
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 155, êí. 2 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2013
ÓÄÊ 531.39Ï�ÎÈÇÂÎËÜÍÛÉ ÈÇ�ÈÁ ÊÎÍÑÎËÜÍÎ�ÎÑÒÅ�ÆÍß ÊÎÍÑÅ�ÂÀÒÈÂÍÎÉ ÑÈËÎÉÞ.Ï. ÀðòþõèíÀííîòàöèÿÂ ñòàòüå äàíî äàëüíåéøåå ðàçâèòèå ðàçðàáîòàííîãî àâòîðîì ïðèáëèæåííîãî ìåòîäàèññëåäîâàíèÿ ïðîèçâîëüíîãî óïðóãîãî èçãèáà ñòåðæíÿ ñèëàìè, íåèçìåííûìè â ïðîñòðàí-ñòâå. �àññìîòðåí èçãèá êîíñîëè ñîñðåäîòî÷åííîé ñèëîé òÿæåñòè íà åå êîíöå. Ïîëó÷åíî÷èñëåííî òî÷íîå ðåøåíèå äëÿ äåñÿòè çíà÷åíèé êîíñåðâàòèâíîé íàãðóçêè, êîòîðîå ñðàâ-íèâàëîñü ñ àíàëîãè÷íûì ïðèáëèæåííûì ðåøåíèåì. Ïðè ýòîì èçãèá êîíñîëè ñîñòàâèë0.8 åå äëèíû. Ïîëó÷åííàÿ òî÷íîñòü ðåçóëüòàòîâ äîñòàòî÷íà äëÿ ïðîâåäåíèÿ èíæåíåðíûõðàñ÷åòîâ.Êëþ÷åâûå ñëîâà: óïðóãîñòü, êîíñåðâàòèâíàÿ íàãðóçêà, íà÷àëüíûé ïàðàìåòð, áîëü-øèå ïðîãèáû, ïðèáëèæåííîå ðåøåíèå.ÂâåäåíèåÒî÷íîå ðåøåíèå çàäà÷è ïðîèçâîëüíîãî èçãèáà ñòåðæíåé ñîñðåäîòî÷åííûìè ñè-ëàìè ïðè óñëîâèè íåðàñòÿæèìîñòè èõ îñè ïîñòðîåíî Å.Ï. Ïîïîâûì [1℄ â âèäå ïà-ðàìåòðè÷åñêèõ óðàâíåíèé, â êîòîðûå âõîäÿò ýëëèïòè÷åñêèå èíòåãðàëû è ýëëèï-òè÷åñêèå ïàðàìåòðû. Ýëëèïòè÷åñêèå ïàðàìåòðû íàõîäÿòñÿ èç ñèñòåìû òðàíñöåí-äåíòíûõ óðàâíåíèé íà îñíîâàíèè ñâîéñòâ ïåðèîäè÷íîñòè ýëëèïòè÷åñêèõ èíòåãðà-ëîâ ñ ïîìîùüþ �îðìóë ïðèâåäåíèÿ ýëëèïòè÷åñêèõ èíòåãðàëîâ ñ ëþáîé àìïëèòó-äîé ê êðàòíîìó çíà÷åíèþ ïîëíîãî ýëëèïòè÷åñêîãî èíòåãðàëà è ýëëèïòè÷åñêîìóèíòåãðàëó ñ òàáëè÷íîé àìïëèòóäîé. Äëÿ âû÷èñëåíèÿ ýëëèïòè÷åñêèõ èíòåãðàëîâÅ.Ï. Ïîïîâ ïîëüçîâàëñÿ òàáëèöàìè ýëëèïòè÷åñêèõ èíòåãðàëîâ [2℄, ïîçâîëÿþùèìèïîëó÷èòü ðåøåíèå ñ íåêîòîðîé ñòåïåíüþ òî÷íîñòè. Ïðè ýòîì íåîáõîäèìî èñïîëüçî-âàòü ïðîöåäóðó èíòåðïîëÿöèè. Â íàñòîÿùåå âðåìÿ íåò íåîáõîäèìîñòè ïîëüçîâàòüñÿýòèìè òàáëèöàìè, èáî îíè âêëþ÷åíû â àíàëèòè÷åñêèå ìàòåìàòè÷åñêèå ïàêåòû â êà-÷åñòâå âñòðîåííûõ �óíêöèé [3℄ è âû÷èñëÿþòñÿ ïðè ëþáîé àìïëèòóäå ñ ïîãðåøíî-ñòüþ (ïî óìîë÷àíèþ) 10−16 . Äëÿ íàõîæäåíèÿ êîðíåé òðàíñöåíäåíòíûõ óðàâíåíèéâ ïàêåòàõ ïðåäñòàâëåíû òàêæå ñîîòâåòñòâóþùèå âñòðîåííûå �óíêöèè, ïðåäñòàâëÿ-þùèå ñîáîé ïðîãðàììû ÷èñëåííîãî âû÷èñëåíèÿ êîðíåé â çàäàííîé îêðåñòíîñòè èñ çàäàííîé ïîãðåøíîñòüþ [3℄. Òî÷íûå ðåøåíèÿ íåëèíåéíûõ çàäà÷ èçãèáà ñòåðæíåéïðè ðàñïðåäåëåííûõ íàãðóçêàõ, êàê ïðàâèëî, îòñóòñòâóþò.Â [4℄ ïðåäëîæåí ïðèáëèæåííûé ñïîñîá âû÷èñëåíèÿ ïðîèçâîëüíûõ ïðîãèáîâñòåðæíåé ïðè ëþáîé íàãðóçêå, ó÷èòûâàþùèé ðàñòÿæåíèå îñè. Ìåòîä îñíîâàí íàçàìåíå äå�îðìèðîâàííîé êðèâîé ëîìàíîé, ñîñòîÿùåé èç ïðÿìîëèíåéíûõ ñòåðæíåé,äëÿ êîòîðûõ èçâåñòíî ðåøåíèå ìàëîãî èçãèáà, ðàñòÿæåíèÿ è êðó÷åíèÿ. Íåëèíåé-íûé èçãèá ñòåðæíÿ ñîñòàâëåí èç ìàëîãî èçãèáà, à òàêæå ðàñòÿæåíèÿ è åãî æåñòêîãîïîâîðîòà. Â äîïîëíåíèå ê ýòîìó èñïîëüçóåòñÿ ìåòîä íà÷àëüíûõ ïàðàìåòðîâ. Ïðè-áëèæåííîå ðåøåíèå ìîæíî óòî÷íÿòü, óâåëè÷èâàÿ ÷èñëî ýëåìåíòîâ è óìåíüøàÿ øàãíàãðóæåíèÿ. Â [4℄ ðåøåíà çàäà÷à èçãèáà â êîëüöî çàäåëàííîãî ñòåðæíÿ ñîñðåäîòî-÷åííûì èçãèáàþùèì ìîìåíòîì íà êîíöå. Â ýòîì ñëó÷àå íà÷àëüíûå ïàðàìåòðû144
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�èñ. 1â çàäåëêå ïîëíîñòüþ îïðåäåëÿþòñÿ ïðè ëþáîì çíà÷åíèè ìîìåíòà, è ïîýòîìó íåòíàäîáíîñòè ïðîâîäèòü èòåðàöèè ïî íàãðóçêå. Â íàñòîÿùåé ñòàòüå îïðåäåëÿåòñÿñîïîñòàâèìûé ñ åãî äëèíîé ïðîãèá êîíñîëüíîãî ñòåðæíÿ ñîñðåäîòî÷åííîé ñèëîéòÿæåñòè íà êîíöå, èìåþùåé ïîñòîÿííîå íàïðàâëåíèå, ïðèáëèæåííûì ìåòîäîì [4℄.Â ýòîì ñëó÷àå íà÷àëüíûå ïàðàìåòðû â çàäåëêå çàâèñÿò îò íàãðóæàþùåé ñèëû è ìî-ãóò áûòü îïðåäåëåíû òîëüêî èòåðàöèîííî ïîñëåäîâàòåëüíûìè íàãðóæåíèÿìè. Äëÿîöåíêè òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ ïðèøëîñü ïðîâåñòè âû÷èñëåíèÿ ñ ïîìî-ùüþ ïàêåòà [2℄ ïî ðåøåíèþ Ïîïîâà [1℄, ãäå ïðèâåäåíû ëèøü ãðà�è÷åñêèå ðåçóëü-òàòû ñ òî÷íîñòüþ äî 3 çíà÷àùèõ öè�ð. Äàåòñÿ ñðàâíåíèå òî÷íîãî è ïðèáëèæåííîãîðåøåíèé.1. Òî÷íîå ðåøåíèå çàäà÷è ïðîèçâîëüíîãî èçãèáà ñòåðæíÿÏóñòü êîíñîëüíî çàêðåïëåííûé ñòåðæåíü äëèíû L èçãèáàåòñÿ ïîñòîÿííî äåé-ñòâóþùåé êîíñåðâàòèâíîé (¾ìåðòâîé¿) ñèëîé P , íàêëîíåííîé ê ïåðâîíà÷àëüíîìóïîëîæåíèþ êîíñîëè ïîä óãëîì δ (ðèñ. 1). Ââåäåì äâå ñèñòåìû êîîðäèíàò: íåïî-äâèæíóþ ñèñòåìó (x, y) è ïîäâèæíóþ (¾ñëåäÿùóþ¿) ñèñòåìó (x′, y′) , ñâÿçàííóþ ñíàïðàâëåíèåì íàãðóçêè P . Îñü Ox′ áóäåò ñîâïàäàòü ñ ïðîòèâîïîëîæíûì íàïðàâ-ëåíèåì ñèëû P . Åñëè ñèëà áóäåò ¾ñëåäÿùåé¿ (óãîë δ ÿâëÿåòñÿ âåëè÷èíîé ïåðåìåí-íîé), òî åñòü îäèíàêîâî èçìåíÿåòñÿ ïðè äå�îðìàöèè âìåñòå ñ íîðìàëüþ â òî÷êå ååïðèëîæåíèÿ, òî ñèñòåìà (x′, y′) áóäåò ïîäâèæíîé. Íî â ñèñòåìå îñåé (x′, y′) óãîë δíå ìåíÿåòñÿ. Äëÿ ¾ìåðòâîé¿ íàãðóçêè îñè (x′, y′) áóäóò íåïîäâèæíû è ïîâåðíóòûîòíîñèòåëüíî îñåé (x, y) íà ïîñòîÿííûé óãîë δ . Íà ðèñ. 1 èçîáðàæåíî ïðîèçâîëüíîåïîëîæåíèå äå�îðìèðîâàííîãî ñòåðæíÿ, îïðåäåëÿåìîå òî÷êîé A(x, y) . Êàñàòåëüíàÿâ òî÷êå A ê äå�îðìèðîâàííîé êîíñîëè îáðàçóåò ñ îñüþ x óãîë θ , à ñ îñüþ x′ �óãîë ζ . Ñâÿçü ìåæäó óãëàìè èìååò âèä
θ = ζ − δ.Ïåðåõîä îò ïîäâèæíîé ñèñòåìû êîîðäèíàò ê íåïîäâèæíîé îñóùåñòâëÿåòñÿ ñïîìîùüþ �îðìóë

x = x′ cos δ + y′ sin δ, y = y′ cos δ − x′ sin δ. (1)Ïåðâîíà÷àëüíîå ïîëîæåíèå ìàòåðèàëüíîé òî÷êè A0 îïðåäåëÿåòñÿ äëèíîé s =
= OA0 . Âåêòîð ïåðåìåùåíèé U ïåðåíîñèò ýòó ìàòåðèàëüíóþ òî÷êó â òî÷êó A(x, y)ïëîñêîñòè. Â äàëüíåéøåì áóäåì ïðåíåáðåãàòü èçìåíåíèåì äëèíû îñè ñòåðæíÿ,
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∆�èñ. 2ïîýòîìó äëèíà êðèâîëèíåéíîãî îòðåçêà OA ðàâíà s . �îðèçîíòàëüíîå ïåðåìåùå-íèå áóäåò îòðèöàòåëüíûì è âîçíèêàåò òîëüêî çà ñ÷åò èçãèáà.�àññìîòðèì áëèçêóþ ê òî÷êå A(x, y) ïî äå�îðìèðîâàííîé êðèâîé òî÷êó B(x+
+ dx, y + dy) íà ðàññòîÿíèè ds (ðèñ. 2).Ïðèðàùåíèÿ êîîðäèíàò áóäóò ðàâíû (ñì. ðèñ. 2)

dx = ds cos θ, dy = ds sin θ, dx′ = ds cos ζ, dy′ = ds sin ζ. (2)Èçìåíåíèÿ óãëîâ θ, ζ = θ+ δ ñâÿçàíû ñ êðèâèçíîé ñòåðæíÿ ïðè èçãèáå ñîîòíî-øåíèåì
1

ρ
=
dθ

ds
(3)Çäåñü ρ � ðàäèóñ êðèâèçíû ñòåðæíÿ. Êðèâèçíà ñòåðæíÿ ñ÷èòàåòñÿ ïîëîæèòåëüíîé,åñëè âûïóêëîñòü êðèâîé íàïðàâëåíà âíèç. Â ðåçóëüòàòå èçãèáà â ñå÷åíèè ñòåðæíÿ

A âîçíèêíåò èçãèáàþùèé ìîìåíò M(s) . Ìîìåíò ñ÷èòàåòñÿ ïîëîæèòåëüíûì, ñîçäà-þùèì îòðèöàòåëüíóþ êðèâèçíó ñòåðæíÿ. Èìååì
M(s) = −P (y′L − y′),

D

ρ
= −M(s), (4)ãäå y′L � îðäèíàòà òî÷êè ïðèëîæåíèÿ íàãðóçêè â ïîäâèæíûõ îñÿõ, D � èçãèáíàÿæåñòêîñòü ñòåðæíÿ. Èñïîëüçóÿ (3), (4), ïîëó÷èì

dθ

ds
=
dζ

ds
=
P

D
(y′L − y′). (5)Äè��åðåíöèðóÿ (5) ïî s è ó÷èòûâàÿ (2), íàéäåì [1℄

d2ζ

ds2
= −P

D
sin ζ. (6)Òàêèì îáðàçîì, çàäà÷à ïðîèçâîëüíîãî èçãèáà ñòåðæíÿ ñâîäèòñÿ ê èíòåãðèðî-âàíèþ óðàâíåíèÿ (6) îòíîñèòåëüíî óãëà êàñàòåëüíîé ê äå�îðìèðîâàííîé îñè ζ =

= ζ(s) . Çíàÿ ζ(s) , ïóòåì èíòåãðèðîâàíèÿ ñîîòíîøåíèé (2) ìîæíî ïîëó÷èòü óðàâ-íåíèå óïðóãîé ëèíèè ñíà÷àëà â ïîäâèæíîé ñèñòåìå êîîðäèíàò (x′, y′) , à çàòåì âíåïîäâèæíîé ñèñòåìå (x, y) . Óðàâíåíèå (6) àíàëîãè÷íî óðàâíåíèþ êîëåáàíèé �è-çè÷åñêîãî ìàÿòíèêà ñ ïðîèçâîëüíûì îòêëîíåíèåì ζ . Ââîäÿ áåçðàçìåðíûé ñèëîâîéïàðàìåòð (â êíèãå [1℄ â ýòîì âûðàæåíèè äîïóùåíà îïå÷àòêà íà ñ. 60)
β = L

√

P

D
,
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L2 d2ζ

ds2
= −β2 sin ζ. (7)Âûðàæåíèå (7) îáëàäàåò ïåðâûì èíòåãðàëîì

(

L
dζ

ds

)2

= 4β2

(

C1 − sin2 ζ

2

)

,îòñþäà
dζ

ds
=

2β

L

√

C1 − sin2 ζ

2
. (8)Çäåñü C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Óðàâíåíèå (8) äàåò çíà÷åíèå êðèâèçíû óïðó-ãîé ëèíèè â ïðîèçâîëüíîé òî÷êå â çàâèñèìîñòè îò óãëà êàñàòåëüíîé ζ . Å.Ï. Ïî-ïîâ [1℄ ïðîâåë êà÷åñòâåííîå èññëåäîâàíèå �îðì ðàâíîâåñèÿ ñòåðæíåé è ñäåëàë âû-âîä î ñóùåñòâîâàíèè òðåõ �îðì ðàâíîâåñèÿ: ïåðåãèáíîé �îðìû, áåñïåðåãèáíîé�îðìû è ïåðåõîäíîé �îðìû. Äëÿ êàæäîé �îðìû ðàâíîâåñèÿ ïîñòîÿííàÿ C1 èìååòðàçëè÷íûå îáëàñòè ñóùåñòâîâàíèÿ. Äëÿ ïåðåãèáíîé �îðìû ðàâíîâåñèÿ õàðàêòåðíîíåðàâåíñòâî

(

sin2 ζ

2

)

max

6 C1 < 1.Äëÿ áåñïåðåãèáíîé �îðìû ðàâíîâåñèÿ èìååò ìåñòî ñîîòíîøåíèå 1 < C1 6 ∞ .Íàêîíåö, â ïåðåõîäíîé �îðìå ðàâíîâåñèÿ C1 = 1 . Â íàøåì ñëó÷àå èìååò ìåñòîïåðåãèáíàÿ �îðìà ðàâíîâåñèÿ, òàê êàê êîíåö êîíñîëè ÿâëÿåòñÿ òî÷êîé ïåðåãèáà(çäåñü ìîìåíò, à ñëåäîâàòåëüíî è êðèâèçíà, îáðàùàåòñÿ â íóëü). Äåëàÿ â (8) çàìåíóïåðåìåííîé
sin

ζ

2
= k sinϕ (9)è ïîëàãàÿ C1 = k2 , ïîëó÷èì

dζ

ds
=

2kβ

L

√

1 − sin2 ϕ =
2kβ

L
cosϕ. (10)Äè��åðåíöèðóÿ (9) ïî s , íàéäåì

dϕ

ds
=
β

L

√

1 − sin2 ζ

2
=
β

L

√

1 − k2 sin2 ϕ. (11)Èíòåãðèðóÿ (11), îïðåäåëèì ýëëèïòè÷åñêèé èíòåãðàë
ϕ

∫

ϕ0

dϕ
√

1 − k2 sin2 ϕ
=
β

L

s
∫

0

ds. (12)Âåëè÷èíà ϕ íàçûâàåòñÿ àìïëèòóäîé, k � ìîäóëåì ýëëèïòè÷åñêîãî èíòåãðàëà
(0 6 k 6 1) ; F (ϕ,m) � ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà

F (ϕ,m) =

ϕ
∫

0

dψ
√

1 − k2 sin2 ψ
, m = k2, −π

2
< ϕ <∞. (13)Èíòåãðàë F (π/2,m) = k(m) íàçûâàåòñÿ ïîëíûì.



148 Þ.Ï. À�ÒÞÕÈÍÏðèíèìàÿ âî âíèìàíèå (12), ïåðåïèøåì (13) ñëåäóþùèì îáðàçîì:
s

L
β = F (ϕ,m) − F (ϕ0,m). (14)Âûðàæàÿ ïàðàìåòð β ÷åðåç àìïëèòóäó ϕL êîíöà ñòåðæíÿ è ïîäñòàâëÿÿ â (14),ïîëó÷èì [1℄

F (ϕ,m) = [F (ϕL,m) − F (ϕ0,m)]
s

L
+ F (ϕ0,m).Àìïëèòóäà ϕ = ϕ(s) áóäåò ïîëíîñòüþ îïðåäåëåíà âäîëü âñåé óïðóãîé ëèíèèñòåðæíÿ, åñëè èçâåñòíû ãëàâíûå ýëëèïòè÷åñêèå ïàðàìåòðû k =

√
m , ϕ0 , ϕL .Ïåðåéäåì ê âûâîäó óðàâíåíèé óïðóãîé ëèíèè. Ïðåîáðàçóåì �îðìóëû (2) ê âèäó

dx′ =

(

2 cos2
ζ

2
− 1

)

ds, dy′ = 2 sin
ζ

2
cos

ζ

2
ds. (15)Ïîñëåäîâàòåëüíî ïðåîáðàçóåì ïåðâóþ �îðìóëó â (15)

dx′

L
=

2ds

L

(

1 − sin2 ζ

2

)

− ds

L
=

2ds

L

(

1 − k2 sin2 ϕ
)

− ds

L
.Çàìåíÿÿ â ýòîì âûðàæåíèè ïðèðàùåíèå äóãè ds ÷åðåç ïðèðàùåíèå àìïëèòóäû

dϕ èç (11), îêîí÷àòåëüíî íàõîäèì
dx′

L
=

2

β

√

1 − k2 sin2 ϕdϕ− ds

L
. (16)Âòîðàÿ �îðìóëà (15) äàåò

d y′

L
=

2k

L
sinϕ

√

1 − k2 sin2 ϕds =
2k

β
sinϕdϕ. (17)Èíòåãðèðóÿ (16), (17), ïîëó÷èì óðàâíåíèÿ óïðóãîé ëèíèè â ñëåäÿùåé ñèñòåìåêîîðäèíàò â ïàðàìåòðè÷åñêîì âèäå [1℄

x′

L
=

2

β
[E(ϕ,m) − E(ϕ0,m)] − s

L
,

y′

L
=

2k

β
(cosϕ0 − cosϕ) . (18)Çäåñü ÷åðåç E(ϕ,m) îáîçíà÷åí ýëëèïòè÷åñêèé èíòåãðàë âòîðîãî ðîäà

E(ϕ,m) =

ϕ
∫

0

√

1 −m sin2 ψ dψ, −π
2
< ϕ <∞,ïðè ýòîì ïîëíûé èíòåãðàë E(π/2,m) áóäåì îáîçíà÷àòü ÷åðåç E(m) .Óãîë ïîâîðîòà ζ âûðàæàåòñÿ ÷åðåç èçâåñòíûå ϕ , k ñ ïîìîùüþ ñëåäóþùåé �îð-ìóëû:

ζ = 2 arcsin(k sinϕ), θ = ζ − δ. (19)Ïåðåéäåì ê êîíêðåòíûì âû÷èñëåíèÿì â íàøåé çàäà÷å, êîòîðàÿ îòíîñèòñÿ êïåðåãèáíîé �îðìå ðàâíîâåñèÿ ñòåðæíÿ. Âû÷èñëèì çíà÷åíèÿ óãëîâ â íà÷àëüíîé èêîíå÷íîé òî÷êàõ ñòåðæíÿ â äå�îðìèðîâàííîì ñîñòîÿíèè
θ0 = θ(0) = 0, ζ0 = ζ(0) = θ0 + δ = δ.



Ï�ÎÈÇÂÎËÜÍÛÉ ÈÇ�ÈÁ ÊÎÍÑÎËÜÍÎ�Î ÑÒÅ�ÆÍß 149Èç êà÷åñòâåííîãî àíàëèçà êðèâèçíû ñòåðæíÿ [1℄ ñëåäóåò, ÷òî
(

dζ

ds

)

0

=
1

ρ0

> 0, ζ0 > 0, 0 6 ϕ0 <
π

2
.Ñîãëàñíî (10) è ðàâåíñòâà íóëþ êðèâèçíû â òî÷êå ïðèëîæåíèÿ íàãðóçêè

L

β

(

dζ

ds

)

L

= 2k cosϕL = 0,ïîëó÷àåì ϕL = π/2 . Ïîëàãàÿ â (14) s = L, ϕ = ϕL = π/2 è ó÷èòûâàÿ (10),íàéäåì [1℄
β = K(m) − F (ϕ0,m), ϕ0 =

π

2
, sin

δ

2
= k sinϕ0. (20)Â óðàâíåíèÿõ (20) íåèçâåñòíûìè ÿâëÿþòñÿ m, ϕ0 , êîòîðûå îïðåäåëÿþòñÿ èçïåðâîãî è òðåòüåãî óðàâíåíèÿ (20). Âåëè÷èíà β , ñâÿçàííàÿ ñ íàãðóçêîé, çàäàåòñÿ.Ïî íàéäåííûì çíà÷åíèÿì m, ϕ0, ϕL ñ ïîìîùüþ �îðìóë (18) íàõîäèì âûðàæåíèÿäëÿ óïðóãîé ëèíèè ñòåðæíÿ, óãëà ïîâîðîòà è ýïþðû èçãèáàþùåãî ìîìåíòà [1℄

ζL = 2 arcsink, θL = ζL − δ, M(s) = M(ϕ(s)) = −2k

β
PL cosϕ.Èñïîëüçóÿ (1), óðàâíåíèå óïðóãîé ëèíèè (18) ìîæíî çàïèñàòü â íåïîäâèæíûõ êî-îðäèíàòàõ. 2. Ïðîäîëüíûé èçãèá ñòåðæíÿ×àñòíûì ñëó÷àåì ðåøåíèÿ óðàâíåíèé (18), (20) áóäåò ïðîäîëüíûé èçãèá ñòåðæ-íÿ ïðè δ = 0 . Óðàâíåíèÿ ïðè ýòîì ïðèíèìàþò âèä

β = K(m), ϕL = π/2, ϕ0 = 0 (21)
xL

L
=

2

β
E(m) − 1,

yL

L
=

2k

β
, (22)

θL = 2 arcsink, M0 = −2k

β
PL.Òàê êàê ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë K(m) > π/2 ïðè ëþáîì k (0 6 k 6 1) ,òî ñîãëàñíî (21) β > π/2 , à çíà÷èò, ïðîäîëüíàÿ íàãðóçêà äîëæíà áûòü áîëüøåêðèòè÷åñêîé íàãðóçêè:

P >
π2D

4L2
= Pkp,ãäå Pkp � êðèòè÷åñêàÿ íàãðóçêà Ýéëåðà. Äåéñòâèòåëüíî, èç ïîñëåäíåãî óðàâíåíèÿ(20) ïðè δ = 0 ñëåäóåò, ÷òî

k sinϕ0 = 0, ϕ0 = 0, k 6= 0,ñîãëàñíî (22) yL 6= 0 ïðè íàãðóçêå áîëüøå êðèòè÷åñêîé â áàëêå ïîÿâëÿåòñÿ èç-ãèáíàÿ �îðìà ðàâíîâåñèÿ (ïîòåðÿ óñòîé÷èâîñòè ïëîñêîé �îðìû ðàâíîâåñèÿ). Ïðè
P = Pkp èìååì, ÷òî β = K(m) = E(m) = π/2 , èíòåãðàëû âûðîæäàþòñÿ, è èç �îð-ìóë (21), (22) ñëåäóåò, ÷òî èçãèá íåâîçìîæåí, à ñòåðæåíü îñòàåòñÿ ïðÿìîëèíåéíûì(ïëîñêàÿ �îðìà ðàâíîâåñèÿ):

xL = L, yL = 0, k = 0, ϕ0 6= 0, (0 6 β 6 π/2, 0 6 P 6 Pkp).Òàêèì îáðàçîì, çàäà÷à óñòîé÷èâîñòè èäåàëüíîãî ñòåðæíÿ ÿâëÿåòñÿ ÷àñòíîé çà-äà÷åé áîëüøèõ ïðîãèáîâ áàëêè ïðè åå ïëîñêîì èçãèáå.
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x � L

y � L
P = 5.387

D

L2
» 2.2 Pkp

ΘL = 131å
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�èñ. 3�åøèì íîâóþ çàäà÷ó: ñîãíåì ñòåðæåíü ïðîäîëüíîé ñèëîé òàê, ÷òîáû êîíåö êîí-ñîëè äîñòèã âåðòèêàëè y . Ñèëó, äåéñòâóþùóþ íà áàëêó â ýòîì ñëó÷àå, íàéäåì èçóñëîâèÿ xL = 0 . Òîãäà ïàðàìåòð íàãðóçêè β îïðåäåëèòñÿ èç óðàâíåíèÿ (21), àñ äðóãîé ñòîðîíû, ïîëó÷èì òðàíñöåíäåíòíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ìîäóëÿ k
β = E(m) = K(m). (23)Ïîëüçóÿñü ïàêåòîì ¾Ìàòåìàòèêà¿ [3℄ äëÿ ðåøåíèÿ òðàíñöåíäåíòîãî óðàâíåíèÿ (23)â îêðåñòíîñòè m = 0.9 , ïîëó÷èì ñ ïîãðåøíîñòüþ 10−16

β = 2.32105, m = 0.8261, k =
√
m = 0.9089, P = 5.38727

D

L2
.Â êíèãå Ïîïîâà [1℄ è âû÷èñëåíèÿõ Ôåîäîñüåâà [5℄ ñ ïîìîùüþ òàáëèö ïîëó÷åíûçíà÷åíèÿ äëÿ íàãðóçêè ñ ïîãðåøíîñòüþ 10−3

P = 5.330
D

L2
[1], P = 5.396

D

L2
[5].Óðàâíåíèÿ óïðóãîé ëèíèè (14), (15) ïðèìóò âèä

x′

L
=

2

β
E(ϕ,m) − s

L
,

y′

L
=

2k

β
(1 − cosϕ) ,

s

L
β = F (ϕ,m).Èñêëþ÷àÿ èç ýòèõ óðàâíåíèé s , ïîëó÷èì ïàðàìåòðè÷åñêèå óðàâíåíèÿ, îïèñû-âàþùèå ïîëîæåíèå äå�îðìèðîâàííîãî ñòåðæíÿ â ïëîñêîñòè (ðèñ. 3)

x

L
=

1

β
[2E(ϕ,m) − F (ϕ,m)],

y

L
=

2k

β
(1 − cosϕ) ,

(

0 6 ϕ 6
π

2

)

.Íàéäåì èç ýòèõ ñîîòíîøåíèé ïðîãèá vL â òî÷êå ïðèëîæåíèÿ íàãðóçêè, ãîðèçîí-òàëüíîå ñìåùåíèå uL , èçãèáàþùèé ìîìåíò M0 è óãîë ïîâîðîòà θL

vL = y(ϕL) = 0.7832 L, uL = [xL(ϕL) − 1] L,

M0 = −0.7832PL, θL = ζL = 2 arcsink = 2.2813,èëè óãîë ïîâîðîòà, âûðàæåííûé â ãðàäóñàõ, θL = 130.7◦ .3. Ïðîäîëüíî-ïîïåðå÷íûé èçãèáÏðîâåäåì âû÷èñëåíèÿ èçãèáà êîíñîëè ñîñðåäîòî÷åííîé íàãðóçêîé òàêîé æå âå-ëè÷èíû P = 5.38727D/L2 , êàê íà ðèñ. 3, íî íàêëîíåííîé ïîä óãëîì δ = π/4 .
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�èñ. 4
V

U

P

P

Π � 4

x�L

y � L

� L

� L
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�èñ. 5Ïîíÿòíî, ÷òî òàêàÿ íàãðóçêà íå ñìîæåò ñîãíóòü ñòåðæåíü äî êàñàíèÿ åãî îñè y .Ïîäñ÷èòûâàÿ ïàðàìåòð íàãðóçêè β = 2.32105 è ðåøàÿ òðàíñöåíäåíòíûå óðàâíåíèÿ(20), íàéäåì m = 0.929 , ϕ0 = 0.4083 . Çàòåì ñîãëàñíî (1), (18) ïîñòðîèì êðèâóþäå�îðìèðîâàííîãî ñòåðæíÿ (ðèñ. 4).Ïîëó÷åííûå äàííûå ïîçâîëÿþò îïðåäåëèòü ïåðåìåùåíèÿ êîíöà êîíñîëè, ìî-ìåíò â çàäåëêå è íàèáîëüøèé óãîë ïîâîðîòà
uL = 0.7525 L, vL = 0.8305 L, M0 = −

(

2k

β

)

cosϕ0 PL = −0.7623 PL,

θL = 2 arcsink − δ = 1.8167, θL = 104.1◦.Íà ðèñ. 5 ïîêàçàíî ïîëîæåíèå ìàòåðèàëüíûõ òî÷åê ñòåðæíÿ äî äå�îðìàöèè èèõ ïîëîæåíèå â ðåçóëüòàòå ïåðåìåùåíèé U, V ïîñëå èçãèáà.Ïîëó÷èì êðèâûå èçîãíóòîãî ñòåðæíÿ ïðè íàãðóçêàõ P k :
P k =

akD

mL2
, (24)ãäå a = 5.38727 , m = 10 , k = 1, 2, . . . ,m. Âû÷èñëÿÿ ïàðàìåòðû íàãðóçêè β1 =

= 0.7340 , β2 = 1.0380 , β3 = 1.2713 , β4 = 1.4680 , β5 = 1.6412 , β6 = 1.7980 , β7 =
= 1.9419 , β8 = 2.0760 , β9 = 2.2019 , ðåøàåì òðàíñöåíäåíòíûå óðàâíåíèÿ

K(m) − F (ϕ0,m) = βi,
√
m sinϕ0 = sin δ/2,îòêóäà íàõîäèì ïàðàìåòðû m,ϕ0 , çíà÷åíèÿ êîòîðûõ ïðèâåäåíû â òàáë. 1. Ïî ýòîéòàáëèöå ñ èñïîëüçîâàíèåì �îðìóë (1), (18) ïîñòðîèì äå�îðìèðîâàííîå èçîáðàæå-íèå ñòåðæíÿ (ñì. ðèñ. 6) ïðè êàæäîé íàãðóçêå P k . Íà ðèñ. 6 ïóíêòèðíîé ëèíèåéïîêàçàí ïðîãèá áàëêè ïîä íàãðóçêîé P 1 , ïîäñ÷èòàííûé ïî ëèíåéíîé òåîðèè èçãèáà.



152 Þ.Ï. À�ÒÞÕÈÍ Òàáë. 1Ñâÿçü íàãðóçêè ñ ýëëèïòè÷åñêèìè ïàðàìåòðàìè
P k m ϕ0

P 1 0.232946 0.915536
P 2 0.359062 0.692727
P 3 0.503146 0.569845
P 4 0.630814 0.502736
P 5 0.728016 0.465094
P 6 0.797925 0.442731
P 7 0.847729 0.42864
P 8 0.883525 0.419307
P 9 0.909638 0.412871

P10 P9 P8 P7
P6

P5
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P3

P2

P1

y � L

x�Llinear decision
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�èñ. 64. Ïðèáëèæåííîå ðåøåíèåÏîëó÷èì ðåøåíèå ïîñòàâëåííîé çàäà÷è ïðèáëèæåííûì ìåòîäîì [4℄. Ïî ñóòè îíïðåäñòàâëÿåò ñîáîé ìåòîä êîíå÷íûõ ýëåìåíòîâ â ñî÷åòàíèè ñ ìåòîäîì íà÷àëüíûõïàðàìåòðîâ è ïîçâîëÿåò ðåøàòü êàê ëèíåéíûå, òàê è íåëèíåéíûå çàäà÷è. Îòëè÷èåìåòîäà [4℄ îò ìåòîäà êîíå÷íûõ ýëåìåíòîâ çàêëþ÷àåòñÿ â òîì, ÷òî ïðè óâåëè÷åíèèêîëè÷åñòâà ýëåìåíòîâ êîëè÷åñòâî íåèçâåñòíûõ íå óâåëè÷èâàåòñÿ. Äå�îðìèðîâàí-íàÿ êðèâàÿ ñòåðæíÿ àïïðîêñèìèðóåòñÿ ëîìàíîé ëèíèåé, ñîñòîÿùåé èç ïðÿìîëè-íåéíûõ ñòåðæíåé. Ââîäèòñÿ ãëîáàëüíàÿ (íåïîäâèæíàÿ) ñèñòåìà êîîðäèíàò X, Yè ëîêàëüíàÿ (ïîäâèæíàÿ) ñèñòåìà êîîðäèíàò x, y , ñâÿçàííàÿ ñ âûáðàííûì ïðÿìî-ëèíåéíûì ñòåðæíåì (ðèñ. 7). Â íàøåé çàäà÷å ïåðâîíà÷àëüíàÿ êîíñîëüíàÿ áàëêàïîëó÷àåò áîëüøèå ïåðåìåùåíèÿ è óãëû ïîâîðîòà â ðàìêàõ ìàëûõ äå�îðìàöèé(âûïîëíÿåòñÿ çàêîí �óêà). Èç òåîðèè óïðóãîñòè èçâåñòíî, ÷òî ïðîèçâîëüíûå ïå-ðåìåùåíèÿ òî÷åê òåëà ñêëàäûâàþòñÿ èç æåñòêèõ ïåðåìåùåíèé òâåðäîãî òåëà èóïðóãèõ ïåðåìåùåíèé â ðåçóëüòàòå äå�îðìàöèé â îêðåñòíîñòè òî÷êè. À òàê êàêóïðóãèå ïåðåìåùåíèÿ ÿâëÿþòñÿ ìàëûìè, òî ïðè áîëüøèõ ïåðåìåùåíèÿõ ïðåîáëà-äàþò ïåðåìåùåíèÿ òî÷åê òâåðäîãî òåëà.Òàêèì îáðàçîì, ìîæíî àíàëèòè÷åñêè îïðåäåëÿòü áîëüøèå ïåðåìåùåíèÿ ëþáîãîñòåðæíÿ êàê ñóììó óïðóãèõ ïåðåìåùåíèé ïðÿìîëèíåéíîãî ýëåìåíòà è ïåðåìåùå-íèé òâåðäîãî òåëà ñ ïîëþñîì â òî÷êàõ èõ êîíòàêòà. Ïðè÷åì óïðóãèå ìàëûå ïåðåìå-ùåíèÿ â ëîêàëüíîé ñèñòåìå êîîðäèíàò ýëåìåíòàðíî íàõîäÿòñÿ è âûðàæàþòñÿ ÷åðåçíà÷àëüíûå ïàðàìåòðû
v(x) = v0 + α0x− M0

2D
x2 − Q0

6D
x3,
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x
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y

y

x

u1
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U1

s2 X�èñ. 7
α(x) = v′(x) = α0 −

M0

D
x− Q0

2D
x2, uT (x) = u0 +

T0

B
x,ãäå u0 , T0 , M0 , Q0 , v0 , α0 � íà÷àëüíûå ïàðàìåòðû â ëîêàëüíîé ñèñòåìå êîîð-äèíàò, õàðàêòåðèçóþùèå íà÷àëüíîå ðàñòÿæåíèå è óñèëèå, èçãèáàþùèé ìîìåíò, ïî-ïåðå÷íóþ ñèëó, íà÷àëüíûé ïðîãèá è óãîë ïîâîðîòà, B , D � æåñòêîñòè ñòåðæíÿíà ðàñòÿæåíèå è èçãèá, uT � ïðîäîëüíîå ïåðåìåùåíèå, âûçâàííîå ðàñòÿæåíèåìîñè ñòåðæíÿ. Ïîëîæåíèå ìàòåðèàëüíûõ òî÷åê â ñòåðæíå áóäåì îïðåäåëÿòü äëèíîéäóãè s ≈ x .Ïðè áîëüøèõ ïðîãèáàõ èçãèáàþùèé ìîìåíò è ðàäèóñ êðèâèçíû ñâÿçàíû ñîîò-íîøåíèÿìè [4℄

M(s)

D
=

1

ρ(s)
= − 1

cosα(s)

d2v

ds2
,

dv

ds
= sinα(s). (25)Ïðè ýòîì â ðåçóëüòàòå ñèëüíîãî èçãèáà ïîÿâëÿåòñÿ ïðîäîëüíîå ïåðåìåùåíèå uM ,âûçâàííîå ñèëüíûì èçãèáîì [4℄

duM

ds
= cosα(s) − 1. (26)Ïîñëå òîãî, êàê �îðìóëû (25) áûëè íàìè îïóáëèêîâàíû â [4℄, âûÿñíèëîñü, ÷òîáëèçêèå ê íèì ïîëó÷åíû ðàíåå àêàäåìèêîì Â.Â. Íîâîæèëîâûì [6℄ èç äðóãèõ ñîîá-ðàæåíèé: íà îñíîâàíèè ãåîìåòðè÷åñêîé ãèïîòåçû Êèðõãî�à âûâåäåíû âûðàæåíèÿäëÿ äå�îðìàöèé â ïðîèçâîëüíîé òî÷êå ãèáêîé ïëàñòèíû ñ òî÷íîñòüþ äî ïðåíå-áðåæåíèÿ óäëèíåíèÿìè è ñäâèãàìè ïî ñðàâíåíèþ ñ åäèíèöåé. Çàòåì ïîëó÷åííûå�îðìóëû äëÿ äå�îðìàöèé ïðèìåíèëè ê èçãèáó áåñêîíå÷íî äëèííîé ïîëîñû (ïëîñ-êàÿ äå�îðìàöèÿ). Äëÿ îïðåäåëåíèÿ çàâèñèìîñòè ìåæäó ñêîðîñòüþ èçìåíåíèÿ âïîïåðå÷íîì íàïðàâëåíèè ãîðèçîíòàëüíûõ è âåðòèêàëüíûõ ïåðåìåùåíèé Â.Â. Íîâî-æèëîâó ïðèøëîñü ïðåäïîëîæèòü íåñæèìàåìîñòü îñè ñòåðæíÿ. Äàëåå âûÿñíèëîñü,÷òî èçãèáíàÿ êîìïîíåíòà â âûðàæåíèè ïðîäîëüíîé äå�îðìàöèè ñóòü êðèâèçíà äå-�îðìèðîâàííîãî â öèëèíäðè÷åñêóþ ïîâåðõíîñòü ñðåäèííîãî ñëîÿ ïëàñòèíû.Â ëîêàëüíîé ñèñòåìå ïðîãèáû è óãëû ïîâîðîòà ìîæíî ñ÷èòàòü ìàëûìè. Òîãäà,ïðåäñòàâëÿÿ

cosα(s) ≈ 1 − α2(s)

2
,



154 Þ.Ï. À�ÒÞÕÈÍïðîèíòåãðèðóåì (26) ñ ó÷åòîì óñëîâèé â çàäåëêå u0 = v0 = α0 = 0

u(x) = u(s) = uT (x) + uM (x) =
T0

B
x− 1

D2

(

M2
0

3
x3 +

M0Q0

4
x4 +

Q2
0

20
x5

)

, (27)
v(x) = α0x− M0

2D
x2 − Q0

6D
x3, α(x) = −M0

D
x− Q0

2D
x2. (28)Îöåíêà ïîêàçûâàåò, ÷òî ïåðåìåùåíèå uT (x) â ðåçóëüòàòå ðàñòÿæåíèÿ îñèñòåðæíÿ ìàëî ïî ñðàâíåíèþ ñ ïåðåìåùåíèåì uM (x) áëàãîäàðÿ ñèëüíîìó èçãèáó(îíî èìååò ïîðÿäîê h2/L2 ïî ñðàâíåíèþ ñ åäèíèöåé, ãäå h � òîëùèíà ñòåðæíÿ)è èì ìîæíî ïðåíåáðå÷ü äëÿ î÷åíü òîíêèõ ñòåðæíåé.Ïðåäïîëîæèì, ÷òî ïåðâîíà÷àëüíîå íåäå�îðìèðîâàííîå ïîëîæåíèå áàëêè ñî-ñòîèò èç n ýëåìåíòîâ äëèíîé s1, s2, . . . , sn . Â ðåçóëüòàòå äå�îðìàöèè êîíöû ýòèõýëåìåíòîâ ïåðåìåñòÿòñÿ â òî÷êè M1,M2, . . . ,Mn (ðèñ. 7). Áóäåì ïðèïèñûâàòü äî-ïîëíèòåëüíûé èíäåêñ ïåðåìåùåíèÿì è íà÷àëüíûì ïàðàìåòðàì � íîìåð ýëåìåíòà.Äëÿ ïåðâîãî ýëåìåíòà ïåðåïèøåì �îðìóëû (27), (28) ñëåäóþùèì îáðàçîì:

v1(s1) = −M01

2D
s21 −

Q01

6D
s31, α1 = v′1(s1) = −M01

D
s1 −

Q01

2D
s21,

u1(s1) =
T01

B
s1 −

1

D2

(

M2
01

3
s31 +

M01Q01

4
s41 +

Q2
01

20
s51

)

.Ïåðåìåùåíèÿ êîíöà ïåðâîãî ýëåìåíòà òî÷êè M1 â ãëîáàëüíîé è ëîêàëüíîé ñèñ-òåìàõ êîîðäèíàò ñîâïàäàþò:
U1 = u1 = u1(s1), V1 = v1 = v1(s1).Äëÿ âòîðîãî ýëåìåíòà àíàëîãè÷íî èìååì

v2(s2) = −M02

2D
s22 −

Q02

6D
s32, α2 = v′2(s2) = −M02

D
s2 −

Q02

2D
s22,

u2(s2) =
T02

B
s2 −

1

D2

(

M2
02

3
s32 +

M02Q02

4
s42 +

Q2
02

20
s52

)

.Íà÷àëüíûå ïàðàìåòðû äëÿ âòîðîãî ýëåìåíòà âû÷èñëÿþòñÿ èç óñëîâèé ñòàòèêèïåðâîãî ýëåìåíòà ñ ó÷åòîì óãëà ïîâîðîòà α1 êîíöà ïåðâîãî ýëåìåíòà:
Q02 = Q01 cosα1 − T01 sinα1, T02 = Q01 sinα1 + T01 cosα1,

M02 = M01 +Q01(s1 + u1) − T01v1Âû÷èñëèì ïåðåìåùåíèÿ òî÷êè M2 , ïðîåêòèðóÿ âåêòîðíîå ðàâåíñòâî (ðèñ. 7) íàíåïîäâèæíûå îñè:
U2 = OM1 +M1M2 − (s1 + s2) ,

U2 = U1 − s2(1 − cosα1) + u2 cosα1 + v2 cos(α1 + π/2),

V2 = V1 + (s2 + u2) sinα1 + v2 sin(α1 + π/2).Àíàëîãè÷íûå âû÷èñëåíèÿ ïåðåìåùåíèé k -é òî÷êè äàþò
Uk = u1 +

k
∑

j=2

[uj cos θj−1 + vj cos(θj−1 + π/2) − sj(1 − cos θj−1)],

Vk = v1 +

k
∑

j=2

[(sj + uj) sin θj−1 + vj sin(θj−1 + π/2)], k = 1, 2, . . . , n,
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Uk = Uk−1 − sk(1 − cos θk−1) + uk cos θk−1 + vk cos(θk−1 + π/2),

Vk = Vk−1 + (sk + uk) sin θk−1 + vk sin(θk−1 + π/2), (29)ãäå
θk =

k
∑

i=1

αi, αi = −M0i

D
si −

Q0i

2D
s2i ,

θk ÿâëÿåòñÿ óãëîì ïîâîðîòà ñòåðæíÿ â k -ì ñå÷åíèè,
ui =

T0i

B
si −

1

D2

(

M2
0i

3
s3i +

M0iQ0i

4
s4i +

Q2
0i

20
s5i

)

, i = 1, 2, . . . , n,

vi = −M0i

2D
s2i −

Q0i

6D
s3i .Äëÿ ïåðåñ÷åòà ñòàòè÷åñêèõ óñëîâèé îò (i−1)-ãî óçëà ê i-ìó óçëó íåîáõîäèìî ó÷åñòüäå�îðìèðîâàííîå ñîñòîÿíèå ýëåìåíòà:

Q0i = Q0,i−1 cosαi−1 − T0,i−1 sinαi−1, T0i = Q0,i−1 sinαi−1 + T0,i−1 cosαi−1,

M0i = M0,i−1 +Q0,i−1(si−1 + ui−1) − T0,i−1vi−1, i = 2, 3, . . . , n.Íà÷àëüíûå ïàðàìåòðû T0 , Q0 â çàäåëêå ïðè ëþáîé êîí�èãóðàöèè èçãèáàñòåðæíÿ íå èçìåíÿþòñÿ âñëåäñòâèå êîíñåðâàòèâíîñòè íàãðóçêè. Âåëè÷èíà M0 çà-âèñèò îò èçãèáà ñòåðæíÿ òåì ñèëüíåå, ÷åì áîëüøå åãî èçãèá. Ïîýòîìó äëÿ îïðå-äåëåíèÿ íà÷àëüíîãî ïàðàìåòðà M0 áóäåì èñïîëüçîâàòü ìåòîä ïîñëåäîâàòåëüíûõíàãðóæåíèé. Äîïóñòèì, ÷òî íàãðóçêà P èìååò ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü mçíà÷åíèé (24). Âûáåðåì m íàñòîëüêî áîëüøèì, ÷òîáû ïðè P 1 ýòà íàãðóçêà âû-çâàëà ìàëûå ïåðåìåùåíèÿ. Òîãäà âñå íà÷àëüíûå ïàðàìåòðû íàõîäÿòñÿ èç óñëîâèéñòàòèêè íåäå�îðìèðîâàííîãî ñîñòîÿíèÿ:
T0 = T 1

01 = −P 1 cos δ, Q0 = Q1
01 = P 1 sin δ,

M0 = M1
01 = −P 1L sin δ.Ïî �îðìóëàì (29) íàéäåì ïåðåìåùåíèÿ òî÷êè ïðèëîæåíèÿ íàãðóçêè U1

n, V
1
n , ïîêîòîðûì èç óñëîâèé ñòàòèêè äå�îðìèðîâàííîãî ñîñòîÿíèÿ îïðåäåëèì âòîðîå ïðè-áëèæåíèå íà÷àëüíîãî ïàðàìåòðà:

M2
01 = −P 2[

(

L+ U1
n

)

sin δ + V 1
n cos δ].Çäåñü âåðõíèå èíäåêñû îòíîñÿòñÿ ê ïîðÿäêó íàðàñòàíèÿ íàãðóçêè, íèæíèå èíäåêñû� ê íóìåðàöèè ýëåìåíòîâ (èíäåêñ 0 îçíà÷àåò íà÷àëüíûé ïàðàìåòð). Äëÿ òîãî ÷òîáûïîñòðîèòü êîí�èãóðàöèþ ñòåðæíÿ ïðè íàãðóçêå Pm , íåîáõîäèìî ïðîéòè âñå ïîñëå-äîâàòåëüíîñòè íàãðóæåíèé P k , ïðè÷åì êàæäûé ðàç íàäî îïðåäåëÿòü íà÷àëüíûéèçãèáàþùèé ìîìåíò, ó÷èòûâàÿ ïðåäûäóùåå äå�îðìèðîâàííîå ñîñòîÿíèå

T k
01 = −P k cos δ, Qk

01 = P k sin δ,

Mk
01 = −P klk[

(

L+ Uk−1
n

)

sin δ + V k−1
n cos δ], (30)ãäå lk � êîý��èöèåíò ðåëàêñàöèè (óìåíüøåíèÿ) íàãðóçêè, îïðåäåëÿåìûé â ïðî-öåññå âû÷èñëåíèé èç óñëîâèÿ ñõîäèìîñòè ïðîöåññà èòåðàöèé.Ïðîâåäåì ïðèáëèæåííîå âû÷èñëåíèå ïðîèçâîëüíîãî èçãèáà áàëêè ïðè ñëåäó-þùèõ ãåîìåòðè÷åñêèõ è ìåõàíè÷åñêèõ õàðàêòåðèñòèêàõ: ñèëà P k äåéñòâóåò ïîä



156 Þ.Ï. À�ÒÞÕÈÍ Òàáë. 2Ñðàâíåíèå òî÷íîãî è ïðèáëèæåííîãî ðåøåíèÿ
P k Up Q Ut Vp Q Vt θ◦p Q θ◦t

P 1 �0.012999 3 �0.012996 0.14636 3 0.14635 12.71 3 12.72
l1 = 1

P 2 �0.064967 4 �0.064837 0.32160 4 0.32128 28.65 4 28.62
l2 = 1

P 3 -0.15948 2 �0.15935 0.48837 2 0.48812 45.36 2 45.36
l3 = 1

P 4 �0.27446 2 �0.27386 0.61549 2 0.61483 60.21 2 60.16
l4 = 1

P 5 -0.38492 3 �0.38510 0.69955 3 0.69935 72.03 3 72.13
l5 = 1

P 5.5 �0.43723 6 �0.43426 0.73027 6 0.72629 77.2 6 76.85
l5.5 = 1 èíòåðïîë. èíòåðïîë. èíòåðïîë.

P 6 �0.48316 1 �0.48342 0.75358 1 0.75322 81.43 1 81.57
l6 = 0.98

P 7 �0.56851 1 �0.56752 0.78811 1 0.78723 89.07 1 89.06
l7 = 0.96

P 8 �0.63756 1 �0.6390 0.8093 1 0.8087 94.72 1 95.09
l8 = 0.96

p9 �0.71188 0 �0.70000 0.82369 0 0.82216 101.57 0 100.01
l9 = 0.925

P 10 �0.75200 0 �0.75247 0.83170 0 0.83046 103.78 0 104.09
l10 = 0.969óãëîì δ = π/4 íà áàëêó äëèíû L = 60 ñì ñ ìîäóëåì óïðóãîñòè E = 2 · 106êã/ñì2 ,ïðÿìîóãîëüíûì ïîïåðå÷íûì ñå÷åíèåì òîëùèíû h = 0.4 ñì è øèðèíû b = 0.8 ñì.Â îòëè÷èå îò òî÷íîãî ðåøåíèÿ, çäåñü åñòü âîçìîæíîñòü ó÷åñòü ðàñòÿæåíèå îñèñòåðæíÿ. Æåñòêîñòè âû÷èñëÿþòñÿ ïî �îðìóëàì

D = EIz , B = Ebh, Iz =
bh3

12
.×èñëî ýëåìåíòîâ ïðèìåì ðàâíûì n = 10 , ÷èñëî íàãðóæåíèé � k = 10 , ðàçáèåíèå íàýëåìåíòû � ðàâíîìåðíûì, s = sk = L/n . Òàê êàê �îðìóëà (30) îïðåäåëÿåò íà÷àëü-íûé ïàðàìåòð Mk

01 íà îñíîâàíèè ïðåäûäóùåãî (k−1)-ãî ïðèáëèæåíèÿ, åãî ìîæíîóòî÷íèòü, âû÷èñëÿÿ íåñêîëüêî ðàç çíà÷åíèÿ ïåðåìåùåíèé êîíöà êîíñîëè ïî �îð-ìóëàì (30) äëÿ íàãðóçêè P k . Â òàáë. 2 ÷èñëî ýòèõ óòî÷íåíèé îáîçíà÷åíî ÷åðåç Q .Òàêèå âû÷èñëåíèÿ óñïåøíî øëè ïî íàãðóçêå, âïëîòü äî ïàðàìåòðà íàãðóæåíèÿ
k = 5 . Ïðè èñïîëüçîâàíèè ýòîé ñõåìû äëÿ íàãðóçêè P 6 èòåðàöèè ïî íà÷àëüíîìóïàðàìåòðó ñòàëè äàâàòü ðàñõîäèìîñòü ïðîöåññà. Ýòî ñâèäåòåëüñòâîâàëî î òîì, ÷òîøàã ïî íàãðóçêå íåîáõîäèìî óìåíüøàòü. È äåéñòâèòåëüíî, óâåëè÷åíèå íàãðóçêèíà ïîëøàãà (øàã ðàâåí åäèíèöå) äàëî äëÿ íàãðóçêè P 5.5 ïðèåìëåìûå ðåçóëüòàòû.Äàëåå, óìåíüøåíèå øàãà íàãðóçêè áûëî ââåäåíî â �îðìóëó (30) ñ ïîìîùüþ êî-ý��èöèåíòà óìåíüøåíèÿ íàãðóçêè lk ñ ñîõðàíåíèåì ïåðâîíà÷àëüíîãî øàãà. Âñåäàííûå âû÷èñëåíèé ïðèâåäåíû â âèäå òàáë. 2, ñîäåðæàùåé òî÷íûå è ïðèáëèæåí-íûå ðåøåíèÿ. �ðà�è÷åñêîå ñðàâíåíèå òî÷íîãî è ïðèáëèæåííîãî îòíîñèòåëüíîãîïðîãèáà äëÿ ðàçëè÷íûõ íàãðóçîê ïîêàçàíî íà ðèñ. 6. Íà ýòîì ðèñóíêå ïðèáëè-æåííîå ðåøåíèå ïîêàçàíî êðóæî÷êàìè. Â òàáë. 2 ïðåäñòàâëåíû ïðèáëèæåííûå èòî÷íûå çíà÷åíèÿ îòíîñèòåëüíûõ ïåðåìåùåíèé U/L, V/L è óãëîâ ïîâîðîòà â òî÷êåïðèëîæåíèÿ íàãðóçîê P k , èíäåêñîì p ïîìå÷åíî ïðèáëèæåííîå ðåøåíèå, èíäåêñîì
t � òî÷íîå ðåøåíèå.



Ï�ÎÈÇÂÎËÜÍÛÉ ÈÇ�ÈÁ ÊÎÍÑÎËÜÍÎ�Î ÑÒÅ�ÆÍß 157Çàêëþ÷åíèåÊàê è ñëåäîâàëî îæèäàòü, ïðèâåäåííûé ïðèìåð ïðèáëèæåííîãî âû÷èñëåíèÿõîòÿ è ó÷èòûâàåò ñæèìàåìîñòü îñåâîé ëèíèè ñòåðæíÿ, òåì íå ìåíåå äàåò ñîâïàäå-íèå ðåçóëüòàòîâ äî äâóõ-òðåõ çíà÷àùèõ öè�ð. Êðîìå òîãî, ïðèáëèæåííûé ìåòîäñâîáîäåí îò ãèïîòåçû íåñæèìàåìîñòè ñòåðæíÿ, òî÷íîå ðåøåíèå êîòîðîãî â ýòîìñëó÷àå íåèçâåñòíî. Áîëåå òîãî, ïðèáëèæåííûé ìåòîä ìîæåò áûòü èñïîëüçîâàí äëÿðàçëè÷íûõ ðàñïðåäåëåííûõ íàãðóçîê, êàê êîíñåðâàòèâíûõ, òàê è ñëåäÿùèõ.SummaryYu.P. Artyukhin. Arbitrary Bending of a Cantilever Beam by a Conservative For
e.In this arti
le, a further development of our approximate method for analysis of thearbitrary elasti
 bending of a beam by for
es 
onstant in spa
e is presented. The bendingof the 
antilever by the 
on
entrated gravity load on its end is 
onsidered. A numeri
allyexa
t solution for ten values of the 
onservative load is obtained and 
ompared with thesimilar approximate solution. The bending of the 
antilever makes 0.8 of its length. A su�
ienta

ura
y of the results for engineering 
al
ulations is observed.Keywords: elasti
ity, 
onservative load, initial parameter, large de�e
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