘],axes=FRAME) ;

0.8

0.6*;

Puc.VI1.22. ['papukn KpuBusHbBI U
Kpy4eHnus KPpUBOH

V1.5 I/ICCJIG,B;OBaHI/Ie KPMUBbLIX B €BKJINAO0OBOM IIPOCTPAHCTBE
II0 X HAaTypPaJIbHbIM YPaBHEHUNAM

[Tycrs pana kpusasi [ cBOMME HATYDAIbHBIMU YPABHEHUSIMIL
K

= K (8), nie k - KpuBU3HA KPUBOI, K - ee KpyUeHHne, s - HaTypaJibHbI TapaMerp
(mMHA TyTU KPUBOIL).

VI.5.1 3apanue KpuBoii

N NPOU3BOAHbIE NO HATYypaJIbHOMY MapamMmeTpy
[Ipenmonokum, 9T0 HAM U3BECTHBI TapaMeTpUiecKne YpaBHEHUS KPUBOil B
HATYPaJIbHOI MapaMeTpu3aliui, T.e., 3aJaibl TpU QPYyHKINN:

x = X(s);
y = Y(s);
7 = 7(s):

> restart:

> R(s):=[X(s),Y(s),Z2(s)];
R(s) := [X(s), Y(s), Z(s)]

OrnpejiesiiM Terepb IIPON3BOJIHbIE 3TOI BEKTOPHON (DYHKIINH 110 apPI'yMEHTY S.
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I'maBa VI. udpepennmanipaas reomerpust Kpubbix B makere MAPLE

[TpousBositble epBoro mopsijKa or HyHKIHN y(X) OMpPele/siFoTcs KOMAH 10§
diff(y(x),x),
POU3BO/IHbIE N-T0 nopsiyika - komanofi diff(y(x),x$n):

IIpousBoiHbIe TIEPBOTO TMOPSIKA:

> tau_1(s):=[diff (X(s),s),diff(Y(s),s),diff(Z(s),s)];
d d d
tau_1(s) := [ X(s), 5 Y(s), 7; Z(s)]
Ho MbI 3HAeM, 9TO BEeKTOp 71 UMeeT eIMHUYHYIO JJINHY, T.€.:
| 71|=1
[I09TOMY KOOPJIMHATHI 9TOTO BEKTOPa MOXKHO ITapaMeTPH30BaTh JIBYMSI IIepe-
MEHHDBIMU:

{ L X(s) = cos(D(s)) cos(O(s)) ; L Y(s) = sin(P(s)) cos(O(s)) ; &L Z(s) = sin(O(s))

riae P(s) , O(s) - npousBosibHBIE (DYHKIMN HATYPAJIBLHOTO TTAPAMETPA.

CrenaeM yKa3aHHbBIE IIOJICTAHOBKHU U BBIYUC/INUM 3aTeM IIPOU3BOJIHYIO Pauyca
BEKTOpPA:

> DR:=
> {diff (X(s),s)=cos(Phi(s))*cos(Theta(s)),diff(Y(s),s)=sin(Phi(s))*cc
> Theta(s)), diff(Z(s),s)=sin(Theta(s))};

DR = {% X(s) = cos(P(s)) cos(O(s)), %Y(s) = sin(P(s)) cos(O(s)), Cgi Z(s) =sin(O(s))}
¥ 3alUIIeM [TPOU3BOIHYIO pajuyca BEKTOPa, T(S), ¢ MOMOIIBIO HOBBIX lepe-
MEHHDIX:

> tau(s) :=subs(DR,tau_1(s));
> u(s):=tau(s) [1];v(s) :=tau(s) [2] ;w(s) :=tau(s) [3];

7(s) := [cos(P(s)) cos(O(s)), sin(P(s)) cos(O(s)), sin(O(s))]
u(s) := cos(P(s)) cos(O(s))
v(s) := sin(P(s)) cos(O(s))
w(s) := sin(O(s))

IIpousBoaHbIE BTOPOTO MOPSIIKA:

> R2(s):= [diff(u(s),s),diff(v(s),s),diff(w(s),s)];

R2(s) 1= [—sin(®(s)) (£ B(s)) cos(O(s)) — cos(D(s)) sin(O(s)) (£ O(s)),
cos(®(s)) (7; D(s)) cos(O(s)) — sin(P(s)) sin(O(s)) (; O(s)), cos(O(s)) (- O(s))]

[IpousBoHbIE TPETHETO TOPSIKA:

»

> R3(s):= [diff(u(s),s$2),diff(v(s),s$2),diff(w(s),s$2)];
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R3(s) := [—cos(B(s)) (1 B(5))” cos(O(s)) — sin(®(s)) (z B(s)) cos(E(s))
4 P (s))sin(O(s)) (L O(s)) —

)
+ 2sin(P(s)) ( cos(P(s)) cos(O(s)) (% O(s))?
— cos(®(s)) Slﬂ( (5)) (£ ©(5)), —sin(®(s)) (4 D(s))? cos(O(s))
+ cos(®(s)) (45 B(s)) cos(O(s)) — 2cos(D(s)) (5 B(s)) sin(O(s)) (4 O(s))
— sin(®(s)) cos(O(s)) (L O(s))? — sin(P(s)) sin(O(s)) (% O(s)),

)
—sin(6(s)) (4 O(5)) + cos(O(s)) (4 O(s))]

VI.5.2 Bprunucjienne KpuBU3HbI U KPyYeHUs KPUBOi

[Ipeanonaras, 4To mapaMeTpudecKue ypapHenust Kpupoii I m3BeCTHDI, BLIYUC/IIM

ee KPUBU3HY M KpydeHHe 110 CTaHJapTHLIM ¢opMysaM auddepeHiyaabHoil
reoMeTpHn

(em. A.Il.Hopuen "luddepennnanbaas reomerpus U3n-Bo Yunedeus, 1948
r, Mockga).

[Ipu 3TOM CKAJISIPHOE U BEKTOPHOE IIPOU3BE/IeHIA BEKTOPOB & 1 b Bblumc/isieM
C TOMOIIIBIO

komani innerprod(a,b) u crossprod(a,b) 6ubsuoreku linalg , coorser-
CTBEHHO:

> k(s):=sqrt(simplify(linalg[innerprod] (R2(s),R2(s))));

K(s) 1= \/ (& ®(s))2 cos(O(5))2 + (£ O(s))?
C nomormpio komamibl scallarmul(a, «) 6ubanoreku linalg mponssoum
YMHOYKEHHE BEKTOPA,

r’(s) Ha YUC/IO (v - TEM CAMBIM TI0JIyIaeM eJIMHUTHBINH BEKTOD ¥ COIPOBOXK 1A~
IOIIEro TpexrpaHHuKa
KPUBOii:.

> nu(s):=linalg[scalarmul] (R2(s),1/k(s));

v(s) =

—sin(P(s)) (% D (s)) cos(O(s)) — cos(P(s))sin(O(s)) (d% O(s))
V%1 ’
cos(D(s)) (5 B(s)) cos(O(s)) — sin(®(s)) sin(O(s)) (4 O(s)) cos(O(s)) (£ O(s))
V%1 ’ V%1
%1 = (% P(s))2cos(O(s))? + (d% O(s))?

Y0eauMcesd B TOM, 9TO TIepBasi 1 BTOpas MPOU3BOIHBIE PAJIIYCa-BEKTOPa OPTO-
rOHAJIbHBI
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(Tak KaK BTOpas MPOU3BOJHASI €CTh [IPOU3BOJIHAS OT €IMHIYHOTO BEKTOPA T):
> simplify(linalglinnerprod] (tau(s),nu(s)));
0

BoruncimM BeKTOPHOE MTPOU3BE/IEHIE ITUX YK€ BEKTOPOB:
> V_DR_D2R(s) :=linalg[crossprod] (tau(s),R2(s));

V_DR_D2R(s) := |sin(®(s)) cos(O(s))? (L O(s))

— sin(O(s)) (cos(P(s)) (i D(s)) cos(O(s)) — sin(®(s)) sin(O(s)) (5 O(s))),
(5)) (—sin(®(s)) (5 B(s)) cos(O(s)) — cos(D(s)) sin(O(s)) (5 O(s)))
— cos(D(s)) cos(O(s))* (7; O(

5(© O(s)),
cos(®(s)) cos(O(s)) (cos(®(s)) (5 P(s)) cos(O(s)) — sin(®(s)) sin(O(s)) (7; O(s)))
— sin(P(s)) cos(O(s))

(—sin(@(s)) (75 D(s)) cos(O(s)) — cos(®(s)) sin(O(s)) (; O(s)))

C moMOIIBIO CKAISIPHOTO YMHOYKEHWS TI0JTyIeHHOTO PE3YIbTaTa I BEKTOPa Tpe-
Theil IIPOU3BO/IHOM

sin(©

r@* %I&

MOJIy9UM KpydeHre KPUBoi K(S):

>~ kappa(s) :=simplify(linalg[innerprod] (V_DR_D2R(s),R3(s))/k(s)~2);
5(5) = (5in(6(5)) (2 B(s))* cos(O(s))? + 25in(O(5)) (£ O(5))” (& B(s))
(4 006)) (f B(5)) cos(O(s) + (£ 2(s)) cos(O(3) (£ 0(5))
(£ B(5))? cos(B(5))” + (2 6(s)))

w(s) = (45 ©(s)) cos(6(s)) (5 O(5)) — (1 O(s)) (i 2(s)) cos(O(s))

# 25i0(8(5)) (3 O(s)) (£ B(s)) + sin(©(5) ( #(5))*cos(O(s))) /

VI.5.3 @opmupoBaHue cuctembl AndpepeHImaaibHbIX YPaBHEHU

HamomuuMm, 4To HaTypasbHble YpaBHEHUSI KPUBOW — 9TO Iapa ypaBHEHMUIL:
k = k(s)

;K= K(s),

rie k(s) u k(S) B mpaBbIX 4acTsaX 3a/aHbl Kak (DYHKIMH HATYPAJLHOTO Ia-
pametrpa s. [IpaBbie YacTi 9TUX ypaBHEHUI MBI OyIeM 3a/1aBaTh, a JeBble YaCTH
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9TUX YpaBHEHUIT ompeaessiiorcs nuddepeHInabHbIMI BbIpayKeHUsSIMI, KOTOPbIe
MBI [TOJIyYmIn Bbime. Takmm oOpa3oM, MbI IOIy9aeM CHCTEMY ABYX OOBIKHO-
BeHHBIX JuddepeHnnaabHbIX YPaBHEHN BTOPOro MOPsIKAa OTHOCUTEIBHO JIBYX
HensBecTHbIX GyHknit — ®(s) u O(s). st icjIeHHOro NHTErpUpOBaHUST ITOI
CHCTEMBI HEOOXONMO IPUBECTH ee K HOpMaJbHOMY Buiy, T.e., K cucreme OIY
1-ro mopsijika, pas3pelleHHbIX OTHOCHUTEJILHO IIPOM3BOJAHLIX. [y1st 9TOoro 0b6o3Ha-
YUM II€pPBbIe IPOU3BOJHBIE OT MCKOMBIX (DYHKIIMI C TOMOIILIO HOBBIX (PYHKIHIA,
Ds(s) 1 Og(s): L2 = by(s); 19 — O(s):
> D1:=diff (Phl (s),s)=Phi[S] (s);D2:=diff (Theta(s),s)=ThetalS] (s);
D1 := %(P(s) = Dg(s)

D2 := % @(8) = @S(S)

[TogcTaBum 9Tn 3HAUEHUsT TPOU3BOJIHBIX B BBIPAKCHUST IS KDUBU3HBI I
Kpyuenusi K(s) n k(s) ¢ momorpio koMaH bl Subs(110/iIcTAaHOBKA, BhIpaXke-
HUe):

> K(s):=subs({D1,D2},k(s));

> K1(s):=subs({D1 D2} ,kappa(s));

= /Ps(s)2cos(O(s))2 + Og(s)?
Kl1(s) := (sin(@(s))q)g(s)?’ cos(0(s))% + 2sin(O(s)) Og(s)? Pg(s)
— Os(s) (i; Ps(s)) cos(O(s)) + Ps(s) cos(O(s)) (4 Os(5))) /(
Pg(s)? cos(0O(s))* + Og(s)?)

Brejiem 3a1aHHble (DYHKIME KPUBU3HBI U KPYUYEHUS:
k(s) = (s)
k(s) = &(s)

u, n30aBJIssICh OT PAJUKAJIOB C YIETOM HEOTPUIATEILHOCTH KPUBU3HBI KPU-

BOIA,
noJjiyunM ypasrenus Ha gyakunn Pg(s) u Og(s):
> EQ1:=K(s)"2=psi(s)~2;
> K_2:=subs(EQ1,K1(s)=xi(s));

EQ1 := ®g(s)*cos(O(s))* + Og(s)? = 9)(s)?
K 2 := (sin(O(s)) ®s(s)% cos(0(s))? + ZSin(@( )) @5( ) s(s)
— O5(s) (£ By(s)) cos(O(s)) + Py (s) cos(O(s)) ) fi(s)

[Ipomuddepennupyem nepBoe U3 3TUX ypaBHEHUI 110 HATYypaJbLHOMY Tapa-
MeTpY
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> K_1:=diff(EQ1,s);

K_1:=2®g(s)cos(0(s))* (4 Pg(s)) — 2 Pg(s)? cos(O(s)) sin(O(s)) (&L O(s))
+20s(s) (4 Os(s)) = 24(s) (4 ¥(s))

U pa3penmM MOJyHYEHHYIO0 CUCTEMY YPaBHEHUIT OTHOCUTEIbHO MEPBBIX IPOU3-
BOJIHBIX

dbyuxnnit $g(s) n Og(s) ¢ momompio kKomamasl solve(cucrema ypaBHe-
Huil,{ Hen3BeCcTHBIE} ):

> Sys:=solve({K_2,K_1},{diff (Phi[S](s),s),diff(Thetal[S](s),s)});

) = (Ps(s)?sin(O(s))? cos(O(s)) (; O(s))

+ cos(0(s)) sin(O(s))® @s(s)* Os(s) + Ps(s) sin(O(s))* ¥(s) (i ¥ (s)
— cos(0(s)) sin(O(s)) @5(s)® Os(s) — Ps(s)? cos(©
O(s)) sin(O(s)) Og(s)3 Pg(s) + cos(O(s))
() (5 9(s)) /((in(O(s))* = 1) (s(s)* cos(O(s))* + Os(s)?)),
L Og(s) = —(Ps(s)! cos(O(s))?sin(O(s))* — Pg(s)* cos(O(s))*sin(O(s))

+ ®g(s) cos(O(s))2 E(s) P(s)? — 2 Dg(s)? cos(O(s))3sin(O(s)) Os(s)?

Sys = {ds Ds(s

— 2¢cos

|
i
n
—~
V)
N— ~/

Pg(s)? cos(O(s))?sin(O(s))? — Pg(s)? cos(O(s))? + Og(s)?sin(O(s))% — Og(s)?)}

Coza M Terepb HOPMaJIbHYIO cucTeMy JuddepeHnaabHbIX YPaBHEHUNH OT-
HOCUTEJIbHO

rem3BecTHbIX dyakmnit P(s), O(s), Pg(s) nu Og(s), 0ObeAUHsA TTOTYICHHBIC
ypaBHEHNs

c onpegenernsmu DR dyuxmmit X(s), Y(s), Z(s) uepes bynkimm $(s), O(s)
C TIOMOIIIBIO

KOMAH/IbI union:

> System0O:=DR union {D1,D2,K_1,K_2*psi(s)~2};
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System0 := {-£ X(s) = cos(®(s)) cos(O(s)), 2L Y(s) = sin(P(s)) cos(O(s)),
47(s5) = sin(@(s)), £ B(s) = Bs(s), £ O(s) = Os(s), 2 ¥ (s o007
—2®s(s)? cos(O(s)) sin(O(s)) (4 O(s)) +205(s) (7 Os(s)) = 24(s) (¥ (s)),
sin(0(s)) Ps(s)’ cos(O(s))? + 25in(O(s)) Os(s)* Ps(s) — Os(s) (5 Ps(s)
+®s(s) cos(O(s)) (75 Os(s)) = &(s) ¥(s)*}

VI.5.4 HagajgbHbIE ycJOBUS

Kaxk uzBectno, (cMm., nanpumep, A.Il.Hopuen " Iuddepennnabrast reomerpust Y d-
eI 13,

1948, MockBa) KpuBbIe C OJMHAKOBBIMU HATYDATHHBIME YPABHEHUSIMI KOH-
I'PYSHTHBI,

T.€., BCEIJIa CYIIECTBYET JIBUZKEHUE, KOTOPOE IIePEBOIUT OJIHY KPUBYIO B JIPY-
I'yIo.

[Torb3ysich ABUYKEHUSIME, BCET/Ia MOXKHO 33JiaTh HAadabHbIC YCIOBUS TAKIM
obpaszom,

YTOOBI IIPU HYJIEBOM 3HAUEHNN HATYPAILHOTO IapaMeTpa S KpUBasl IIPOXO/IIIIa,
qepes

wadaso koopauHat ( $(0) =0, ©(0) = 0) B HampaB/eHNH, HAIPUMED, OCH

OX:

(25(0) =1, ©5(0) = 0):

> Inits:=

> {X(0)=0,Y(0)=0,Z(0)=0,Phi(0)=0,Theta(0)=0,Phi[S] (0)=1,Theta[S] (0)=C
>}

Inits == {X(0) =0, Y(0) = 0, Z(0) = 0, ®(0) = 0, ©(0) = 0, $g(0) = 1, O4(0) = 0}

VI1.5.5 3apganue HaTypaJIbHbIX YpPaBHEeHUII KPUBOIi

3a/1a/1uM Terepb KOHKPETHBIE HATYPaJbHbIC YPABHEHNS KPUBOIi, T.¢., KOHKPETH-
3upyem

dbyuxnnm 1(s) u £(s). PacemoTpnm HECKOIBKO TPUMEPOB:

KpuBag 1

> Naturl:={psi(s)=1,xi(s)=0};
Naturl := {¢(s) =1, £(s) = 0}

KpuBas 2
> Natur2:={psi(s)=s"2/(1+s74),xi(s)=-5"2/(1+s"2)};
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s s

1+ st §ls) = __1-+-32}
Kpuas 3 (A.Il.Hopgaen "Iuddepentmanbuast reomerpust ctp. 90).

Natur?2 = {y(s) =

> Natur3:={psi(s)=cos(s),xi(s)=sin(s)};
Natur3 = {1(s) = cos(s), &(s) = sin(s)}

Kpusas 4 (nuimmgputieckas BUHTOBAS JIUHNS):

> Naturd:={psi(s)=1,xi(s)=1};
Naturg :={1p(s) = 1, £(s) = 1}

n 110JACTaHOBKaMI ccbopMpreM J€ThbIpE COOTBETCTBYIOIIME HOPMaJIbHbBIE CH-
CTEMDbI

OOBIKHOBEHHBIX JuddhepeHnnaabHbIX ypaBHEHNI:

> Systeml:=simplify(subs(Naturl,System0));
> System2:=simplify(subs(Natur2,System0));
> System3:=simplify(subs(Natur3,System0));
> System4:=simplify(subs(Natur4,System0));
System1 = {1: X(s) = cos(®(s)) cos(O(s)), 7 Y(s) = sin(P(s)) cos(O(s)),
is Z(s) = sin(O(s)), 4 ®(s) = Ps(s), 4; O(s) = Os(s),2 Ps(s) cos(O(s))* ( Ps(s))
d

—2®5(s) cos(O(s)) sin(O(s)) (1 O(s)) +20s(s) (5 Os(s)) = 2 (5 1),
sin(0(s)) Ps(s)? cos(O(s))? + 25in(O(s)) Os(s)> s(s) — Os(s) (; Ps(s)) cos(O(s))
+ @s5(s) cos(O(s)) (7 Os(s)) = 0}

»

System2 := {di X(s) = cos(®(s)) cos(O(s)), LY (s) = sin(P(s)) cos(O(s)),

4 Z(s) = sin(6(s)), 2 @s(s) cos(O(s))* (i Ps(s))

— 2@(s)2 cos(O(s)) sin(O(s)) (£ O(s)) +2O5(s) (£ Os(s)) = b da

sin(O(s)) ()3 cos(O(s))? + 2sin(O(s)) Os(s)? Ps(s) — Os(s) (L Dg(s)) cos(O(s))

+ Dy(s) cos(O(s)) (& Os(s)) = ————p 4 3(s) = Ds(s), £ O(s) = @s<s>}

(1+2) (1482 @
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System3 = {ds X(s) = cos(P(s)) cos(O (s)), SY( s) = sin(P(s)) cos(O(s)),

& Z(s) = sin(0(s)), £ (s) = Ps(s), 7 O(s) = Os(s),sin(O(s)) Ps(s)* cos(O(s))
+25sin(0(s)) Os(s)? Ps(s) — ()( Pg(s)) cos(O(s))

+ ®s(s) cos(O(5)) (i Os(s)) = sin(s) cos(s)?, 2 Ps(s) cos(O(s))* (f Ps(s))
—2®5(s)” cos(O(s)) sin(O(s)) (g O(s)) +20s(s) (1 Os(s)) = 2cos(s) ({ cos(s))
}

d
4 P(s) = Ps(s), L£O(s) = @s<> Ds(s) cos(O(s))? (& Dg(s))
—2®g(s)? cos(O(s)) sin(O(s)) (£ O(s)) +20s(s) (L Os(s)) = 2(L 1)}

VI.5.6 Co3pganue nporeaypbl YMCJIEHHOTO MHTEIPUPOBAHMS

HOpMaJibHOI cuctembl OV

Cucrema OJ1Y pemraercs ¢ momoribio Komanibl dsolve(cucrema OLY union
HauajibHbIE ycjioBud,

type=numeric,method=classical,output=listprocedur) — npu srom
[OJIy9IaeM UNC/IeHHbIE PEIeHNs]

KJIACCUIECKIM METOJIOM, KOTOPBIil sSIBJIseTcss KoMOUHaImeil MeTo/10B ditiepa,
Xeitma, Pynre-Kyaara n

Aamca-Bamidopia, npudem perienns BbIBOJSITCS B BHjie clincka. Kak moka-
3bIBAIOT BBIYUCJICHUA, STOT

KOMOWHUPOBAHHBIIT METO/T Ta€T JIYUITNe Pe3YIbTATHI, YeM CTaHIAPTHBII MeTO/
Pynre-Kynra B ciydasx,

Korla KpHuBasd MMeeT MHOI'O N3Tru00B.
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Sol[1]:= dsolve(Systeml union Inits,
{X(s),Y(s),Z(s),Phi(s),Theta(s),Phi[S](s),ThetalS] (s)},type=numeric
method=classical,output=listprocedure);

Sol[2] := dsolve(System2 union Inits,
{X(s),Y(s),Z(s),Phi(s),Theta(s),Phi[S] (s),Thetal[S] (s)
},type=numeric,method=classical, output=listprocedure);
Sol[3]:=

dsolve(System3 union Inits,
{X(s),Y(s),Z(s),Phi(s),Theta(s),Phi[S] (s),ThetalS] (s)
},type=numeric,method=classical, output=listprocedure);
Sol[4] := dsolve(System4 union Inits,
{X(s),Y(s),Z(s),Phi(s),Theta(s),Phi[S] (s),ThetalS] (s)
},type=numeric,method=classical, output=listprocedure);

vV V.V V V V V VYV YV V VYV

Soly == [s = (proc(s) ... end proc), ®(s) = (proc(s) ... end proc),
®g(s) = (proc(s) ... end proc), O(s) = (proc(s) ... end proc),
Os(s) = (proc(s) ... end proc), X(s) = (proc(s) ... end proc),
Y(s) = (proc(s) ... end proc), Z(s) = (proc(s) ... end proc)]

Soly == [s = (proc(s) ... end proc), ®(s) = (proc(s) ... end proc),
®g(s) = (proc(s) ... end proc), O(s) = (proc(s) ... end proc),
Os(s) = (proc(s) ... end proc), X(s) =

Y(s) = (proc(s) ... end proc), Z(s)
[

(
(proc(s) ... end proc),
proc(s) ... end proc)]

(
= (proc(s) ... end proc), ¢(s) = (proc(s) ... end proc),
(proc(s) ... end proc),
(proc(s) ... end proc),

Y(s) = (proc(s) ... end proc), Z(s) = (proc(s) ... end proc)]
[

(
= (proc(s) ... end proc), ¢(s) = (proc(s) ... end proc),

Os(s) = (proc(s) ... end proc), X(s) = (proc(s) ... end proc),
= (proc(s) ... end proc)]

3armch penieHnii 1 IMpoBepKa:
BoiBogM periennst ¢ MOMOIIBIO TOJICTAHOBKN UX B HY KHbIE (DYHKITIH

1 IIpoBepsieM PadoTy HPOIPaMMbI
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x_1:= subs(Sol[1],X(s)):y_1:
subs(Sol[1],Z(s)):z_1(1);
x_2:= subs(Sol[2],X(s)):y_2:
subs (So0l[2],Z2(s)) :y_2(2);
x_3:= subs(Sol[3],X(s)):y_3:
subs(So0l[3],Z(s)) :x_3(2);
x_4:=subs(Sol[4],X(s)):y_4:= subs(Sol[4],Y(s)):z_4:=
subs (Sol[4],Z(s)) :x_4(2);y_4(2);z_4(2);

0.
1.41614689782120973
1.43887729209254922
1.10984504675916495
0.977140636178750688
0.886914506666004798
Co3gaHue 1mocjieIoBaTeJIbHOCTI PEeHIeHUuil 1 X

subs(Sol[1],Y(s)):z_1:

subs(Sol[2],Y(s)):z_2:

subs (Sol[3],Y(s)):z_3:

vV V.V V V V V V

rpacdpuydeckoe 1peicTaBJIeHIE

CozaeM MocsieI0BATeIbHOCTI PEIIeHU i ¢ TIOMOITIBI0 KOMAHIbI
seq([f(i/m)],i=0..n) u ¢ nomorbIO KOMaH bl Spacecurve 6ud/morekn plots
cTponM rpaduKi KPUBbIX:

> pl_xyz:=[seq([x_1(i/10),y_1(i/10),z_1(i/10)],i=0..160)]:
> plots[spacecurve] (pl_xyz,color=black,thickness=2,axes=FRAME,titlefc
> [TIMES,BOLD,14],labelfont= [TIMES,BOLD,14],labels=[y,x,z]);

Puc.V1.23. Kpubas
Naturl:=(s) = 1,&(s) = 0 -

OKDY2?KHOCTb €JJUHUYHOI'O DAJIUYCA.

Kak n ciaeayeTr m3 Teopuun, - KpHuBad C IIOCTOAHHOI KpI/IBI/ISHOﬁ ABJIACTCA
OKPYZ2KHOCTbIO.
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> p2_xyz:=[seq([x_2(i/10),y_2(i/10),z_2(i/10)]1,i=0..160)]:
> plots[spacecurve] (p2_xyz,color=black,thickness=2,axes=FRAME,titlefc
> [TIMES,BOLD,14],labelfont= [TIMES,BOLD,14],labels=[y,x,z]);

Puc.VI1.24. Kpusas Natur2:=
W(s) = /(1 + sY),8(5) =
—s?/(1 + sH)]- agedpopmupopanHas
BUHTOBasI JILHUSL.

3 pucynka BUIHO, 9TO 3Ta KpuBad - jiepopMUpOBaHHAA BUHTOBAs JIMTHUS -
BUHTOBAag JINHUA C IIEPEMEHHBIM IIarOM M HAKJIOHHOH OCBIO.

> p3_xyz:=[seq([x_3(Pi*i/100),y_3(Pi*i/100),z_3(Pi*i/100)],i=0..500)]
> plots[spacecurve] (p3_xyz,color=black,thickness=2,axes=FRAME,titlefc
> [TIMES,BOLD,14],labelfont= [TIMES,BOLD,14],labels=[y,x,z]);
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Puc.VI1.25. Kpusas Natur3:
Natur3:=[i(s) = cos(s),£(s) = sin(s)]—
«KpuBasi Hopienas.

> pd_xyz:=[seq([x_4(i/10),y_4(i/10),z_4(i/10)],i=-20..20)]:

plots[spacecurve] (p4_xyz,color=black,thickness=2,axes=FRAME,titlefont=
[TIMES,BOLD, 14],labelfont= [TIMES,BOLD,14],labels=[y,x,z]);

Puc.VI1.26. Kpusas Naturd:=[(s) =

1,&(s) = 1] — nqummaapudeckasr BHHTOBASI
JIMHUS.
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Yacrp 1

Hudpdepennnanbias TeOMETPHsT ITOBEPXHOCTEN



I'taBa VII

IlepBas kBaapaTtuuHasi dpopMa
IIOBEPXHOCTH

VII.1 KpuBojguHeitHbIe KOOPAMHATHI

[IpeamonoxkmM, 94TO Ha MOBEPXHOCTH 3a/aHO HEKOTOPOE CEeMENCTBO JIMHUI, 3aBU-
CAIIIX OT OJHOTO IapaMeTpa. bymem Ha3bBaTh 3TO CeMeHCTBO MpaBUJILHBIM B
HEKOTOPOIl 00JIaCTU TOYEK ITOBEPXHOCTU, €CJIN Yepe3 KarK Iyl TOUKY 3TOi 00J1a-
CTHU TPOXOJUT OJHA W TOJLKO OJiHa JIMHUS ceMelicTBa.

Ecin Ha 1IOBEpXHOCTHU 3a/IaHbI JBa ceMelicTBa JIMHUI, TO Mbl Oy/IeM I'OBOPUTh,
YTO OHM 00pa3yloT CeTh B TOil 00/acTH, B KOTOPOil 00a OHM IpaBUJILHBI, HIPU-
yeM, OyJIeM IpeJInosaraTh, 9To B 9TOM 00JIaCTU JIMHUK Pa3JIMIHbIX CEMENCTB He
COBIIQIAIOT MEXKJy CODOI0 U He KacaloTcs JIPYT Jpyra U IIepPeceKaroTcsl TOJIbKO B
OJIHOI TOYKe.

[IpenmonokmM, 9TO Ha TMOBEPXHOCTU 3aJaHa CETh, YJIOBJIETBOPAONIas BCEM
9TUM ycJIoBUAM. [lycTh JIMHUA OHOTO ceMeificTBa 3TOi ceTu OompeessieTcs 3Ha-
YeHUeM IapamMeTpa U, a JMHUS JPYyroro ceMeficTBa 3HaYeHUEM Iapamerpa v

Puc VIT 7.
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Taxk kKak dYepe3 KaxKJIyl0 TOUYKY

00J1aCTU  TIPOXOJISAT BIIOJIHE OIpe-

A~ JleJIEHHbIe JIMHUN KaKJ0ro ceMeii-
AV CTBa, TO BCSIKOI TOUKE COOTBETCTBY-

IOT BIIOJIHE OIIPEJIe/ICHHbIE 3Hade-
Husg mapameTpoB u u v. C Jpy-
roif CTOPOHBI, 3aJlaHNe ITUX Tapa-
METPOB, COOTBETCTBYIOIIIX KPUBBIM

u—u HepeceKalonuMcs B TOUKe 00J1acTH,
2

u=u onpeneJimT I1oJIOZKeHHne 3TOM TOYKH.
1
BCJIG,Z[CTBI/IG 9TOI'O 3Ha4YeHwusl Iiapa-

Puc.VIL.27. K  kpubosmneri- METpOB U U, OHPCACHAIONHIX KPH=

BbIe ceTH, lIepeceKaromuecd B JdaH-
HBIM KoopAuHaTaM IOBEPXHOCTHU

HOH TOYKe II0BEPXHOCTH, Ha3blBa-
I0TCA KPUBOJIMHEHHBIMU KOOD/IUHA&-
TaMu 3TOH TOYKH.

Camn 9Tn JIMHAN 7 O6paSOBaHHaH NMHM CE€Tb Ha3bIBalOTCA KOOPAMHATHBIMMU.

Bosb KoopAauHaTHON JUHUHE U3MEHSIETCsl TOJIbKO OHA KPUBOJMHEHAsT KOOP-
JIMHaTA, JApyras »Ke OCTAETCs TOCTOSTHHOI.

PaccMmorpum nHekoTopbIe TpoCTeiiime TpuMephl, HaunHasd ¢ JIeKapTOBOH KOOP-
JIMHATHO CETH IMJIOCKOCTHU, KOTOpast sBJIsieTCs KaK Obl Mpoodpa3oM BeeX OCTasIb-
HBIX.

1. CemeiicTBO NpSIMBIX, HapaJIeJbHBIX MEXK]y COOO0I0, OUEBHUIHO, OyIeT Ipa-
BIJIBHBIM BO Bceil mtockoctu. JIBa Taknux cemeiicTBa, 0Opa3s0BaHHBIX MPSIMBIMU
pa3IMIHbIX HAlIpaB/IeHuil (HaprMep, OPTOrOHATBHBIX MeKJLy cODO0I0), 06pa3yoT
cetb. [lapamMerpusyst 9T cemeiicTBa Tak, YTOOBI KayKJION IIPSMOIl COOTBETCTBO-
BaJIO, HAIIpUMED, 3HAUYCHUE PACCTOAHUSA ITON MPAMOI OT HEKOTOPOW, HPUHATON
3a HaYaJIbHYIO, U IIPUIKCLIBAs 9TOMY PACCTOAHMUIO 3HAK, 3aBUCIIINI OT TOTO, Ha
KaKyI0 CTOPOHY OT HadaJbHON MpsMOi B3dTa JaHHasd, Mbl U TOJYUYUM OOBITHYIO
nekapToBy cucremy koopanHatr Puc VIT IR,
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VII.1. KpuposmHeiinbie KOOPAUHATHI

y/‘ X=X, X=X, X=X,
Y=Ys

/7 Y=Y2
/ Y=Y

/ 7 ox
(0]
Puc.VI1.28a. /lekaproBa cucre- Puc.VIIL.28b. Ilossipaasi cucre-
Ma KOODJIMHAT Ma KOODJIHMHAT

2. PacemorpumM ceTh, 06pa30BaHHYIO MPSIMBIMU HEKOTOPOT'O COOCTBEHHOT'O 1Ty 4~
Ka 1 CeMeiCTBOM KOHIICHTPUYCCKUX OKPYZKHOCTEH ¢ IleHTpaMi B BEepIINHE 3TOT0
nyuka. Oba cemeiicTBa OY/IyT MPaBUJILHBIMU BO BCeil TJIOCKOCTH 3a UCKJIIOYEHU-
eM BEPIIUHBI MMydka. TaKylo NCKIIOUNTEJIHHYIO TOUKY MbI Oy/ileM B JlajbHeiem
Ha3bIBATh 0COOOI TOUYKOI Koop/mHaTHoil cetn. [lapamerpusyeM ceMeiicTBO Mpsi-
MbIX, IIPpUHUMas 3a IlapaMeTrp yroja MezK/JAy HEKOTOPONl IIPAMOIl, IPUHATON 3a
HaYaJIbHYIO, U JAHHOI IPAMOI IIy4YKa, & CEeMeiiCTBO OKPYzKHOCTe!l apaMeTpu-
3yeM, OTHOCS KarkJoil n3 HuX 3HadeHne ee pajuyca. CucreMa KpPUBOJIMHEITHBIX
KOOP/IMHAT, KOTOPYIO MbI IOJIYINM, TAKIM 00pa30M COBIIQIaeT ¢ MOJsipHoii 77,

3. B kadecTBe TpeTbero mpuMepa paccMOTPUM TaK Ha3bIBaeMble reorpaduie-
CK1e KOOp/InHATHI Ha cdepe. 3ahuKcupoBaB HOJISIPHYIO 0Ch - OJIMH U3 JUAMETPOB
9TO¥ cepbl - paCCMOTPUM CEMEHCTBO MEepUJIMaHOB, T.e. OOJIBINX KPYT'OB, HOJIY-
YEHHBIX OT TepecevdeHust TOBEPXHOCTH ¢Pepbl MIJIOCKOCTIME, COJCPIKAIIUMEI STOT
JINaMeTp, U MapaMeTpU3yeM ero, IpPUHSAB 3a TapaMeTp JI0JTOTY, T.€. YTOJ MeXK /1y
IIJIOCKOCTBIO MEePHUIHaHa, IPUHITOrO 38 Hada/bHbBINH, U IJIOCKOCTHIO JIAHHOIO Me-
puarana. Bropoe cemeiicTBO napaJiiesieil moyunM, nepecekas OBEPXHOCTh ce-
PBI IJIOCKOCTSIMU, TIEPIIeH INKYIAPHBIMI N30paHHOMY BHaJAJIE JHaMeTpPy. DTO ce-
MeicTBO OyJIeT Co/lepKaTh OJINH OOJIBIION KPYT - 9KBATOP. 3a IapaMeTp BTOPOTo
cemeiicTBa IPUMEM IIUPOTY - YIVIOBYIO Mepy JIyI'M MepHIuaHa, 3aKJII0UeHHYTO
MEYKJTY IIJIOCKOCTBIO 9KBATOPA U TJIOCKOCTHIO JIAHHON TapaJiie/i, IPUINCaB eMy
3HAK B 3aBUCUMOCTHU OT TOT'0, HA KAKOM TOJIYIIIAPUN CEBEPHOM WJIN I0XKHOM PaCIIO-
JoxkeHa napaJsuiesib. Oba cemeiicTBa OyAyT IPaBUILHBIMU Ha BCEil MOBEPXHOCTH
chepbl 3a UCKJIOYEHNEM IOJIIOCOB, T.e TOYEK MepeceveHus MMOBEPXHOCTH Cephl
¢ noJisgiproit ocbto Puc VIT 9.
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VII.2 Ilapamerpudeckoe ypaBHeHHE IMTOBEPXHOCTU

Ecmm Ha 10BEpXHOCTH BBEJICHBI
KPUBOJIMHEHBIE KOOPAUHATHI, TO
FOBOPAT TaKzKe, YTO IIOBEPXHOCTDH
napaMeTpu3oBaHa. B TakoMm city-
=0, Jae, BCAKON Iape 3Ha4vYeHuil rmapa-
METPOB U, U U, COOTBETCTBYET OIlIpe-
6=0 JleJIeHHAasI TOUKa [IOBEPXHOCTU. 3Ha-
JyeHue paJinyca-BeKTopa 9TON TOY-
KII BIIOJIHE OIIpeJesisdeTcs 3a/iaHu-

€M 3HA4YeHUl He3aBUCUMBIX rnepe-

MEHHBIX %, U ¥, ¥ MBI MOXKEM CKa-
3aTh, YTO BEKTOPHAsI IIepeMeHHas T
Puc.VII.29. [eorpacpuueckme apastercs GYHKIHEH IBYX CKAJIsAp-
KOODJIMHATHI Ha cpepe HBIX apI'yMEHTOB U, U U, U 3aI1CaATh
9TO CJIEJLYIONIIM 00Pa30M:

= 1r(u,v). (VIL1)

3aBUCHMOCTDb PaJINnyca-BEKTOPa TOUYKH MapaMeTPU30BAHHON ITOBEPXHOCTU OT
KPUBOJIMHEHBIX KOOPJUHAT 3TOI TOUYKM HA3bIBACTCA ITapaMeTpUYeCKUM ypaBHe-
HUeM ToBepxHocTH. HaiigeM mapamerpuyecKne ypaBHEHUS MTOBEPXHOCTHU, COOT-
BETCTBYIOIIIE TPEM IIpUMepaM IpeIbILIyIIero naparpada.

1. Ilycts 7 ecThb pagmyc-BeKTOp HadaJsa, a d U b KOODJMHATHBIE BEKTODHI
JIEKapPTOBOil crcTeMbl KoopauHaT 1iockocTn. Obo3Havdast depe3 u u v, JeKapTo-
Bbl KOODJIMHATHI, COOTBETCTBYIOIINE ITOI cucTeMe, TOJyYUM ITapaMeTpUiecKoe
yPaBHEHUE TLJIOCKOCTH

= 7y -+ au + bu. (VIL.2)
2. [Ipenmookum Temnepb, 9T0 Ty €CTh PAINyC-BEKTOD IOJIIOCA, ¢ €CTh e IIMHITIHBII
BEKTOD, HaIIPABJEHHBIIl 110 MOJIAPHOI OCH, & J €JIMHUYHbINI BEKTOD, HePIEHINKY-

JIHprIﬁ 910l ocu. O603HAUNB KaK OOLIYHO qepe3 u @ U p NOJIAPHbIE KOOPJANHATHI
TOYKHU Ha IIJIOCKOCTH, IIOJIYHYHUM €€ IIapaME€TPpHUY€CKOE YpaBHEHNE B KOOpAMUMHaTaX

—

7 = 7y + p(i cos p + j sin p)

nJjim

7= 7o+ pely). (VIL3)

110
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3. IIpemooKumM st IPOCTOTHI, UTO LEHTP cdepbl pajuyca a, COBIAIAET C
HAYAJIOM MIPSIMOYTOJIBHON CHCTEMBI KOOPANHAT, KOOPANHATHBIE BEKTOPHI KOTOPLIX
ecTh 1, J, k.

HawgaabHbIil Mepunan moMecTuM B
mockoctt xOz 1 OyJeM OTUYHUThI-
BaTbh JIOJITOTY  OT MOJOKUTETbHO-
ro HampapJieHns: oct O K IOJIOXKH-
TeJIbHOMY Hampasjiernio ocu Qy.
DKBATOPUAILHYIO ILJIOCKOCTH Oy1eM
CYMTATh COBMENIEHHON € ILIOCKO-

A A

crbio 0z, a mupory § IpuMeM I10-
JIOZKUTEILHOI JIJIsT TOUEK C II0JIOZKH-
TeJIbHBIMI allJINKATaMH 2 U OTPULA-

Puc.VIIL.30. Ccpepuyeckas cn- TEJbHON B IIPOTUBOIIOJIOKHOM CJIY-
creMa KOODJIHUHAT Jae.

[Ipoeknus pajanyca-BekTopa Touku M cdepbl Ha O0Cb 0z, U TJIOCKOCTL TOY,
OY/IyT COOTBETCTBEHHO PaBHBI

z = Rsinf,
e
|OM 1| = Rcos®,
ITPOEKITNN BEKTOPA OM; na ocu Ox u Oy oynyT

——
x = |OM;|cosp,

—
y = |OM;]|sin .

Taxum obpaszom, mapamMeTpuieckKoe ypaBHeHne cdepbl B reorpapuieckux Ko-
opJIHATaX UMeeT BIU/I

7 = R(cos p cos B, sin ¢ cos @, sin 0)

nJjim

7= R(e(p) cos O + k sin 0). (VIL4)

B zaksrouenune sToro naparpada ciesnaeM cieyloliee 3aMedaHne odIero xa-
pakTepa. B ananuse u npu M3J10:KEHUH 3JIEMEHTOB TEOPUU IIOBEPXHOCTEN YacTo
3a/1al0T ITIOBEPXHOCTH ypaBHEHUEM

z = f(z,y). (VIL5)
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Jlerko BusieTh, 9TO 3TO ypaBHEHHUE CJeyeT CUNTAThL YACTHBIM CJIydaeM Iapa-
MeTpudeckoro. [leiicTBUTE/IbHO, IIPUHUMAsI 38, [TapaMeTpPbl aDCIIUCCY U OPJUHATY
TOYKHU ITOBEPXHOCTU, MOXKEM HallCATh ee llapaMeTpuiecKoe ypaBHEHUe B CJlely-
I0I1IEM BH/IE

r=(z,y, f(z,y)). (VIL6)

B pasibneiiniem OyaeM Ha3blBaTh TakKoe IapaMeTpUUecKoe 3aJIaHKe dJeMeHTap-
ubiM. CliejiyeT OroBOPHUTLCs, YTO IIPU IJIEMEHTAPHOM 3aJIaHiU OJIHO3HAUYHOCTD
COOTBETCTBUsI MEXKJIy 3HAUYEHHEM IapaMeTpPOB M TOUYKAMU IIOBEPXHOCTU HMeeT
MECTO TOJIBKO MpU OJHO3HaUYHOCTH GyHKIMN 2z = f(x,y) n Tam, rjie 9Ta OJHO-
3HAYHOCTH CYIIECTBEHHA, IIPUXOIUTCS PACCMATPUBATH IIOBEPXHOCTH KaK ObI CO-
CTaBJIEHHOI 13 OT/JE/IbHBIX YacTeil, OTBeYaOINX OTAeAbHBIM OJJHO3HATHBIM BET-
BaM dyHkiuu. Tak, HapuMmep, B ypaBHEHUN cepbl

T= (CE’,y, \/R2 - xQ - y2)

JABa 3Ha4YCHUA pPaJinKaJia COOTBETCTBYIOT ABYM IIOJIYITAPUAM, PaCIIOJIOZKEHHBIM
110 pa3Hbl€ CTOPOHLI IIJIOCKOCTHU Qny

VII.3 KacarenbHble npsagMble K IIOBEPXHOCTH

B nasnbreitem OyjieM paccMaTpuUBaTh TOJBKO TaKHe MOBEPXHOCTU B IapaMeT-
PUYECKOM YPaBHEHIN, KOTOPBIX (DYHKIIHS 7(U, V) UMEET YacTHbIE TIPOU3BO/IHBIE,
110 KpaifiHeii Mepe, MMepBLIX JIBYX HOPAAKOB. [Ipearnosaras 9To, pemmuM 3a1ady o
HaXOXK/ICHNN KacaTeJbHOH IIPSIMO TTOBEPXHOCTH.

[Ipsimas KacaeTcsd MOBEPXHOCTH, €C/IM OHa KacaeTcss HEKOTOPOl KPUBOIA, ITPH-
HaJexkanieil mopepxnoctu. lomycTuM, 9T0 MOBEPXHOCTH 3ajaHa ImapaMeTpude-
CKUM ypaBHEHUEM

7= r(u,v), (VIL7)

a IIpUHaJIeXKalllasd eil KpuBasi B CBOIO 04epe/Ib IapaMeTpu30BaHa C IIOMOIILIO I1a-
pameTrpa t. B Takom ciydae KaxKaoMy 3HAUYEHNIO 3TOTO IapaMeTpa COOTBETCTBY-
€T HeKOoTopasl TOYKa KPUBOIl, & ee ITOJOXKCHUIO Ha IIOBEPXHOCTU COOTBETCTBYIOT
B CBOIO O4Yepeib Ollpe/eseHHble 3HaYeHNsI KPUBOJIMHENHbBIX KOOPAUHAT U U V.

Takum obpazoMm, KpUBOJMHEHHBIE KOOPJAUHATHI TOUYEK KPHUBOIl, PACIIOJIOXKEH-
Hble Ha MMOBEPXHOCTH, SIBIAIOTCA DYHKIIAMEI napameTpa t. CooTBETCTBYIONTYIO
CUCTEMY COOTHOIICHUI

u = u(t); v =u(t) (VILS)



VII.3. KacarenbHbIe IpsIMbIE K MTOBEPXHOCTH

OyJjieM Ha3bIBATh BHYTPEHHUMHU YPABHEHUSIMU KPUBOI HA TTOBEpXHOCTH. BHyT-
pEeHHUEe YPAaBHEHUA BIIOJIHE XapaKTePU3YIOT KPUBYIO, €CJIM 3a/IaHO IapaMeTpuyde-
CKOE ypaBHEHIe ITOBEPXHOCTH, TaK Kak rnojicranoBka V1T 8 u V1T nmpuBouT HaC

K ypaBHEHUIO

7= u(t), v(t)), (VIL9)

ABJIAIOIIEMYCA ITapaMETPUICCKUM YPaBHEHHUEM rILELHHOI'/JI JIMHUN.

Kacateabubiit BEKTOp 3TOT KPUBOI,
a CJIeJIoBaTE/IbHO, U HaIlpPaBJIsiio-
Ul BEKTOP IIPAMOIl, Kacalolleil-
Csl TIOBEPXHOCTH, IOJYUYUM OObIY-
HbIM IIpueMoM, JuddepeHnupyst
paJInyc-BeKTOp T 110 IapamMeTpy t.
Oj1HaKO, 1P 9TOM, IIPUMEM BO BHI-

Manne, 9ro B cuiy MITA 77 3aBucut

OT ¢ 4epe3 110CPEJICTBO apr'yMEHTOB
Puc.VIL.31. Kacaresibubre U T v, TOTYIIM

[IpsIMbIE K ITOBEPXHOCTH
dr’ or du or dv
— = = — — . — . (VIIL.10)
dt ou dt ov dt
[IpaBast 4acTb 3TOr0 BBLIPpArKEHUsI IPEJICTABISET COOOI0 JTMHEHHYI0 KOMOUHA-
I[IIIO JIBYX BEKTOPOB, KOTOPBIE JJIsI KPATKOCTH 0003HAYAIOT TaK
dr’ or
— =Ty — =T (VIL.11)
du ov
1 HA3bIBAIOTCST KOOPAMHATHBIMI BEKTOPAMI, COOTBETCTBYIOIINMUI TOM TOUKE, KPI-
BOJIMHEHHBIE KOOPIUHATEI KOTOPOIl [OJICTABIAIOTCA IPU UX BLIUYKUCIEHUH. JIerko
BUJIETD, YTO KOOPJAHHATHBIE BEKTOPBI €CTh BEKTOPDLI KACATEJIbHBIX K KOOPJUHAT-

HbIM JimHusAM Puc VIT 3T

JeficTBUTEIHHO, pACCMOTPUM OJIHY U3 KOOPJMHATHBIX JUHNil. Ke nmapamerpn-
YecKHe ypaBHEeHUd MOZKHO IIPeJCTaBUThL B BUJIE

u = Const; v =1t.
[Ipumenss K sromy ciaydato dopmyny MITTA, moxyamm
T=T,.
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I'maBa VII. IlepBasi KBajipaTudHasi (popMa, MOBEPXHOCTH
AHAJIOrNYIHBIA TTOJTydaeM 1 JJIsT IPYToil KOOPAMHATHON JIMHAN
u=t; v = Const .

Taxum obpazom, hopmyia MITTT nokasbiBaeT, YTO HAIIPABJIAIONIII BEKTOD BCs-
KO#l IIpsMOIL, Kacalollleiicd IOBEPXHOCTU B JIAHHON TOYKE, dABJISIETCS JIMHENHONI
KoMOMHaImeit KoopJINHATHBIX BEKTOPOB, COOTBETCTBYIONIUX 9TONH TOUKE, a €ro
HaIIpaBJIeHue olpeessieTcss OTHoIIeHneM du 1 dv, T.e. guddepeHInaaoB KpupBo-
JIMHENHBIX KOOP/IMHAT, COOTBETCTBYIONINX HaIIpaB/JICHUIO KPUBOil, KOTOPOIl Kaca-
eTCsd JIaHHasl psaMast.

VII.4 KacareibHasd IJIOCKOCTb K IIOBEPXHOCTU

Tax xax Bce KacaTe/JbHble BEKTOPbBI, COOTBETCTBYIONINE JAHHONU TOYKE TTOBEPX-
HOCTHU, BbIpAXKalOTCH JIMHEHO Yepe3 KOOPJAUHATHBIEC, TO BCE OHU KOMILJIaHAPHBI,
CJICJIOBATEJILHO, BCE NPAMbIC, KACAIONINECd ITOBEPXHOCTU B JIAHHOI TOYKe, PacIio-
Jlaralorcd B OIHON IJIOCKOCTH — KacaTeJIbHOH IIJIOCKOCTHU ITOBEPXHOCTH.

Y100BI TOTyINTH ypaBHEHHNE KacaTe/IbHOI IJIOCKOCTH, IPUMEM BO BHUMAHME,
YTO OHA COJEPIKUT BEKTOPBI Ty, U Ty U €e HOPMAJbHbII BEKTOpP UM IepPIIeHINKY-
Jsiper. [IoaToMy 9TOT BEKTOpP MOXKET ObITH MOJIOYKEH PaBHBIM

- =

N =[ryr]. (VIL12)

[IpaBas "acTh He MOXKeT ObITH paBHA HYJIIO TaM, I'JIe CYHIECTBYET IpaBUIbHasI
KOOp/MHaTHAas CeTh, TaK KaK I10 YCJIOBHUIO ee OlIpe/lesIeHnsl KOOPANHATHLIC JINHUN
He MOT'YT KacaThCs JPYT JIpyra, U BeKTOPHI Ty, 1 T, HeKoJInHeapHbl. VcKmoanm
U3 PACCMOTPEHUsI ¥ TOYKH, B KOTOPBIX BEKTOPHLI T, U T, OOpAIAOTCs B HYJIb,
TaK KaK 9TH TOYKHU OY/IyT OCOOBIMU IS TTapaMeTPU3alln KOOPIMHATHBIX JITHUI.
Mbr Oyem HiSI;IBaTb 0c000i1 TOYKOIl ImapaMeTpu30BaHHOI IIOBEPXHOCTU TOYKY,

B KOTOPOII [ru rv} = 0 1 UCKJIIOYUM B JlaJIbHENIIIeM 3TU TOYKU U3 HAIlero pac-
cmorperus. ODO3HAYUNB PaJINyCc-BEKTOP TEKYIIell TOUYKN KacaTeIbHOM I1JIOCKOCTH
qepes 7, a pajuyc-BeKTOP TOUKU MPUKOCHOBEHUS Yepe3 7, MOJyIUM ypaBHEHUE
KacaTeJ/IbHOI IJIOCKOCTUA B BUJIe PaBEHCTBa HYJ/IIO CMEIIAHHOI'O ITPOU3BEICHNS]

(Fu, 77— ﬁ)) — 0. (VIL13)

[Ipsimast, eprieHINKy/IsipHast KacaTeJIbHOMN IJIOCKOCTH U MTPOXOJIAIIAsT Yepe3 TOY-
Ky IIPUKOCHOBEHUSI, Ha3bIBaeTCd HOpMAJIbIO, & €€ HallpaBJ/isgionuii Bekrop ML 1.3
— HOPMaJIbHLIM BEKTOPOM ITOBEPXHOCTH.
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VIL.5. /lnuna gyru Ha MOBEPXHOCTH
VII.5 JlauHa JyTu Ha IIOBEPXHOCTH

BoeraucimM JITMHY JIyTH JTUHIT, PACTIOJIOXKEHHOI Ha TOBEPXHOCTH. [[J1s1 9TOT0 BOC-
nojib3yeMmcs BHyTpeHHnM ypasHeHneM KpuBoit VIT 8 n mojcranoskoit V1T 9. Haii-
JieM cHadaJga jauddepennuan ayru. Tak Kak

ds® = di?,
dr' = r,du + 7,dv,

TO

ds® = 7, 2du® + 27,7, dudv + 7, 2dv>.

BBojg obosnauenus

7t=FE, 77 =F 72=0G, (VIL.14)

[IOJTY UMM

ds* = Edu® + 2Fdudv + Gdv®. (VIL15)

Ecim MBI XOTUM BBIYUCJIUTL JJIUHY JIYTH, OIPaHUYEHHYIO TOUYKaMHU KPHUBOIL,
COOTBETCTBYIOIIUMU 3HAYEHUSAMU TapaMeTpa 1 U ty, TO OHA BBIPA3UTCSA WHTE-
rpaJioM

to

s:/ds.

tq
[Toncrasisss BMecTo ds ero Beipaxkenue u3 MITTH u BBO/A sIBHO ITepEMEHHYIO
NHTEIPUPOBAHUS , TTOJTYIUM OKOHYATEIHHO

to
du\ 2 du dv dv\ 2
= E|— 2F —— — . I1.1
s N () wortot o (WY g
tq

3Hast BHyTpeHHee ypaBHEHNEe KPUBOii, MbI J0JI?KHbBI BHIDA3UTH U 1 U Uepe3 t B Bbl-

du dv
paxkennsax F, I, G, naiitu mpon3BojiHbIe — U —, [OJICTABUTL BCE 3TO B I10/IbIH-

dt dt

terpayibuyto pyuxmnuo MTTH u 3a1a4a cBeJICTCA K BBIYUCICHIIO HHTErpaJia BUJIa,

i F(t)dt.
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I'maBa VII. IlepBasi KBajipaTudHasi (popMa, MOBEPXHOCTH
VII.6 IlepBas kBagpatuvuHasa (popMa IMOBEPXHOCTHI

Bripaxkenne MITTH kBajparta auddepeHimasia Jyru urpaeT OCHOBHYIO POJIb BO
Bcell Teopun mopepxHocTeil. [IpaBasi 4acTh ero mpejcTaB/isieT KBaJpaTHIHYIO
bopmy

01 = Edu® + 2Fdudv + Gdv* (VIL17)
¢ KoaddurpenTaMu, siBJIAOMUMACT QYHKIUAMI TOYKU MOBEPXHOCTH U C Iepe-
MeHHBIMI du u dv — auddepeHnnaiaMin KPUBOJIMHERHBIX KOOPMHAT, KOTOPbIE
3aBUCAT OT HaIPaBJIEHUS KPUBOI, NMpoxojsdiieil depe3 jgaHHy0 To4uky. Dopma
(01 HA3bIBAETCd IEPBOIH OCHOBHOI KBaJIpaTHIHOH (popMoii noBepxHocTn. Kpome
TOTO, €€ elle HA3bIBAIOT JIJIsi KPATKOCTU MIPOCTO JIMHEHHBIM 3/IeMEeHTOM TIOBEPXHO-
CTHU, NTOTIEPKUBasI STUM, YTO 3HAHUE €€ SIBJIFACTCA OCHOBOI JIJIsl BBIYMC/ICHIS JIJTIH
nyr. elicTBUTEIbHO, €CiU JTUHEHHDBIN 9JIeMEHT 3a/IaH, T.e. 3a/laHbl ero Ko du-
muenTsl F, F, G B GyHKIUN © 1 U I3BECTHO BHYyTPEeHHee ypaBHEHIe KPUBOii, TO ee
JIyTY MOYKHO BBLIYUCTUTD JIa2Ke B TOM CJIydae, ec/i ImapaMeTpruiecKoe ypaBHeHne
[IOBEPXHOCTH Hen3BecTHO. OTMETHM HEKOTOPhIE BaKHbIE HEPABEHCTBA, KOTOPHIM
VJIOBJIETBOPSIOT KO3(MDMUITMEHTHI JIMHEHHOTO 3/1eMenTa. V3 paBencTs

E=r, 2; G=r,>2
CJIEJIYEeT, 9TO /I BCIKOI HEOCOOEHHOM TOYKHU IOBEPXHOCTH

E>0; G>0. (VIL18)

[Ipumenasa ToxaecTBo Jlarpamxka, Moy InM

- — 2 - — 2

[TUTU} =7, %272 = (TUTU) — EG — F?.
Bripazkenue B mpaBoii 9aCTH €CTb JUCKPUMUHAHT JINHEIHOro 3JieMeHTa. Bo Bes-
KOIl HEeO0COOEHHOI TOUKe [TU rv} = 0. ITosTomy
EG — F* > 0. (VIL.19)

3 mepasencts MITTY u MITTA ciemyeT, YTO OCHOBHas KBaJipaTudHas hopMma,

MOJIOKUTETbHA U He MOXKET 00PATUThCA B HYJIb TP 3HAYEHUH TIePeMeHHbIX du 1
dv, He paBHBIX HYJIIO OJHOBpeMeHHo. KBajparudanbie popMbl, 00/1a/1aI01I1IE STUM
CBOICTBOM, Ha3bIBAIOTCS ITOJIOKHTE/IBHO-OITPENETEHHBIMHU.

VIL.7 VYroa mexxay AByMsd JIMHUSAMEN Ha MMOBEPXHOCTU

Ecan AB€ KPHUBLIC IIepeCEKalOTCA, TO YIVIOM ME2KAY HMMHU Ha3bIBalOT YI'OJI ME2KIY
X KacCaTeJIbHBIMM B TOYKE IIepecedeHMd. Hpe,ZLHOJIO}KI/IM, 9TO KpHUBDLIE JIezKaT Ha
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VIIL.7. ¥Yros MexKy AByMS JIMHUSIMA H& ITOBEPXHOCTH

OJIHOM ITOBEPXHOCTHU U IEPECEKAIOTCs B HEKOTOPoil Touke. KacareabHble BEKTOPLI
9TUX KPUBDIX
dr' = rydu + m,dv; AT = r,0u + 7,00

OyJieM pasyindaTrh, yIoTpedisist pasjndnble 00o3HaYeHus i JuddepeHIaion
KPUBOJIMHEITHBIX KOOPJAMHAT, COOTBETCTBYIONUX M3MEHEHUSIM I0CJIeIHIX BJIOJIb
paccmarpuBaeMbIx juHIil Puc VIT 3.

Uckombrit yros 6 orpejesnTes 1o
00BIYHOM (hopmyJie

P drAr

costl = ———,
|drl| AT

Puc.VIL.32. Vroa mexiy jiBy- B KOTOPOIl cjie/ryeT MOJ0KNATH

M JIMHUAMA

|dF] = ds = V Edu?® + 2Fdudv + Gdv”
IAF] = As = vV Esu® + 2Fudv + Gév>

AFAT = (7ydu+7ydv) (7 0u—+7,00) = 7 2dudu+ 7,7, (dudv + dvdu) + 7, 2dvdv =
= Fdudu + F(dudv + dvdu) + Gdvdw.

Takum obpaszom,

Edudv + F(dudv 4+ dvéu) + Gdudv

cosf = )
VEdu?+ 2Fdudv + Gdv? - \/Esu? + 2Fsudv + Gov>

(VIL.20)

[Tonyuennas bopMyiia MOKa3bIBAET, YTO Ha JAHHOI IIOBEPXHOCTH YI'OJI JIBYX KPU-
BBIX 3aBHICHUT TOJILKO OT OTHOIIeHNs JuddepeHnnasoB KpUBOJINHENHBIX KOOP/I1-
HAT, B3SITHIX BJIOJIb KPUBBIX B TOYKaX MX IlepeceveHus. Kpome Toro, cjejyer
3aMETUTh, UTO JIJIsl ONPEJICJICHNS yIJja, TaK »Ke KaK U B CJIy4Yae BbIYUCICHUS JIy-
I'l, He HY>KHO 3HAThb IapaMeTPUYECKOr0 YPaBHEHMS IIOBEPXHOCTH, & JOCTATOIHO
CUNTATh U3BECTHBIM BBIPayKeHHE ee JIMTHEHHOro 9jieMeHTa.

3 dbopmyiib JIETKO TIOJIyYUTh BbIpayKeHue KOOPJMHATHOIO yTIJjia, T.e.
JIISE 9TUX JIMHUI MOXKHO CUUTATD

du=0; dv#0
ou#0; dv =0,
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I'maBa VII. IlepBast kBajiparudHasi (popMa MOBEPXHOCTH

OTKY/1a

F
COSW = ——— (VIL.21)

VEG.

B wactHOCTH, /11 TOrO, 9TOOBI KOOPJAMHATHDLIE JIMHUN [I€PECEKAJICH II0JI IIpsi-
MBIM YIJIOM, T.e. YTOOBI OHI 0Opa30BbIBAJIN OPTOIOHAJIBHYIO CETh, HEOOXOIUMO 1
JIOCTATOYHO, YTOOBI

F=0
a JJMHEWHBIA 3/IeMeHT UMeJ B/
ds® = Edu® + Gdv*. (VII1.22)

Taxoit Bum nMerOT JIMHEHBIE 3/IEMEHTHI TIJIOCKOCTU B MPSAMOYTOJBHBIX W TIOJISAP-
HBIX KOOp/IMHATAX M cdephbl B KOOPJMHATAX IeorpadUiecKnx, Tak KaK BO BCEX
9TUX CJIyYadX YCJIOBUE OPTOINOHAJIBLHOCTHU BBIIIOJHEHO.

VII.8 Ilioniaapr moBepxXHOCTU

Omnpejiesienne JUIMHBL JIYTU KPUBO# JIMHUN CBOJINTCS K BBHIYHC/IEHUIO CYMMBbI JIJTHH
HPSMOJIMHENHBIX OTPE3KOB C IMOCJEAYIONINM IIePeXo/IoM K Ipejiesy. AHaaornd-
HbIM 00pa30M W OIpejie/ieHue IO JacTeil KpUBOJMHENHON MOBEPXHOCTH
CBOJINTCS K U3MEPEHUIO TLIO0Ma el miocknxX ¢puryp. IIpeamnonoxnmM, 910 Ha mo-
BEPXHOCTH 3aJiaHa HEKOTOpast 3aMKHyTas 0b/1acth ) (Puc VIT33). Pazobbem a1
obstacTi Ha JacTudHbie odacTu {2y, o, ..., (.

Puc.VIL.33a. K  Bbrauciennio Puc.VIIL.33b. Ozgenpnpii  sure-
mromaan rmosepxHoctu ) C X MEHT YJ; IIOBEPXHOCTH

Bo BuyTpenneil Touke KaxKJoif U3 9TUX 0bOJIACTell MOCTPOUM KacCaTETbHYIO
IIJIOCKOCTH U CITPOEKTUPYEM Ha Hee COOTBETCTBYIONLYIO YacTHUIHYI0 001acTh. [TycThb
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VII.8. Iliomanpb MOBEpXHOCTH

ILJIOMIA/Ib ILJIOCKO 00J1aCTH, Oy YuBIIeiics npoekTuposanueM §2;, ectb AS;. Co-
CTAaBUM CYMMY BCEX 9THX ILIOMIAIei

Sp = 2”1: AS;.

[Ipeiest 310t CyMMBI IIpM HEOIPAHUYIEHHOM BO3PACTAHUHM YUCJIA YACTUIHBIX 00-
JlacTeil M NPH CTAMMBAHUKE KaxKJ0i 00J1aCTH K TOUYKE HA3bIBAETCs ILIOMIAIbI0 00-
nactu ) Ha noBepxHocTH. HameTum Tenepb B 00X depTax XO paccyKIeHUil,
CBOJISAIINX BBIYMCJIEHNE ILIO0Maan S K narerpasy. [lapamerpusyem moBepxHOCTD
B obsiactu ) 1 BhIOEpEM IpaHUIIbl YACTUUHBIX 00J1acTeil Tak, YTOObI OHU COBIIA-
JlaJIl ¢ KOOPJMHATHBIME JIMHUAMEU. PaccMoTpuM oJiHy M3 9THX obJacTeil, mnpe/-
[I0JIOYKUB, ITO OTPAHNIUBAIOIINE €€ JINHAN [1ePECEKAIOTCSI B TOUKAX

A(u,v);  Ar(u+ Au,v);  As(u,v+ Av);  As(u+ Au,v + Av).

Bynem 1poekTupoBaTh ee Ha KacaTeJbHYIO ILIOCKOCTh B Touke A. Pajmychb-
BEKTOPbI YIVIOBBIX ToUeK A1 1 Ay paBHBI
—

OA; = 1(u+ Au,v) = 7(u,v) + mAu + e;Au
O—Ag> = r(u,v + Av) = 7(u, v) + 7 Av + eAv,

TJIe €] U €3 CTPEeMATCS K HyJIi0 BMecTe ¢ Au 1 Av).

Orcrozia cieyer, 9To HpeHe6perai> MaJIbIM_00Jiee BBICOKOI'O TIOPSiJIKa, Mbl MO-
JKeM TIPUHSTH TpoeKiyn BeKTopos AA; n1 AAs Ha KacaTeIbHYIO ILIOCKOCTh, PaB-
HbIMI BekTOpaM 7, Au n 7, Av. OTOpOCUB MaJible BBICIIErO MOPSIIKa, 3aMEHIM
ILJIOIIA b TPOEKIINN ILJIONAJIbIO TapaJliesiorpaMmMa, MOCTPOEHHOTO Ha BEKTOPax
TuwAu n 7, Av Kak Ha CTOPOHAX, W MOJIYIIM

- —
AS; = |[ru7’v]\AuAv + €.

mes B BTy, 9TO € ecThb O€CKOHEUHO MaJiasi 00Jiee BHICOKOI'O TOPsJIKa, UeM
ILJIOTIA b TPOEKIINN YaCTUYHON 00JIACTH, TTOJIYUYNM

lim lim s, = limz | [r_;;;} liAuAv,

n—oo AQ—0
=1

rie AQ = AuAv. Takum obpasoM, oI b 001acTi §2 MOBEPXHOCTH BbIparKa-

eTcst JIBOHHBIM HHTETrPAIOM
S :// dudv (VII1.23)
D
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NJIn TaK KaK
- = 2 - = 2

[rurv} =7, 27,7 — (rurv) = FEG — F?,

S = / / V EG — F*dudv. (VI1.24)
D

TO

HOCHG,ZLHGG BbIpazKeHue IJIoIIa AN IIOKa3bIBacT, 9TO JAJId €€ BBIYUCJICHUA HOCTa-
TOYHO 3HAHUE JIMHEHHOI'O 3JIEMEHTA, IIOBEPXHOCTH.

VII.9 3agaum Ha nmepBYIO KBaJpaTUdHYIO (popMy IIOBEPX-
HOCTU
OcHoBHBIE DOPMYJIBI
[IycTh OBEpXHOCTH Y. 3a/1ala CBOMME HapaMeTPUIeCKIMHI YPaBHEHUAMU:
Y r=r(u,v) = (x(u,v),y(u,v), z(u,v)).

O6paszyeM dacTHBIE IPOU3BOHBIC PAIIYCA - BEKTOPA:
. or . or
7, = — 7y = —
ou’ ov’

onpeae/imM CKaJIdPpHBbIE IIPOU3BEICHNA:

1 KBaJIPaTUIHYIO (DOPMY:
ds* = Edu® + 2Fdudv + Gdv?, (VIL.25)

KOTOpas HAa3bIBACTCA Nepeoti keadpamuyroti hopmoti noseprrocmu. Koadpdurm-
eHTBI 9TOil (POPMBI 0OPA3yIOT MATPUILY KBaJIPaTUIHON (POPMBI:

G:<§§>

B HeocoObIX TOUKax MOBEpXHOCTH Marpuiia (G HEBBIPOXKJICHA:
det |G| # 0.

BeKTOpr Fu n 7?117 ABJILALACH KaCaTeJIbHBIMU K KOOPJAMHATHBIM JIMHUAM IIOBEPXHO-
CTH, ABJIAIOTCA N KacCaTC/JIbHbIMHI BEKTOPaMM ITOBEPXHOCTH. BGKTOp HOpMaJId K
IIOBEPXHOCTHU OIIPpEAECJIACTCA KaK:



VIL.9. Bajmaun Ha nepByro KBajpaTHIHYIO (pOPMY MOBEPXHOCTH

IIpumep IIVIIL.1. Cocmasumo ypasrenue xacamesvrot naockocmu chepo.

Permenne

Ypasuenue cdepbl B chepUIecKIX KOOPIANHATAX:

7 = R(cos p cos b, sing cos f,sin ).
Boramc/imm dacTHble IPOU3BO/IHbIE:

7, = R(—sin g cos B, cos g cos b, 0);

—

7 = R(—cospsinf, —sin psin §, cos 6.

Takum 0Opaz3oM, HaiijleM BEKTOp HOpMasu K cdepe B IPOU3BOJILHOI ee TOuKe
M()Z

- —

]\70: [7’907“9} :RFO;:>]\7:770—

- HOPMaJIbHBII BEKTOD K chepe COBIIJIaeT C ee PAJIMyCOM-BEKTOPOM. Y paBHEHUE
KacaTeJbHOI IJIOCKOCTH B TouKe Kacanus M, ccepbl umeeT B

(No, 7 —70) = 0 = (7y, 7 — 7y ) = 0.

Otciofa ¢ yuerom ypashennust cepbl (72 = R?) HOJydnM OKOHYATEIBHO ypaB-

HEHUE KacaTeJbHOW ILJIOCKOCTU:

IMpumep ITVIL.2. Hatumu nepsyro keadpamuuniyio gopmy 2eaukouda (cm. )

—

7 = ()t + apk. (VIL.26)
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I'maBa VII. IlepBasi KBajipaTudHasi (popMa, MOBEPXHOCTH
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Puc.VIL.34. Ilenukomn:  jBa
BUTKA

122

Pemenne

Boruncisia gacTHbIE [IPOU3BOJHBIC
or pajuyca-sekropa (NII28), Haii-
JIeM:

e = e(p) = (cosp,sin g, 0);
7, = (—tsinp,tcosp,a).

Taxum obpaszoMm:

G = (r,,r, =t"+a°).
[IepBast kBajpaTu4dHasi dpopma re-
JINKOWJIa PaBHA:

ds® = dt* + (a® + t*)de?. (VIL.27)



I'mtaBa VIII

BryTpenHsia reoMmeTpusi IOBEPXHOCTH

VIII.1 HanoxXumocTh 1HoBepXHOCTE

Ompepenenue OVIIIL.1. Jlse nosepxnocmu X u X' naswviearomca nasosxicu-
MOLMU, ecat meocdy ux mowkamu M u M’ moocro yemarnosums makyio buek-
yuro P:

oY — Y OM = M, (VIIL.1)
npu Komopot OAUHDL 8CET COOMBEMCMBYIOUUL 0Y2 SUHUL, PACTLOAOACEHHBLT MO
IMUL NOBEPTHOCAL, PABHYL MEHCAY COO010:

s(MyMs) = ' (®(M;)D(My)). (VIIL2)

Ecin e mOBEpXHOCTH HAJIOKUMBI JPYI Ha ApPyTa, TO OAHY M3 HUX MOKHO
HOJIYYUTh U32UOGHUEM JAPYTOii, aHAJOIMYHO TOMY, Kak n3rubaercs rubdkas, HO
HEPACTSZKIMAA TKAHD.

Cdopmynupyem aHa U THIECKUI TPU3HAK HAJOKIUMOCTH oBepxHocTeii. [Tpe-
LOJIOZKUM, UTO OBEPXHOCTH % U Y HAJIOKUMBL. I1ycTh IOBEPXHOCTD Y IIapaMer-
PHU30BaHa C IOMOIIIBIO IIaPaMeTPOB U, v, T.€., KaxK10il ee Touke M € Y1 coorser-
CTBYIOT BHYTpPEHHIE KOODJMHATHI (U, v).

BuyTpennne KoOpAMHATHI OBEPXHOCTH Y yCTAHOBUM II0 COOTBETCTBUIO O,
noJyiarast, uto Touka M’ = ®(M) € ¥ umeer Te Ke BHYTpeHHUE KOOD/MHATHI,
g0 u Touka M. Takyio mapaMeTpusamnmio IByX HOBEPXHOCTEl Oyn1eM Ha3bIBATh
00w,eti NAPaMeEMPU3auuets no ommoweHuo K narodcumocmu. Ilyers B 9TUX Ko-
OpJMHATAX IePBbIe KBaJpaTuinbie GpopMbI oBepxHocTeil X n X' paBHbI:

Yo ds? = E(u,v)du’® + 2F (u,v)dudv + G(u,v)dv?,  (VIIL3)
Yo ds? = E'(u,v)du® + 2F (u,v)dudv + G (u,v)dv?. (VIIL4)
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I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH

[Tycts Teneps I € X

— NpPOU3BOJIbHAS KpuBast oBepxHocTu Y. Ee obpasom Ha mosepxnoctu Y Oyaer
kpupas [V € Y-

I wu=u(t), v=o(t).

[Tycts kounesbiM ToukaMm My u Mo myru My My kxpuBoii I' cooTBeTCTBYIOT 3HAYE-
Hust t1 u to mapamerpa t. 3anuiiem ycaopue NITTA HaI0KUMOCTH TOBEPXHOCTEI

IS

tg ta
/ V Edu? + 2Fdudv + Gdv? = / VE'du? + 2F dudv + G'dv?.  (VIIL5)
tl tl

Taxk kak paperctBo MIIT A 1017KHO UMETh MECTO IIPU JIIOOBIX 3HAYEHUSIX Iapa-
MEeTPOB t1 U to, TO JJIsl €ro CIPaBEeIINBOCTI HEOOXOIMMO BBIIIOJIHEHHE YCIOBUS:

Edu® + 2Fdudv + Gdv? = E'du* + 2F dudv + G'dv*. (VIIL6)

Ho nmannoe yciioBre JOJI2KHO BBIIOJIHATHCS JIjIs1 JIFOOBIX 3HaueHuil du u dv, Tak
KaK OHO JIOJIZKHO OBITH CIIpaBeIIUBBLIM JIJjIs1 JiFoObIX KpuBbix I'. Ho nBe kBajgpa-
TUIHbIE (POPMBI TOXKJIECTBEHHO PABHBI JIMIIb IIPU YCJIOBUU PABEHCTBA MX KO-
dpuIIeHTos:

E'(u,v) = E(u,v); F'(u,v) = F(u,v); G'(u,v) = G(u,v). (VIIL.7)
Taxmm obpazoM, Mbl JIOKa3aJIl TEOPEMY:

Teopema TVIIL.1. /las mozo, wmobwv. dee noseprrocmu OviaU HAAOHCUMDL,
HEOOX00UMO U JOCMAMOUHO, UYMOObL CYW,ECMBOBANL MAKAA NAPAMEMPUS AU
IMUX NOBEPTHOCMNEL, NPU KOMOPOT 8 MOUKAX IMUL NOBEPTHOCMEN ¢ 00UHAKO-
BUMU KPUBOAUHETHBLMU KOOPOUHAMAMYU ObLAU PAGHDBL COOMBEMCMEYIOWUE KOIP-
duyuenmol UT NePeuT KEadPAMUYHHLL HOPM.

I[OCT&TO‘{HOCTI) JOKa3bIBaCTCA IJICMEHTAaPHO.
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VIII.2. IIpeobpazoBanue nepBoii KBaJpaTHIHOH (DOPMBI

VIIIL.2 IIpeobGpa3oBanue nepBoii KBaapaTudIHOii POPMBbI MO-
BEPXHOCTH IIPU N3MEHEH! BHYTPEHHNX KOOPAMHAT
noBepxHoctu. Ilonsitue o TeH3opax.

PaccmoTpuM Terneph BOIIpOC 0 TOM, Kak ITpeodpas3yeTcs MaTpulla epBoil KBapa-
TUYHON (POPMBI MOBEPXHOCTHU TIPH MIEPEXOJIE OT OJHON KPUBOJIUHEHHON cucTeMbl
koopauHat K apyroit. Ilycrs {z!, °} — HekoTopasi KoopiuHaTHas CETh HOBEPX-
nocru X, a {x', 2%} — nexoropas Apyras KoopAUHATHAS CET ITOI Ke I0BEPXHO-
cru. Ilycrs jantee, KoaPUIMEHTH IEPBOi KBaIPATUIHON (POPMbBI TOBEPXHOCTH
ornocurebHo Koopaunatr {xl, z*} pasnbr:

1.2 1.2 1.2
gn = E(z",2%); gi2 = g1 = F(z",27); go» = G(a', 27), (VIIL8)
a K03 PUIMEHTH NEePBO KBaJIpaTUIHON! (GOPMBI OTHOCUTETIHHO KOOPIMHAT
{x"t 2'?} pasubr:

g1y = E (.I‘ll 1'2/); g1or = goryr = F (1‘1/ .’,CQI); gorgr = Gl(.iCll,ZCZ/). (VIIIg)

Torna kBajipar nuddepenimaia JJIMHLL JYyTH TPOM3BOJILHON KPUBOII Ha I10-
BEPXHOCTU MMeEeT BUJI OTHOCUTEJIHbHO TUX JIBYX KOOPIMHATHBIX CUCTEM:

ds® = girda'dz”, (i,k =1,2); (VIIL.10)
ds' 2 = gupda’ da®, (i, k' =1,2. (VIIL.11)

HOCKOJH)Ky JdJIMHa JYyTI'n KpI/IBOﬁ HEe 3aBHCHUT OT Bbl60pa CUCTEMbBI KOOpAMUHaT
Ha ITIOBEPXHOCTH, JOJIZKHO BBIIIOJIHATLHCA PaBCHCTBO!

gipdridr® = gixk/dxildxk/ (VIIL.12)
JIST TIPOU3BOJIBHBIX D DEPEHITIATOB KOOP/IIHAT.
Iycrs koopaunarst {z!, 22} u {z, 2%} ceasanbl Mesk 1y coboii 110 3aKOmHY:

oV = fHat ), 2 = At a?). (VIII.13)
Boeraucisist auddepennualibl MTPUXOBAHHBIX KOOPAMHAT, KakK Juddepenina-
JIBI CJIOYKHBIX (DYHKIIHIT, Hali1eM:

dzt’ = gf dx +aid 2, (VIII.14)
Hh
2 2

dz? = gf dx +gf —dx?, (VIIL.15)
Xz
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I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH

I KOpOYe:

dz’ = Abda®, (VIIL.16)

rjie BBeJeHA KBaJpaTHAs Mampuya npeobpa3osaHus OT CTAPbIX KOOPINHAT
KOODJIMHAT K HOBBIM:
y oz’
A Ak = —- (VIIL.17)
ox

AHaJIOrmIHO MOXKHO I[IOJIYYUTDb U O6paTHOG COOTHOIIIeHue:

dr’ = AL da" (VIIL.18)

IJIe BBEJICHA MAMPUUEL 00pamm1o20 npeodpasosanu.s:

. o’
AT A =2 (VIIL19)
ox
OueBUJIHO, YTO STH MATPUILLI SIBJISIIOTCA B3aUMOOOPATHBIMHE:
ALAL = 6Ly ALAL = 6] = AAT' = E. (VIIL.20)

[ st HeBBIpOXK AeHHOCTH 1IpeobpazoBanuit VIIT T3 HeoOX0AMMO U JIOCTATOYHO,
YTOOBI B KaxKJI0#l TOUKE IOBEPXHOCTU BBIIOIHSIIOCH YCIOBUE:

det ||A]| = % £ 0. (VIIL21)

. L
Oupenesienue OVIIL.2. Beauwunw a' u a’ 1,7 = 1,n, ceasannvie 3ax0H0M

npeobpasosaHUA:
y ,
a’ = Ala", (VIIL.22)
HA3BLBAIOMCA KOMNOHEHMAMU KOHMPEAPUAHMMHLT 6EKMOPOS.

Taxmm obpaszom:

Huddepennmaibl KOOPAUHAT SBJISAIOTCH KOMIIOHEHTaAMU KOHTPBAa-
PUAHTHOI'O BEKTOPA.

Paccmorpum Tenephb nmpeobpa3oBatne YaCTHBIX TPON3BOIHBIX CKAJIAPHON (PyHK-
1085041
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VIII.2. IIpeobpazoBanue nepBoii KBaJpaTHIHOH (DOPMBI

o(x!, %) upn npeobpazopanuu koopaunar MIIT 3. Mcnob3ayst NpaBUIo BbIUKC-

JIEHUs TIPOU3BOIHBIX CJIOXKHON (PYHKITUMHU, HaliIeM:
-/
Op dp Ox'
— .
ox 9" 02"

Op _ 4 0%
ot Fo,i
x ox
VMuoKas nocseniee coornomntenne na A¥ u cyMMupys o mmmexcy k, Moy HmM
] Y
BeJsieicTBE cOOTHOIeHmit N1 20

8_@/_143'8_@

it ot (VIIL.23)

Omnpenesienue OVIIL.3. Beauwunw a; u ay 1,7 = 1,n, ceasannvie 3ax0mom
npeooPa3o8aHUA:

ay = Akay, (VIIL.24)

HaA3vlearMCA KOMNOHEHMAMU KOBAPUAHINHBIT 6CKIMOPOE6.

Taxum obpaszom:

YacTHble MPON3BO/IHBIE CKAJIAPHON (DYHKIIUK STBJISIOTCS KOMIIOHEH-
TaM# KOBapUAHTHOT'O BEKTOPA.

[Ipumensist reeps B ypaBaennn NMITTTA 3akon rnpeodbpazoBanust MITT 1A nud-
depeHIaIoB KOOPAUHAT, TIOJIYYNM PaBEHCTBO:

gindzida® = gilk/A?Adeidxk. (VIII.25)

DTO COOTHOIIEHNE JIOJIZKHO BBIIOJIHATHCS JIJIsI JTI0OBIX 1 depeHnaioB KOOpIu-
HAT, I03TOMY JIOJI?KHBI COBIAIaTh U KOI(MDMUIINEHTHI COOTBETCTBYIOIIIX KBaIpa-
TUIHBIX (POPM:

gir = AL A gin. (VIIL26)

VcKOMBIiT 3aKOH 0OPATHOI'O IIPEOOPA3OBAHISI IMEeT B

giw = Ay AL gir. (VIIL.27)
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I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH

Onpepenenue OVIIL.4. Beauuwunw aj, w app 1, k, 7, k" = 1,n, ceasannve

3aKOHOM NPeodbpPa306aHUA:
aiy = AL AY air, (VIIL.28)

Ha3vlearOMCA KOMNOHEHTAMU KOBAPUAHIMHHIL TMEH30POE6 Gmopovj 6ANAEHIMHOCITNU.

O06o0061mast ckazaHHOe BBIIIE, JaJ UM OlpeesieHue:

-y .

Q1.0 ih..1
Onpenenenne OVIIL.5. Beauuunol ajll U a; j’i, CBA3AHHVIE 3AKOHOM Npe-
g -
00pa3o8aHUA:
Bl AT AT AT Alagt (VIIL.29)
Ay o = iy ip g ST :

HA3BLEAIOMCA KOMNOHENMAMU MEHIOPOS 8aseHmmuocmu (p+q), p pa3 KOHMpPEa-
PUGHMHOT U q pa3 Kosapuanmuwux. Takowce nuwym alp — q|.

[TonsiTue TeH30pOB 0000IAET IOHSTHE BEKTOPOB. TakuM oOpa3oM:

KoaddunmenTs! mepBoit KBaIpaTuaHOi (hOPMBI TOBEPXHOCTH 00Pa-
3YIOT KOMIIOHEHTBI CHMMETPUYHOIO JIBAYK/Ibl KOBAPUAHTHOI'O TE€H30-

pa.

DTOT TEH30D HA3BIBAETCSI MEMPUYECKUM MEHZ0OPOM, & COOTBETCTBYIOIIAA eMY
nepBasi KBajpaTudHast popMa IIOBEPXHOCTU HA3bIBAETCs TaKxKe Mempurotl no-
BEPTHOCTNU TITH MEMPUMECKOT (POPMOTE NOBEPTHOCTNU.

Ilycts @ n b - JIBa IIPOM3BOJILHBIX BEKTOPa KacaTeJbHOU IJIOCKOCTH TOBEpPX-
HocTH. Torga nx MOXKHO PasIoKUTh 10 basucy {7, , Ty, } 9TOi MI0CKOCTH:

ad=r,a' +7,a% b=r,b+7,,

rie a', b (i,k = 1,2) — enympennue x0opounamo, 6eKmMoOpPos Ha NOSEPTHOCTU.
Beraucimmm ckaJigpHoe MPOU3BEIeHIE 3TUX BEKTOPOB:

- —
(ab) =72t + (7 7 ) (@' + o)) + 7, 2% =

— —
(ab)=FEd'b' + F(a'V’ + a’b') + Ga’b”. (VIIL30)
C yueTom ompeJie/iecHIsT METPUIECKOTO TeH30pa IOy IUM JIIsT BEKTOPOB, JAEHCa-

wuxr 6 KacameabHol NAoCKOCmU K noeeprHocmu, OKOH4YaTeJIbHOE BbIPpazKEHMNE!

%

(a Z) = gipa'b". (VIIL31)
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VIIIL.3. 3ana4um BHyTpEHHEH reoMeTpun

Taxum 0Opas3oM, [1Jisi BEKTOPOB, JIeKalluX Ha IOBEPXHOCTH, METPUYECKUIT TEH30D
IIOJTHOCTBIO OIIpeJlesiseT CKaJIAPHOe ITPOU3BEICHUE.

VIIL.3 3anauym BHyTpeHHE!T TeoMeTpun MOBEPXHOCTH

CroiicTBa HOBEPXHOCTEHl NPHUHSITO pPas3iesdTh Ha jaBe I'pyiibl. COBOKYIIHOCTD
9TUX CBOWCTB, COXPAHSIIONINXCST IIPU M3TNOAHNN TOBEPXHOCTH, 00Pa3yeT ee 6HYym-
PEHMION 2€0MEMPUI0, & BCE OCTAJIbHBIE CBOICTBA, CYIIECTBEHHO 3aBUCSIIE OT
GOPMBI TIOBEPXHOCTH BO BHEIITHEM IIPOCTPAHCTBE, HA3bIBAIOTCA 6HewHuMU. Ta-
KIIM 00Pa30M:

HaJstoxkuMpble MOBEPXHOCTH MMEIOT OJMHAKOBYIO BHYTPEHHIOIO T'€O-
METPHUIO.

3ajiauaMil BHyTPEHHEH IeOMeTpPUN ITOBEPXHOCTU SBJISIIOTCS 3aJ1a4H, OJHOCTHIO
olpe/iesisieMble TIepBoii KBaJipaTuiHoil gpopmoii. Bee sTu 3a1a4u ¢BOJIATCS K Clle-
JIYIOIIM YeThbIpeM OCHOBHBIM 3a/a4yaM BHYTpPeHHeil reoMeTpun ITIOBEPXHOCTH:

1. Beramcienne AjuH JIyT KPUBBIX Ha MOBEPXHOCTH;

2. Boramenenne yrira Mexkry JABYMs IepPeceKalomIMUICd JUHUAMI Ha TMOBEPX-
HOCTH;

3. Bbruncienue momaan 4acTu 10BEPXHOCTH;
4. Haxoxenne Kpardafiimx JUHAil Ha TOBEPXHOCTH (Te0Ie3MIecKIX JIMHNIT).

[IepBble Tpu 331241 MbI pacCMaTPUBAJIN BbIIIE, TEIEPh IepeiiieM K PacCMOTpe-
HUTIO YeTBEPTOIl.

VIIl.4 Teope3smyeckasi KpUBU3HA U reojie3ndecKue JINHAN

VIII.4.1 Omnpenpesieane reoge3mvdeckoii KPUBU3HbBI

Onpepesienne OVIIL.6. [eodesuueckoti xpususnoti ky aunuu I' na nosepx-
HOCTU 68 HEKOMOPOT ee MouKe HA3BIBACMCA AOCOAOMHAA BEAUNUHA NPOEKUUL
6mMopoti NpouseodHots paduyca-eexmopa amoti Kpusot MG KACAMEALHYIO NAOC-
KoCcmb.

kg = IIpgac. na7" | (VIIL.32)
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I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH

[Tostyanm Bblpazkenue Jijisi Teoj1e31-
JeCKOIl KPUBU3HBI JTUHUI

D: 7=lu(t),o(t) (VIIL33)

Ha T1oBepxHocTH . HopmasbHblit
BEKTOP K IMOBEPXHOCTU BbIPaXKaCTCs
Jepe3 KacaTe/IbHble BEKTOPHI K KO-
OpP/INHATHBIM JTUTHUSIM:

N = [fu 7, } (VIIL34)

HopMmasnbaasi mpoekiiust BeKTopa
YCKOPEHUdA paBHA:

Puc.VIIL.35. [eonesnmdeckas u ( o ]\7)
. roo-

HOpMaJIbHasi KPUBU3HA JINHNI Ha Mpe 7" —

[TOBEPXHOCTH N |N|

Taxum obpazom, cornacuo onpejenennto NIIT3A o Teopeme IIudaropa ro-
JIYUUM:

2 —11\2 (F” ' N>2 — 1 \T2 = =) 2
k2= (") — w7 :]\72<N —(7“ .N) )
HpI/IMeHHH 3JeChb TOXKICCTBO ﬂanaH)Kaﬁ

i =[ab)?+ (ab)

HOJIyIuM OoJiee yJI0O0HOe BbIPayKeHHe sl T'e0e3UIeCKOil KPUBU3HBI JIUHUL:

k21

12
_ 11 _
g—ﬁ2[r -N} :kg_

1
[NV
Ucnonbzys VITT 34 u 3aTeM — (hopMy/Iy PACKPLITHS JIBOITHOINO BEKTOPHOT'O MTPO-
U3BEJICHUS:

{f” - ]\7} ‘ . (VIIL.35)

e L o= — =
[a [b c]] :b(a c)—E(a b),
HOJIYYUM C YIeTOM olpejeseHnst KoM UIMEeHTOB IepBoil KBaapaTuIHoil dhop-
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VIII.4. I'eoneswveckasi KpUBU3HA H I'€0J€3UYCCKHE JTUHUH

MBI

1 2 2
2 T 1 o T 1 o
kg—m E(r -TU) —QF(T‘ -rv><r -ru)—I—G(r -ru>
(VIIIL.36)
3ameTnM, 9TO IOCKOJIbKY T'eojle3ndecKasl KpUBU3HA OIPEAEIACTCs IIPOCKITH-

el BEKTOpPa YCKOPEHUA Ha KaCaTEJIbHYIO IIJIOCKOCTL, TO OHa JOJIZKHa IIOJTHOCTbLIO

OIpeJIeAThHCA KO DUIMEeHTAMI EePBOil KBAPATHIHON (POPMBI U UX ITPOU3BO/I-

HBLIMHAT, TaKIM 00pas30M, Teoe3ndecKasd KPUBIU3HA MOBEPXHOCTH HE M3MEHACTCH

Ipu U3rudaHnN.

VIII.4.2 Teone3uyveckue JMHUU U yPaBHEHUS reoJe3NMUYeCKNX JIMHUMA

Onpenenenue OVIIL.7. Jlunus I' noseprnocmu X naswvieaemen 2eodesune-
CKOTl, eCAU ee 2e00€3UMECKAA KPUBUSHA 60 GCEL MOUKAT PAGHA HYA0.

Taxum obpaszom, corstacuo MITT3H jist reoge3myeckoil JTUHNAL:
[ 4]0
Ho BekTOp HYyJIEBOil JIJIMHBI UMEET U HYJIEBbIE KOOPJIMHATDI, CJIE/I0BATEILHO:
[f” - N] — 0. (VIIL37)
[Ipumensist 3mech GopMyJly VIIPOIIEHNsT JABOIHOIO BEKTOPHOIO ITPOM3BEICHMSI,

— —// — — —// — ~
ru<r -rv>—rv<r -ru>=0.

[TocKOJIbKY BEKTOPBI T, 1 T B HEOCOOBIX TOUYKaX ITOBEPXHOCTU HEKOJIJINHEAPHBI,

Hajaem:

TO B IIOCJIEJHEM BbIpazKEHUN JJOJIZKHBI O6paHlaTbCH B HYJIb CKaJIAdPDHBIC IIPON3BE-
JCHULA. Takum 06pa30M, IMOJIYIUM IJId FGO,ZLGSquCKOfI JINMHUM YpPaBHCHNA:

(F” 7 ) — 0 (VIIL.38)
(F” 7, ) — 0. (VIIL.39)

Brerauc/isgaga ckaagpible IPOU3BeJIeHNs, TOJTYIIM, HallpuMep:

—// —

131

1B s1oM daxTe MbI yoemMca HUKE.



I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH
(P = 7 Y 22T 7o Yt o (T 7 )0 2 2 (7 7 )0
Taxum obpas3oM IoJiydaeM CHUCTEMY JBYX YpPaBHEHUIL:
1
S0uBu’ ? + 0, Bl + (Fw 7 )v/ 2 4 B + Fo' = 0; (VIIL40)
1
éava’ 21 0,Guv + (Fuu Ty )u’ 24 Fu" + Gv" = 0. (VIIL41)

asiee mponsBejieM peoOpa3OBaHUs:

(Fvv’Fu>:av<Fv’Fu)_(Fv'Fuv):

(7o 70 ) = OuF - %auG. (VIIL42)

AnaJiorn4Ho:

1
<Fw .7, ) = O,F — S0,E. (VII1.43)

Ucnonb3yst coornomennsa NITTAA NITT 43 B ypasuenmax NITTAQ, NITT 7,
[IpuBeJIeM IocjIe/[HIue K BUIY:

1 1
§8uEu’ 24 9,Euv + <6UF — 5@(;) V' 24 Eu’ + V' = (VII1.44)

1 1
§8UG1/ 2+ 0,Gu'v + <(9UF — EaUE> u' 24 Fu” + Gu" = QVIIL45)

Beegem Tenepb Tak HazbIBaeMbie cumeoavt Kpucmogppensn I-20 poda:

1
Piji = 5 (0igsk + +0i9m — Ohgig). (VIIL.46)

[To ompenenenuio cumBosibl Kpucrodpdens I-ro pojga cuMmmeTpudnst 1o nep-
BBIM JIBYM WHJIEKCAM:
Ui = Tjik. (VIIL.47)

Taxum 0b6pa3oM, BHIUUCIAA, HAMICM:
1 1
I'iig= EauE; 19 =0,F — éavE; I'ioq =191 = 0,E;

1 1
Do =Ta12= 5(9”@; [y = 0, F — §6vG. (VIII.48)
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VIII.4. I'eoneswveckasi KpUBU3HA H I'€0J€3UYCCKHE JTUHUH

Cpapuubast NIIT48 ¢ ypasuenusivu NITT 24, VTITZH, npuBejeM IocjiegHue K
BUJLY:

d?zk iT da! da*
9ik ds? Mi'ds ds
[Tycrs ¢ - KoscbdpummenTte MaTpuisl G 1, 06paTHOl K MaTpuIie nepBoii KBa,i-

paTUIHON POPMBI:

=0, (j,k1=T1,2). (VIIL.49)

§7 g = ik VIIL50
J

MOZKHO 1I0KA3aTh, UTO BeJMYNHE ¢% 00pasyioT KOO IMHATHI CHMMETPIIHOIO
KOHTPBAPUAHTHOTO TEH30pa BTOPOIl BAJIEHTHOCTH.

VuuoxuM ypasaenns NI na ¢” u mpocyMMEPYeM pe3yiIbTaT M0 HHICKCY
J, B pe3yabTaTre MOJYyINM YpaBHEHUS:

Az - dz® da —
— f— =0 , =1,2 VIIL.51
d82 + kl ds ds ) (Z 3 )7 ( )

rjle BBeJIeHbl TaK Has3bIBaeMble cumeoav, Kpucmoggers I1-20 poda:

Ty = T, (VIIL.52)

TaKyKe CUIMMETPUYHBIE 110 ABYM HIZKHIM HHIEKCAM.

Ypasuenns VITT 5 Ha3BIBAIOTCS YPAGHEHUAMU 2€00€3UMECKUL AUHULL, OHE SIB-
JISIIOTCSL CUCTEeMOI OOBbIKHOBEHHBIX Jn(depeHnalbHbIX YPpaBHEHI BTOPOTO 110-
PSAJIKA OTHOCHTEILHO KOODAMHAT X' (8) TOYKH Ieo1e3HIecKoi JIMHIMY.

Tax kak xkpupasi I' mapamerpnsoBaHa HaTypaJIbHBIM IIapaMeTpoM t = S, TO
JIOJIZKHBI BBITTOJTHSITHCSI YCJIOBHS:

17" = 1; (VIIL.53)

(F’ L ) — 0. (VIIL54)

PacrniucwiBas cootnomenne VITT A3 momydnM Tak HA3bIBAEMOE COOMMHOULEHUE
HOPMUPOSKU:

dx’ da*

ds ds

Opnnako, BesencTBue ypaBHeHnit reojesndecknx NMITT38, MITT 39 coorHOoIIE-

Eu' 2+ 2Fuv +Gv' 2 =1 = gg = 1. (VIIL55)

nue MIIT LA aeisiomeecst guddepeHnmaabHbIM CJIeJICTBIEM COOTHOIIEHUS HOP-
vupoBky VITT A3, BBIIOIHAETCS TOXKJIECTBEHHO. TaKiM 00pa3oM, MOXKHO yTBEp-
JKJIaTh, 9YTO MHTErpaJioM ypaBHeHnii reogesmdecknx NIITHA apisercs:
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I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH

dx' dx’

DTO 03HAYAET, YTO cooTHOMeHne HopMupPoBKK NITTHA iuib yTOUHSIET 3HAYEe-
HIE 9TOIl MOCTOAHHONI, 1, CJIeA0BATE/ILHO, OJHO U3 3TUX YPaBHEHUIl reoje3nve-
CKIX MOXKET OBITH 3aMEHEHO COOTHOIIEHNEM HOPMUPOBKH.

B zak/roueHnn pasjieia 3aMeTHM, 9TO yPaBHEHUS T€0Ae3MIECKIX MOJTHOCTHIO
OTIpeIeIAIOTC KO3 uimenTaMu epBoit KBaIpaTUuIHON (POPMBI I UX TEPBBHIMU
JACTHBIME TTPOU3BOJIHBIMI. TaKuM 00pa30M, MCCIe0oBaHne T'eode3ndecKux Io-
BEPXHOCTH SIBJIsIeTCs 3a/iadeil BHyTpeHHell reoMeTPUH TTOBEPXHOCTN.

VIII.5 T'eome3suyeckas JuHNsS KaK KpaTdainiagd

[IycTh v — BellecTBeHHas KpHBas IOBEPXHOCTH X, 3a/laHHAs YPABHCHIAMNI o' =
fi(t), rae 2 - BHyTpeHHIe KOOPJAMHATDLI HOBEPXHOCTH, ¢ — BelleCTBeHH bl Hapa-
MeTp,  nycTh A n B — JaBe TOYKHU 3TOH KPUBOil, COOTBETCTBYIONINE 3HAUECHISIM
napamerpa to u t1. I[lycrs pasee

ds® = gpda'da” (VIIL.57)

— IepBasd KBaJipaTudHas popMa MOBEpXHOCTH. Torja JimHa 3TO KPUBOIL, 3a-
KJIFOUeHHas MexK1y ToukaMmu A u B paBHa:

t2 dx' da’
— it VIIL58

1

YpaBHenud
T =x' 4 edx’,
rjie € — OEeCKOHEYHO MaJjiasg BeJndnHa, a 0x' — QYHKINKI OT X', TaKue, ITO

6r' =0 muput =ty t (VIIL59)

ompejiesisieT HOBYI0 KpuByto C, GJIM3KYIO K Y U IIPOXOJIAIIYIO Yepe3 Te sKe TOUYKH
An B.

PaccmoTpum nnTerpas

ty
1:/ o', .. 2" &t 2", (VIIL60)
to
o da! _
e ' = TR a  — aHaJuTUYecKne (PYHKIUU OoT 2n aprymentos. Ecom [ —
COOTBETCTBYIONINI HHTErpas ijis Kpusoii C, To pasiaras (MYHKIHIO © B Pl
Teityiopa, moxyanMm:
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VIIIL.5. l'eone3mveckast JUHAS KakK KpaTdaiias

tl . . .
7—126/ [a—ﬁaxw&—ﬁ(sﬂ] dt+ ...,
to

Ox ox
- dox’ .. . .
e ox' = 5 jxj, a HeHallMCaHHbIC YJIEHbl MMEIOT BTOPOil M 0oJjiee BBICOKMIl
x
MOPSIJIOK OTHOCUTEJIBHO €. Ec/in Mbl 3amuiinemM, 4To
hro - 0p .
ol = 6/ [—9(5.%1 + léazl] dt, (VIIL.61)
(3 1
o LOx ox

TO, THTErPUPYS BTOPOE TOJINHTEIPAJIHLHOE CJIAraeMOoe 110 YaCTAME UCIIOJIb3Ys (hop-
Mysry M DY) ToryanMm

ty
5T = ¢ / P“O. _ 4 (%)] sridt. (VIIL62)
to oz’ dt oz’

O06 uHTErpase roBopsaT, 9TO OH CMAUUOHAPEH, & COOTBETCTBYIONIAA €My KPUBas

[' HasbIBaeTCSI axcmpemanvlo, ecan neppas Bapuamnusg 0 paBHa HYJIIO s JIO-
6oit cucrembl pyHKIM 02, yiaoBaeTBopsaomux yeaopusay MIITHA. 13 dhopmyiibl
VITT G2 coenyet, 94TO, HEOOXOAUMBIM U JOCTATOYHBIM JIJISI 9TOT'O YCJIOBUEM OYIIeT

d (&;) _% (VIIL63)
dt \oi')  ox'

9T0 ycj0BUE U3BECTHO 110JI Ha3BaHUEM ypaBHeHuit Juaepa. IIpumenum sToT 00-

PaBEHCTBO

it pesyibrar K nunrerpaay MITTAHS: B stom ciyydae

dp  gyit  gyd! dp

1
oz’ /gijjji'ﬁj @ oz’ 2 @
dt dt

[ToncraBus st 3Havenus B ypapuenue VIIT G, mosydamm

d*s
] J .l Jak o sjat”
9i; T + ok 5 O T’x 9i; T 79 0
dt

[Ipumenss cumBostbl Kpuctoddenst, cocrapiennnie st popmbl MITT L7, MOYKHO
STUM YpaBHEHUAM TTPUJIATH BT

d’s

d’a’ da? dx* dx? A2
o, A VIIL64
Giger TRk T T 99 ds ( )

dt
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I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH

VMHOKas Ha ¢ 1 cyMMUpYys 110 4, HaifjleM, 4To

d*s

d*xt _, dedda® dat g2

W U ads — (VIIL65)
dt

Ecau BMecTO TPOU3BOJILHOIO MapaMeTpa, t UCIOIb30BATD JIJINHY JyTH S, TO YpaB-
nennsi VT GO npruHUMAIOT BU
d*a’ - da? da®

S oY VIIL.66
42 TR s ds ( )

Taxkum obpaszoMm, sxcrpeMasisimu nnrerpasia VIITHE, B koropoum mapamerp t npej-
CTaBJIIET JITUHY JYTH S, SIBJASIOTCS WHTErPa/IbHbIe KPUBbIE CUCTEMBI 72 OOBIKHO-
BeHHBbIX b depeHImagibibix ypapaennit N1ITGA.

Ywmuoxkum ypasuennd VT 60 na

. da’!
gil dS

1 IpocyMMUpyeM pe3yabTar. [Ipm 3ToMm Hamgo ydecTb, 9YTO BCIEJICTBUE CUMMET-
PUYIHOCTH KBaIPATUIHON (POPMBI

dxt dat
9 as ds ds
de' s’ 1d da'  da'daldgy
905 ds ds? stgll ds ds ds ds
Taxum 0b6pa3oM, MOJIYUNM TOXKIECTBO:
det d’2" 1d  da da’ dzt da™
; . i VIIL67
9 s I = 2ds M s OmIs ds ( )

YdareMm TakKe, 9TO

1
5 —(0jgr + Okgji — O1g;i)-

Taxum obpaszom, nmosryunm u3 MITTGQ:

d ( da:da:)
gil =0 =

gill%y = Dy =

ds ds ds

dx’ da’
9ii"qs ds ds
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VIIIL.5. l'eone3mveckast JUHAS KakK KpaTdaiias

OTO O3HAYAET, UTO BeJINUINHA:
dx' dx’
T ds ds
SIBJIIETCST UHME2PANoM YpaBHEHUI reojiesndyeckux jauauii. Takmm oOpazom coor-
HOIIEHIE HOPMUPOBKI:

X

dz' dx’ 1
Gij———— =
T ds ds
BO3HHKAIOIIEe IIPU HATYPAJIbHO apaMeTpu3aluil KPUBoii 1 o3HadaoIee (pakT

Y

HOPMUPOBKU BEKTOPa KacaTeJIbHOI, He IMPOTUBOPEYNUT ypaBHEHUSIM Treojie3nye-
CKOI JINHUM, & JINIIL YTOUHSAET 3HadeHne noctosdunoit B popmyste MITTGR.

B kadecTBe mpuMepa pacCMOTPUM Teo/Ie3ndecKre JUHUN €BKJINI0BOI MJI0CKO-
cTU 1 Kpyroporo uinHapa. IlepBas kBajiparndaHas (popMa eBKJINI0BOM IJI0CKO-
CTHU €CTh:

ds® = dx* + dy?, (VIIL.69)

CJIeJIOBATEILHO, MATPUIIA ITePBOI KBaIpaTUIHO! POPMbI € IMHUYHAS 1 TOCTOsH-
nag. BesencrBue sToro cuMBoJibl Kpucrtodderns kak mepBoro, Tak U BTOPOTO
POJia €BKJINJIOBOI IIJIOCKOCTHU 6 dexapmosur koopduramar paBHbl Hy/10. Ho To-
IJla YpaBHEHUS T'e0Ie3MIeCKUX JIMHUI eBKJINJIOBOM TIJIOCKOCTH MPUHUMAIOT BT

d*z d*y

5> =0; — =0. (VIIL.70)
ds ds

Kax n3BecTHO 13 MaTeMaTHnIeCcKOro aHaIn3a, HeOOXOINMBIM U JJOCTATOYHBIM YCJIO-

BUEM PABEHCTBA HYJIIO BTOPOIl MPON3BOIHOM (DYHKINK HA OTPE3KE SABJISICTCS JIU-
HEITHOCTDb 9TOM PYHKINH, T.€:

T = as + xo; y = Bs + yo, (VIIL.71)

rie «, 3, xg, Yo - TpousBosbHble KoHCTaHTHl. Ho ypasuennst NIIT 71 oTHOCHTE B
HO JIEKAPTOBBIX KOOPIMHAT SABJISIIOTCS TapaMeTPUIeCKIMHI YPaBHEHUSIMU HIPSIMOit
JINHUH Ha, IIJIOCKOCTH.

Taxkum 0OpasoM, MbI JOKa3aId TEOPEMY:

Teopema TVIIL.2. [eodesuueckumu sunuisMU e6KAUIOBOT NAOCKOCTIU ABAA-
0MCA NPAMBLE AUHUU U MOABKO OHU.

PaCCMOTpI/IM TEIEPpb reoAe3NICCKUEC JIMHUN Ha KPYIOBOM IHWJIMHIPE palnycCa
a, MeTpHKa KOTOPOI'O B NU/IMHAPUYIECKNX KOOpANHaTaxX NMeeT BU:

ds® = a*dp? + d2°. (VIIL.72)
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I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH

[Tocko/IbKYy MaTpuila IepBoil KBapaTUIHON (POPMBbI IIUJINHJIPA IIOCTOSIHHA, TO U
B 9TOM cJIydae cuMBOJIbI Kpucrodderst odpaliaioTcst B HyJIb, a, CJIeJ0BaTeIbHO,
peleHnsiMI ypaBHEHNIT reo/Ie3ndecKnx OyIyT JuHeiiHbIe OYHKIINN:

P = as+ o, z = s + 2o, (VIIL.73)
Vckimovuas oTcioia HATYPAJIbHbI TapaMeTp, TOJIY IuM:
Z=0p+ 2. (VIIL.74)

B03Bpama5105 K INJIMHAPUYIECKUM KOOpJANHaTaM B IIPOCTPaHCTBE, HaﬁﬂeM IHapa-
MeETpUYIECKUE YpaBHCHUA I'€OIC3UICCKUX HUJIMHIPa:

T = acosy;
y = asing; |, (VIIL.75)
zZ = 0op-—+ 2

T.e., TOJIyINM ypaBHEHNS BUHTOBOM IMUJIMHIPUIECKON JIMHUN.
Taxum oOpazoMm, cripaBeJI/InBa TEOpeMa.:

Teopema TVIIL.3. [eodesuueckumu AuHUAMU KPY2068020 YUAUHOPG ABAAIOM-
CA BUHMOBBLE NUHUL U MOALKO OHAL.

VIII.6 3agauym BHyTpeHHEll TeoMeTpun MOBEPXHOCTH

OcHoBHBIE POPMYJIBI
[Tycts kpuBast I' Ha MOBepXHOCTH 3aJlaHa TAPAMETPUYCCKUMU Y PABHEHUSMIM:
I': wu=u(t); v=o(t).

Torma aauHa 9TO JIMHAN ONpeaesIsieTcs 1o hopMyJIe:
tq
s = / Vi 4 02dt.
to

[IycTs mHa moBepxHOCTH HapA y ¢ Juaueil I’ 3agana cBomMN mapaMeTpudecKuMA
ypaBHEHUSAMU U JIuHUA [

|
2

I
E
3
4

I
=
0



VIII.6. 3ana4um BHyTpEHHEH reOMeTPUU MOBEPXHOCTH

U IIyCTh 9T JINHUK TIEPECEKAIOTCs B HEKOTOPOi Touke M :
My =TNT = u(ty) = u(m);v(ts) = ().

YIIoM MeXKy JUHUSAMEU Ha MOBEPXHOCTH B TOYKE UX IepecevyeHns] Ha3blBaeTCs
YTOJI MEXKTY UX KacaTeJbHBIMI BeKTopaMu. KocuHyc yriia MexK1y STUMU JINHU-
SIMU BBIYUCJISIETCA 110 POopMYy.JIe:

Bty + F (1900 + Uoto) + Gt
VBid + 2Figiy + Gody/ Bl + 2P, + G

cos® =

[Lomanp gacTu moBepxHOCTU ) BbIUKC/IAETCs 110 (DOpMY.JIE:

S:// v EG — F2dudv.
Q

ITpumep IIVIIL.1. Hatimu ypasnenus chepuveckur aokcodpom, m.e., KpusvlT
6C100Y UMENUUT 00UH U MO HCE Y204 NO OMHOWEHUIO K MEPUIUGHAM.

Perienne
[Tapamerpuueckue ypasHenust cepbl pajnyca R umeer Bu:
7 = R(cos p cos B, sing cos d,sin ).
[Ipu sTOoM nycTh nckomas KpuBasd [ 3ajiaHa mapaMeTpuiecKuMu ypaBHEHUSIMU:
)

Mepumunan 3ajaeTcs ypaBHeHHEM:

I': ¢ =yp.

[IycTb 9Tu KpuBbIe mepecekaioTcest B HeKoTopoit Touke My (g, 0y). Kacarebubrii
BEKTOP K MEpHIUAHYy B 9TOH TOUYKE PaBEH:

T, = Ty ‘Mo = R(— cos g sin Oy, — sin ¢ sin Gy, cos Op).
HopMupyst €ro Ha, eJJuHuUILY, I10JIy9UM:
T = (— cos g sin Oy, — sin g sin Oy, cos Oy).
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Kacareabnblit BEKTOP K UCKOMOIT KpUBOIl paBeH:
T =7 = R(—sinpcosfp—cospsinb b, cospcostp—sinpsinbd b, cosd )y, .

Jlnuna 3Toro BeKTOpa paBHa:

T| = R\/02 + cos? 0 7.
[Tostarast Tenepsb t = 0 n U36aB/IAICH OT HECYIIECTBEHHOIO MHOXKUTE/IA, Hali[eM:

T = (—sinpcosh @ — cospsinb, cos pcosh @' — sin psin b, cos )y,

IT| = \/1 + ¢ cos® 0,

¥ . =
rie obosnadeno ¢’ = ——. Boruncisst, waiiaem: (T, 7,) = 1.

do

Takum obpasoM, ecin « - YIroJj
MEZKJIy MCKOMOIl JIMHNEeNl 1 Mepu/ii-
aHOM, TO:

1
\/1 + ' cos® 0

BosBojsi 0be wacTu 3TOro pabeH-

COS ¢ =

CTBa B KBaJIpaT, HETPYJ/HO IOJIY-

YUTH COOTHOIICHUE:

Puc.VII1.36. Cdeprnyaeckast 1 dy
tga=— = 0086@ —
m

(VIIL76)
= mde, (VIIL.77)

JIOKCOJIPOM&,

db
cos 0

rJie M - COIJIACHO YCJIOBUIO 3a/la4l IPOU3BOJIbHAS KOHCTAHTA, TaK KaK ITOCTOSHEH
YIOJI ME2KJLy JIOKCOIPOMOit n MepugranoM. VaTerpupysi 31o auddepennnaaibHOe
YPaBHEHUE MIEPBOTO TOPAKA C Pa3JIe/ISIONUMUCA ITIepEMEHHBIMU, HalijleM ypaB-

¢ T 0 me
C —_ — — = Ce .
8\1 72

IIpumep IIVIIL.2. Buwuuciums naowads noseprrocmu mopa, 3a0aHH020 Na-
PAMEMPUYECKUMU YPABHEHUAMU

HEHHE JIOKCOJIPOMDI:

7= ((a+ bcosv)cosu, (a+ bcosv)sinu, bsinv), 0<u, v <27,
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Permenne

[Ipexkie Bcero BBIYUCIUM YACTHDLIE
IIPOM3BOJIHBIE PAJUyCa-BEKTOpa U
K03 UIMEeHTs  11epBOil  KBaJipa-
TUIHON POPMBI:

—

7w = (—(a+bcosv) sinu, (a+bcosv) cosu, 0);

—

Ty = (—bsinwv cosu, —bsinvsinu, bcosv).

Puc.VIIL.37. Top [ToaTomy
E = (a+bcosv)’; F =0, G=»V.

Torma o dopmyae (MIIT24) mio-
I11aJ1b [TOBEPXHOCTH TOPa PaBHA:

2 27 2m 2m
0://\/EG—F2dudU:/ /b(a—l—bcosv)dv du =
0 0 o \Do

2m
= 27Tb/(a + beosv)dv = 27b (av + bsinv)|7" = 47%ab.
0

ITpumep IIVIIL.3. Hatmu yzon nod xKomopvim Kpuswie

p = Ae"? (VIIL.78)

NEPECEKaom NPAMOAUHETHDIE 00PA3YIOULUE KPY206020 KOHYCA, UMEIOULE20 NEPEYIO
Keadpamuunyo Popmy:

Permmenne
Konyc 3ajiaercs cjieyonuMi IapaMeTpuiecKuMi YpaBHEHUSIMU:

7= (pcosp, psinp, pctg L),
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I'maBa VIII. BHyTpeHHsS reoMeTpHus HOBEPXHOCTH

ryie 2€) - yroJ 1npu BepIIumHe KoHyca, a p - MOJSIPHBIH pajuyc. Berauciss npons-
BO/JIHBIC PaJINyCa-BEKTOPA, MOJIYIUM:

—

7, = (cos p, sin @, ctg 1),

7, = p(—sin g, cos ¢, 0).

Taxmm obpaszom:

1

E=(F-7)=—— F=(7-7,)=0 G=(F,-7,)=p"

(7 - 7)) S2 Q) (7 - 7p) (7o 7)) =p
OKoHYATE/IbHO MPUBEIEM IIEPBYIO KBAJIPATHIHYIO (DOPMY KOHYCa K BUILY:

dp?

ds? = — 5
sin” (2

+ prdg?. (VIIL79)

s obpasytomieit dp = 0;p = t, mag qunnu xe (NITR): ¢ = 7, p =
Ae™? dp = mpdr. B Touke nepecedennss My srux jqunnii pyg = Ae¥0. g
HAIPABJISIONIEI0 BEKTOPA 00pa3yIoleil B TOUKe [epeceueHus oIy IuM:

r 2(p07 QOO) - (COS %o, sin Y0, Ctg Q)7
a Jtst Hanpassistiorero sekropa Jjitin (MIIT78) B ToUKe epecetdeHnst oIy TiM:
-/ . .
(o, o) = po(m cos g — sin gy, m sin g + cos o, m ctg Q).

Taxum obpazom:

, 1
" t‘MO B sin Q'
—/ =/ . m
(T ¢ T T)MO - sin O



VIII.6. 3ana4um BHyTpEHHEH reOMeTPUU MOBEPXHOCTH

Taxum ob6pa3oM, MOy UKIM:

(747 2oy
—

Tt FT’MO a

/"d _ﬁ_ﬁ“"‘x . m
< y a

cosf =

~— m?2 + sin® Q)
“~;// (= Const). Te., juanu (MIITT7Y)
¢ :

= 1epeceKaloTcs ¢ 00pasyomuMI KO-
S HyCa 110]1 II0CTOAHHBIM yTJIOM:
sin (2
tg by =
Puc.VIIIL.38. Konuue- Takum obpasom, jguann (NIIT7Y)
ckass  Jiokcogpoma  (VIIIZ8): ABJIAIOTCA KOHUYECKUMU A0KCOOPO-
A=1,m=0,1 MAMU.

ITpumep IIVIII.4. Buwuuciums 2eodeaudeckyro KpusudHy napasiest Ha che-
pe.

Permenne

[eosiesnveckyto KpuBusny OyjeM Bbrauc/sith 110 ¢opmyse (MIIT3H), cormacHo
KOTOPOIL:
)

- =
kg = Hr"m}

rie m - opt HopMasn. Cdepy 3a1a11M mapaMeTpUIecKIMI yPaBHEHIAME C 10~

MOIIbIO TeorpaduIecKuX KOOPIMHAT:

7= R(cos pcos B, sin ¢ cos ), sin p), rie ¢ € (0,27, 0 € [—g, g]
Torna napasuiens cdepsol, I, Oyuer 3amaBarbest ypaBHEHIEM
0 = by,
T.C.:
I: 7= R(cos p cos Oy, sin p cos Oy, sin ),

- IIapaMeTpOM MapaJLIesI ABJASACTCA MOJSAPHBIIA yTIoJ .
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BeraucmMm mpon3Bo/iHbIE pajuyca BEKTOpa Ha HapaJsiie/in:

—

7, = R(—sin ¢ cos by, cos p cos by, 0); 7y = R(—cosy sin by, —siny sin Oy, costy).

Borunciisisi BeKTOPHOE HPOU3BeJIeHUe [T, , Ty | 1 HOPMUDYsI €10, HOJIydHM:

m = (cos @ cos O, sin ¢ cos O, sin ) (= =—

- OUEBHJIHBIN PE3Yy/IbTaT: BEKTOP HOPMAJN K JII000i TOUKe cdepbl KOoJInHeapen
paJIyCcy-BEKTOPY, HAIIPABJIECHHOTO U3 IeHTpa cdephbl K 9Toil Touke. Takum ke
OYEBHJTHBIM CIIOCOOOM MBI MOXKEM IIPOBECTH M HATYPAJbHYIO MapaMeTpPU3AIIIIO
napaJiie i, Tak KaK 13 MPOCTBIX TeOMETPUIECKUX PACCYXKJIeHN BUIHO, ITO €e
JuinHa paBHa 271 R cos 6. OiHako, B METONYIECKIX [EJISIX Oy IUM 9TOT Pe3YJ/Ib-
TtaT hopMasibHO. Beraucium muddepennuan pajanyca-BeKTopa BJ0JIbL HapaJiie-
JIN:

dr'= R cos 0y(— sin ¢, cos ¢, 0)dp.

Taxum obpaszomM, puddepennyalt JJIMHbL JIyTH apaJsiie/il PaBeH:
ds = |dr] = R cos Oydp.

uTerpupys 9TO BbIpakKeHHe, MOJTYyUUM PEJIblIyIInii pe3yabrar. Takum obpa-

30M, JIJIs llapaJljesin:
d 1 d

ds Rcosbydy

Boimoninsgas npoctoe anuddepennmpoBanme, HaiijeM /i napasiie/in:

1
Pl = RTSQO(COS @, sin g, 0).
OxonuareabHO HailieM:
tg 6
[m, 7" = %(— sin ¢, cos @, 0) =
. tg by
kg = |[m,7"]] = R
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I'maBa IX

Bropaga kBajgparudHasi (popmMma
IIOBEPXHOCTH

IX.1 KpususHa KpuUBBIX Ha ITOBEPXHOCTU B €BKJINJIOBOM
IIPOCTPAHCTBE

[TycTh 3a/1aHa MOBEPXHOCTD B TPEXMEPHOM €BKJIHIOBOM IIPOCTPAHCTBE U (L0, Yo, 20)
- Heocobast TouKa Ha Heifl. IIpeamnosoxkuM cHadaa, 9T0 OCh 2 HOpMaJibHa K Ka-
careJIbHOI IJIOCKOCTH K MOBEPXHOCTH B TOUYKe (g, Yo, 20), B ITOM CJydae OCH
xr u y eii napaiebabl. Torja MOBEPXHOCTH JIOKAJIBHO OKOJIO TOUKH (X0, Yo, 20)
sajiaeTcs ypasaenneM z = f(z,y), zo = f(xo, %) C

of o .
Ox T=T0,Y=Yo dy T=20,Y=Yo 7
T.e.
Vf = 0.
T=T0,Y=Y0

Paccmorpum Bropoit muddepentnan dynxuun z = f(z,y), re. d2f = fe.dz?+
2 frydxdy+ f,,dy* u cocraBum MaTpUIy @i = fyim, 0ie ' =z, 22 = y (37a Mar-
pUIia HA3bIBAETCs FecCHAHOM). PaccMOTpUM 9Ty MATPUILY KBAIPATUIHON (hOPMBI

B ToUKe (X0, Yo, 20) B KOTOPOIi Vf=0.

Onpenenenne OIX.1. [asnwumu xpususnamu noseprrocmu z = f(x,y) 6
mowxe M :

(20, Y0, 20), 6 KomMOpPOU v f = 0, naswsaromeca cobcmeennvie “UCAG MAMPULDL
(aij). Tayccosoti kpususnoti nasvieaemca demepmunanm mampuyst (a;;) 6 2mod
mouke, a cpedrel Kpusudnot Ha3bi8aemcs caed Mampuyvl 6 Mot movke: cAed
a11 + as = k1 + ko, k1 u ko - cobcmeennvie wucaa, 2ayccosa xpususna K =
kiky = det(ai;j) = anag — a12a9:.
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I'maBa IX. Bropast kBajaparudHasi ¢(popMma IIOBEPXHOCTH

[ayccoBa KpUBHU3HA TOBEPXHOCTH 3aBUCUT TOJLKO OT BHYTPEHHUX METPUUECKUX
CBOICTB 9TOI IMOBEPXHOCTH.
MBI onpeie/ I NOHATHe KPUBU3HBI B CIIEIMAILHBIX KOODJIMHATAX, CBA3AHHDBIX
C U3y4aeMoil TOUKOIi: 0Ch 2 HOpMAaJIbHA K HOBEPXHOCTH, & OCU I U i KacaTe/bHbI
K Hell B 9TOil TOUKe Wi, JOKaabHO, z = f(z,y) u Vf =0 B Touke (20, y0). st
OlIpeJIe/ICHNs] STUX BEJIUYKMH B IIPOU3BOJILHBIX KOOPAMHATAX OOPATUMCS K TEOPUN
KPUBHU3HLI JIMHUI Ha MOBEPXHOCTH. 11yCcTh MOBEPXHOCTD 3a/aHa B IapaMeTpude-
cKoit hopme

7= r(u,v). (IX.1)

- — - —
Torma [ry 7y | = |[ 74Ty |7, DA 7 - equEMHBL BeKTOP HOPMAIIN K IOBEPXHOCTI,
71| = 1. Pacemorpum kpusyto 7 = 7(u(t), v(t)) Ha noBepxuocT. Mbl nmeem:

—

— . — . —) — .2 — . - =2 — . — .
= U+ Ty0, 7= (P + 2700 4 TpU 7)) + (Thil + 7,0).
Taxk xax 7, L 7 u 7, L 7, Mbl oJIydaem

. - = - = - —
(7 7)) = (rawn )a® + 2(run )i+ (rown )% = biyi® + 2brgied + b
(IX.2)

— =

Brisos. HopmasibHaast MpOEKIs YCKOPEHH ST ( rn ) - 9TO KBaJ[paTUIHast (pop-

Ma OT BeKTopa ckopocT (1, V) B JIOKaJbHBIX KOOpJAHHATAX U = T, v = 22,

[TostoxkuM bll = L, b12 = M, b22 = N. Nmeem

— —
(rn

)dt? = bjjda'da’ = L(du)® + 2Mdudv + N(dv)®.

— =
Onpenenenne OIX.2. Bupastcerue (7" n )dt2 Ha3v.6aeMCA 6Mopoti Keadpa-

muyunot opmoti noseprrocmu [LX 1.

[Tycre sunust u(t), v(t) orHecena K HaTypaJjbHoMy Hapamerpy t = s. Coruac-
1o dbopmytam Opene Mbl nmeeM 1711 KpuBoit ¥ = 7(t) = r(u(t), v(t))

d°F
7 = — = kv,

ds>

rjie 7 - rJlaBHasi HOpMaJib K KpUBOM, k - KpuBu3Ha Kpupoit. [ToaTomy

(F” . ﬁ) :k(ﬁ. ﬁ) — kcosb,
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IX.1. KpuusHa KpHBBIX Ha IIOBEPXHOCTH
rie 6 -yro mexxy U u 1. OTcroma Mbl IOy daeM
kcoseaha2::(fw- ﬁ)dSQ::L(duf-+2ﬂ4dudv+-Awduﬂ::bmdﬁdxﬂ

2t =wu, 2% = v, rae ds* = g;jdx'dr’ = E(du)? + 2Fdudv + G(dv)?.
Briosg o
bideZdwj 1 9

kcosf = =u, x°=. (IX.3)

—— T
gijdz'dx’

Tem caMbIM JOKa3aHa CJIEIYIONIasl TEOpeMa.

Teopema TIX.1. Kpususna xpusoli Ha MOGEPTHOCNU 6 MPELMEPHOM NPO-
CMPAHCMBE, YMHONCEHHAA HA KOCUHYC YAl MEAHCIY HOPMAALIO K NOBEPTHOCT
U 2AG6HOT HOPMAADIO KPUBOL, cOBNAJAEM ¢ OMHOUWEHUEM 3HAYEHUT 6MOopoTl U
nepeoti KeadpamudHvlr Gopm Ha KacameasvHoM eexmope k Kpusotl.

CaencrBue CIX.1. FEcau kpusas AGAAECMCA CEUEHUEM NOBEPTHOCTIU C NOMO-
WHI0 HOPMAALHOU NAockocmu, mo cosh =1 u

bijdx'da’
L ey (IX.4)
gijdz'da’
MuBapuaHThI Tapbl KBAJAPATUYIHBIX (hopM.
Nrak, B KaxK10ii TOUYKE TOBEPXHOCTU 3a/aHa Mapa KBaPATUIHBIX (OPM:
1) ds* = g;;dx'da’, (IX.5)
— — . .
2) (¥ n)dt® =bydr'da’. (IX.6)

[Ipu sTom cbopma ds? mosnozxuresnbaa. Kakie THBAPHAHTDI aphl KBaPaTHt-
HBIX (POPM HaM U3BECTHBI U3 ajaredpbl! PaccMoTpuM Ha II0OCKOCTH APy KBagpa-
TUYIHBIX POPM, U3 KOTOPBIX OJIHA MOJIOKNTe bHa. [lycTh MaTpunbl KBaapaTnd-
HBIX (DOPM UMEIOT BU/T

g1 912 bir bro
G = | - IX.7
( 921 922 ) © ( bo1 b2 ) (1X.7)
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I'maBa IX. Bropast kBajaparudHasi ¢(popMma IIOBEPXHOCTH

(go1 = g21, b1 = b12). CocraBum ypasHenue

det(Q — A\G) =0 (IX.8)

nJjim

2
(b11 — Ag11)(ba2 — Agaz) — (b12 — Ag12)” = 0.
Kopuu A1, Ay 9TOro ypaBHeHUsI HA3bIBAIOTCA COOCTBEHHBIMH YHCJIAMH ITapbl
KBaJpaTudHbIX ¢popM. Pelnm jmHeiiHble ypaBHEHMSI

(b11 — Aign)x; + (biz — Xigi2)x; = 0, }
(b1 — Nigr2) X + (baa — Nigaz)x 2 = 0,
e X &, X 7 - HeussecTHble. Ecm Ay, Ag - coberBennble uncia, To cucrema X
nMeeT HeTPUBHAJIbHbIE PEITeHNUsI

(IX.9)

Fo_ 1 2 Fo_ 1 2
fi=(x1,x1), f2=(x2,X3)
Hanpasienusi BeKTopoB f1, fo Ha3bIBAIOTCsI IVIABHBIMH HAIPABJJICHHUSIMHI TAPbI
KBaIPaTHIHBIX POPM; fi COOTBETCTBYET A1 U fo COOTBETCTBYET Ao.
- —

Kak u npexje ckajasgpHble POU3BeIeHNd (ei ej) 0a3MCHBIX BEKTOPOB TLJIOC-
KOCTH 0003HAYAIOTCsL Yepes g 4, j = 1,2 (IpH 9TOM pUMAHOBaA METPHUKA 38,14 TCsl

dbopmoit g;;).

Jlemma JIIX.1. FEcau cobcmeernvie wucaa napvt K6a0paAMUNHHLT (HOPM pa3-
AUYHDL, MO 2406HbLE HANPABAEHUA OPMO20HANDHDL.

Mb1 umeeM JiBa rylaBHBIX HallpaBjeHus fi u fo.
7 1> 25 s 12 25
fi=x1e1+x1€, f2= X261+ X326
IIx opTOroHaJIbHOCTH O3HAYAET 110 OIIPEIEJIEHNI0, UTO
- = o
_ iJ
(fif2) = gix x5 =0.
JlokazaTejabCcTBO: << Breibepem napy BEeKTOPOB ILIOCKOCTH dy, do TaKUX, UTO

(di dj) = 7;j. DTO MOXKHO CJleJlaTh B CUJLy II0JIO?KUTEJILHON OIpejie/IeHHOCTH
KBaJIpaTH4IHON POPMBI ¢ MaTpuIieil gi;, TaK Kak ee MOXKHO IPUBECTH JINHEHBIM
peodpa3oBaHueM K CyMMe KBaJ[PaTOB. BTOpyIO KBa/IpATUIHYIO (POPMY MBI pac-
CMOTPUM Tellepb B HOBOM basnce {d1 . dy }, camrast, 9To

—ald;, A= (al). (IX.10)

7
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IX.1. KpuusHa KpHBBIX Ha IIOBEPXHOCTH

B nosom 6asuce {d; ,ds }, aus marpun, G u () mepBoii u BTOpOii KB IPATUIHBIX

¢dopM MBI UMeeM:
e - =
1) G =||(did;)l| = (i) wm
10
01

Ql
I

u snaant, G = AAT.
2) Q = AQAT.
Tax kak G = AAT u Q = AQA”, 10

Q- NG =AQ—-X-1AT,
det(Q — A\G) = (det A)?det(Q — X - 1). (IX.11)
Bamernm, uro det A = det AT = V9 = vdet G # 0. ITosTomy ypasnennel X8

9KBHUBaJICHTHO YPaBHEHUIO
det(Q —\-1) = 0. (IX.12)

Perrenne J1:000ro n3 3TUX ypaBHEHHII ¢ COOCTBEHHBIMHU YHCJIaMU A1 U Ao JIalOT
rJaBHbIe Halpapienus fi u fo. B Gasuce {cfl : d;} CKaJIIPHOE IIPOU3BE/ICHUE €B-
k/n1oBo. OHO 3a1aeTcst equanyanoil Marpuneit G = 1 = (745)- I3 Kypca anrebpor
H3BECTHO, YTO KBAAPATHUHYI0 hopMy () MOJKHO BpAIleHHEM IIPUBECTH K (hOpME,
3a/1aBaeMoil JinaroHaabHON MaTpuIleil, a coOCTBEeHHBIE BEKTOPHI f1, fo Mocse iHeil
OPTOTOHAJIBLHBI B OOBIYHOM €BKJIMJIOBOM CMBbIcIe. JlemMMma jjokazaHa. >>

CBoiicTBa BTOPOIi KBaApaTUIHON (POPMBI.

BepuemMcst K 11epBoii n BTOpoil KBaIpaTHuIHbIM (hopMaM MOBEPXHOCTU B TPeXMep-
HOM €BKJIMJIOBOM IIPOCTPAHCTBE:

gijdr'da’ = ds?, (IX.13)
bide'de?, ' =u, . (IX.14)

OTHOIIEHNS 9TUX KBAJIPATUIHBIX (DOPM €CTh KPUBU3HA HOPMAaJIbHOTO CEUeHUs.

Onpegenenne OIX.3. Cobcmeentvie wucaa ki, ko 9moti napo keadpamusroLr
PhopM HA3BIBAIOMCA 2AABHVIMU KPUBUSHAMU NOBEPTHOCTIU 8 U3YUAEMOT MOYKe.
IIpouseedenue 2Aa8HIT KPUBU3H HA3BIBAEMCA 20YCco80T Kpusudrotl K nosepx-
Hocmu, a noaycymma ux H - cpedneti xpususnoti noseprrocma:

1
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I'maBa IX. Bropast kBajaparudHasi ¢(popMma IIOBEPXHOCTH

I'maBHBIE KPUBU3HBI TOBEPXHOCTHU, 3aJaHHOI SIBHBIM ypPaBHEHUEM

[Iycts moBepxHOCTH 3ajlaHa B Buje 2 = f(x,y), U IyCTh B U3ydYaeMoil TOUKe
(%0, v0) umeem f, = f, = 0 (ocb 2z HOpMaJbHA K KAcaTeJIbHON ILIOCKOCTH K
IMOBEPXHOCTU B 3TOM TOYKE:

7 = (0,0, 1).
). lyers x = w,y = v,z = f(u,v). st neppoit 1 BTopoil KBagpaTuIHbX HOpM
MBI TIOJTy9aeM (B U3ydaeMoii TOUKe T, 3o)

(1) g1 =LlLgo=1g2=09a1=0 (g5 =),
- -
([[) L=0bn= (Tuu Tl) = fxw(xmyO)a

- =
M = by = (Tuvn) - fa:y(anyO)a

- —
N = b22 = (Tvv n) = fyy('ranO)' (IX16>

311ech BEKTOP 71 COBIAJAET C eIMHIIHBIM BEKTOPOM BJosb ocu Oz. MTak, B
UCCJIe/IyeMOoil TOUKe BTOpas KBaJipaTudHas popma UMeeT BHJL

bijdr'dy! = fuida'da’ = d°f. (IX.17)
[ayccoBa KpuBU3HA B 9TOM CJIydae COBIAJIAET C JIETEPMUHAHTOM
(2 )
fay  fuy
CobcTBeHHbIe YNC/Ia MOJTYYaA0TC U3 YpaBHEHUS

(fxx - )\)(fyy - >‘) - (fa:y)2 =0,

TaK KaK @gi; = 7ij-
Kacareabnas IIOBEPXHOCTL B 3TOI TOYKE ITapaJuleJibHa IIJIOCKOCTH (I’, y) ['naB-
HbI€ HallpaBJieHAd MO2KHO IIOJIYYHUTDL, pelllasd YpaBHCHNA

(fowr = Ayig)x1=0, i, j=12 fi, (IX.18)
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IX.1. KpuusHa KpHBBIX Ha IIOBEPXHOCTH

Tak kak fi L fo, Mbl MOKEM B3SITh C/IMHIUHBIC BEKTOPHI VIABHBIX HAIPAB-
JIeHN{T 3a HOBBIE OCH KOOpAMHAT x',y’, T.e., COBEPIINTH BPAINEHHE B IJIOCKOCTH
(x,y). Heobxoaumo Jiuiiib, 9T00bI OBLIO A1 # Ag.

B noBbIx koopmunarax (z,2’,y’) umeem:

z= f(z(2,y), y(@,y)),

e
x=a"cosp+1y sing, y=—a"sinp+ 1y cos o,

U (p — yTroJl IIOBOpOTa.
B »Tux HOBBIX KOOpJMHATaX BTOpasd KBajpaTudHas (popMa MOBEPXHOCTHU B
JIAaHHOI TOYKe NPUHUMAaET BUJ;

A (dx")? + X (d(y)?. (IX.20)
st KpUBU3HBI HOPMAJIBLHOTO CeYeHUs ToJIydaeM (popMyIy:

C(da)? 4+ a(d(y)?
k= @ (IX.21)

Kacarenbublit BeKTOP ¢ K HOpMAJIbHOMY CEIeHNIO TTOBEPXHOCTH B JTAHHON TOY-

P da’ dy
~\ds’dt )’

Ke nMeeT BUJL:

[ToaToMy MBI MMeeM:

d N2 d N2
,(2”3) . sin?a= /(2y) . (IX.22)
(dz")” + (dy') (dz")” + (dy')
F,ILe Q- yFOﬂ Memﬂy OCBIO OZC " KacaTeJIbHBIM K HOpM&HbHOMy CEYEeHUIO BeKTOpOM
£

COS2 o =

WTak, MOXKHO JI0OKa3aTh TEOPEMY:

Teopema TIX.2. Kpususna HOPpMaALHO20 CEYEHUS ONUCHLEAEMNCA HOPMYAOT
Ddiinepa:
k = A\ cos® ag + Ao cos? as, (IX.23)

2de A1, Ay — 24a6MBIE KPUBU3HDL, G Oy — Y2Abl MEHCIY KACAMENOHBIM K HOP-
MAABHOMY CEYEHUI BEKMOPOM U COOMBEMCMEYIOUUMU 2AABHBLMU HANDABAEHU-
AMU.
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I'maBa IX. Bropast kBajaparudHasi ¢(popMma IIOBEPXHOCTH

Samevarue. Hpu UBMEHEHUU HANPABAEHUA OCU Oz na npomueononoHCHOE
SHAK 2AA6HVIT KPUBUSH TMAKHCE USMEHAETNCA.

I1X.2 ®Popmyanl A KpUBU3H

ECHI/I IIOBEPXHOCTDL 3aJlaHa ABHBIM ypaBHeHI/IeM:
z= f(z,y),

TO MBI H&I‘/’I;LeM, IIoJiarasd r = u, y = V:

f;L = (1707fa:)7 Fv = (0717fy)7

|:FU ) FU:| ( fxa fya )

Frw = (0,0, faz)s Fuv = (0,0, fuy)s Fow = (0,0, fyy), (IX.24)
R e
\ ] ! L g

=

n=

= b1 = = b1z = bo1 = Joy ;
v1+f+f 1+ i+ 1,
= byy = (IX.25)
w1+f+f
Orcrosa moydaem:
o ipidatda?
bijdx'dx’ = Jopdv'd =z, =v=y)> (IX.26)
w1+f+f
s KoabdunpuenTos g;; Mbl I10JIy YUM:
gi11 = 1+ fx27 g12 = fxfy7 g22 = 1+ fy27 <IX27>
g=gi1gm — g°12 = 1‘|‘f§‘|‘fy2- (IX.28)

meer mecTo TeopeMma:
Teopema TIX.3. [ayccosa xpususdma noGEPTHOCMU PaBHG OMHOULEHUIO ONPE-
deaumeneti 6mopoti u nepeoti KeadpamuiHvlr Hopm.:
2
. det HBH . b11b22 — b12
= = 5
det |Gl g11922 — 91

(IX.29)
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IX.2. @opmysbl 118 KpUBA3H

B wacmmuocmu, ecau noseprrnocms 3adana 6 eude epagura z = f(x,y), mo ume-
em Mecmo Gopmya:

K — fxxfyy - fa?y

R (IX.30)

Jloka3aTebCcTBO: << CobcTBeHHBIE YUCIa A; T Ao OIIPEJIEJISIJINCh U3 yPaBHe-
st [X°H

det(Q — A\G) = 0,

L M
a=lsll=( 37 ¥ )

— MaTpulla BTOPOIl KBaApaTUIHON (DOPMHI,

E F
6 =lasll = (1 ¢ )

— MaTpuia 1epBoii Kpajparudnoit ¢gpopmbl. Marpumia G HEBBIPOXKJieHa U I10-
JIOYKUTEJILHO OIIpe/iesiena, MOITOMY OHa MMeeT obpaTHyio MaTpuity G 1, Takyio

rie:

qTOo

G 'G =E.
Torna:
det(Q — AG) = det(G(G'Q — AE)) = det(G) det(G~'Q — \E).
Tak Kax cobCcTBEHHbIE YNC/Ia XapaKTePUCTUUECKUX YPaBHEHUIL:

det(Q — AG) =0

det(¢7'Q — AE) =0

COBIIQJIAIOT, & C JIPYT'Oii CTOPOHBI IIPOU3BE/ICHIE BCEX COOCTBEHHBIX YUCE MATPH-
IIbI PABHO €€ OIPeIe/IMTE0, TO MOJIyYaeM:

K =M =det(G1Q) = —=. (IX.31)

Orcrosia ciiejlyer, 9To rayccoBa KpUBH3HA PaBHa OTHOIIEHHUIO Olpeje uTeeit
MaTPHIl BTOPOil 1 IepBOil KBAIPATUIHBIX (DOPM.
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I'maBa IX. Bropast kBajaparudHasi ¢(popMma IIOBEPXHOCTH

Jlasee, eciu TOBEPXHOCTH 3ajaHa B Buje z = f(z,y), T0 Ko3hPUIUEHTHI
bij, gij onpenenaiorcs dopmynamu [X24. Borauciss onpelesuTesn 1 COCTaBldgd
X OTHOIIEHUSI, TTOJTydaeM UCKOMYIO (DOPMYITY JIJIsl TayCCOBOI KPUBI3HDI. >>

CaencrBue CIX.2. FEcau noseprnocmo zadana 6 eude epadura z = f(x,y),
mo 3nak 2ayccosotl kpususnv, K cosnadaem co sHnakom onpedesumens

fxx fxy

_ _f2
fajy fyy _fzxfyy f l’y,

max xaw:

. fmmfyy - ,j?y
A+

IX.3 Kiaccudukaiysa TodeK MOBEPXHOCTH

Breibepem juts jgannoit Toukn My TOBEPXHOCTH Y. OPTOHOPMHUPOBAHHBIN perep
(Mo; x,y, z), Tak 9T00BI OCb M)z OblIa HOPMAJIBLIO K oBepxHOCTH. Torna BO 31
JTAHHOM TOYKM MMOBEPXHOCTb MOXKHO 33/1aTh SIBHBIM ypaBHEHUEM

2= f(z,y),
npudeM B Touke My:
f(Mo) = f,(My) = 0.
Taxum obpazom B Touxe My moydnm:
9i(Mo) = 635,

Tak KaK g1 = 1+ f2, 12 = fofy 922 =14 [}
Ho Torna B nannoit Touke:

L=by = foa; M =0b1p= fxy§ N = by = fyya
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IX.3. Krnaccupuralims To9eK IOBEPXHOCTH

M

Puc.IX.39. Crpoernne mnosepx-
HOCTH  BOJIU3U  3JLIHIITHYICCKOMH

TOYKH

Toukm, B koTophix K < 0, Ha-
3bIBAIOTCs THIIEPOOINIECKUMEI. DTO
YCJIOBUE Pean3yeTcsl B JABYX CJIyda-
ax: A < 0, A > 0mmm A\ > 0, A <
0; B 9THX TOYKAX [TOBEPXHOCTH MME-
er hopmy cejra (TumepboIonia).

155

Touku, B KoTopbix K > 0, Ha3bIBa-
IOTCS AAAUNNULECKUMU TOYKAMU.
DTO yCJIOBHE pean3yercsd B JBYX
caydagx: Ay > 0,A > 0 (mu-
auMyM yaknun f(x,y) B TOUKe
My.) nm A; < 0, < 0: (max-
cumyMm bysximn f(x,y) B TOUKe
My.) B6siusu s/uinnTiuaecknx Touex
[HOBEPXHOCTH UMEET BUJI 3JLJINIICON-
na. [loBepxHOCTD, cOCTOSMIIAST U3 O]
HITX 3JITHITHIECKIX TOYEK, SIBJISIET-
Cs1 BBIITYKJIOI.

DJUINITHIECKIIE TOYKH I[TOBEPXHO-
CTH, B KOTOPBIX TJIaBHbIE KPUBU3HbI
COBITAIAOT:

AL = Mg, (IX.32)

Ha3BIBAIOTCA OMOUAUYECKUMU TOY-
ramu, WJIA, MOYKAMU 3AKPYeNE-

HUA.

Puc.IX.40. Crpoernne mnoBepx-
HOCTH BOJIM3U THIIEPOOHIECKOI
TOYKH



I'maBa IX. Bropast kBajaparudHasi ¢(popMma IIOBEPXHOCTH

Touknu, B Koropeix K = 0, Ha3bI-
BalOTCs IapadosimdecKuMu. Takune
TOYKU BOBHUKAIOT B CJIydasx, KOIja
A1 = 0 wmm Ay = 0; BO/M3K 3TUX
TOYEK IIOBEPXHOCTH MMEET BUJ IIH-

Puc.IX.41. Crpoenne moBepx- JHHADPA.

HOCTH BOJIM3H 1apabOJIMIecKO
TOYKH

IX.4 3agaum Ha BTOPYIO KBaJApaTudHyio (hpopmy IIOBEpPX-
HOCTU

OcHoBHBbIE (POPMYITBI

Bropas kBagparudHas ¢popMa MOBEPXHOCTU MMeeT BIT
Ldu* + 2Mdudv + Ndv?,
rie Koadpduimentol L, M, N onpeiessiiorcss COOTHOIEHUSIMU:
L= (i) M= (s 7w) N= (7).

Il M - eINHUYHBIA BEKTOP HOPMaJIH K MOBepXHOCTH. [[0CKOIBKY

L [T T
m — — — 27
[P, 7o)
TO
S S - = =
I (Tuws Tus 70 ) C(Pues T ) (o Tus o)
— =
[Ty ] [rumy ] [rumy ]
nJin B KOOpﬂ;I/IHaTaX
'/L.'LLU yuu ZUU xU’U yU'U ZU’U xv'l) y'U’U Z’U’U
Ty Yo Zu Tu Yu Ty Yu  Zu
Ty Yo T Yo 2| To Yoo 2

L= ;M

VEG —F? VEG—F? ' VEG — F?
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IX.4. 3Baja4dm Ha BTOPYIO KBaJpaTHIHYIO (POPMY IIOBEPXHOCTH

CocraBum marpuily B BTOpOIl KBaJpaTuIHON (POPMBI:

2= (i v )

a TaKyKe A\ - MATPUILy Haphbl KBAIPATUIHBIX (DOPM:

E:B—AG:<

L—-—)\E M—)\F
M —AF N-)\G

1 OTIPEJIEIM COOCGEHHBIE EKMOPVL Uy, (v = 1,2) mapbl KBaJPATHIHBIX (HOPM:
(B~ \G)U = 0.

OTHU BEKTOPbI Oyj1eM HA3bIBATD HANPABACHUAMU KPUCU3H, & COOTBETCTBYIONINE UM
coOCTBEHHBIC 3HAUYCHUA A1 = k1, Ao = ko — 2/4a8HBMU KPUSU3HAMU TTOBEPXHOCTH
B TOYKE.

Bennanmbr:

K = kiko
Ha3bIBalOTCA 2aYCCOBBMU KPUBUSHAMU, & BECJIAINHBI —
1
H = —(]{31 + ]ﬂg)
2
— Cpe€AHMMU KPpUBU3HAMU.

IIpumep IIIX.1. Buuuciums emopyro keadpamuunyo hopmy, 2aa6Hbvle KPU-
6U3HDBL, CPEONION U 2aYCCO8Y KPusUusHv, 2eaukouda (cm. (ZILZA)):

7= (tcosp,tsinp, ap.) (IX.33)

Penienue
Bocnoszyemes pesysibraramu 3agadn VT :

= elp) = (cosp, sin g, 0);
7, = (—tsinp,tcosp,a).

Y

E=1 F=0, G=+d



I'maBa IX. Bropast kBajaparudHasi ¢(popMma IIOBEPXHOCTH
IlepBas kBajapaTudHasi popMa IreJIMKOU/Ia paBHA:
ds® = dt* + (a® + t*)dy?. (IX.34)
Boeraucsimm BeKTOp HOPMaJIU K IIOBEPXHOCTU I'eJIMKOU /1A
N = 7,7, ] = N = (asinp, —acos p,t).

Boraucsisist IJIMHY 9TONO BEKTOPa, Haiiaem:

IN|=Va + 2.
Taxum 0Opa3oM, OpT HOPMAJIN, 171, €CTh:

— ]‘ .
m = ————=(asiny, —acos p, t).

Bropble nmpon3BojiHble pajinyca-BeKTopa, paBHbI:
Ty =0, Ty = (—sin, cosp, 0); Ty = (—tcosg, —tsing,0).
[Tosryunm oTcroga KoaUImeHTbl BTOPOil KBaIpaTUuIHOl (DOPMBI:

a
m, Ty, ) = 0.

Vare T

By = (,7u) = 0;  Bup = (.73 ) = =

CocTtaBuM A-MaTpuILy:

a
—\ -
2 2
1B = AG|| = a Va;t
Va2 +t?
Perrast xapakTepucruieckoe ypaBHEHHE:
det (B — AG) =0,
HaiiJieM ero KOpHU:
—a a
MNEgre T

DT cOOCTBEHHBIE YNC/IA W SIBJISTFOTCST TJIABHBIMU KPUBHU3HAMHU TEIUKOWJIA; €r0
cpennsist (H) u nosnas (rayccoBa, K,) KpUBU3HBI DaBHBL:
)\1 + )\2 a2

5 = 0; K=MN=—7—--<0.

H
(a2 + t2)2
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IX.4. 3Baja4dm Ha BTOPYIO KBaJpaTHIHYIO (POPMY IIOBEPXHOCTH

IIpumep IIIX.2. Hccaedosams xapaxmep mouex napabosouda epauseHus U
BHLACHUMD, CYULLCNBYIOM AU HA HEM MOYKU 3AKPY2NEHUA.

Permmenne

HamoMuamM, 9T0 TOUKaMI 3aKPyIJICHNs HA3BIBAIOTCA TaKHe /IMITHYCCKNAE TOY-
K1, B KOTOPBLIX TIJIaBHbIe KPUBU3HBI cOBIaJaIOT. [lapaMeTpudeckue ypaBHeHUs
11apaboJIonia BpallleHusl MOXKHO 3alllicaTh B BUJIE:

7= (pcosp, psing, ap®).

[IpoBoAA BBIYUC/ICHNS, AHAJIOIMYHBIC IPEIBLLYIINM, HalleM:
7, = (cosp,sin g, 2ap); 7, = (—psing, pcosp,0);

7 = (0,0, 2a); Th, = (—sin, cosp,0); Top = (—pcosp, —psinp,0).
BekTop HopMasn paseH:

—

N = [, ,7,] = (=2ap® cos p, —2ap*sin ¢, p) =

1
m = ———=(—2pa cos p, —2pasinp, 1).

\/ 1+ 4p°a’

Taxkum obpazoM. Haiijiem:
1 0
6=y 25w )

2
v 0
\/ 1+ 4p%a?
- 0 20,0

\/ 1+ 4p%a’

OkoHYaTeIbHO TTOJTY IUM:

2a,p°

2
)\1 = —CL ; .
\/ 1+ 4p*a® 1+ 4p%a*(p* + a?)

Orcrona ciejyer, 9To
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I'maBa IX. Bropast kBajaparudHasi ¢(popMma IIOBEPXHOCTH

1. Bcrogy Ha napabdosonje K > 0, ciegoBarTe/bHO, BCe €ro TOUKH JINITHIE-
CKIe€;

2. YpaBHuenue

0

2+ a?

He NMeeT pPeIleHnil HU 1PU KaKnX 3HadeHussx a # 0, cjaegoBaTebHO, TOUEeK

A== 1=

3aKpYyIJICHUs He CYyIIECTBYET.
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I'taBa X

I'eomeTpust moBepxHOCTEN BpallleHIs

B sToii rimaBe Ha nmpuMepe MOBEPXHOCTEH BpaIeHUsT MbI ITPOJIEMOHCTPUPYEM OC-
HOBHBIE ITIOHATHUA, BBEJICHHDIC BBIIIIE.

X.1 IlepBas kBajgpatu4dHasi (popMa HNOBEPXHOCTHU Bpallie-
HUSA

[ToBepxHOCTL BpallleHust, Y, MOXKHO 33J1aTh HEKOTOpOil ocbio Bpamenus OO’
(ochIO CcHUMMeTpHM) U ILJIOCKOIT KPUBOIT 7y, pacro/ioxkenHoil B miockoctn 11, co-
nepzareit och cummerpun (e, Pue XA7).

KpuBas v ma3zbiBaercs obpasyioleil quHueit (MJIM IIpolrie, 06pa3yfomel>’1) 110-
BEPXHOCTHU BpalieHus. Ecim B KauecTBe ocu BpalleHust Bbioparh ocb Oz IUINH-
JIPUYECKOI CHCTeMbI KOOP/IIHAT:

r = pcosy;
y = psing; , (X.1)
Z = Z

rae p = /224 y? - HOAApHBI pajuyc, ¢ - HOJISPHBIA yroJ, TO ypaBHEHUE
[IOBEPXHOCTH BpallleHUd MOXKHO 3allicaTb B BUJIE:

p=p(z);  @el0,2n], (X.2)

T.e., 3a/1aTh OJHON (byHKIMel p(z). Boibepem B KadecTBe BHYTPEHHIX KOOD/HHAT
IOBEPXHOCTH KOOPIMHATE 1 = u = ¢ u 22 = v = 2. JIunun z = Const naspiBa-
I0TCST NAPANANENAMU TTOBEPXHOCTH BpallieHus, a junun ¢ = Const - mepuduaramu
IIOBEPXHOCTU BpaIleHUs.

Berancimm npounsBojinbie pajinyca-BekTopa X I
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I'maBa X. I'eomerpusi moBepxHOCTEH BpAIICHHS

I, or (—psi 0)
Ty =T = 57— = (—psmp,pcosp,V);
¥ 890
, X3)
or . .
_)’U = _)z = 7. - ) . 71
Ty =T o (p' cosp, p'sing, 1)
e
,_dp
dz

Boraucnm ko3 uImenTs 1epBoil KBaIpaTudIHONl (DOPMBI TOBEPXHOCTH Bpa-
HIEHUS:

Taxknum obpaszoMm nepBast KBaJpaTd-
Hasg QopMa IOBEPXHOCTH Bpallle-
HUS B KOOPJIMHATAX (0, 2 TPUHIMAET
BII:

ds* = p*(2)d¢* + (1 + p'(2)d2?),
(X.5)

a MaTpuia MHepBoOi KBaJIPATUIHON
dopMbI

= ("5 1 e ) <8

14+ p'%(2

Puc.X.42. [loBepxHoctr Bpa-
MeHnst

JraroHaJibHa, T.€.:

[Tapasienn n MepuaraHbl TOBEPXHOCTH BpaIEHUs OPTOTOHAJILHBI
MEeK]1y COOOIA.

[Lnoma b JyacT MOBEPXHOCTU BpallleHUsd, 3aK/II0UEHHON MeXKIy ee IapaJiie-
JISIMU 2 = 2, 2 = 21 U MEPUJIUAHAMU © = (0, Y = (1, BEITUCIACTCS TI0 popMy.JIe:
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X.2. Bropast kBajparudHasi ¢popma

S_/Q/ mdudv—jdzzp(x)\/mdw—

0

(61— ¢0) / VT 7). (X.7)

BaMeTI/IM, 9TO BBOIA BMECTO 2 HOBYIO BHYTPEHHIOIO KOODAWHATY 7):

n= / : 1+ppl2(z)dp, (X.8)

METPUKY MTOBEPXHOCTU BPAIIEHUsS] MOYKHO IPUBECTH K KOHPOPMHO - NAOCKOMY
sudy:
ds* = p*(n)(d¢” + di’). (X.9)

X.2 Bropas kBajgparnuHas (popMa HOBEpPXHOCTU Bpaliie-
HUS

Boraucmm K03 uImenTsl BTOpoil KBaIipaTudIHOi (DOPMBbI TOBEPXHOCTHU Bpallle-
nus. CHadaja HaiijieM BEKTOpP HOPMaJIi K MOBEPXHOCTU BPAIICHUST:

i 7k
N = (77@ LT ) = | —psing pcosyp 0 |=p(cosy,sinp, —p).  (X.10)
plcosp psing 1

Torma eMHMYIHDBIN BEKTOP HOPMAaJI PaBEH:

1 _ ,
—=——==(cos p,sinp, —p').
V1402

3aMeTnM, 9TO BHIOpaAHHOE HAallpaBIeHNe eMHUIHOIO BEKTOPa HOPMAJIU COOTBET-

(X.11)

n=

CTBYeT BHEIIHeil HopMaJIl.
Brerauciisist Bropble Iponu3BojiHbIe pajinyca-BeKTopa X 1 Haiimzem:

F@‘P - _p<COS gO,SiIl 9070)7 5
Tor = p(—sing,cose,0), ; (X.12)

7. = p(cosp,sing,0).
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I'maBa X. I'eomerpusi moBepxHOCTEH BpAIICHHS

Taxmm obpaszom:

Y _ P .
L ()
M = (ﬁww):o; (X.13)

/!

N = (ﬁ.@z): p

VEvr

- MaTpHUIa BTOPOil KBaJIPATHIHON (POPMBI IMaroHa/bHa:

1 —p 0
-0 S

CuaieoBaTesibHO, TVIaBHBIE HAIIPpABJIEHUS COBIIQJIAIOT ¢ HAIIPABJICHIEM KOOPIUHAT-
HBIX JIMHUI ¢ W 2 Ha MOBEPXHOCTH. XapaKTepUCTUIeCKOe ypaBHEHUE st cob-
CTBEHHBIX YMCe/l IPUHUMAaEeT BU/IL:

L —-\E 0
0 N - )G

cJ1eJIOBaTeIbHO, COOCTBEHHbIE YHCIA A1, A9, a, 3HAYUT, U IJIABHbIE KPUBU3HBI

‘ —0, (X.15)

k1, ko paBHBI:

L 1 N "
e . S N R (— (X.16)

E o/ 1+ p'2 G (1+p'2)3/2.
['ayccoBa KpuBH3HA MOBEPXHOCTH BPAIICHUS paBHA:

LN p//

Takum 06pasoM, 3Hak 2aycco80tl KPUSU3HDBL NOBEPTHOCTNU BPAULEHUA NONHOCTNIO
onpedensemea 3nakom 6mopoti npoussodnoti noaaprozo paduyca, p”. B gacrHo-
ctu, i nunaapa C:

C: p=Const, p=0, p'=0:
—p 0
B—
(7o)
T.e., FayCccoBa KPUBM3HA IUJINHIPa paBHa HyM0: K = kiky = 0.
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X.3. T'eonesmdeckne mMoBEPXHOCTH BpAaIeHUS
JI1s1 OJTHOIIOJIOCTHOIO TUIepOOJION 18 BpalleHns Hq:

Hi: p=cht, z=sht—=

o _dpdt

P =4 dtd:
dr’ dt 1

n _MTA L s
dtdz: st P~

Taxum obpaszom, corsiacHo dpopmyste X T4

['ayccoBa KpuBHU3HA OJIHOIOJIOCTHOIO T'HIIEPOOJIONa BPAIlEeHUsT OT-

punaTesbHa.

X.3 T'eogesmydeckne MOBEPXHOCTHU BpallleHUs

[Tomyaum ypaBHeHUs Te0oAe3MIecKX JTUHUN )i TTOBEPXHOCTU Bpalenus. Met-

pUYecKuit TeH30p 9TOi MoBepXHOCTH nMeeT BrI X G:

G = ||gil| = (pQ(()Z) 1+/())’2(2) ) .

Boeruncisis cumBosibl Kpucroddens [-ro pojia oTHOCUTETIHBHO METPHIECKOTO TEH-
3opa g;k 1o dopmyure:
1
Lijr = 5(@'9% + 9;9i. — Okij),
3aMeTUM, 9TO OTJIUIHBIMU OT HYJIA SIBJIAIOTCA JIUITL CUMBOJIBI Kpucrodderns, B

KOTOPBIX JIBaKJIbl BCTpedaeTCs KoopauHaTa ¢. Takum oOpa3oM HaiijieM, 1moJiaras

1 2

o =al z=2%
I'ii1 =T122 =T91 = 0;
o1 =—-T19=pp; (X.18)
F22 5 = p/p//.

O6parnag marpuna G~1 MeTpIYecKOro TeHsopa, COOTBETCTBYIONIAs KOHTPBaPU-

AQHTHOMY METPHUYECKOMY TE€H30pPY, UMEET BUI:
1

, )
M=l

O -
1+p/2

G =g
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I'maBa X. I'eomerpusi moBepxHOCTEH BpAIICHHS

Boeraucistst cumBosibl Kpucroddes [I-ro pona mo dpopmyie:

FZ = gklrij,la
HaiieM:
F%l - F%2 - 5%12 = 0;
np
Fl — Fl — .
12 21 / dz ) o (X.19>
Pp 2 pp
2 =—" TI5= :
11 1 + pl2 22 1 _|_ p/2
Taxum obpazoM, ypaBHEHUS T'€OAE3MICCKUX JIMHUIT
&’z - da? da®
L7 7 ) X.20
ds? % ds ds (X.20)

B CJIy4da€ IMIOBEPXHOCTU Bpalll€HWA IIPUHNMAIOT BUI!

o, ydnpdpdz
ds’ dz dsds

d2Z pp/ dgp 2 plp// dZ 2
(i=2) d$2+1—|—p’2 (ds) +1—|—p’2 (ds) 0. (X22)

(X.21)

[Tonenmms 0be wacTtu nepBoit KBaapaTnyunoit popmbl XA mosepxnocTu Bpailiie-
HIA Ha ds?, HOMyUInM coommowenue HopMUPosK, BhIpazKatomiee GakT eImHId-
HOCTH BEKTOPa KacaTeJbHOM K reojesudeckoii |77 | =1 :

1=p° (2—?)2 +(14p'?) (%)2 : (X.23)

Kax MBI oTMeUa/, COOTHOIIEHe HOPMUPOBKHW He MPOTUBOPEYHUT ypPABHEHUSIM
re0Ie3NIeCKOi, MOITOMY UM MOXKHO 3aMEHUTL OJHO U3 3TuxX ypaBHeHuii. Hawm
yJI00HO 3aMEeHNTh UM 00Jiee TPOMO3JIKoe ypaBHenne X 2.

NTak:

FGO,ZLGSI/I‘IGCKI/IG JIMHNK IIOBEPXHOCTU BpallleHUA OIIPEAC/IAIOTCA COB-

MECTHBIMU pelieHus M 1apbl JuddepeHnnaibHbIX YpaBHEHMUIT,
X221 u X223

[IpucTtynuMm K perrennio 3TuX ypapHeHuii. JIunmm
¢ = Const (X.24)
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X.3. T'eonesmdeckne mMoBEPXHOCTH BpAaIeHUS

SIBJISIIOTCST MEPUIMaHAMUI IIOBEPXHOCTH BPAIEHUs; JIJIsl HUX:
de
ds

[Toncranoska X 21 B ypaaenue X 2T obparraer mocse/iHee B TOXKJIECTBO, MOJICTa-

HoBKa [X_Z2 B cooTHOIIEHE HOPMUPOBKI HPUBOIUT K 1 DepeHInaaIbHOMY
yPaBHEHUIO:

0. (X.25)

dz\” 1
) ST (X.26)
d 1
AR S (X.27)

ds \/ 1402

Taxwmm obpazom, BeIONpast 3HaK B IpaBoil YacTu ypapuenus X 24, moryanmM ypas-
HEHUE C Pas3/IeIaIoNuMUc TepeMeHHbIMI, KOTOPOe BCerjia periaercs 6 keadpa-

mypa:
/ \/ 1+ p'%(2)dz = s. (X.28)

Pemag K28, waiigem GyHKINO 2 = 2(S) 1, TAKIM 00PA30M, MOJTHOCTHIO PEITIM
sagady. OTcrona MOXKHO CIesIaTh CICAYIONNI BayKHBIA BBIBOJ: 6CE MEPUIUAHDL
NOGEPTHOCTNU GPAULEHUA ACAAINOMNCA 2€00e3UMECKUMU NUHUAMAU.

[Iposepum, ne Oyayr ju u napasuiean z = Const HOBEPXHOCTU BpAIICHUST
reogesnaecknmu. Iogcrasists

dz
E_O

B ypaBHenne XA, noyamm:

2

(22) o

'Ods

[TockoIbKY B 3TOM ciydae ¢’ # 0, 10 J0JZKHO ObITh:
p'(z) =0. (X.29)

Taxmm 0OpazoM, moavko me Napastent NOGEPTHOCTU BPAUEHUA ACAAIOMCA 2€0-
0e3UMECKUMU AUHUAMU, KOMOPYLM COOMBEMCMEYem sxcmpemym Gynryuy p(z).
B wacrrOCTH, BCe TapaJuiesn Kpyroporo muinaapa p = Const gBisioTcs reojie-
3UYECKUMU.

[TycTh Teneps reojie3nveckas JUHU 7Y He SIBJIETCA MEPUIMAHOM TTOBEPXHOCTH
BpaIenus, T.e.:

dy
Eg#O
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I'maBa X. I'eomerpusi moBepxHOCTEH BpAIICHHS

d
[Tonenus Torma obe yactu ypapuennsd X 21 Ha — U yIUTBIBasE OYEBUIHBIE COOT-
HOIIICHULA: 5
Py /de d | do 2d1n,>dz dln p?
— /5 = In|—|; — =,
ds® | ds ds ds dz ds ds
npusesieM ypaaenne X 2T k Bumy:
d dy
—1In|p*—Z| =0.
ds p ds
uTerpupys 5T0 ypaBHEHHE, IIOJIyIAEM €ro Nepsuitl uHme2pan;
d
de—gp = Const (= P). (X.30)
S

d

o ¥ ..
Brrpaxkag m3 X 30 nmponsBogayio d_ 1 II0JICTaBJIdAS HallJIECHHOE 3HAUYEHNE B COOT-
S

Hormenne HopMupoBkr X 23, morydnM n3 Moc/ieIHero:

d 2 2 2
ds pr(L+p7)
[TockobKy JieBasi yacTb K31 HeoTpuaTebHa, TO JOJKHO OBITh:
p=18. (X.32)

Jl1s1 BBISICHEHUST Te€OMeTPUIECKOro
CMBICJI& IIOJIYYE€HHBIX PE3YJIbTaTOB
z BBIYNC/JIUM KOCHUHYC VYIJIa MeXKIy
reo/Ie3NYeCKO JIMHUEH Y U JINHUEeil
Mepunana ¢ = Const B Touke mx
nepecevenns. Kacare/bHblil BEKTOD
K JIMHAU MepuinaHa T ecrb:
dr

T=—=( 'singp, 1),
7> = (pcosp, plsing, 1)

Jluna s1oro BekTopa pasha |T| =

vV 1+ p/'%2 Epuanuneii kacaresib-

Y HBIIl BEKTOp K JIMHUU MepHIraHa
eCTh:
L, T 1 .
T, = — = —(p' cos g, p'sing, 1).
Puc.X.43. K reopeme Kirepo Tl 1+p

EmmnnanbIil kKacaTebHBII BEKTOP K
Ie0JIe3NIECKON 7y eCTh:
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X.3. T'eonesmdeckne mMoBEPXHOCTH BpAaIeHUS

7, =7 = p’%cosgo—psingod—(’p p’%singoercosgpd—(’O dz :
K ds ds’" ds ds’ ds

Borauciisis KOCHHYC yIJla & MExXKJYy MEPUJINaHOM U PGO,[LGSI/I‘IGCKOI‘/JI JIMHUE (CM.

Puc X3), naiimem:

d
cosoz:(ﬁ -F’): 1+,0’2d—z. (X.33)
s

[TonacTaBisiss BeIparkenune B cooTHOoIIenne nopMupoBkn X 23 nmpusegem
ero K BHUJLY:

dy

p— = sina. (X.34)
ds

Ucnonb3ys Ternepb 3T0 BhIpaxkenue B coorHommennn X 30, mpusejgeM mociegnee

K OKOHYATEJIbHOMY BUJLY:

psina = Const (= posinay). (X.35)

dy
Xota npu BeiBojie X33 mbr nostarasin — # 0, T.e., a # 0, TeM He MeHee
d Y Y ) Y

MOCJIeTHUI Pe3y/IbTaT CIpaBe/IuB u i 3Toro ciaydas Const = 0.
Taxkum obpazoM, MBI JOKa3a/JM BaXKHYIO TeopeMy — meopemy Kaepo:

Teopema TX.1. Jlaa moeo, umobv, Aunus OvlaG 2€00e3UMECKotl NoGepITHo-
cmu 8pauLeHus, HeodToduMo U docmamouHo, wmobvl NPouU3sedeHUe CuHYCa Yeia
MeAHCOY €10 U MEePUIUAGHOM HA PACCTNOAHUE €€ MOYKU OM 0CU SPAWEHUSL ObLAO
NOCMOAHHBIM.

C yuerom K334 nepenumem yciaopue X 32 B Oosiee y100HOM BHJIE:
p > posinag, (X.36)

Ijle P9 — PacCTosgHue OT OCH BpallleHus HeKOTOpoil (pukcupoBanHoit Toukn M,
PeoJIe3NYCeCKON JIMHUN, (x) — YIOJI MEKJIY I'eOJIe3NYeCKOl 1 MepuaInaHoM B 9TOil
touke. Kcim npu cmemennn 3 Touku My dyHKIMsSA p(z) BO3pacTaeT, TO COOT-
HOIIIEHITe He HaJIaraeT orpaHudeHnii Ha paauyc p. Ecmmn ke dynkmus p(z)
yOBIBaET (T.e. YMEHbIIIaeTCd PACCTOAHNE 10 OCU Bp&LLLGHHH), TO YyroJl (¢ JTOJIZKeH
pactu. U pu p — p/ Sin oy yroJi JIOJIZKEH CTPEMUTHCS K TIPAMOMY.
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I'maBa X. I'eomerpusi moBepxHOCTEH BpAIICHHS
X.4 T'eomerpusa cdepsnl

B kauecTBe KOHKPETHOT'O IIPUMeEPa IeOMEeTPUN IIOBEPXHOCTH BPAIeHUsT pacCMOT-
pum reomerpuio cdepbl. B chepuuecknx KoopauHaTax:

xr = rcospcost;

. T
y = rsinpcosf; v € [0,2n], 6¢€ {—5,5}, rel0,00) (X.37)
z = rsinf,

napamMeTpuieckne ypaBHeHus cepbl pajmyca R nosydatored npu v = R:
7= R(cos p cosf,sin  cosf,sinb). (X.38)

Ormerum, 9T0 chepudecKkne KOOpANHATHI Ha cdepe, T.e., ee BHYyTPEeHHUEe KOOp-
JIUHATBL @ 1 0 HA3BIBAIOTCH 2€02paduieckumi, KoopouHamam, COOTBETCTBEHHO,
don20moti 1 wupomot. 3aMeTHM, 9TO B TeorpadmIecKnX KOOpInHATaX BCIOTY HAa

cepe:
cosf > 0. (X.39)

JLJ1s1 BBIYUC/IEHUsT T€OMETPUIECKUX XaPaKTePUCTUK cdepbl B COOTBETCTBYIO-
X hopmy/iax MpeblIylero pasiaeia HeoOX0MMMO MOJOKUTh:

p= Rcosf; z= Rsinf, (X.40)

oTKy1a guddepeHIupoBaHneM, HAIIPUMED, Oy IIM:

,_dp _dp [dz

dp /dz 1
"= — = = X.42
P do / db’ P Rcos® @ ( )
[ToscunThiBas ¢ nomombio KA1 Berpazkenne 1+ p' 2, mosyamu:
1+p%= . X.43
r cos? 6 ( )
X.4.1 Mertpuka cdepbl
Boeraucisiss meTpuky cdepsbl coryiacio dgpopmystam KA, X4, Haiigem:
ds® = R*(cos? 0dy* + db?), (X.44)
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2
o cos®0 0
G-R( 0 1), (X.45)
Takum 06pa3oM, Olpeie/uTe/ b MEePBOil KBaIpaTuIHOH hopMbI chephbl
det ||G|| = R* cos® 0 (X.46)
obparaeTcsd B HYJIb B TOUKaX
T
0 = :|:§. (X.47)

OTU TOUYKHU SIBJIAIOTCS 0COOBLMU MOUKAMU TeorpadrIecKoil cucTeMbl KOOPIMHAT
1 Ha3bIBAIOTCSI cesepHbim, IN, 1 1021cHbiM, S, TTIOTI0caMu ¢hepbl, COOTBETCTBEHHO.

Boraucanm ¢ nomoinbio Merpukn X4 gauHy MepuanaHa, OTCIUTHIBAEMYIO
OT ceBepHOTo ToJtoca = /2 1o Hekoropoit mapastenn 6 = 6. Ha mepuinane
¢ = Const, nosromy coryacuo X44:

ds® = R%dp> —
ds = —RdO

(3HAK CcOOTBETCTBYET yMeHbleHuio 3Hadenus 6). Takum obpazom, nuHTErpupys,

HalijieM:
o

T
s = / Rd0 = R (5 . 50) . (X.48)
—7/2
Boraucimm Terephb JIMHY Beell napaJuiesin, cooTBeTcTByioreit yriy 6y. Ha ma-
pasutesin 6§ = Const = 6y, nosromy corytacao XA oty amm:

ds* = R? cos® fydyp? = ds = R cos Odyp

(MBI BBIODAJIH TIOJIOXKUTETHLHOE HAIPAB/IeHIe 00X0/1a TTAPAJLIEIN) U, CJIeI0BATE b

HO:
2

s = /Rcos Bodp = 27 R cos by. (X.49)

0
C npyroii ¢cTOPOHBI HapaJLieb cephbl MOXKHO OIPEIEINTh KaK NeOMETPUIECKOe
MEeCTO TOY€EK, PABHOY/IAJIeHHbBIX (10 cdepe) OT ceBepHOro noJoca cdepbl. Takimm
obpa3oM, napaJiiesib cpepbl ¢ TOUKHN 3PEHUs €e BHYTPEHHE IeOMETPHUN SIBJISICTCs

ee OKpYyzKHOCTBIO. Torja pajmycoMm 3TOi OKPYXKHOCTU OVJET CJIYKUTH JIJINHA,
mepuanana. [lomoxum natee s ypobcTsa

T
——9 e
9 0 ¢7
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Torjga cos By = siny u BBeJeM pajuyc 3Toit okpy:kHoctu, R u ee giauny C:

C=s, R=s=Ri. (X.50)
Torma n3 X 48 n X 49 mosryauM BeIpazkeHue Jjisi OTHOMIEHN STUX BEJIMINH:
C  2mwsin
¢ _ Zmsiny (X.51)
R (G
[Tockobky
sin &
<1,
T

MBI IIPUXOAVNM K BazKHOMY BBIBOY:

OTHotenme JTMHBL JI000# OKPYKHOCTU Ha cepe K pajinycy Toil
OKPY2KHOCTH MeHbIIle 27

£<27T.
R

3aMeTHuM, 4TO 9TO OTHOIIEHNE CTPEMUTCS K 27 IIPU CTPEMJIEHUN PAJINYCa OKPY K-
HOCTH K HYJII0. TakuM o0pa3oM, B MAJIBIX YacTdaX cepbl reOMeTpus CTPEMUTCS
K T€OMETPUN €BKJINIOBON MJIOCKOCTH.

BeraucmM Takzke MIoma b 9acTu cepbl, yINTBIBasd, 9TO JIJIsi METPUKH ce-
pbl X4 ornpejiesinTesib MaTPUILLI IEPBOIT KBaIpaTu4IHOi hopMbl pasen X A4:

V9 = R*cos? 0.

Taxum obpaszoM, IJI0Ia/Ib YacT ¢ephbl BEIYUCISIETCS 110 POpMYyJIe:

S:R2//Cosﬁdg0d9. (X.52)
Q

Boraucimm 11o111a i ceBepHOil PUIIOJISIPHOI yacTi cepbl, 0TCEKAEMOil mapali-
nesibio 0 = 6. I[IpoBojisi nHTErpupOBaHUE 10 ¥, TOJIYINM:

us

S = 27rR2/cos 0de.
o
Taxkum obpaszomM, Haiiiem:

S = 2rR*(1 — sin ). (X.53)
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C Touku 3peHust BHyTpeHHeil reomeTpun cdepbl 3Ta IIOMAJIb SIBJIAETCs ILIOITA-
NIbI0 KpyTa pajnyca X438

E:R(g—eo).

Bripaxkas miomaab Kpyra gepe3 ero pajuyc, mogaydaum n3 X A3

R
S =927R?>(1—cos— | .
T ( COSR)

Hepexo;m K IIOJIOBUHHOMY apryMeHTy KOCHHYCa, IIOJIyYUMM OKOHYaTEeJIbHO:

S = 47 R*sin® %. (X.54)

X.4.2 KpuBusHa cdepsbl

CorsacHo bopmyiie Ha HallJeM BblparKeHusI Jj1sI TJIABHBIX KPUBU3H ce-

PhBI:
1

Taxum 0Opa3oM, IJIaBHbIe KPUBU3HBI C(DEPBI TTOCTOSIHHBI U PABHBI, UTO BhIPAXKaeT
cBoficTBa M30TpOINK Chephl (HE3ABUCUMOCTD €€ TeOMETPHYECKIX CBOTICTB OT Ha-
npasJienust Ha cdepe). ['ayccoBa KpuBH3HA TAKKe MOCTOSIHHA U TOJIOXKUTE/IbHA:

K=R*>0. (X.56)

Takum obpazoMm, chepa sBJIsIeTCs MPUMEPOM TOBEPXHOCTH NOCMOAHMOT NOAO-
AHCUMENLHOUT 2aYCCOB0T KPUBUSHDL.

X.4.3 OcnHoBHbIE DPOPMYJIBI Jisi chephl

3 meToanuecknx cooOparKeHnii, a TakzKe JjIs 3aKPEeIlJIeHNsT MaTepraJsia BbIUnC-
JIEHIIE€ BCEX T'€OMETPUUIECKUX BeJIUINH I cephl IPOBeIeM 3aHOBO. Meojie3nte-
CKUX JUIg cephbl IPOBEAEM 3aHOBO.

Huddbepennupyst X34, mosrydnm:

7= R(cos 0 cos ¢, cos 6 sin ¢, sin 0); (X.57)
7, = —Rcosf(sin ¢, — cos ¢, 0); (X.58)
9 = R(—sin@ cos p, —sin @ sin p, cos 0); (X.59)
Tpe = —Rcosf(cosp,sinp,0); (X.60)
Top = Rsinf(singp, —cosp,0) (= —tglry,); (X.61)
T99 == —R(cosf cosp, cosfsinp,sinf) (—r). (X.62)
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I'maBa X. I'eomerpusi moBepxHOCTEH BpAIICHHS

3aMeTuM, 9TO CPeJIN STUX BEKTOPOB €CTh JIBE Tapbl KOJLTUMHEAPHDBIX MEK/ 1y cODOil:

T,Top N Ty, Tep. [Jaee naiiiem BeKTOpP HOPMAJIH:

N = [@ . fg} = —RcosOF. (X.63)

[Tocyteinnit pe3ynbTaT, CBUIETEIHLCTBYIONINI O TOM, YTO BEKTOP HOPMaJIH K cepe

KOJIJIMHEapeH ee pa/inyCy-BeKTOpPY, FeOMeTPUYECKH BIIOJIHE OYEBU/JICH.
Euamanbiit BeKTOp BHENIHe HopMaJn K cepe ecThb:

e

n= = (cosb cos @, cos O sin p, sin 0). (X.64)

—

N

Boraucaum Takzke H€O6XO,ILI/IMBIG B rZL&.HI)HGI‘/JIIHGM CMellaHHbI€ IIPOU3BECHIA.

(F, @,@,g):(ﬁ @,f%):(ﬁ fg,f%):o; (X.65)
(F, T s Tipp ) R3 cos? 0sin 0 (X.66)
(77, 7o ) =0 (X.67)
(7?, Ty Top ) R?sin 0, (X.68)
(F, Ry 7, ) ~0. (X.69)

Boraucstss KoaUuImenTsl BTOPOil KBaIpaTHIHOM (DOPMBI, Hali1eM:
L= (77 ) = —Reos0; M= (it ) =0;N=(ii- 7y ) =R

Boeraucsisist 3areM ryiaBHble KPUBU3HBI, MIOJIYYUM U3BECTHBIE YK€ HAM (POPMYJIbI
XHhA3 u X2h4 na CA3.

X.4.4 Teone3smdeckue cdepbl

Jl1s1 HAxXoK IeHns reojie3ndecknx cdepbl Bociobyemcs popmyJtoit XK 30 na cTp.
[GY, a Takxke popmynamu X A0 na 70, cBA3BIBAIONIIIMI IJITHPUYIECKNE U ce-
pudecKre KoopAnHaThl. TakuM 00pa3oM, MOJYINM JIJIs TIEPBOTO WHTErpaJa:

dy 1 :
COS QE = Const (: = cos? 0 sin ao) : (X.70)

2

[Tonaras ¢ = 2b,0 = 22, moayunm cumsosnl Kpucroddens [-ro pora n Il-ro

poJia JIJIst MEeTPUKH cepbl:
I'ipg =T22 =T'991 = I'yn0 = 0;

F12 1= —Fll,g = —R2 cos # sin 0, (X71)
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F11 = F%z = F%z = F%Q = 0;
Iy =T = —tg0; (X.72)
'}, = cosfsinf.

Beimuiiem nepBoe ypaBHeHue reojie3naeckoii guunn ¢ = 1(p):

dzgo dap lo
—2tg =0 X.73
ds* dsds ( )
a BMECTO BTOPOT'O ypaBHEHUs HCIIOJIb3yeM COOTHOIIEHNE HOPMUPOBKHU, KOTOPOE
nosrydaercd 3 X 44:
1 dop o\
T2 = €08 20 (ds) + <£) : (X.74)

dep
[Tonaras, Kak u pamnee B Is = 0 u nojes B 00e JacTu ypaBHEHUSI Ha ITY
S

BEJINYNHY, [MOJyYUM IEPBbIil NHTErpaJI:

oS 92—8 = Const . (X.75)

[IpoBost HEOOXO MBI TPOMO3JIKNE BLIYUCIEHUSI, MOXKHO HPUATH K OKOHYAa-
TeJIbHOMY pe3ysbrary. OmgHaKo, sl HaXO0XKIeHUsl Me0Ie3NIeCKUX JINHUMI cephl
IIPOIIEe BCEI'O BOCIIOJIb30BAThCS YCJIOBUEM PAaBEHCTBa, HYJIIO I'€0JI€3MYeCKOil Kpu-

pu3nbl VITT37:
[F” - N] — 0 (X.76)

1 oIy 9eHHbIMU BhIIe hopmyiamu XA, X_G3, n3 KOTOPBIX CJIEyeT, YTO BEKTOP
HOpMaJI K cdepe KOJIJIMHeApeH ee PaJinycy - BEKTOPY:

= A7 (X.77)
Taxum obpaszoMm, JJisd Teoge3nIecKnX cephbl BHIIOJIHACTCA YCJIOBHE:
[F- 7 } — 0. (X.78)

Ho Torpma juist juis JiroObIX TOUEK reoge3ndecKnx cdepbl PABHO HYJIIO U CMeIlaH-
HOE TIPOU3Be/IeHueE:

<F, 7R ) —0. (X.79)

BarmireM 3To YpaBHEHNE B BUE:

( f[qf’ L ]) —0. (X.80)
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Ucnonb3yss dopmysbl [assl [, cBsA3bIBaOINIe BEKTOPHI CONPOBOKIAIOIIETO
TpexrpaHHuka Kpupoii, u ¢popmyisl @pene - Ceppe:

—/ — —// — — — >
=71 = kU, {7’- I/] = f,
sanumeM ypapaenue X .80 B Buje:

(F- 5) ~0, (X.81)

—

rjie f — BEKTOp OMHOPMAJIN T'€0/Ie3UIeCKOIl.
[Iponuddepentupyem coornormenne XX 1o HaTypaJibHOMY TapamMeTpy:

(7 8)+ (5" o

Hcnonb3ys onpejeenne eIMHUIHOIO BEKTOpa KacaTebHoil 7 = 7', ycioBue
OPTOI'OHAJILHOCTA BEKTOPOB OCHOBHOI'O TpeXI'PaHHUKA

(7-4)=0
a Takxke dpopmyiny Opene - Ceppe LT, moryanm:

/@(f" ﬁ) — 0.

Taxmm obpaszom, Bce Teojie3ndeckue cepbl YA0BIECTBOPAIOT YCIOBUIO:
k=0, (X.82)

T.C.:

Bce reojiesnueckne cdepbl SIBJIAIOTCS JIOCKUMEI KPUBBIMHE.

Ho jist mmockux KpuBbix BekTop (cm. pasgen [ILQ):
B’ = B}) = Const

— BEKTOP OMHOPMAJIN SABJISIETCS] BEKTOPOM HOPMaJIU IIJIOCKOCTHU, B KOTOPOIT JIEZKUT
Kpuasi. Takum obpasoM, ypaBHeHue reojie3ndeckoii cdepbl XX npuBoauTcs K

BUJLY:

(f- 50) — 0. (X.83)

Ho 510 ecTb ypaBHeHHe ILJIOCKOCTH, HIPOXOdIneil depe3 Hadao koopauHat. Ce-
JeHne 9TOM IJI0CKOCTU cdephbl U OYJIeT JaBaTh NCKOMbIE I'e0JIe3UYecKue JIMHUN.
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TakuMu TUHUSAMU OYJIYT SABJIATHCA 00ADWUE OKPYHCHOCTU CHEPDL, T.€., OKPYIKHO-
CTHU, HEHTP KOTOPHIX COBIAAET C IeHTPOM cepbl. Takim 00pa3oM, MbI JI0Ka3aJIH
TEOpEMY.

Teopema TX.2. [eodesuveckumu chepvl A6AA0OMCA €€ bONDUUE OKPYHCHOCTIU
U MONDKO OHU.

X.4.5 Crepeorpadundeckas mpoeknusa cdepbl Ha IJIOCKOCTD

Paccmorpum orobpazkenne @ chepnr S:

4yt +2 =R

Ha tockocThb I1: 2 = 0 no ciepyrormemy 3akony. Ilyers Touka ceper M € S
— npousBoJibHas Touka cdepsl, a N(0,0, R) — ceBepubiii nosoc cdepbl. [1po-
BesieM npsamyio (N M), depes ceBepHbIil Tosioc cepbl U JaHnyo Touky M 10
ee niepecedenns ¢ maockocTbio 1. [Tyers M’ = (N M) NII — rouka nepecedenist
npsimoit (M N') ¢ nockoctsio 11 Touxy M’ € 11 6ymem nas3piBats 06pa3soM TOUKNI
M B cmepeoepaguneckoti npoekuuy chepvr Ha NAOCKOCTD:

oS —1L (X.84)

Beejiem Ha MI0CKOCTH MOJISIPHYIO CUCTeMY KoopanHatT {p, p} ¢ IeHTPOM B TOUKe
O — 1eaTpe cdepbl Tak, YTOObI MOJISIPHBII YTOJI (0 COBIIAJ C MOJISIPHBIM YTJIOM (0
chepuieckoil cucTeMbl KOOPJIMHAT.
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Torma, ecoiu Touka M € S
uMeeT reorpaduyecKkue KoopHa-
ThI (@, 0), TO ee crepeorpaduecKast
npoekiust, M’ € I, umeer Koopu-

HATBI
(90, Rctg %) ,
f o rje ¢ = § — 0 (cm. BucX24). Bee-
) JIeM TaK2Ke JIeKapTOBbI KOO INHATHI
= Ha iockocTu II :
\J T = pcosp,y = psin .

B crepeorpaduieckoit npoeknnn P

S}

Puc.X.44. Crepeorpacbir- MepHUIMaHbl cepbl 0TOOpas3daTcs B

yeckasi IIpOeKIusi cepbl  Ha
ILJIOCKOCTh

npsimbie 1ockoctu I, mpunajre-
xKanpe 1nyaky P(O), a napasiesn
chepbl — B OKPYKHOCTHU TLJIOCKO-
ctu: p = Const. CeBepHbIil TOJIOC
cepnl siBJsIeTCs1 0c000i TOUKOI B
orobpaxkenun ¢ — oH 0TOOpa3UTCS
B OKPY>KHOCTb OECKOHEYHO 0OJIBIIO-
ro pajmyca.

[Ipeobpazyem merpuky ccdepbl K44 k koopjauHaTam 1ockoctu. IIpu srom
dy = dp:

2
oY R
- == X.85
sin” 5 e ( )
2Rd
o = =" (X.86)
R +p
Takum obpazoM, TOJIYUNM JIjIsI TIepPBOil KBapaTuiHoil (hopmbl cephr:
AR
dse = —5———(dp® + p*dp?). X.87
S (R2—|—p2)2(p p dp”) ( )
[Tepexojig K 1eKapTOBBIM KOOpJIMHATAM I, ¥, HAleM OTCIo/Ia:
AR
ds% = . (X.88)

dsg,
(R + 2% 1 2)? 0
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rie

ds; = dz* + dy? = p*dp® + dp* (X.89)

- IepBag KBaJIpaTuiHas popMa eBKJIMI0BOI IIJIOCKOCTH.

Taxkum obpazoM, B crepeorpaduieckoil MPOEKINI MbI MOJIYyIaeM KOHHOPMMHO
- nAoCKUL BUJT METPUKH cepbl, B KOTOPOM y100Hee ITPOBOJINTH MHOI'HE BBIUNC-
JIEHUSI.

X.5 T'eomerpus mnceBiaocdepbl

X.5.1 Tpakrpuca m ncesjaocdepa

PaccmoTpum Tenephb mpuMep MOBEPXHOCTU BPaIlleHUs OTPULIATEIbHON KPUBI3HDI.
st aTOrO BHIOEPEM B KadecTBe oOpas3ylolleil MOBEPXHOCTH BpAICHUS JIMHUIO,
Ha3bIBAEMYIO MPaxmpucod.

Omnpenenenue OX.1. Tpaxmpuca T ecmvd makas naockas KPUeas, 4mo om-
PE30K ee KacameavbHotll Medtcdy moukoll Kacanus u Hexomopot npamot d nocmo-
AHEM.

IIpamas d nasvieaemes 6a301l Mpaxmpucot.
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BoeiBejieM mapamMerpuieckue ypas-
HEHUSI, TPUHIMAas B KadecTBe 6a3bl
ocb Ox 1 BBOJIA YToJT ¢ MEXK/Ty Kaca-
TeJIbHOM K KpuBOil 1 ocbio Ox a Tak-
JKe TIOCTOSTHHYIO JIJTUHY OTPe3Ka Ka-

4 caresiproil R. Takum obpasom (cM.
° PEcXZH):
X y = Rsint, =— dy = Rcostdt.
.‘I
Ho Torna:
d
Y _ =tgt = dx = ctgtdy
dz
Puc.X.45. Tpaxrpuca ¢ 6a30ii [Toxcrapisss cooma  dy, HTOJIYIUM
Ox CBsA3b MKy JuddepeHiuasaM £
ut:
cos? t
dr = R——dt. (X.90)
sint

Unrerpupyst muddepennnaibHoe ypaBHEHIE C PA3JIEISTIONNMUCA TePeMeH-
aeivu K90, oty

2
x:R/M:R/(;—smt)dt:
st st

dt

Rcost+ R —
sint

I[JIH BbIYHUCJICHU A IIOCJICTHETO MHTEIr'paJla HepefmeM K IIOJIOBUHHOMY apr'YMCHTY

B sint:
d—
/ / = In
sint
sm

Taxkum ob6pa3oM, 3aluIIeM pelieHne mlcbcbepeﬂuﬂaﬂbﬂoro ypasaenus X 90:

Lt
851

t
r=R (cost + Intg 5) + Const .

Kak Bujgno n3 Puc X A4, ipu © = 0 yros Hak/oHa KacaTeJlbHOIl paBeH HYJIIO,
MO3TOMY U 3HAUEHNEe MOCTOsHHON B MOC/IeTHEM BbIpayKEeHUN TaKzKe PaBHO HYJIIO.
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Taxmm obpazom, OJTydINM TapaMeTpuieckKne YpaBHEHUS TPAKTPUCHL:

r = R(cost+Intg3);
(t € [—m/2,7/2]). (X.91)
y = Rsint,

3anuiiem 1moJe3Hoe JJjist JaJIbHeRero COOTHOIIEeHne, KOTOPOe Mbl MTOJIYUIIN ITPH
BBIUUCJIEHUU 3TOr0 UHTEerpaJia:

d 0 cos? 6
pT (COSH + Intg 5) =g (X.92)

Onpenenenne OX.2. [lcesdo-
chepoti Ha3vlBaemeA NOBEPTHOCMY
BPAWEHUA MPAKMPUCH, BOKPY2 €€
0a3wt.

[Tonyuum Temephb IapameTpute-
CKIe ypaBHEHUs ICeBI0ChEpHDI.
CrenaeM Temepb 3aMeHy: & —
zZ; Yy — p, Ljae p — HOJIAPHLIN pajau-
yC IUJINHIPUIECKOI CUCTEeMbI KOOP-
nuHaT. TakuMm oOpas3oM, Hapamer-
puueckue ypaBHeHus 1IceB10chepbl
B €BKJIMJOBOM IIPOCTPAHCTBE IIPU-

HUMarOT BUJL:

Puc.X.46. Ilcesrochepa B eb- r = Rsintcosy;
KJIMJJOBOM IPOCTPAHCTBE, IOJIY-
YeHHAas BPAIICHUEM TPaKTPHUCHI y = Rsintsing;

z = R (Cost—l— Intg %) .
(X.93)
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X.5.2 IlepBag KBajapaTtuvaHas popMa mnceBocdepbl

Boraucistss mpon3Bo/iHble OT paJjinyca-BeKTOpa ¢ yaerom Qopmyisl K I,

Hai1eM:
7, = Rsint(—sing,cosyp,0);
(X.94)
7 = Rcost(cosyp,sing,ctgt).
Taxum obpaszoM, HaiijeM IepBYIO0 KBaJIpaTUIHYIO (DOPMY TICeBJI0ChEPHI:
ds® = R*(ctg? tdt* + sin® tdy?). (X.95)

[lepeiiiem oT nepeMenHoit ¢t K 60jiee yjI00HOI ITepeMeHHOl p — TOJIAPHOMY pa-
Anycy:

d
p = Rsint, - ctgt. (X.96)
P
Torma merpuka X3 mpeobpasyercst K H6osiee yI00HOMY BULY:
dp® dp 2 dy 2
ds* = R°— + p*dy® = R°p* | | — - X.97
s p + pidy ri\z) T R (X.97)
BBoJis1, HakoHell, iepeMeHHble:
1
v =2 y=- (X.98)

[OJIYINM OKOHYATEJHbHO METPHUKY I1CeBIOChephl B M30TEPMITIECKOM BHJE, T.€.,
TaK HazblBacMylo mempury Kaetina 2eomempuu Jlobauesckozo:

2 2
o dr”+dy
- 2
(Y
3aMeTuM, 4TO METPUKY MOZKHO TOJIYYUTh U KaK METPUKY UMEHHO IICEBJIO-

cdepsr:

ds (X.99)

2 -2~y = R? (X.100)
B ICEB/IOCBKJINJIOBOM IPOCTPAHCTBE:
ds® = dz* — da® — dy? (X.101)

(em., mHampumep, [8].)
BaMeTM, 9TO IepBYIO KBAJIPATHIHYIO (POPMY HCeBI0ChEPhl MOXKHO 3alllCaTh
ele B JBYX 9KBUBAJICHTHLIX BUJaX — B BUAe mempuku Ilyankape:

AR

ds® =
(R* — 2* — )

~(dz” + dy?) (X.102)
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u B Bujie mempuku Jlobavesckozo, B KOTOPOM OHA U ObLIa IEPBOHAYAILHO TTOJTY-
yena Huxomaem Banosmaem Jlobadesckum B 1826 roy:

ds? = R*(dx* 4 sh® xdy?). (X.103)

X.5.3 Bropas kBajiparndHasa ¢popma 1iceBaocdepbl

[Tepemuorkas BekTopsl X 94, naiijieM e IMHIIHBIIT BEKTOP HOpMaJIN K TICeB10Che-
pe:

BTopble yacTHble TPOM3BOIHBIE PaINyCa-BEKTOPa PABHbI:

n= = (cos pcost,sin pcost, —sint).

Tpp = —Rsint(cosp,sinp,0);
Tot = Rcost(—sinp,cosp,0); (X.104)
- . : : cos® t
rw = R <— sint cos p, —sintsin g, —2cost — —; )
sin“ ¢
Takum 006pa30M, BLIUNCISASA, HAMIEM:
L= (ﬁ Topp > = —Rcostsint;
M = (ﬁ 7 ) —0;
N = (ﬁ Ftt) — Retgt. (X.105)

YuntbiBasi BeiparkeHne XU i1 11epBoii KBaJApaTudHoil (hopMbl 1ceBrocde-
pbl, HalijieM IJIaBHble KPUBU3HBI 3TOI 1TOBEPXHOCTH:

1 1
Taxum obpaszoM, rayccoBa KpUBU3HA I1ceBI0CGEphl paBHA:
1
K= R (X.107)

T.€.:

['ayccoBa KpuBH3Ha 1ICEBI0C(EPHI OTPUIIATE/IbHA U TTOCTOSIHHA.
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I'maBa X. I'eomeTpusi IOBEPXHOCTEI BpAICHHUS

Puc.X.47. [lcesrochepa B 1ceBaoeBKINIOBOM
MTPOCTPAHCTBE
X.5.4 Teome3uveckue 1iceBaoceepbI

Uccnemyem reojesndeckue mnceBaocdepbl, UCIOJIb3Ys JIJisd 9TOH e/ MeTPUKY
Kireiina KakK HauboJiee yjioonyio. Marpuiia rmepBoit KBapaTuiHONl pOpPMBI

paBHa:
1 /10
G=— X.108

y2 ( 0 1 ) ) ( )
rJie MBI MOJIOKIII: © = ',y = 22, Berancisas cumsoibsl Kpucrobdens I-ro n
[I-ro pojia orHocuTesibHO MeTpukn XTO8, mosrydnm:

I'ii1 =T9212 =T921 = 0;

1

F11,2 = —F21,1 = —Fzz,z = y3;

F%l = F%Q = F%Q = 0;
Fb = _F% = FgQ -
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X.5. T'eomerpusi nceBaocgepbl

ypaBHeHI/IH reoJe3n4eCKux IIpuHuMalOT BUI:

d’z  2dzdy
=1): ———-———==0; X.109
(i=1) ds® ydsds ’ ( )
dy 1 dr\* dy 2
=2): —+-—-||— - (= : X.110
=2 227y [<d3> (ds) (X.110)
[Tonaras: . » ;
x x D
-~ —p =2 X.111
ds U ds® ds’ ( )
MOHW3UM TIOPSIJIOK YpaBHEHU{T reo/Ie3nYecKnX. Y paBHEHHE pUHUMAET BU/L:
dp _2p dy 0
ds y ds
do _ 2y
p (Y

In |p| = Inp” + I |C|,

rie C' = Const .
Taxum obpaszoM, mosydaemM:

— = Oy, (X.112)

Vcnosb3yem Terephb cooTHoIeHne HOPMUPOBKY td MeTpukn X 994 kyna 1mo/-
cTtaBuM HaitjienHblit narerpas X 1T

dy 2
Clv+ () |- X.113
v (X.113)
Paszpemas X113 oTHOCHTEIHBHO TTPOM3BOIHOM, TIOJTYIIM:

dy 2 2
— =4 1-C X.114
. Y/ Y ( )

Cly < 1. (X.115)

1
1:?

C YCJOBUEM:

M3 X114 naitrem perienne B KBaJgpaTypax:

dy

— 2 =45+, X.116

/ 2,2 ! < )
yy 1 —cvy
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I'maBa X. I'eomerpusi moBepxHOCTEH BpAIICHHS

e C7 = Const. YnobHee, ojHAKO, UCK/IIOUUTDh HATYPAJbHBIN IMapaMerp U Iie-
peiiTi K IepeMeHHbIM X, Y 110 (hopMyJIe:

dr  drdy

P= 0 T dyds

YaureBag KX ITA, naitgem pernrenne:
(z+ Co)? +y* = CL. (X.117)

[Ipu Cy # 0 mosydaem cucTeMy motyokpyzkHOCTed (Tak Kak y > 0), npu Cy = 0
nosiydaem pernerne x = —Ch, T.e., “nonyupsameie’. Vtak, cripaBejiinBa cieryio-
masi Teopema;

Teopema TX.3. [eodesuneckumu ncesdocepvr na nosynaockocmu x,yly > 0
asamomces noaynpamoie x = Const u nOAYOKPYACHOCTIU € UEHMPOM HA NPAMOT
y = 0.

[Tonyokpyxuoctu Cp,Cy,C3 n u
HoJIynpsaMas d SBJISIOTCS Ie0Ie3H-
JeCKUMI TOJIyIIockocT y > 0,
CJIEJIOBATEJILHO UX MOYKHO HHTEP-

IIPEeTUPOBATh, KaK IIPsIMbIC ILJIOC-
koctu JIobaueBckoro. Yepes Jito-
G, Oble JIBE TOYKU ITOI MOJTYILJIOCKOCTH
A IPOXOJUT JIMIIBL OJ[HA TaKasl IIpsi-
Mas: IPU BEPTUKAJIHLHOM PAaCIIOJIO-
YKEHUU TOYEK - 9TO OyJIeT MOJIyIpsi-

=0 Mas, MpU JIIOOOM JIPYTOM - TIOJIY-
OKPY2KHOCTb C IIEHTPOM Ha OCH Y =
Puc.X.48. Moxenn Kreiina 0 (Takast MOJYOKPY?KHOCTH €JTIH-
iockoctu JlobaueBcKoro crBenHa). B Touke A nepecexarorcst
Tpu Takux npsimbix, purypa ABC,
obpa3oBaHHas JyraMu Tpex II0JIy-
OKPYZKHOCTEIl, SABJISIETCS TPEYTroJib-
HIUKOM TIj10cKocTH JIobadeBckoro.
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I'maBa XI

IlocTpoenue reoge3myieckKoii ceTu Ha
riceBgocdepe cpejcrsamu Maple

XI.1 3aganwue nceBaocdepbl U BLIUYUCJIEHNE TPOU3BOIHBIX
pa/inyca-BeKTopa

3aja/iuM napaMeTpuieckiue ypaBHEHUsI BEpXHEH YacTH IceBocdephl, s Je-

ro BeegeM byukum x(t, ¢), y(t, ¢), z(t, ¢) nByx mapamerpos ( t, ¢), KOTO-
pble IIPUHUMAIOT CJEYIONe 3HAaYeHnd Ha BepxHeil 1osioBuHe I1ceBocdeph:

t=0.5,¢0=0.2m:
> restart:with(linalg) :with(tensor):
> x:=(t,phi)->sin(t)*cos(phi);
> y:=(t,phi)->sin(t)*sin(phi);
> z:=(t,phi)->-(cos(t)+1n(tan(t/2)));

Warning, the protected names norm and trace have been redefined and

unprotected
(t, ¢) — sin(t) cos(o)
y:= (t, ¢) — sin(t) sin(¢)
2= (£ 6) — —cos(t) — ln(tan(%t))

3aj1a UM Telrepb pajuyc-BeKTOP 1 IPOU3BOJIbHOI TOUKHU I1ceBI0ChEPHI B BIIE

X .

VIOPSIOUeHHOTO MHOZKeCTBA (DYHKIUI U BBIYUCIIM OT HETO YaCTHBIE TIPOU3BO/I-
uple ¢ omorpio komana diff(r( ¢, ¢),t) u diff(r( ¢, @), ¢):

> r:=(t,phi)->[x(t,phi),y(t,phi),z(t,phi)];
> r_t:=diff(r(t,phi),t);
> r_phi:=diff(r(t,phi),phi);

ri= (t, ¢) — [X(t7 ¢)7 Y<t7 ¢)7 Z(t7 ¢)]
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L + 1’lzan(f)2
r_t:= |cos(t)cos(¢), cos(t)sin(¢), sin(t) — 22 t :
tan(é)

r_phi = [—sin(¢) sin(¢), sin(t) cos(¢), 0]
ri=(t, ¢) = [x(t, ¢), y(t, 8), z(t, ¢)]
! + 1tan(1 t)?
r_t:= |cos(t) cos(¢), cos(t)sin(¢), sin(t) — 2—2 1 :

tan(§ t)

r_phi = [—sin(¢) sin(¢), sin(t) cos(¢), 0]

XI1.2 Haxoxkaenme MaTpuilbl IIEpBOii KBaJpaTudHoi dop-
MBI I1ceBaocdepbI

Cdopmupyem Ternepb CHMMETPUIHYIO MATPUILY HEPBOil KBaApaTuiHOi (DOPMBI I
BBIYHIC/IIM €€ OIPeJIeTNTeb.
> G:=array(l..2,1..2,symmetric,sparse);
G := array(symmetric, sparse, 1.2, 1.2, [])

SajiauM K03 @UIIMEHTHl MaTPUITLI IepPBOil KBaAPATUIHON (POPMBI IICEBJIO-
cdepsl G € TOMOIIBIO CKAIAPHBIX IIPON3BEJIEHNIT IPOU3BO/IHBIX PA/IIyCa-BEKTOPa
(7; 7)), BBIYHCIISIEMBIX € TIOMOIIBIO KoMaH bl innerprod(a,b) 6ubsnorekn linalg,
rje a u b - BEeKTOPBHI.

> G[1,1]:=simplify(innerprod(r_t,r_t));

> G[1,2] :=innerprod(r_t,r_phi);

> G[2,2] :=simplify(innerprod(r_phi,r_phi));

cos(t)?
BT Sin()?
Gi2:=0
Ga,9 =1 — cos(t)?

Boraucm onpeaeanresb MaTpuiibl G:

> DetG:=simplify(det(G));

DetG := cos(t)?
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XI1.3. Bpraucaenue cumboJioB Kpucrogdesst mnceBnocgepnr

U OIPEJIeJINM METPUIECKUTT TEH30D g MCEBIOChEPDI:
> g:=create([-1,-1],eval(G));
cos(t)?
— 3 0 .
g := table([compts = | sin(t) , index _char = [—1, —1]])
0 1 — cos(t)?

XI1.3 Brranciaenmne cumposioB Kpucroddenasas ncesgocde-
pbI

OnpejieTuM BHYTPEHHIE KOOPAUHATEI IICEBI0C(EPDHl KaK YIOPSI0UYeHHYIO TOC/Ie-
JIOBATEJILHOCTD

> coord:=[t,phi]:

Terneps ¢ momornpio komanabl dlmetric{ G,coord) 6ubimorexkn tensor BbI-
YUCAUM IepBble JacTHbIe npou3Bojanbie, dG, MEeTpuYeckoro TeH3opa, a TaKzKe
BBIYHC/INM KOOPJIMHATHI KOHTPBAPUAHTHOTO METPUIECKOT0 TeH3opa g 1 (BaseHT-
woctu [+1,41]), obpaTHOr0 K METPHYECKOMY TEH30DY g € MOMOIIbI0 KOMAH/IbI
invert(G,’detG’) oubsmorekn tensor:

> dg:=dlmetric(g,coord);

> g_l:=invert(g,’detG’);

dg := table([compts = array(cfI, 1.2, 1.2, 1.2 |

2 cos(t)
(L1 ) ==
(1,1,2) =0
(1,2,1) =0
(1,2,2) =0
(2,1,1)=0
(2,1,2) =0
(2,2, 1) = 2cos(t) sin(t)
(2,2,2)=0

D,

index _char = [—1, —1, —1]

)
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sin(t)?
o
g 1 :=table([compts = cos ] , index _char = [1, 1]])
0 -
sin(t)?

C 1omoInpbio HallIeHHBIX 3HAYEHUIT [I€PBBIX YACTHBIX POM3BOIHBIX BHITHC/IIM
Terepb cuMBoJibl Kpucroddens I-ro poja, Cfl, npumenssi KoMaH 1y
Christoffell(dG) oubmmorexn tensor:

> CR1:=tensor[Christoffell] (dg):

Ha ocHoBe mosiyueHHBIX 3HadYeHMil Jjisi cuMBoJioB Kpucrodhdensa I-ro poaa
Haiigem cumBoJibl Kpucroddens II-ro poma, Cf2, ¢ momombio KoMaH bl
Christoffel2(g 1,Cf1) 6ubsmorexn tensor:

> CR2:=tensor[Christoffel2] (g_1,CR1);

CR2 := table([compts = array(cf2, 1..2, 1.2, 1.2, |

1
(L) =~ eos)
(1,1,2)=0
(1,2,1)=0

B _sin(?f)3
(1,2,2) = cos(t)
(2,1,1)=0
21,2 =500
22,1 = 5
(2,2,2)=0

bk

index _char =[1, —1, —1]
/)

Hakomer, ¢ nomomnipio komamniel geodesic eqn(coord,c,Cf2) 6ubimmorexn
HOJIYYUM YPaBHEHUSI I'€01e3MIeCKIX:

> Geo:= tensor[geodesic_eqns] (coord, s, CR2 );
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X1.4. IlpuBenenue ypaBHeHHI reoje3ndecKux K HopmaJibHoi cucreme O/ V

XI1.4 TIlpuBenenue ypaBHeHHil reoj/ie3mIecKnX K HOPMaJib-
Hoii cucreme O/1 Y

Ob6o3HAYNM TIEPBBIE MTPOU3BOHBIE 110 HATYPATHHOMY HapaMeTpy OT BHYTPEHHUX
KOOp/HAT TIceBocdephl 3a HOBbIe mepementbie, T(s) u @(s):
> EQT:=diff(t(s),s)=T(s);
> EQP:=diff(phi(s),s)=Phi(s);
. d —
EQT = +-t(s) = T(s)

EQP — & 6(s) = 0(s)
[TojicTaBuM 9TH BEJIMYNHBI B YPABHEHUS I'€OJIC3MICCKIX:
> GEOT:=subs ({EQT,EQP,t=t(s)},Geo[1]);
> GEOP:=subs ({EQT,EQP,t=t(s)},Geo[2]);

T(s)? sin(t(s))3 @(s)*
sin(t(s)) cos(t(s))  cos( -
2 cos(t(s)) T(s) ®(s)

sin(t(s))

[Tpu 9TOM MBI OJTY IH/IH HOPMAJIbHYTO cucteMy Jud epeHuaibHbIX ypaBHe-

uuii, T.e., cucreMy auddepennuaibubX ypasaenuii [-ro mopsika
(EQT,EQP,GEOT,GEOP), pasperieHHbIX OTHOCUTEIEHO TPOM3BOHBIX:
d
s t(sd) d d

s 3 908) 5 . T(s), 4 @(s).

BaluiieM Terepb 3TH yPaBHEHUsI B BUJE CHCTEMbI yPaBHEHMIA:

> GEO:={EQT,EQP,GEQT,GEQP};

GEOT := (£ T(s)) —

—+
/

V)
~—
~—

=0

GEOP := (L &(s)) +

T(s)? B sin(t(s))? ®(s)?

GEO :={£ ¢(s) = O(s), (£ T(s)) — sin(t(s)) cos(t(s)) cos(t(s))

2cos(t(s)) T(s) P(s)
T Sn(e) s
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XI1.5 Bsoa rpynnbl HauaJabHBIX YCJIOBUIA

a). JIuaunm "O"
- 3/IeCb U3MEHSIOTCA TOJBKO 3Hadenus t(0), Ipu 9TOM BEKTOp KacaTeIbHOIT

HallpaBJIeH BJIOJIb HapaJuiesieii:
> In[P0]:={t(0)=0.1,T(0)=0,phi(0)=0,Phi(0)=1};
> In[P1]:={t(0)=0.2,T(0)=0,phi(0)=0,Phi(0)=1};
> In[P2]:={t(0)=0.3,T(0)=0,phi(0)=0,Phi(0)=1};
> In[P3]:={t(0)=0.4,T(0)=0,phi(0)=0,Phi(0)=1};

Inpy = {6(0) = 0, T(0 )_0 o(0) = 1, £(0) = 0.1}
Inp; :={¢(0) =0, T(0) =0, ®(0) =1, t(0) = 0.2}
Inps == {6(0) = 0, T(0 >: @(0) = 1, t(0) = 0.3}
Inps :={¢(0) =0, T(0) =0, ®(0) =1, t(0) = 0.4}

0). Jluanmm "® 1 37ech Takyke M3MEHSIOTCS TOJBKO 3Hadenus t(0), Ho mpu
3TOM BEKTOP KacaTe/IbHOH HAIIPaBJIEH B IPOTHBOIOJIOKHYIO CTOPOHY BJIOJIb Ia-

paJiesieii:
> In[P_0]:={t(0)=0.1,T(0)=0,phi(0)=0,Phi(0)=-1};
> In[P_1]:={t(0)=0.2,T(0)=0,phi(0)=0,Phi(0)=-1};
> In[P_2]:={t(0)=0.3,T(0)=0,phi(0)=0,Phi(0)=-1};
> In[P_3]:={t(0)=0.4,T(0)=0,phi(0)=0,Phi(0)=-1};

Inp o= {6(0) = 0, T(0) = 0, t(0) = 0.1, B(0) = —1}

Inp ;1 :={¢(0) =0, T(0) =0, ®(0) = -1, t(0) = 0.2}

Inp 5= {6(0) =0, T(0) = 0, (0) = —1, £(0) = 0.3}

Inp g :={¢(0) =0, T(0) =0, ®(0) = —1, t(0) = 0.4}
B). JIuaun “T”

- 3JieCb U3MeHsI0TCs Juiib 3Hadenns ¢(0), Ipu 9TOM BEKTOP KacaTesbHOl

HallpaBJICH BIAOJIb MEPUANAaHOB:

> In[TO0]:={t(0)=Pi/12,T(0)=1,phi(0)=0,Phi(0)=0};
In[T1] :={t(0)=Pi/12,T(0)=1,phi(0)=Pi/3,Phi(0)=0};
In[T2] :={t(0)=Pi/12,T(0)=1,phi(0)=2*Pi/3,Phi(0)=0};
In[T3] :={t(0)=Pi/12,T(0)=1,phi(0)=Pi,Phi(0)=0};
In[T4] :={t(0)=Pi/12,T(0)=1,phi(0)=4*Pi/3,Phi(0)=0};
In[T5] :={t(0)=Pi/12,T(0)=1,phi (0)=5*Pi/3,Phi (0)=0};

Ingy :={9(0) = 0, T(0) = 1, $(0) = 0, (0) = 7=}

Inp; = {T(0) =1, ®(0) =0, t(0) = f—Q ¢(0) = g}

vV V. V V V

™

Ings == {T(0) = 1, ®(0) =0, 1(0) = 7=, 6(0) = ")



XI1.6. HNzobpaxkenne BepxHeii IMOJIOBUHDBI IICEBAOCGEPHI U JIMHUI HAYAIbHBIX YCIOBHIT

Ings == {T(0) = 1, ®(0) = 0, t(0) = 7, ¢(0) = 7}

gy = {T(0) = 1, B(0) =0, (0) = = 6(0) = -
Ings == {T(0) = 1, ®(0) = 0, t(0) = 1—7; $(0) = %ﬂ

XI1.6 HM3obpakeHue BepxHell MOJIOBUHBI HceBaocdepbl 1
JIMHUM HA4YaJbHbBIX YCJIOBUN

z300pa3um napaJuiesin 1 MepuInaHbl, COOTBETCTBYIONINE 3a/IaHNI0 Ha4 aJIbHbIX
YCJIOBHII, ¢ TIOMOIIIBIO KOMaH Ikl Spacecurve oubsmorekn plots. ITapasienu, co-
OTBETCTBYIOIIE OOJIBLIINM 3HAYEHUSIM ITapaMeTpa t HAXOIATCI HIUXKe, a IapaJi-
JIeJIN ¢ MEHBIINM 3HadeHueM IapaMeTpa t - BbIIIe:

Ps[u] :=plot3d(r(t,phi),t=0..Pi/2,phi=0..2*Pi,style=PATCH,color=white,
thickness=0): cir_1:=plots[spacecurve] (r(Pi/12,phi),phi=0..2*Pi,
color=black,thickness=2):

cir_2:=plots[spacecurve] (r(Pi/8,phi),phi=0..2%P1i,
color=black,thickness=2):

cir_3:=plots[spacecurve] (r(Pi/4,phi),phi=0..2%Pi,
color=black,thickness=2):
cir_4:=plots[spacecurve] (r(Pi/3,phi) ,phi=0..2%Pi,
color=black,thickness=2):

mer_1:=plots[spacecurve] (r(t,0),t=0..Pi/2,color=black,thickness=2):
mer_2:=plots[spacecurve] (r(t,Pi/3),t=0..Pi/2,color=black,thickness=2):
mer_3:=plots[spacecurve] (r(t,2%Pi/3),t=0..Pi/2,color=black,thickness=2
)

mer_4:=plots[spacecurve] (r(t,Pi),t=0..Pi/2,color=black,thickness=2):
mer_5:=plots[spacecurve] (r(t,4*Pi/3),t=0..Pi/2,color=black,thickness=2
E

mer_6:=plots[spacecurve] (r(t,5%Pi/3),t=0..Pi/2,color=black,thickness=2
)

VVVVVVVVVVVVVYVYVYVVYV

plots[display] (cir_1,cir_2,cir_3,cir_4,mer_1,mer_2,mer_3,mer_4,mer_5,
mer_6,axes=FRAME, labels=[x,y,z],labelfont=

[TIMES,BOLD, 14] ,thickness=0,color=white,titlefont=

[TIMES,BOLD, 12])

vV V. V V
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Puc.X1.49. Ilapamienmn u mepuina-
HbI Ha IIceBjocgepe

XI1.7 IIpomexmypsl YMCJIE€HHOIO MHTEIPUPOBAHMS HOPMAaJIb-
Hoii cucrtembl OJ1Y

3/1ech M3JI0KEHNE UJET 10 ClelualbHoil MeTojiuKe rnpodeccopa Urnarbesa pe-
menns cucreMbl OV uncinennbiMmun mMetomamu B Maple! Yuciiennbie pemniennst
HOpMaJIbHOI cucTeMbl Jud dhepeHnnaabHbIX YPaBHEHUI MTOJYIal0TCs ¢ TTOMOIIBIO
koMman bl dsolve(Cucrtema union Hauasbabie YciaoBus, {Ilepemenubie},
type=numeric, method= classical,output=listprocedure). [ITpu 510M CO-
3/14€TCs TIPOIIe/Iypa YUCAEHHOIO pelleHns HOPMaJIbHON cucteMbl Juddepentiy-
AJIbHBIX YPaBHEHWI KJIACCUIECKIM METOJIOM, KOMOMHUPYIOIIMM U3BECTHDLIE OC-
HOBHBIE METO/Ibl UNCJEHHOTO PelleHnsl HOPMAaJILHBIX CUcTeM Juddepeninaib-
HBIX YPaBHEHUI € [OCJIE/IYIONIM BBIBOJIOM PE3y/IbTaTOB HHTEIPUPOBAHUS B BU/IE
CITHCKOB:
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a. Pemmenus ajaga aunumii “P”

> S0l0[Phi]:= dsolve(GEQ union In[PO],{t(s),phi(s),T(s),Phi(s)},

> type=numeric,method=classical,output=listprocedure) ;

> So0l1[Phi]:= dsolve(GEQ union

> In[P1], {t(s),phi(s),T(s),Phi(s)},

> type=numeric,method=classical,output=listprocedure);

> S0l2[Phi]:= dsolve(GEO union

> In[P2], {t(s),phi(s),T(s),Phi(s)},

> type=numeric,method=classical,output=listprocedure);

> S0l3[Phi]:= dsolve(GEQ union

> In[P3], {t(s),phi(s),T(s),Phi(s)},

> type=numeric,method=classical,output=listprocedure);
Sol0g = [s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),

T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s) = (proc( ) ... endproc)]

Sollg = [s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),

T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s) = (proc(s) ... endproc)]

Sol2¢ := [s = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),

T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s) = (proc( ) ... endproc)]

Sol3¢ = [s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s) = (proc(s) ... endproc)]

6). Pemenus niua ounnmit "¢ 1"

Sol_0[Phi] := dsolve(GEO union In[P_0],{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure) ;
Sol_1[Phi]:= dsolve(GED

union In[P_1], {t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=1listprocedure) ;
Sol_2[Phi] := dsolve(GED union

In[P_2], {t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure) ;
Sol_3[Phi]:= dsolve(GEQO union

In[P_3], {t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=1listprocedure) ;

VVVVVYVVYVVVYV

Sol 0, := [s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),

t(s) = (proc(s) ... endproc)]
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Sol 1, :=[s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),

t(s) = (proc(s) ... endproc)]

Sol 2, :=[s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),

t(s) = (proc(s) ... endproc)]

Sol 3, :=[s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),

t(s) = (proc(s) ... endproc)]

B). Pemenus aust sunwmii “T”

Sol0[T]:= dsolve(GEQO union In[TO],{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
Sol1[T]:= dsolve(GEQO union

In[T1], {t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
S0l12[T] := dsolve(GEO union In[T2],
{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure) ;
Sol3[T] := dsolve(GEO union

In[T3], {t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
S0l14[T] := dsolve(GEO union In[T4],
{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
Sol5[T] := dsolve(GEO union

In[T5], {t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=1listprocedure);

vV VVV V VVYVVYVVVVVYVYVYV

Sol0p := [s = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),

t(s) = (proc(s) ... endproc)]

Sollp := [s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),

T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s)—-(proc( ) ... endproc)]

Sol27 = [s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s) = (proc(s) ... endproc)]
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Sol37 = [s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s) = (proc(s) ... endproc)]

Soljp := [s = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s) = (proc(s) ... endproc)]

Sol51 = [s = (proc(s) ... endproc), ®(s) = (proc(s) ... endproc),
T(s) = (proc(s) ... endproc), ¢(s) = (proc(s) ... endproc),
t(s) = (proc(s) ... endproc)]

3anuch pelieHuii 1 IpoBepKa perieHunit

3anmnce pereHnii OCymecTBISIeTCs ¢ MOMOIIBIO MOJCTAHOBKH PEIICHUs B COOT-

BETCTBYIOIILYIO BEJINUYUHY:

> t_PO:=subs(Sol0[Phi],t(s)): phi_P0:=subs(Sol0[Phi],phi(s)):
> t_P1l:=subs(Sol1[Phi],t(s)): phi_P1l:=subs(Soll[Phi],phi(s)):
> t_P2:=subs(Sol2[Phi],t(s)): phi_P2:=subs(Sol2[Phi],phi(s)):
> t_P3:=subs(Sol3[Phi],t(s)): phi_P3:=subs(S0l3[Phi],phi(s)):
> t_P3(0.5);t_P2(1);phi_P2(1) ;phi_P2(2);

0.407972228887300558

0.313565954681080339

0.972274405931570329
1.79692851570137124

> t_P_0:=subs(Sol_0[Phi],t(s)): phi_P_0:=subs(Sol_0[Phi],phi(s)):
> t_P_1:=subs(Sol_1[Phi],t(s)):

> phi_P_1:=subs(Sol_1[Phi],phi(s)):

> t_P_2:=subs(Sol_2[Phi],t(s)): phi_P_2:=subs(Sol_2[Phi],phi(s)):
> t_P_3:=subs(Sol_3[Phi],t(s)): phi_P_3:=subs(Sol_3[Phi],phi(s)):
> t_P_3(0.5);t_P_2(1);phi_P_2(1);phi_P_2(2);

0.407972228887300558
0.313565954681080339
—0.972274405931570329

—1.79692851570137124
t_T0:=subs(Sol0[T],t(s)) :phi_TO0:=subs(Sol0[T],phi(s)):
t_T1:=subs(Sol1[T],t(s)):phi_T1:=subs(Soll[T],phi(s)):
t_T2:=subs(S0l2[T],t(s)) :phi_T2:=subs(Sol2[T],phi(s)):
t_T3:=subs(S0l13[T],t(s)) :phi_T3:=subs(Sol3[T],phi(s)):
t_T4:=subs(S0l4[T],t(s)) :phi_T4:=subs(Sol4[T],phi(s)):
t_T5:=subs(Sol5[T],t(s)) :phi_T5:=subs(Sol5[T],phi(s)):
t_T0(0.1);t_T0(0.2);t_T0(0.3);t_T0(0.35);phi_T0(0.1);
t_T3(0.1);t_T3(0.2);t_T3(0.3);t_T5(0.35) ;phi_T3(0.1);

0.383780149720260311
0.571777403808498619
0.893618550265845024
1.19269837961553014
0.

V V.V VVVYVYV
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0.383780149720260311

0.571777403808498619

0.893618550265845024
1.19269837961553014
3.14159265358980022

Co3,z;aH1/1e HOCJIG,Z[OBaTeJIbHOCTeﬁ IIOJIY49Y€HHDbIX peI_[IeHI/Iﬁ

[TocsieioBaTEIBHOCTH PEINIeHIi co3/1aeM ¢ MoMOIbo KoMan bl seq(][],):

r_TO:=[seq([x(t_T0(i/40),phi_T0(i/40)),y(t_T0(i/40),phi_T0(i/40)),z(t
_T0(i/40) ,phi_T0(i/40))], i=0..15)]:
r_T1:=[seq([x(t_T1(i/40),phi_T1(i/40)),y(t_T1(i/40),phi_T1(i/40)),z(t_
T1(i/40),phi_T1(i/40))], i=0..15)]:
r_T2:=[seq([x(t_T2(i/40),phi_T2(i/40)),y(t_T2(i/40),phi_T2(i/40)) ,z(t_
T2(i/40) ,phi_T2(i/40))], i=0..15)]:
r_T3:=[seq([x(t_T3(i/40),phi_T3(i/40)),y(t_T3(i/40) ,phi_T3(i/40)),z(t_
T3(i/40) ,phi_T3(i/40))], i=0..15)]:
r_T4:=[seq([x(t_T4(i/40),phi_T4(i/40)),y(t_T4(i/40),phi_T4(i/40)),z(t_
T4(i/40) ,phi_T4(i/40))], i=0..15)]:
r_T5:=[seq([x(t_T5(i/40),phi_T5(i/40)),y(t_T5(i/40),phi_T5(i/40)),z(t_
T5(i/40) ,phi_T5(i/40))], i=0..15)]:

VvV VVVVVVYVVYVYVYV

Coznanmne rpacdpukos T-reosie3maecknx

st coznanust rpadukos T-reoje3ndecknx 3a/iaeM UX C IIOMOIIbIO KOMAH/IbI
spacecurve a 3aTeM COBMeIaeM UX ¢ IOMOIIbIo KoMaH bl display:

TO:=plots[spacecurve] (r_TO,color=red,thickness=3):
T1:=plots[spacecurve] (r_T1,color=red,thickness=3):
T2:=plots[spacecurve] (r_T2,color=red,thickness=3):
T3:=plots[spacecurve] (r_T3,color=red,thickness=3):
T4:=plots[spacecurve] (r_T4,color=red,thickness=3):
T5:=plots[spacecurve] (r_T5,color=red,thickness=3):

vV V.V V VYV

> plots[display] (TO,T1,T2,T3,T4,T5,Ps[u],axes=FRAME,labels=[x,y,z],labe
> 1lfont= [TIMES,BOLD,14],titlefont= [TIMES,BOLD,14],orientation=[-120,45]);
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Puc.X1.50. MepugmaHbl - 5T0 reoe3ndecKme 1ICeBI0-
cchephr

Takum obpazom, B pe3ysbTaTe YHUCJEHHOIO WHTErpUpPOBaHUS yOerkaeMcs B
TOM, ITO MEPHUIMAHBI TICEBI0CHEPHI SIBISIOTCS €€ Me0Ie3NICKIMEI. DTO ABJIACT-
cst obImuM pesybraToM Jjist oBepxaocTeit Bparenusi (A.I1.Hopuen, «/ludde-
PEHIHATbHAS TCOMETPHST ).

Cosnanmne (@ , & ; )- cetn

COS,ZL&,Z[I/IM CETHb C IIOMOIIBIO I'€OAEC3NIECCKUX, HallpaBJICHHBIX B Ha9aJIbHBIX TOY-
KaX IIapaJlJI€JIbHO ITapaJljleJILdM HCGBILOC(bepr, COOTBETCTBEHHO BAOJIb HUX U IIPO-
THUBOIIOJIOZKHO MM:

r_P0:=[seq([x(t_P0(i/20),phi_P0(i/20)),y(t_P0(i/20),phi_P0(i/20)),z(t
_P0(i/20),phi_P0(i/20))], i=0..600)]:
r_P1:=[seq([x(t_P1(i/20),phi_P1(i/20)),y(t_P1(i/20),phi_P1(i/20)),z(t_
P1(i/20),phi_P1(i/20))], i=0..220)]:
r_P2:=[seq([x(t_P2(i/20),phi_P2(i/20)),y(t_P2(i/20),phi_P2(i/20)),z(t_
P2(i/20) ,phi_P2(i/20))]1, i=0..120)]:
r_P3:=[seq([x(t_P3(i/20),phi_P3(i/20)),y(t_P3(i/20),phi_P3(i/20)),z(t_
P3(i/20) ,phi_P3(i/20))], i=0..80)]:

VVVVVYVYVYV
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r_P_0:=[seq([x(t_P_0(i/20) ,phi_P_0(i/20)),y(t_P_0(i/20),phi_P_0(i/20)
), z(t_P_0(i/20),phi_P_0(i/20))1, i=0..600)7:
r_P_1:=[seq([x(t_P_1(i/20),phi_P_1(i/20)),y(t_P_1(i/20),phi_P_1(i/20))
, z(t_P_1(i/20),phi_P_1(i/20))1, i=0..220)]:
r_P_2:=[seq([x(t_P_2(i/20),phi_P_2(i/20)),y(t_P_2(i/20),phi_P_2(i/20))
, z(t_P_2(i1/20),phi_P_2(i/20))], i=0..120)]:
r_P_3:=[seq([x(t_P_3(i/20) ,phi_P_3(i/20)),y(t_P_3(i/20),phi_P_3(i/20))
, z(t_P_3(i/20),phi_P_3(i/20))1, i=0..80)]:

PO:=plots[spacecurve] (r_P0O,color=black,thickness=3):
P1:=plots[spacecurve] (r_P1,color=black,thickness=3):
P2:=plots[spacecurve] (r_P2,color=black,thickness=3):
P3:=plots[spacecurve] (r_P3,color=black,thickness=3):
P_0:=plots[spacecurve] (r_P_0,color=black,thickness=3):
P_1:=plots[spacecurve] (r_P_1,color=black,thickness=3):
P_2:=plots[spacecurve] (r_P_2,color=black,thickness=3):
P_3:=plots[spacecurve] (r_P_3,color=black,thickness=3):

plots[display] (PO,P1,P2,P3,P_0,P_1,P_2,P_3,Ps[u]l,

axes=FRAME, labels=[x,y,z],labelfont= [TIMES,BOLD,14],titlefont=
[TIMES,BOLD, 14],

title=‘Teome3uveckas ceThb Ha IceBmochepe‘,orientation=[20,60]);

VVVV VVVV VVVV VVYVYVVVYVYV

Puc.X1.51. [Ieoxesudeckast cerb Ha IceBgOC(hepe
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