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AnaHOTa U
OxapakTepu30BaHbl MHOT00Opa3us YHUBEPCAIHHBIX aaredp, palnoHaIbHO SKBUBAIEHTHBIE
MHOT000pa3usaM aJredp HaJl OrnepagaMu HaJl TPOU3BOJIHHBIMU BePOATHHBIMU KATETOPUSTMH.

KuroueBbie ciioBa: BepbaabHas KaTeropus, ormepaaa, MHOroobpasne aaredbp, parnoHaIb-
Has KBHUBAJIEHTHOCTH, CBOOOAHAs ayirebpa, CBODOIHAs omepaa.

BBenenue

OcHOBHOI TIebI0 HACTOSAIIEH PABOTHI SIBJISIETCSA MOJHOE JOKA3ATEIbCTBO OTHOTO
U3 JBYX pe3ysbTaroB, aHoHcupoBanHbix B [1]. JlokasaresbcTBO APYyroro pesysibrara
6b10 onybiukoBano B [2]. Bazepxkka ¢ nybiukaiueil Oblia BbI3BaHA PAOM 00CTOs-
TEJIbCTB, B TOM YHCJI€ TEM, YTO HEKOTOPBIE TYHKTHI JTOKA3ATEIHCTBA, KA3aBIINECs CHA-
Jaja MmoYTH OYeBHIHBIMHU, TOTpebOBammM Oojiee TIATEILHOW TPOPabOTKMA, W B KOHIIE
KOHIIOB MPEBPATUIINCH B yTBEPIKJICHUS, TPEICTABIAIONINE CAMOCTOATEIbHBIN HHTEPEC.
YacTabIM ClIydaeM OCHOBHOI'O PE3yJibTaTa, COAEPIKAIIErocs B § 5, MOXKHO CYUTATH pe-
3yabraTel paborsr [3] u [2, § 1].

s moOHMMAaHUs COMepKaHUsT pabOTh HEOOXOIUMbI HEKOTODBIE CBE/IEHUSI U3 TEOPUU
orepas HaJl BepbaibHBIMK KaTeropusiMu. VX MOKHO HaiiTh B paborax apropa [2-4] (cMm.
raksKe [5]). OCHOBBI TPAIUITMOHHON TeOPUH Omepas] (CHMMETPUYECKUX OTIePas, MiaH Y-
omepas) cojepxkarcs B KHUrax u obzopax [6-12].

Kparko onumeMm cozepzkanue paborsl. B § 1 npuBoagarcs u3BeCTHbIE CBEJIEHHUS O
BepOAJIbHBIX KATErOPUAX U JOKA3ZBIBAIOTCS HEKOTOPHIE TEXHUYECKNE PE3YIbTATHI, OTCYT-
CTBYIOIME B YIOMWHABIIUXCs BbIMe paborax aBropa. B § 2 ommceiBatorcss ¢cBOOOIHBIE
aarebphl B MHOr0OOpasmax ajaredp HaJ, 0OOOIIEHHBIMK OMepaJaMi — OrnepaJaMnu HaT
BepbambHbIME KaTeropusMu. B § 3 mokasbiBaercs, Kak mo MPOU3BOJIBHON BepOATbHOM
kareropuu W mozxkuo mocrpouts W -onepany. Ucnionb3oBannblii ciocod aBiisieTcs rae-
KO uaymm obobiienueM KoHcTpyKiuu u3 paborst [13]. B § 4 pesyabrar § 3 npumensiercs
JJTs mocTpoenus cBoboaubix W -onepas. Hakowerr, B § 5 maercs xapakTepu3anus MHOTO-
obpaswuit anrebp vaa W -omepajgaMn, paccCMaTPUBAEMBIX C TOYHOCTHIO /10 PAIHOHAIBHOM
SKBUBAJIEHTHOCTH, B TEPMHUHAX BBIJEJEHHBIX ONEpPAyii U TOXKIECTB.

OrMernm, 9T0 BCEe UCMOIBb3yeMble B HACTOAIIEH paboTe MOHITHS U TOJIYYeHHBIE Pe-
3yJibTaThl 001812107 MHOTOCOPTHBIMU (MYJIbTUKATEIOPHBIMU) aHajioramu. Buy Hejo-
CcTaTKa MECTa COOTBETCTBYIOIIHE (DOPMYJIUPOBKYM U JOKA3ATEIHCTBA HE TPUBOIATCS.
HexkoTopbie cBeiennsi 0 MHOTOCOPTHBIX BEPOABHBIX KATETOPUSIX U MHOTOCOPTHBIX OTIe-
pazax HaJa HUMH (MYJIBTHKATErOPUsAX) MOYKHO HaiiTh B [4] u [5].

1. Bepb6anbubie KaTeropuu

[IpuBesem HEKOTOpPbBIE OupeneseHus, 0DO3HAYEHU U Pe3ysbrarbl u3 paborbl [3].
IMycrs n > 0 — narypasubuoe uuciao. Beioay B nanbueiiimem [n] o6o3Hagaer MHOXKECTBO
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{0,1,...,n}. O6o3naunm yepe3 FSet mojkaTeropnio KATErOpMN MHOMKECTB ¢ 00beKTa-
mu [n], n > 0, mopduszmamu KOTOPOii dBJsAIOTCA Takue orobpaxenus [ : [n] — [m],
aro f(0) = 0, m f~1(0) = {0}. Kareropua FSet ob6manaeT KOHEIHBIME KOTPOU3BeE-
JIEHUSIMU, KOTOPbIE OMUCBIBAIOTC CJeAyionmM obpa3oM. Ecrecrsennbiii uzomopdusm
[n] U[m] — [n+m] orobpaxkaer i € [n] B i€ [n+m], j€[m],j>0-Bn+jecn+
+ m]. Mosromy ecam mauwr f : [n] — [m], g:[p] — [g], 7o fUg:[n+p — [m+q
neiictByer cienytonmm obpaszom: (fUg)(i) = f(i) mpu 0 <i<n, (fUg)(j) =m+g(j)
npu 1 < j <p.

Pasbuenuem HaTypaabHOTO YHCIA N HA M dacTeil B HacTosIeit pabore Oymer Ha-
3BIBATHCS HEYOBIBAOIIEe OTOOparkeHne Buga « : [n] — [m], apasmwomeecs MopduamMom
FSet. Yepe3 P 0603HAUNM KaTEropuio ¢ 00beKTaMu [n], 1 MHOXKeCTBaMu MOp(dU3MOB
P(n,m) = P([n],[m]), cocrosmmvn n3 BCEBO3MOXKHBIX pa3OMEHWH n Ha m dacreil.
Ias a € P(n,m) u ana seex 1 < i < m nonomum n; = |a~1(i)|. Torma a moxmo
OTOXKJECTBUATH C YHOPATOTIECHHON MOCTENIOBATENLHOCTBIO (11, ..., Ny) TEJBIX HEOTPHU-
HATEJbHBIX TUCET JJIUHBL 1M, TAKOii, 9T0 N + ...+ Ny = . DTUM 00BACHACTCS BHIOOD
repmuna. Ecim § € P(n,m), o € P(m,k), a = (mq,...,my), 70  MOXKHO 3amnncarhb
B BUJE (111, M mys---> Mh,1s- -3 Mkmy ) - LeIEPb KOMIO3HUIHIO v MOMKHO ONUCATD

mi mpy
KaK IOCJIeI0BATENBHOCTE (Y. Ny iy..., O Ng4). Bemm o € P(n,m), B € P(k,l),to
i=1 i=1

aUpB e P(n+k,m+1) (xora [n+ m| e ectb koupoussenenue [n] u [m| 8 P).

B kareropum F'Set cymiecTByioT TakzKe paccjoeHHble nmpou3seenns. Ham monamo-
OWUTCSA WX ABHBINA BUI B OJHOM YACTHOM CJIydae.

VeaoBuMes O CIeAYIONNX TepMUHaxX 1 obo3Hadennsx. Ilyctsh a m b — narypaabHbie
uncna. Ipn a < b nonoxnwm [a,b] = {a,a+1,...,b}, npn a > b monaraem [a,b] = &.
MuozkecrBa Buna [a,b] OyayT HA3BIBATLCH OMPEIKAMU.

Mycrs aw € P(n,m), f:[k] — [m] — mopdusm uz FSet. Paccmorpum pacciioentoe

npousBejieHue (JIeKapTOB KBAApaT) BUIA:

(0] X i (K] —2— [¥]
’”l fl (1)

JIemma 1 [3]. B xamezopuu FSet paccaoennoe npoussedenue (1) ycmpoeno cae-
dyrowgum obpazom. Ilyemv o = (ni,...,nm). Horazaem [n]Xpp[k] = [npay + - +
+ 1. dpu smom T3 cmanosumcs Heybb8aOusUM OMOOPANCEHUEM, KOMOPOE MOXHC-
no 3anucamv Kax (Ny), ..., Ngk)). IIpoexyua T onucvieaemca max: ee ozpanuvente
na Kaxcovli ompesor [nyqy +---+ngp_1) + 1,npay+ -+ ng)] ecmo neybmearouwan
bueryua na ompesox [ny +--- +ngiy—1 + L,ng + - +nppl, u T (0) =0.

B cydae, korga ny(jy = 0, 13 copMyIMpPOBAHHOTO BHITIE COTTIATITEHNS CIe/IyeT, 9To
oba orpeska mycTbl. B obmemM ciydae pedb uaeT O KOHEYHBIX JUHEHHO yHOPSI09eHHbIX
MHOXKeCTBaX, KazKJI0e U3 KOTOPBIX COCTOUT U3 7y(;) dAeMentos. [Ipu srom BhIpazkenue
N1y + -+ + Nyg(;) HANO NOHUMATE KAK » 71 Np(;), & N1 + -+ + Nyp(;) KaK ZL(JI) n;.
Ormernm, uTo mpu j = 1 mmeroTes B BUIAY OTPe3KM [1,npq)] w0 [ng + - 4 npy—1 +
+1,n1+'~+nf(1)].

[poexnuio my = (nf(1), .-, Ngk)) Oyaem obosHagaTh depes af, a MPOEKIHIO 1 —
gyepe3 f*«. Bamerum, uro f*o eCcTh HE YTO UHOE, KAK OAbEM « BIOJb f (MbI ciemyem
371ech TepMuHOIOrMM M obo3Hauennam u3 [14]). MuokecTBO [nf(1) + - - -+ N f()] MOXKHO

paccMaTpUBaTh KaK pe3ysabTar MpuMeHeHnst (hyHKTOpa 3aMeHbl 6a3bl, TO ecTh Kak f*[n].

Onpenenenune 1. Paccmorpum nogkareropuio W C FSet co Bcemu Temu ke 00b-
ektamu [n], MOpGhU3MbI KOTOPOU JIOJKHBI YIOBJIETBOPATH CJIEILYIONIUM yCIOBHUIM:
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1) Ecmm f,g € Mor(W), o fUg € Mor(W);

2) Ecm f : [k] — [m] ects mopdusm uz W, To mus moboro o € P(n,m) uMeer
mecro Biodenue f*a € W(f*[n],[n]).

Kareroputo W ¢ yKa3aHHBIMH BBIIIE JIBYMsI CBOHCTBaMHU OyIeM HA3LIBATL 6epOaAb-
HO.

VKaxKeM HeCKOJIHKO OUEBHUIHBIX TTPUMEPOB BepOABHBIX TIOIKATETOPHIi.

1. Tpusunansuas kareropus WlId, Mmopdusmbr KOTOPOit — TOXKIECTBEHHBIE 0TOOpa-
JKeHnst Buga [n] — [n] mnsg Beex n=0,1,2,...

2. Kareropuga ¥, B koropoii X(n,m) uycro upu n # m, a X(n,n) = X, — rpyuna
[IO/ICTAHOBOK 7N-i1 cremeHu. MoXKHO 1MOKa3arTh, 9T0 B Y. HE COJEPXKUTCS HU OJIHA Bep-
basbHas KaTeropus, 3a uckaodennem Wlid.

3. Kareropusi Mon, mopduszmamu KOTOPO#i ABAAIOTCS BCe MOHOMOPGDU3MbI (MHb-
exiun) u3 F'Set. Moxkuo mokaszarh, 9o Mon He COIEP:KUTCA HU B OJHOI BepOaIbHOM
Kareropuu, oTaugdHoi ot F Set.

4. Kareropus Epi, mopdusmMaMu KOTOPO#i gBJILIOTCA BCe 30UMOP(U3MbL (TO €CTh
ciopbekin) u3 FSet. Moxuo mokasars, 9to u Epi He COmep:KUTCA HU B OTHOI BEp-
banbHOIT KaTeropuu, oTandHoit ot F'Set.

5. Hakomner, Bcst kareropusi F'Set Takke siBjisiercst BepbaIbHOIA.

JIemma 2. FEcau {W;|i € I} - awboe cemelicmso eepbasvhux Kamezopui,
mo eepbasvholi asasemca u kamezopus (| Wy, xaacc mopdusmos romopoid ecmo
iel

() Mor(W;). Kak caedcmeue 9moz0, MHONCECEO GCET BEPOANLHHIT Kame2opuil A6-
i€l

AAEMCA NOAHOT, PEUWEMKEOT ¢ MUHUMAALHBM saemenmom WId u MaKcumMarvbrom sae-
menmom FSet.

JokazareabcTBo. OUeBUIHO. |

MoKHO TIOKa3aTh, 9TO PEIIeTKa BCEX BepOATbHBIX MOJKATEropwii Kareropnn FSet
HE MeHee 4eM CYeTHa.

Tak kak B kareropuu F'Set uzomopdubie 00beKThI cOBIAAAIOT, TO B auarpamme (1)
BCETJIa MMeeT MecTO paBeHcTBO [n] X milk] = [ngq) + -+ + nyw]. C yaerom sroro
JTOTIOJTHUM JIeMMy 1 CITeIyIONnM 00pa30M.

Jlemma 3. Ecau 6 duazpamme (1) nompebosams, wmobv, npoexyui o 0baa HeyObi-
6aI0UUM OTOOPANHCEHUEM, 6 02PAHUMEHUE NPOEKUUU T1 HA KAHCOuT ompesok [Ny +
+oe At npGo1),Npa) oo Np—1) T nf(i)] eCMb HEYOBLBANWAA UHBEKUUA, MO Ty =
=af :[npay+ -+ npwl — k], a mopdusm w1 odnosnauro onpedessemes uz smux
ycaosull kax 6eedennoe eviuse omobpasxcenue f*a.

Hoxkazaresnbcrbo. Cpasy nomaraem [n] X, [k] = [ngy+- - +nsu)]. U3 onpenere-
HUsI PACCIOEHHOTO MTPON3BEIEHNS CIEYeT, UTO CYIIECTBYET e IMHCTBEHHOE OTOOpasKeHne
o npay o Fnpm] — gy + - F 0wl co croitcTramm: T = fra, mp = fa.
Hocrarouno Oymer mokasaTh, 9T0 MPU CIETAHHBIX TPE/ITONOKEHUSIX (© — TOXKIECTBEH-
noe orobpaxenue. llonoxum k; = nygy+- -+ nypi_1). Torna us mep = fa u ycnosus
neyGbiBHIS To creayer my (i) = [ki + 1,kip1] ans xkawxmoro i, 1 < i < k, npu-
aeMm @([ki + 1, kix1]) = [k + 1, kiyq]. Teneps u3 me = f*a, ycnoBus HeyObIBaHUS
orpannuenns w1 Ha [k; + 1, k;41], MHbEKTUBHOCTH TOrO OrPAHMYEHUS U U3 AHATIOTHY-
HBIX CBOICTB f*« cienyer, uro orpanuuenue ¢ Ha [k; + 1, k;11] ecrb ToxkuecrBenHoe
orobparxkenne 11 Kaxaoro 4. CnemoBarenpHo, TO XKe caMoe BePHO s Beero . O
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CaencrBue 1. Cnpasedausol caedyrusue mooscdecmsa:

(fg)ra=(fra)(g™(af) [ (aB) = (f"a)"pB
(@B)f = (af)(B(f*e))  alfg) = (af)g

JokazaTeabcTBo. Buemnnit KOHTYp aAnarpamMmMbl

(Fra)fr] 22 pem) s
s ral /|
I ) I )
JIOJI7KEH COBIMAIATH C JMArPAMMOI
£ 25
f*(aﬁ)l fl
] —— [m]

DTO0 cjemyer, BO-MEPBBIX, U3 TOTO, UYTO BHEIIHWI KOHTYDP JAMArpPaMMbl, KayKIbIi KBa/I-
paT KOTOPOii €CTh JUarpaMma pacCJIOEHHOTO MPOU3BEIEHNS, CAM SBJISETCS TUarpaMMoii
PACCTIOCHHOTO TTPOU3BEICHNUs, & BO-BTOPBIX, U3 JEMMbI 3. AHATIOIHYHO JOKA3BIBAIOTCS U
JIpyTHe paBeHCTBA. O

2. CBob6oanbIe ajredbpbl HAJ ollepaJjaMu

[TpueeieM HEKOTOPBIE OTpe/IeeH st, O0O3HAYEHNS U PE3yIbTATHI n3 [2].

Onpenenenne 2. Ilycte W — Bepbanbnas kareropus. Paccmorpum xosapuanm-
nou pyakrop G w3 kareropnn WP B kateropmnio MHOXKecTB. Bynem mucars G(n) Bume-
cro G([n]), [n] € Ob(W), u fz Bmecto G(f)(x), rme f € WP ([m],[n]) = W([n],[m]),
x € G(n). I'padyuposarnot W -noayzpynnod OyneM Has3bBaTh (DYHKTOP, OOMATATONIN
CJIEJIYIONIAMU JTOTIOJTHUTETbHBIMA CBOCTBAMME:

1) ans mo6six [n], [m] € Ob(W) onpenenenst onepanun G(n) x G(m) — G(n+m),
(z,y) — z -y, Takme, uto = - (y - 2) = (v - y) - 2 Aag Beex BO3MOKHBIX = € G(n),y €
€ G(m),z € G(k);

2) ecnm pamer f € WP([n'],[n]), g € WP([m/],[m]), 1o (fx) - (g9y) = (f x g)(z - y)
(3ameTnMm, 9TO 3/1ECh UCMIOIL30BAHO pou3BeaeHue B WP | COOTBETCTBYIONIEE KOMPOU3-
Besenuio B W);

3) ecmu mamnl g; € G(nj),j=1,2,...,m,u a = (ny,...,Ny,) — pa3duenue, T0 a1
moboro f € WOP([m], [k]) mmeer mecTo paBencTBO (f*a)(g1-.. . Gm) = Gf(1) - If (k) -

Omnpenenum Taxxke zomomopdpusm h : Gy — Go rpagyupoBaHHBIX W -mOITY-
IPYII KaK €CTeCTBEHHOe mpeobpasosanue (GyHKTOPOB (CeMeHcTBO 0ToOpaskeHuit h, :
G1(n) — G2(n)) Taxoe, 1r0 Ans Bcex x € G(n), y € G(M) uMeeT MeCTO PaBEHCTBO

IIpumep 1. Badwukcnpyem muokectBo X . Tormga coorBercreue [n] — X™ ecthb rpa-
nyupoBannas F'Set-monyrpymnima B CMBICIE TOJBKO 9TO JAHHOTO onpeenerus. DyHKTop
[n] — X™ kak kourpaBapuaHTHbli PyHKTOp Ha FSetl nelictByer cieayonmmM 06pasoMm.
Ecrn mamo orobpaskenwe f : [n] — [m], To oTobpaskenme X/ : X™ — X™ comocras-
ageT CTpoke T = (T1,...,%y) € X™ ctpory Tf = (Tf(1),.--,Tf(n)). Ipeppamas
9TOT (PYHKTOP B KOBapUAHTHBIN (hyHKTOp U3 WP  Oymem 3amuchiBATh PE3yJIbTAT PaC-
CMOTPEHHOIO TOJLKO YTO OTOOpaxkeHud Kak [T. YMHOoxkenme X" x X™ — Xntm —
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9TO MPUMUCHIBAHNE CTPOK JPYyr K npyry. Bce croiicTBa w3 omnpeeseHus rpagyupo-
BauuO# F'Set-momyrpymnnbl TPOBEPAIOTCS HEMOCPeICTBEHHO. KOMIIOHEHThI rpayupo-
BauuO# F'Set-nonyrpyIibl, MOCTPOEHHON B 3TOM mpumepe, OygeMm ob03HAYATH depeld
T™(X), uMest B BUIY aHAJOTHIO C TEH30DHBIMHU CTeTeHsIMH MOmyssi. Takum o6pasom,
T™(X) = X". Bea rpaaynpoBaHHasi oayrpyrma obosHadaercs depes T(X).

Teopema 1. [2] ITycme R — nexomopas W -onepada, G — epadyuposannas W -
noAYyepYnNa.

o)
1) Pacemompum mmoorcecmeo RG = || R(n) x G(n). Ha nem ecmecmeenmvim
n=0

00pa3om ModHcHO onpedesumsd cmpykmypy aszebpv. Had R Kxax wecummempuueckot
onepadoti (6 nawet mepmunonoeun — WId-onepadoi).

2) Paccmompum ronepysnuyuto O 6 anzebpe RG, noposcdenmnyro 6cemu 3K6u6a-
aewmuocmamu euda (fz,g9) = (x, fg), ede f € W([n],Im]), z € R(n), g € G(m).
Tozda gaxmopanzebpa Ry G = RG /O obaadaem ecmecmeennotli cmpykmypoti anzebpoy
nad W -onepadoti R.

3) IIpu smom coomseemcemeue G — Ry G cmanosumcs GynEmopom u3 xkamez0pu
epadyuposarnur W -noayzpynn e xamezopuro Alg(Rw ) anzebp nad W -onepadoti R.

3ameuanue 1. Omnucannas B 3T0# Teopeme KOHCTPYKIus ajaredpsl Ry G ecTh He
9TO MHOE, KaK TeH30pHOoe nmpon3eesenne GyunkTopos R n G B cmbice [15], [16, Chapter
VII, § 2]. Mbl ucnonbsyem yupouienuyto 3anuch: RG (unu Ry G) Bmecto R® G (wiu
R ®@w G) BBUIy TOrO, 4TO PACCMATPUBAETCHA JOCTATOYHO cHelubUIecKuil 4acTHBIR
caydaii.

Teopema 2 [2, Teopema 1.4]. ITycmv R — nexomopas W -onepada, X — mno-
ocecmeo. Toeda RwT(X) ecmv ceobodnas anzebpa ¢ basucom X 6 MH02000pasuy
Alg(Rw) anzebp nad R.

B nanbHeitiem cBoGomuyio anredbpy ¢ 6asucom X B MHOrooGpasum Alg(Ry) Mbl
Oymem obosmatars uepe3 Frp w(X).

[IpuBenem ere HekoTOpBIE 00ITHE (PAKTHI O TOXKIECTBAX W CBOOOTHBIX anredpax B
npousBosbHBIX ()-anreOpax. Ouu norpedyorcs Ham B § 4.

Hnsa npomssomsroit A € Alg(Q)) momoxum O4(X) = {(t1,t2)[t1,t2 € Fro(X),
h(t1) = h(t2) mas mo6oro romomopdusma h : Fro(X) — A}. D10 KOHrpysHIHS
Ha Fro(X), to ects Q-momanreGpa amrebper Fro(X) x Fro(X), asasomasics or-
HomenueM dkBuBasienTHOCTH. KoHrpysuuus O 4(X) enoane unsapuanmua, 10 €CTh
ecm h : Fro(X) — Fro(X) — xakoit yroguo samomopdusm u (t1,t2) € O4(X), To
(h(t1),h(t2)) € ©4(X). Bonee toro, ecnim h — romomopdusm u3 Fro(X) B Fro(X)
u (t1,t2) € ©4(X), 10 (h(t1),h(t2)) € O(Y). Dumementsr ©4(X) ecrecTBeHHO Ha-
3BaTh moosicdecmeamu A B andasure X . O6paTHO, MyCTh TaHO HEKOTOPOE CEMEHCTBO
E map 97IeMeHTOB (z14,%2,) € Fro(X;) x Fro(X;), ¢ € I. Ompenenum Var(Z) kax
nosHyo nojkareroputo kareropuu Alg(€2), o0bekTbl KOTOPOil — Bee Te asuredpbl, /s
KOTOPBIX 3JIEMEHTHI MHOXKECTBA = sIBJISIOTCSA TOXKAecTBaMu. Ham Oyaer y100HO NPUHATE
TaKoe ONpeiesieHne MHo2000pasus §)-anzebp: 3TO HemycTasi MOTHAS TOJKATErOPHST KaTe-
ropun Alg(Q), 3aMKHyTasi OTHOCHTEIBHO B3SATHSI MOAAITEOD, TOMOMOPMHBIX 00PA30B,
U TIPOM3BOJILHBIX TPSIMBIX Tpon3Benenuii. Hemycras monnas nogkareropuss M karero-
puu Alg(f)) asngerca muoroobpasuem 2-anrebp Torga u TOJIBKO TOraa, Korga M =
= Var(Z) nna sekoroporo = (reopema Bupkroda). [Tonoxkum Oy (X) = () O4(X).

AeM

D70 BIIOJIHE MHBAPUAHTHAST KOHTPYIHINS Ha cBoboaHOi anrebpe Fro(X). Coorsercreme
X — ©p(X) saBastercst byHKTOPOM, U 60JIee TOTO, [JIst KayKI0r0 romoMopdu3Ma h u3
FI‘Q(X) B FI‘Q(X) ecan (tl,tg) (S @M(X), TO (h(tl),h(tg)) S @M(Y)
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Crobonnas anre6pa Frp(X) muorooGpasusi M ¢ Gasmcom X — 3ro dakropal-
rebpa Fro(X)/On(X). Kaxaoe moroobpasue MoxkHO mpefcrasuth B Buge Var(Z)
s Hekotoporo = C Fro(X) X Frz o(X), npudem MHOXKecTBO X MOMKHO BBIODATH
cuernbiM. [Iyist takoro X 3amanue Frps (X) (nam, coorsercrerno, O /(X)) momHoCTHIO
ompeesisier MEOTOOOpasue M .

3. Omepanapl, cTpodmiyecs Mo BepOaJIbHBIM KaTeropusam

B srom maparpade Oymer mokasaHo, UTO MO KaxKI0# BepOAIbHON KaTerOpuu ecre-
cTBeHHBIM 00pa3oM MOKHO moctpouth W -omepamy. Merom mocrpoenus Oyaer Tak:ke
UCIIOJIB30BAH B CJieayiomieM maparpade mis nocrpoerus cBobomabix W -omepa,.

[Iycts W — npowu3BonbHas BepbasibHast kKareropus. s kaxaoro m > 0 moaokumM

OW (m) = H W([k], [m]).

k>0

Teopema 3. Cemeticmeo OW = {OW (n)|n > 0} obaadaem ecmecmeennoti cmpyik-
mypot W -onepadoi.

JokazareabcTBo. Onummem, Kak yCTpoeHa omnepagHas kommosumms B OW.
Iycrs f € OW(m), g; € OW(n;), 1 <i < m. 10 03HAUAET, 9TO 3a7aHBI MOPGhU3MBI
kareropun W Bunma: f : [k] — [m], g; : [li] — [ni]. Honoxum a = (n1,...,nm) €
€ P(ny + -+ + ny,,m). Torma no onpeznenenuto

far. gm = (ffa)(gray U - Ugrm))- (2)

Cornacuo ompesnenennio BepOATHHON KATErOPUHE B MPABOH YacTH paBeHcTBa (2) moy-
gaerca Mopdusm kareropun W, umeromuit B [lpqy + -+ + Ly — [n1 4+ + 0,
t0 ectb snemenT OW(ny + -+ + n,,). Exnanna onepagst OW — 310 TOXKIECTBEHHBIH
mopduam uz W([1],[1]) € OW(1).

Crpykrypa W -onepazbl 3amaercs ciaeaywomumM oopasom. Ilycrs w € OW(m), To
ectb dakrudecku w : [k] — [m] — mopdusm kareropun W. Paccmorpum mopdusm
kareropuu W Buga f : [m] — [n]. Torna cymepnosunusa f - w Gyzer mopdusmom
[k] — [n], To ecTb 3memerntom OW (n). OnHaKO B COOTBETCTBUH C MPUHSATHIMU B TIPE/THI-
Jymux paboTrax aBropa 0603HaueHusIMHU (CM. [2]) MBI JOJIPKHBI TPEBPATUTH COOTBETCTBHE
[n] — OW(n) B koHTpaBapnaHTHBI GyHKTOp HA Kareropun WP | nBoiicTBEHHON K Ka-
reropur W . A 3T0 3HAYUT, 9TO «yMHOXKEHHE» [ Ha W JOJZKHO NPOM3BOIUTLCA CIPABA.
Takum obpazowm,

MpUYEM B JIEBOI YaCTH 3TOrO paBeHCTBA f mMOHMMAaeTcs Kak Mopdusm kareropuu WP,

JlokazaTeabCcTBO TOTO, 9TO TakKMM oOpaszoM mosydaercsa W -omepana, WCIOIb3yeT
TOXKIECTBA, CHhOPMYTUPOBAHHBIE B CJIEACTBAN 1, U emie psij MOJOOHBIM MM TOXKJIECTB,
KOTOPbIE OYyT yCTAHOBJIEHDBI B MPOIECCE JOKA3ATETHCTBA TEOPEMBI.

Haunem ¢ acconuarusuocru komnosuimu (2). Ilycrs nanbt mopdusmber W osuzpa f :
(k] = [m], gi: [l:] = [na], iy : [vig] — [uigl, 1 <i<m, 1<j<mn;. 1o oznauaer,
aro f € OW(m), g, € OW(n;), h;; € OW(u; ;). HMomoxum o = (n1,...,nm) €
€ P(ni+--+nm,m), Bi = (Ui, Uin,) € P(uin+---+uin,ni), B=051U--UBp,
hi =hi1...hin,. Tpebyerca nokasarb paBeHCTBO

Borancium sesyio u npasyio dactu (4). Iycrs r = fgq...¢gm,. Cornacuo (2) npasas
gacrb pasua (r*f)h, rae asubiii Bug h Oyxer yrounen Huke. SIBHBbI BuJ r TakoB:
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r = pq, tae p = ffa, ¢ = grayU--- U gsr . Torma no caencremio 1 (pg)*f =
= (p*B)(q¢*(Bp)). Hanee, cornacuo caencrsuo 1 p*f = (f*a)*s = f*(af). lycrb

ni Nom,
v = off, 370 — pasbueHue, KOTOPOe MOMKHO 3AMUCATH B BUAE (). Ul j,..., 2 Um,j)-
=1 j=1

Hanee, Bp = By U UPBsr) . Takum obpazom, ¢*(8p) = (gpayU---Ugpm) (Bray U
-+~ Bf(r)) - Temeph mam HEOGXOAMMO TOKIECTBO

(GryU - Ugpa) (BrayU---UBray) = ((9r)) Bry) U U ((gri) Brry)

ABJIAIONIEECs CJEICTBUEM TOIO, YTO B KATErOPUU MHOXKECTB KOIIPOU3BeJeHHe (TO eCTh
HECBA3HOE OKOMIIOHEHTHOE 0Obe/IMHEeHNe) JeKaPTOBBIX KBAIPATOB CHOBA SIBJISETCS J1e-
KapTOBBIM KBA/JPATOM, & BLIPaxKeHus (g (;))* Bf(;) ONPEeNA0TCa ¢ IOMOIIBIO J1eKapTo-
BBIX KBAJApaToB Buaa (1), u COrIACHO JleMMe 3 UMEeT MECTO €IMHCTBEHHOCTD MPOEKITHit
MPU OTPEJIEJIEHHBIX YCJIOBHUAX, KOTOPBIE B JIAHHOM CJIyYae BBIMOJTHSIOTCS OYEBUTHBIM
obpazom.

Hasiee, IpSMbIM BbIYUCIEHUEM MOXKHO yOeauThCs, YTO ONPEIeJIeHHOe COrJIacHo (2)
oTobpazkenne h TakOBO:

h=hsaygpaa U Uhpa)gra o) U Whpg),gre @ U Uhpg),gn )
Cobupas Bce pe3ylbTaThl BBIYUCICHUNA BMECTE, MOJIydaeM, 9TO JieBasd 4acThb (4) paBHa
(f*)(diU---Udg). (5)

Bmecy di = ((97()"Br0)) (R, 9701 U U hsi),g50 (15)) mPR BCOX 4, 1 <@ < k.
Baitmenmcst ipapoit wactwio (4). Ilo onpenesnennto (2)

Cy = gihi,l ce hzn = ((gi)*ﬂi)(hi,gi(l) b---u hi,g,-,(li))))'

9rto — oTobparkenne u3 [v;4,(1) + - -+ Viganl B [ui1) + 0+ Uip,]. Hostomy To
pa3buenue, KOTOPOE BO3HUKAET BCJIeACTBUE HpuMeHenus (2) K mpasoil actu (4), ecTb
(1,1) + - F ULy e ooy U1y + 50+ Umpy, ) - DTO HE UTO HHOE, KAK yIKe TOABHBITCCCH

panee pazouenne v = . Orciona

f61 e Cpy = (f*"y)(Cf(l) [ Cf(k))

Bcenomunast BeIMUCAHHBIA BBIME SBHBIA BUJ ¢;, yOexKIaeMCsl, 9TO MOJYyHAIOCH TO 7KE
camoe BbIpazkenue, 910 u (5). ACCONUATUBHOCTDH ONEPAJHON KOMIIO3UIIUU TEM CAMbBIM
nokazana. CBOiCTBA ONEpaHOM € IMHAUIBI — TOXKIECTBEHHOTO 0Tobpazkenus [1] — [1] —
MPOBEPAIOTCS OYEHB JIETKO.

[Mepeiimem k cpoiicrBam, onpenensitormum OW kak W -onepasy. st ynobcrea pas-
smaenns dnemeaToB OW u mopdusmos W neckosbko m3mennm obo3uadenus. [lycts
&1 [k] = [m] (Mopdusm uz W) paccmarpusaercs kak snemenr OW(m), u ananorud-
HO w; @ [s;] — [l;] (Takxke mopdusmber W) paccmarpuBaiorcs kKak snementst OW(1;),
1 <i < m. Paccmorpum Takxe f; : [I;] — [n;] — Mmopdusmbel W, KoTOpBIE MOHUMAIOTCS
TonbKO Kak Mopdusmbl W. O6osnaunMm 4epe3 « pasbuenne (ni,...n,,) w depes [

pasouenue (l,...,l;,). Heobxonumo noka3arh paBeHcTBO:
§(w1f1)...(wmfm) = (Ewl...wm)(fl |_|---L|fm). (6)
31ech BhIpakeHus BUIA w;f; MOHUMAIOTCH B cMmbicie (3), TO ecth w;f; = fi - w; —

cynepmo3unus oTobpaxenuit [s;] — [I;] — [n;]. AHAIOTHYHO HA/IO MOHUMATE U IIPABYIO
gactb (6). Cmenas Bce 3aMenbl coryacHo (3), mogydnm B JieBoit gactu (6)

Ewif1) .. (Wmfm) = (") ((fer) - wey) U+ U (fe(m) - Wem))) = (7
= (& a)(feqy U+ - U fem)) (we(ny) U=+ U Wem))-
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Bropoii u Tperuit 4jgeHb! 3TOM MEMOYKN PABEHCTB — O0BIYHBIE MOPGU3MBI W ¢ OOBIYHBI-
MU CyIEPIO3UlugMu (TO €CTh HE HAJ0 HUYero lepeBopaunBarh). Tenepb Bocosb3yemcs
HENoCPeJICTBEHHO TPOBEPAEMbIM TOXKIECTBOM:

) (fey U U fem) = (Ll U fm)(E0).

C yuerom 3toro toxkzaecta (a Tak:ke (3)) OymemM UMeTh CJIeIyOIIee TPOJIOJIKEHIE Pa-
Bencrea (7):

Ewifi) o (Wmfm) = (frl- U fm)(EB) (wer)) U Uwemm)) =
= (flu---l_lfm)-(«fwl...wm):(§w1...wm)(f1u---l_lfm).

Takum obpaszom, pasencrso (6) mokaszano. [locsennee paBencTBo, KOTOpPOE HEOOXO-
JINMO YCTAHOBUTH, BBITJISIAT TaK:

({f)wl oW = (fwf(l) . .wf(k))(f*a).

Baeco & : [l] — [k] — anemenr OW (k), f:[k] — [m] — mopbusm W, w; : [s;] — [ni] —

asemertsl OW(n;), 1 <i<m, a = (n1,...,Ny,), Boipaxkenus Buaa &f NOHUMAIOTCs
kak {f = f-&. C ydgeroMm cKazaHHOrO MPOBEEM CJIEIyIONIne Mpeodpa3oBaHUs:

EHwr.cwm = ((f - ) (wreqy U Uwreay) =
= ([Ta) - (€ (af)) - (wreay U Uwpey)) =
= f*a) . (fwf(l) .. ~Wf(k)) = ({wf(l) .. .wf(k))(f*a).

Teopema goxkazana. O

3ameuanue 2. 3amerum, uaTo ecau W = ¥, TO mMOJIy9aeTcs XOPOIIO H3BECTHA
omepaja cumMerpudecknx rpynm, eciu W = WId, To nmomydaercd Tak:Ke W3BECTHA
omepaa, Bce KOMIOHEHTHI KOTOPOi — OTHOdIEMEHTHBIE MHOXKECTBA. B OCTaNIbHBIX CITy-
Jagx, MO-BUAUMOMY, TIOTYIAIOTCS HOBBIE OMEPAJIbI.

4. CBoboaHble oTlepaabl

IMycrs Q = {Q,|n = 0,1,...} — Hekoropasi curuarypa. Bymem mpezmonaraTh n3-
BECTHOl CTAHJIAPTHYIO KOHCTPYKINIO aaredpobr ()-cyioB ¢ 6a3mcom X, TO €cTh CBOOOI-
Hoit anrebper Fro(X) B muoroo6paszuu Alg(Q)) scex Q-anrebp. Byumem npemamnonarars
TaKyKe M3BECTHBIM CJIeIyIomee CBOHCTBO §2-coB. JOmyCTUM, 9TO s JAHHOTO CJIO-
Ba z € Frq(X) B3arbl Bee cioBa u3 ), BXojsdliue B 3alHCh 2, U U3 HUX COCTABJIEHO
CIIOBO W, MOPSAIOK CIEJIOBAHWS CHMBOJIOB B KOTOPOM TOT YK€ CAMBIH, 9TO W WX BXO-
JKICHUI B CI0BO z. ECam 3TO CIOBO OKasKeTCsA MyCTHIM, TO 0603HAMHM €Tr0 [epes €.
JomycTuM TakyKe, 4TO aHAJOTMYHBIM 00pa30oM (TO €CTh € COXPAHEHUEM MOPSIKA CJle-
JIOBAHWSA) W3 BXOJSANINX B 3alUCh W CAMBOJOB U3 MHOXKECTBA X COCTABJIEHO CIIOBO T.
Torzma 1o nape cioB (w,T) CJIOBO Z BOCCTAHABJIUBAETCH OJHO3HAYHO. DTO JIETKO CJIEIy-
eT U3 IpecTaBIeHus §)-C/I0B BUIE TIOMEUYEHHBIX KOPHEBBIX JIepeBheB (HabpOCOK TAKOTO
MpPEJICTABIIeHNsI JIJIT MHOTOCOPTHOTO cjiydast MOXKHO Haiitnm B [6, ra. 2]). CumBon w
HazoBeM ()-komnonenmoti CIOBA z, a CIOBO T — X -womnowenmoti z. Taxkum obpa-
30M, MOKHO MCHOJIb30BaTh [ CJIOBa z aJlbTEePHATHBHBIN CIIOCOD 3alucu B BHJE WT .
Mgt 6yieM (SIBHO WM HESTBHO) YACTO TOJB30BATHCS 3TOH BOZMOKHOCTBIO.

[Tycrs muOKecTBO FOqQ(N) COCTONT U3 BCexX aJeMeHTOB z € Fro(z1,...,%y), B KO-
TOPBIX TIOCJIE OTIMCAHHO BBIE MPONEAYPHl T = I1 ...T,. B 3TOM ciydae CJIOBO 2z OJ-
HO3HAYHO BOCCTAHABIMBALTCA MO CIOBY w B andarute (). Bymem ncrnoab3oBaTh 3ammch
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Buna z = z(21,...,&y) = 2(T), 4TOOBI UMETH BO3MOXKHOCTH J€JIaTh TOJCTAHOBKH BMe-
CTO «HEPEMEHHBIX»> X1, ...,T, Apyrux 2-cuaos. [Iycrs a = a(z1,...,2,) € FOq(m),
bi =bi(x1,...,2n,) € FOq(n;), 1 <i<n. Ionoxkum
ab1 . bm = ab1 . bm(xl, ey Ty s Ty gy 11y e ,J)n1+...+nm71+nm) =
=a(br(@1,- - @y )y b (T 4L Bt fn)) - (8)

Jlerko 3aMeTHTh, YTO Pe3yJabTaT Toil onepaiun npuaaIexuT MEOKecTBY FOq(ng +
4+ .4 nm)

Teopema 4. Onpedeaennoe evwe cemeticmeo FOq = {FOq(m)lm = 0,1,...}
¢ onepayueti komnozuyuy (8) asaaemes c6060dnoti WId-onepadoti ¢ basucom §.

HokazareanctBo. To, uro FOq asaserca W Id-omepaoii, IEMrKO TPOBEPSETCS
¢ nomorpio (8). Pomnb ennnnner urpaer snement xp € FOq(l) C Fro(z1). dror s7e-
MEHT MpPH OMHCAHHOM BBIIE pa3aeneHun {2-cioB Ha {)-KOMIOHEHTHI B Ha X -KOMIIO-
HEHTBI MOYKHO OTOXKIECTBUTD C €. PaccMoTpuM /71t Kaxka0ro n orobpazxkenne &, : (), —
— FOgq(n), conocrapisioniee 3J1eMEHTY CUIHATYPbl W CJIOBO W1 ...IT,. LloKaxkeMm,
aro ajs Kaxkaoit Wld-omepamst R u jr000ro cemeiictBa oTobpazkeHuit X, : ), —
— R(n), n=0,1,2,..., cyIlecTByeT OJHO3HAYHO OMPEIeNeHHbII TOMOMODPMU3M orepa
¥ FOq — R takoii, uro Y& = x (10 ectb Uy Xn = &, Ul KaXKIOro ).

Paccmorpum csoGoaubie B Alg(R) anreGpbt

Frp(ay,...,zn) = [[ R(k) x {z1,..., 20}
k=0

Snementsl 7 € R(n) MOXKHO OTOXKIECTBJIATH C 3JT€MEHTAMHE
rey ... oy = (r,x1...2,) € R(n) X {x1,...,2,}" C Frr(z1,...,z,),

rak 4r0 R(n) C Frr(zy,...,x,). CemeiictBo orobpaxkenuii X, : 2, — R(n) Bmecte
¢ OTOOparKeHUIMA BHUIA

FrR(mla"wxn) x A" — Aﬂ (u(xla"'axn)aala"wan) = u(ala"'7an)a

e A ectb R-anreGpa, MO3BOJSIET ONPENETUTh Ha Kaxkaoil R-amrebpe cTpyKTypy
Q-anrebpol. Ucnonb3ys Briouenus {x1,...,o,} C Fro(zi,....x,) u {z1,...,2,} C
C Frr(z,....x,), HOIy4aeM OJHO3HAYHO ONpejejeHHble ToMOMOpdu3Mbl {2-aiareGp
Fro(zi,....zn) — Frr(z1,....z,). Orpannuenus stux romomopdusmos na FOq(n)
" OyIyT NCKOMBIMY KOMTIOHEHTaMu v, romomopdusma onepas FOq — R, ya0BI€TBO-
pATOIero TpebyeMbIM YCIOBUSIM. O

B caenyromeit Teopeve (u B § 5) Oymer MCIIOJIBb30BATLCH IOHATHE PAUUOHAALHOU
IKBUBAAEHMHOCTIU MHOTOOOPa3Nii, BBenenHoe B [17]. CoBpeMeHHOe M3JI03KeHne MOYKHO
wafitn B [18, ru. 1].

UzBercuo, gro mus noboro MHoxkecrBa A MOXKHO onpefenuth onepaiy Fa,
nosarast komrnoneuty F4(n) paBHoil MHOxKecTBY Bcex orobpaxenuit uz A™ B A.
Oro FSet-onepana (a 3Ha4UT, €e MOMXKHO CUMTATh OHEPAJNON HaJ J00OI BepOaJib-
noit kareropueit W). Ilycte R — mekoropas W -omepaga. Xopoiio u3BecTHO (U Jier-
KO MOKA3bIBAETCA), U4TO 3a7anue Ha A CTpyKTypbl R-aarebpbl pABHOCHIBLHO 33aHUIO
romomopdusma W-onepanx R — E4.

JIemma 4. Mnozoobpasus Alg(FOq) u Alg() payuonasvho 3K6u6aAEHMHDL.
B wacmnocmu, moocHo omootcdecmeaams c60bodnvie FOq -arzebpvr u c60600Hbie () -
anzebpb.
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JokazaresabcTBo. fcHo, uTo 3amanne Ha ajaredpe A CTpyKTyphl 2-anrebpbl pas-
HOCUJIBHO 3aJanuio i Bcex n > 0 orobpawxkenuit 2, — FEa(n). Ho no onpenue-
senuio cBobomuoit W ld-omepaansl ¢ 6a3ucom () 310 PABHOCUIBHO TOMY, YTO 3aJaH
romomopdusm W-onepanx FOq — E4. Takum 00pa3oM ycTaHABINBAETCS B3aUMHO-
OZIHO3HAUHOE cooTBeTCTBHE Mexay anreGpavn n3z Alg(Q) n u3 Alg(FOq). Iposepka
TOTO, 9TO 3TO W30MOP(MU3M KATErOpuii ¢ HEOOXOIMMBIME CBONCTBAMU, HE MPEICTABIISIET
3aTpyaHeHuil. YTBepxKaenue 06 OTOXKIeCTBIeHUU CBODOAHBIX airebp caemyer u3 [18,
reopema 1.2.1, c. 27]. O

[Mocnennee yrBepxkaenue 3TOH JIeMMbl OyI€T UIPATh B JAJHHEHIIIEM BayKHYIO TEX-
HU9IecKkyio posib. OHO 03Ha9aer, 9To BMeCTO CBODOIHON asnredbpwl Fro(X) Mmbl Beerma
mozxkeM Oparb anrebpy Frro, (X), Koropas, Kak y»Ke BbIACHHIOCH B § 2, uMeeT BU/I

I[ 70an) x x.
n=0

Takum 06pa3om, Kaxkablii asemenT Fro(X) monyckaer odnosnaunoe mpecTaBieHmne
B Buzge (w,(x1,...,2x)), tae w € FOq(k), z1,...,2, € X. Obo3nauast (x1,...,Tx)
gepe3 T, OyJeM 3amuchiBaTh 3TOT JEMEHT B BUJE€ WT, OMyCKas CKOOKM U 3amdThIe.

[Toctpoum Temeph CBOOOIHBIE OMEPAILI HAJ MPOU3BOTBLHBIMA BEPOATBLHBIMU KaTe-
ropusivu. Haunem c ommcanus oaHOM 00mielt koucTpykmuu. [lycts W — mexoTopast
BepOasibHas Kareropusi, R — nexoropas Wld-onepana. Onpenenum cemeiictBo RW =
={RW(n)ln=0,1,2,...} caeayromum o6pa3om:

RW(n) = H R(m) x W ([m],[n]).

m<0

OnepagHast KOMIO3UIKS OLHPEIETISIETCA TaK:

(’LU, f)(wl,gl) .. (wm,gm) = (wwf(l) c Wk, (f*a)(gf(l) .-y gf(k)))

3necy w € FOq(k), wi € FOq(ks), f € W([k],[m]), gi € W([ki],[ni]), 1 < i <m,
a=(n1,...,nm). Crpykrypa W -omepaspl 3a1aeTCsi paBEHCTBOM

(U}, f)g = (wvgf)'

Bmecr w € ]:OQ(]C)a VIS W([k]’[n])v g € W([n],[m]), gf — cynepnosumusa B W C
C TSet.

Hns kaxgoro n onpeneneHo orobpazkenue 7, : R(n) — RW(n), conocrasmisio-
mee sseMeHty a € R(n) snement (a,id) € R(n) x W([n],[n]). Yepe3  : R — RW
0003HAYNM BCE CEMEHCTBO OTOOPAKEHHU 1), .

Teopema 5. Onpedesennoe euue cemeticmeo RW saeasemces W -onepadot, a ce-
meticmeo 1 — 2omomopdpusmom WId-onepad. Ilpu smom ewnosnsemcs caedyrouee
ynueepcasvroe ceoticmeo. s arwbot W -onepador O u npouseosbrozo 20MomopPhusma
WId-onepad £ : R — O cywecmsyem, npumom moavko 00uH, 2omomoppusm W -one-
pad p: RW — O maxot, wmo & = pn.

Joka3zareabcrBo. [IpoBepKka CBONCTB onepaanbl B 3HAYATEIHLHONW CTEMEHH OMUpa-
ercss Ha JIOKA3aTeabCcTBO TeopeMbl 3. To, 9T0 He cleayer u3 3TOro JI0KA3aTelbCTBA,
ycranaBiauBaercs jgerko. Q4ueBuaao, 910 1) ecth roMmomodusm Wid-onepan. Tomomop-
dbuszm p crponres caeayrommm obpasom: ecan (w, f) € R(k) x W ([k], [n]) € RW(n), To
pn(w, f) = & (w)f. TIposepka Toro, ¥to p — romomopdusm W -orepaj, onupaercs Ha
Te JKe TOXKIECTBA, UYTO M B JOKA3aTeILCTBE TeopeMbl 3. EIMHCTBEHHOCTh p OYEBHIIHA.
YHuBepcaabHOE CBONCTBO TaKKe MPOBEPsSeTcs 0e3 3aTpy/IHeHUil. O
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Teopewma 6.

1) Onepada FOW ssasemces c6o6odnoti W -onepadoti ¢ basucom ).

2) Jan kasicdozo n > 0 omobpazum FOoW (n) 6 anzebpy Fro(zy,...,x,), cono-
cmasaas snemenmy (w, f) cr060 Wy ... Tpuy, 20e w € FOq(k), u f:[k] — [n] -
mopdusm us W . Ecau cuumams mnoocecmea F(n) = Fro(zy,...,2,) Komnonenmamu
FSet-onepadw, F', nocmpoennot 6 [4] no cemeticmey scex c60000Huz arzebp mHo2006-
pasus Alg(Q) ¢ xoneunvimu 6asucamu {x1,...,2,}, u paccmompems amy onepady Kax

W -onepady (wmo eosmooicro 6aazodaps W C FSet ), mo onucannoe sviwe cemeticmeo
0mobPascenUll ABAAEMCA UHBEKMUBHBLM 20MOMPodusmom W -onepad FOW — F'.

HoxkazareasctBo. Cobomuocts FOqW ecth dopmaibHOE CIIEICTBUHE YHUBEP-
canpHoro ceoiictBa FOq B Kiacce W ld-onepan u npeabIyIeil TeOpeMbl.

Orobpazum FOoW (n) B F(n) = Fro(z1,...,%,) ONNCAHHBIM B IyHKTE 2) CIOCO-
6oM:

(w, f) — h(w, f) = wxf(l) .. .xf(k) = w(xf(l), ce ,.Z‘f(k)).
MubekTuBHOCTDL 3TOro orobpaxkenns odesuana. Ocraercs MPOBEPUTH, YTO BCE CeMeli-
CTBO TaKUX OTOOparKeHwmil sipjisiercss romomopduzmom W -omnepaa. 9T0 OCYyIIECTBIISAET-
€ HEMOCPEICTBEHHOI TPOBEPKOIt, NCNONBb3YIOIEil ABHBII BU/I ONEPaIHON KOMIO3UIINN,
onucauHoii B [3]. O

B namwneitmem 6ymem oboznavars ceobognyio W -omepany FOoW wepes FOgq vy .

Teopema 7. Mnozoo6pasus Alg(FOqw) u Alg(Q) payuonarvro sxeusasenmmoL.
B wacmuocmu, mootcno omoscdecmsasms ceoboduve FOq vy -anzebpvi u c60600HvLe
Q-anrzebpo.

JokazareabcTBo. /[0Ka3aTeabCTBO MOYTH HE OTJIMYAETCS OT TOKA3ATEIHCTBA JIEM-
mbl 4. Onepany E4 MOXKHO paccMmarpuBarTh Kak W -onepajty st POU3BOJIBHON Bep-
banpuOit kKareropun W, u 3amanme crpykrypol R-amrebpor vag W -onepasoii R pas-
HOCHJIBHO 3aJanuio romomopdusma W-onepan R — E4. Ecom R = FOgqw, To 1O
ompeesennto ¢cBoboaHoi W -omepaas ¢ 6a3ucom §2 3TO paBHOCUJIBHO TOMY, YTO 33JaHO
orobpaxenne Q, — E4(n) mas Beex n. Tak ycraHaBIMBaeTCs B3aNMHO-OJHO3HAYHOE
coorBercrBue Mexk Ty anrebpamu u3 Alg(Q) uu3 Alg(FOq ). Jlerko mposepsiercs, ITo
HA CAMOM JeJsie 3TO n30MOP(U3M KaTeropuii ¢ HeOOXOIUMBIME CBOMCTBAMU. Y TBEPK Ie-
Hre 00 OTOXKIECTBICHUN CBOOOIHBIX aaredp ¢ JI0OBIMU OA3MCAME ABISETCS CIeICTBHEM
dbakra panmonanbHoii sKBHBaseHTHOCTH [18, Teopema 1.2.1, c. 27]. O

Takum obpaszom, ceobounyio Q-anrebpy Fro(X) M0KHO 0TOXKIECTBUTH €O CBOGO/I-
Hoit F'Ogq y -anrebpoii ¢ 6aszncom X , KOTopasi yCTpoeHa caeIyomnM 06pa3oM: 3To dhak-
Topaarebpa anaredpo

I Foaw(m) x x™

m=0

MO KOHTPYIHIMHK, MOPOXKIEHHON BeeMu mapamu  ((7f, 21 ... Tm), (7, Ty .. Te)))-
3mecy mpeamomaraercs, aro v € FOqw(k), f € W([k],[m]). Kak yxe ormeuanocs
B § 2, u3 sTOro mocrpoenus ciemyer, 9t0 Frrog, , (X) ABIgeTcs TeH30PHBIM IPOH3-
BesenneM byHKTOpoB [n] — FOq w(n) (korrpaBapuantabiii dbyakrop WP — Set)
u [n] — X" (koBapuanTHBI hyHKTOp WP — Set).

Kpowme Toro, u3 oroxaectsiaenus Fro(X) n Frro, , (X) creyer, aro snemenTst
Fro(X) MoxHO npencraBiasaTh B Buge wT (0ToXxAecTBIsAs napy (w,T) co CTPOKON Wi ),
rie w € FOqw(m), T = x1...%m,, dEMEHTBl T1,...,T,m € X He 0043aTeIbHO Pa3-
JIMYHBL. Y TBEPXKAATh, YTO TaKad 3allUCh B CJydae IPOM3BOJBHON Kareropun W enmn-
CTBEeHHA, HeJIb3d, HO ecin w = (w, f), tne w € FOq(k), f € W(k,m) (rakoe npesu-
CTaBJIeHwe M0 TeopeMe 5 OJHO3HAYHO), TO WT = W(Tf) = w1y ... Tf(), W TOCTEAHAS
dopma 3amnucu onpeenena OIHO3ZHAIHO.
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5. W-toxaecTrBa

Teopema 8. IIycmv W -onepada R usomopgna daxmoponepade FOq w [V, 2de
V' — konepysnyusa onepado. Ecau X — npouseosvhoe MHONCECME0, MO

Frr(X) 2 Fro(X)/V(X),

20e V(X)) — 6noane uH6apuaHmHaa KoHzpYsHyua, KOmopyo MOHCHO ONUCAMD KK MHO-
orcecmeo nap euda (u1T,usT), 2de (ui,uz) € V(k) dasn nexomopozo k, T = x1...xy,
X1y, 2k € X (6C€603MONCHDIE KOMOUHAUUL).

JlokazaTeJabCcTBO. YCJIOBHsS TEOPEMbl O3HAYAIOT, 9TO MMEET MECTO Jharpamma,
ompegensionas R Kak KOypaBHUTEh:

V= FOQJ/V — R. (9)

Bce 00beKTHI 3TOl muarpamMMbl SBASIOTCS KOHTPABAPUAHTHBIME (DYHKTOPAMH U3 KaTe-
ropun W°P B KATETOPHIO MHOXKECTB, & CTPEIKH — €CTECTBEHHBIMU MPEOOPA3OBAHUSMA.
Hamomunm, 4To B § 2 6611 onipeenen KopapuanTHblil byrkrop T(X) nu3 WP B karero-
PHIO MHOXKECTB, jeficTByommii mo npasuiy [n] — X™. Taknm 06pa3soM, Mbl HAXOANMCS
B CHTYAIWH, KOTJIa OMPEJIeIeH0 TeH30pHOe Tpon3BeieHne hbyHKTOpoB [15], a moCKoIbKyY
TEH30PHOE MPOU3BEJIEHNE eCTh (PYHKTOP, 00T TATONINA COMPAKEHHBIM CIIPaBa (pyHKTO-
pom (cM. [15, reopema 1], [16, Chapter VII, § 2, Theorem 1]), To nocsie rer3opHOro ymuo-
skerns (9) va T'(X) cHOBa mosry4gaercsi KOypaBHUTENb maphbl Mopdu3mos. [Ipn sToM, Kak
y2Ke M3BECTHO, MOKHO cauTaTh, 910 R @ T(X) = Frr(X), FOqw @ T'(X) = Fro(X).
Yro xacaercs crpenok V = FOq w, T0 3T0 cynepnosnmmn Baoxkerns V C FOgq yw X
x FOqw nnpoekmuit F'Oqw X FOq w — FOq w . llocie TeH30pHOrO yMHOXKEHAA HA
T (X) nonyuatorcs crpenku V@ T(X) = FOqw @T(X) = Fro(X), 9ro naer orobpa-
xkerne V @ T(X) — Frqo(X) x Fro(X). O6pa3 sroro orobpazkenus 0603HAYNM depes3
V(X). JIerko 3aMeTUTD, 9TO KOYpaBHATEND napbl cTpesiok VT (X) = FOqw QT (X)
u30MOp(EeH KOYPABHUTE/IIO Maphl CTPEJIOK, KAXKIasd M3 KOTOPBIX €CTh CYNEepHO3UIus
Broxkenus V(X) C Frqo(X)xFro(X) u oamoit u3 mpoexruii na comuoxkutenn: Fro(X)x
X Fro(X) — Frq(X). 910 o3nauaer, yro Frr(X) = Fro(X)/V(X).

C apyroil cTopoHbBI, BCIIOMUHAs sBHBIA BuJ TeH30pHOro npoussenenus 1(X) nHa
crpenku V =% FOq w, a Takike crmocob nocrpoenust uzomopdusma FOqw @ T'(X) =
=Frrog w (X) = Fro(X), merpyano yoeaurses, uro V(X) cocTout m3 Beex map Buja
(1T, usT), rue (u1,us) € I(k) nas mekoroporo k, T = xy...xj, TIPAYEM I1,..., Tk
mpobOeraioT Bce BO3MOXKHBIE KOMOMHAIIAN 3JIEMEHTOB U3 X .

[Mokaxkem, uro wourpysuuus V(X)) Brosne uaBapuantHa. PaccMorpum mpous-
BobHBIE roMomopdusm -amrebp h : Fro(X) — Fro(X), n oycrs h(z;) = aj,
1 < 7 < k. DneMeHTHI a; MOXKHO TPEICTaBUTh B BUIE a; = U;Tj, TAe v; €
€ FOqw(nj), Tj =51 ..., , 0 € X. Torma h(uwizy ... o) = wih(z1) ... h(zg) =
= (uvy ... 0%)T1 ... Tg. dcuo, ato (uqvy ... 0%, ugvy ... v) € V(ng + -+ + ng), u mo-
sromy (h(uiT), h(ue)) € V(X). Bonee Toro, To9HO Tak Ke MOKHO MOKA3aTh, YTO €C-
Y — Ipyroe MHOKECTBO, KOTOPOE PACCMATPUBAETCA KaK 0a3uc cBOOOIHOM aaredpol,
u h: Fro(X) — Fro(Y) — nekoropsiit romomopdusm Q-amre6p, to (h x h)(V(X)) C
CV(Y). O

Paccmorpum nozpobree mapsl Buna (ui1T, ue®), tae ui,uz € FOqw(n), T =
= x1...2,. Bcim u; = (wy, f;), one w; € FOq(my;), fi € W([my],[n]). Kak yke
OTMEYAJIOCh B MPEIbIIyIneM naparpade, KaxKIblii 3JIeMeHT u;T Tpeodpasyercsa K BUILY
w;(Tf;) = Wik f (1) - Tf;(ms) s 1=1,2.

Onpenenenne 3. Dnement u3z Fro(X)? Gymer masvisathes W -napoti, ecin on
uveer Bun (wy(Tf1),wa(Tf2)), tne w; € FOq(mi), fi € W(lmi,[n]), i = 1,2,
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T = 21...Zy, U BCE X1,...,Ty, € X pasaumunbl. B ciyuae, ecim W -mapa — TOX-
JIECTBO KaKOI-Tub0 anreOpbl, wWinm KAKOrO-TO MHOTOOOpa3usi, Oyaem Ha3biBaTh ee W -
mooicdecmeom.

Teopema 9. Cywecmeyem uzomopdhudm mexcdy pewemroli KoHepYysHyul c60000-
nott W -onepadw FOq w u nodpewemrot pewemsy 6noAHE UHBAPUGHMHLLE KOHZPYIH-
yutl c60600not )-anzebpr. Fro(X) co cuemmnwm 6asucom X, cocrmosweld us Konzpy-
anyuil, nopostcdennvr W -napamu.

HoxkazaresnbcrBo. Vckombiiit uzomopdusm — 310 coorsercreue V i— V(X)) = ‘7,
MOCTPOEHHOE TIPH JT0Ka3aTesheTBe Teopembl 8. Ormernm, uro V(X) nopoxmaercs W -
mapaMu, TOCKOJIBKY JII000# aseMeHT (u1T, ueZ) € V(X), rue (ui,u2) € V(k), n T =
= Zj, ...T;, — IPOU3BOJbHAA CTPOKA U3 JEMEHTOB X , MOXKHO CUHUTATL Pe3yJIbTATOM
noncranoBku B W-napy (uii ... Tk, UsZ1 ... L) TEMEHTOB Ij, BMECTO COOTBEICIBY-
onwx ;. I[To onpenesenuto 310 u o3navaer, uro V(X)) nopoxnaercas W-napamu Kak
6NOAHE UHBAPUAHIHAA KOHIPYIHIIWA.

ObparHoe cooTBeTCTBHE OyneM CTPOUTDH, Mpeanojaras, Kak u B Teopeme 6, 9To
kommoreHTsl F'Ogq w (k) cBobGoguoit W -omepaJsl MOXKHO CUHTATL MOJMHOMKECTBAMH
Fro(x1,...,2E), KOTOpBIE, B CBOIO OYEPE/b, MOXKHO cuurarh nozxaaredbpamu Fro(X)

rne X = U {x1,..., 21}
k>0

Nrak, mycrs nana Brosne naBapranTHas KoHrpysunns U C Frq(X) x Fro(X). Pac-
cMorpuM MHOXKecTBO Pw Becex W-nap (w(Tf),(ZTg)) € U, rne B T = ;... x5, BCe
Tiys - Li, Pasmramsl, w € FOq(k), p€ FOqo(l), f € W([k],[n]), g € W([l], [n]) nns
nwekoroporo n = 0,1,2,.... Oupenenum cemeiicrso muokecrs V =U, V ={V(n) | n =
= 0,1,...}, nonaran V(n) = {(,f),(4,9) € FOouw(n)? | (w(@f),u(zg) €
€ Pw pns nekoroporo T}. ITokaxkem, uro V' ecrtb kourpysumus B onepanse FOgq w .
Bo-nepBhix, 3aMeTnM, 9TO BBIOOD T JJis maphl (w, (1) TPOW3BOJIEH, B TOM CMBICIIE, UTO
BMECTO T = Ij, ...Z;, MOXKHO B35Th JIIOOOE JPyroe CJIOBO T' = Zj, ...xj, C yCIOBU-
eM, 4TO BCe Tj,,..., T, — PA3JIHIHbIE jeMeHTHl X . DTO ClleflyeT U3 UHBAPHAHTHOCTH
Kourpysumun U : cooTBeTcTBHE X4, — T4, , 1 < k < n, mpogomKaeTcsa 10 3HA0MOpdhn3-
ma Frq(X), a zarem mo sumomopdusma Fro(X) x Frq(X), orobpaxatomero U B U,
amnapy (w(Tf), (Zg)) — B napy (w(T' f), u(T'g)). OueBnano, aro Bee V(n) GyayT oTHO-
mennsmMu sKBuBagenTroctu. Iycrs ((w, f), (1, 9)) € V(m), ((wi, hi), (ui, ti)) € V(ng),
1 <i < m. Hokaxem, 9o ((Wwi ... W, fh1 .. hey), (g -« o, gt - - t)) € V(ng +
+-++n,,). Beilbepem Ty, . .., T, — cioBa B andasure X tak, 910 (w;(T;h;), i (Tit;)) €
€ Pw,1<4i<m,uB T;, T; Her OOIIUX CUMBOJIOB JIId BCEX ¢ 7 j. DTO MOXKHO CJe/IaTh
BBy caerHoctn X . Ilockonsky U — nomanrebpa FOgq w-anrebpot Fro(X) x Fro(X),
10 A5t mo6oro (w, f) € FOq w(m) u mobbix (w;T;, 1iT;) € Pw, 1 <1i < m, nonyuum
snement u3 U:

Y

(Wf)((wi, h)Zr, (1, t)T1) - - (Wi B )Ty (s 8 )T) =
= (((w, Nwr, f1) - (@i fm )T T, (@, ) (s 81) - (pans t))T1 - Tn) =
= ((wwray. . wrmy, (ffa)(hpayU---Uhsp)))T1. .. Tm,
(Wiepy - gy, (Bt py U Ut py))Tr ... T) =
= ((wwpay Wy, SR hm)T1 oo T, (WHpY - )y ST1 - )T

Tm)-

Beuny Beibopa T; 3TOT 3/JeMeHT [0JKeH npuHagiexars Pw. Takum obpasoM,

((wwf(l) ce Wik fh1 .. .hm), (wuf(l) .. ./Lf(k),ftl .. .tm)) S V(m +- Tlm).

[lycts T = @5, ... 25, — cIOBO B andarute X Takoe, 4TO BCE Ts; PA3IUYHLI U T

He MMeeT ODIIMX CMMBOJIOB HU € ofHuM u3 T;, 1 < i < m. Torma ((w, f)T, (1, 9)Z) €
€ Pw C U. Paccmorpum supomopdusm Fro(X), orobpazkarommit x5, B (f5,15)Z;,
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1<j<m.Torna ((w, f)Z, (1, g)T) orobpazkaercst B sseMent U, nMmeromuii Bu

(w, £)((p1,t1)Z1) -+« (s )T )5 (125 9) (11, 8)T1) - (s T )Tim)) =
= ((w,uf(l) N O fti... tm)fl e T, (Mug(l) .. -Mg(l)agtl . tm)fl .. .Tm).

Tak kak HOJIy‘IeHHbeI 9JIEMEHT TPUHAJJICKUT P’LU, TO UMEET MECTO BKJIIOYEHUE

((wuf(l) e Hp (k) ftl .. .tm), (Nﬂg(l) N ‘Ll,g(l),gtl .. .tm)) S V(m +-+ Tlm).

Ho nockosbky V(ny + -« + n,y,) €CTh OTHOIIEHNE SKBHBAJEHTHOCTH, MOJIyYaeM Tpedy-
eMOe BKJIIOUEHMUE:

((wwf(l) N O fhl A hm), (‘LL,LLg(l) .. 'Ng(l);gtl .. .tm)) S V(Tl1 + -+ nm)

W3 unBapuanrnocTu kourpysuuuu U ciemyer takxe, 4ro coorsercrsue [n] — V(n)
ecTh KOHTpaBapuwaHTHBIN (GyHKTOp W3 WP B Kareropuioo MHOXKECTB. [IpoBepum 3710.
Ecm ((w, f), (1, 9)) € V(m), rae w € FOq(k), f € W([k],[m]), n € FOu(l), g €
€ W([l],[m]), To ans cTpokn T = Ty ... Ty, DJIEMEHT

(w, )z, (1, 9)T) = (WTf(1) - - Tpy, HTg(1) - - - Tg(k))

npunagnexur Pw C U. Ecimm h € W([m],[n]), to momaraem ((w, f),(u,9))h =
= ((w,hf),(u,hg)). dnementor (w,hf)xy...2n n (u,hg)xy... 2, CyTh 00pasbI die-
MeHToB (w, f)x1...Tm u (U, g)x1 ... Ty coorBercTBeHHO HpH HHOMOpPdU3Me Fro(X),
orobpaxkaiomeM x; B Tp(), 1 < j < m (ocrambHble MKChI OTOOPAzKAIOTCH HPO-
u3BOJIbHBIM 00pazom). CueoBarenbHO, BBHUIY II0JHON uHBapuanTHoctu U mnapa
((w,hf)xy...xp, (u, hg)xy . .. ) npusaggexxknr U. Tak kak sro W -napa, To 1o ompe-
nenenmo V monyaaem sxmodenne ((w, hf), (1, hg)) € V(n). Hostomy V = U ectn
W -nogonepana W -onepaasr F'Oq w X FOq w .

N3 nocrpoenus BumaO, 9T0 coorBercTBHe U +— U=V CcOXpaHseT BKIOYEHUS U
POU3BOJIBHDIE IEPECECUCHHUS. R N

[Mokarxkem B3anmuyI0 0OpaTHOCTH cootBercTuilt U — U u V — V. B oany cTopony
sro ovenano: W-nmaper n3 V' npuBoasar BHOBB K omnepaze V. IIposepum, uro ecim
V=U,10o U=V.0ueBuguo, aro V C U. Urobbl mokazaTh 006paTHOE BKIOYEHHUE, UC-
HOJIB3YEM YCJIOBHE, COrTacHO KoTopoMy U MOpOKIAeTCst MHOKECTBOM Pw Kak BIIOJHE
WHBAPUAHTHAs KOHIPYSHIMsA. JTO, B 4acTHOCTH, 03Hadaer, uro U C Fro(X) x Fro(X)
ecth F'Oq w -moganrebpa, TOPOKIEHHAA BCEMN 3JIEMEHTAMWU, SABJIAIONMMUCS Pe3yIlhb-
TATAMM TIOJCTAHOBOK B 3JIEMEHTHI U3 Pw MpPOU3BOJBHLIX {)-CJIOB BMECTO 3JIEMEHTORB
MHOKECTBA X , IPAYEM BMECTO KayKJO0r0 BXOXK/JIEHHs B JAHHBINA 371eMeHT Pw OmHOro n
TOro e = € X MNOACTABIAETCS OJHO U TO Ke CJ0BO. BBHIy 3TOro npou3BobHBIN d71e-
MmeHT (21,22) € U upencrasuserca B sune (w, f)(py,pY) ... (0, plh), tae w € FOx(k),
[ e W([k],[m]), a kaxnas mapa (p}, p}) momydaercs u3 HEKOTOPOro 1eMenTa Pw omu-
CAHHO}1 BHINE MOJACTAHOBKOI. BBHIMOIHWE 3Ty MOACTAHOBKY, W TPOW3BEIA HEOOXOIUMBIC
peoOpa3oBaHus, MoJIyvaem, 9To Kax b (p,, p!) ecrs smement ((qf, hl)@:, (¢, h!)T;),
rae (¢, h), (¢!, h])) e V = U. CrenoBaTebHO, MPOU3BOILHLIN 3j1eMenT [ MOYXKHO
3ammMcaTh B BUIE:

(w, /)((q1, BT, (g, B)T) - - (s hon ) Toms (@i B )Tm) = (1, £2). (10)

3necn

t2 == (wq}/(l) e q?(m)’ fh;lll e h’;’:’b)fl . .Tm.
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Dnement (ty,tz) npunaagiexur V. Y100l ybequThcs B 39TOM, BbIOEpeM [7Ist
kaxkaoit mapst  ((¢i, hl), (¢, hY) cnoBo 7, B andasure X takuM 00pazoM, dTO
((gi, h))T;, (g7, h))Y;) € Pw, mpudem B J; u J; HET OOIMX CHUMBOJIOB IPH BCEX i # j.
IMocroaeky U sBaserca FOgq y -anaredpoii, KOMIO3WIINS

(w, £)((ar, BT (@) W) - - - (@ B )T (s ) =

Y1 Ym)

npuHaanexut U u, 0O9eBUIHO, TPUHAIIEKUT TakKe 1 Pw . Bo3Bparasch K 31eMenTy
(10), 3aksrouaem, uro on npunaiexkur V . Takum o6pazom, noydeno sriouerune U C

C 17, otkyna caexyer U = v=U.

Urak, nojy4eHo B3auMHO OJIHO3HAYHOE COOTBETCTBUE, COXPAHAIOIIEE MOPHA/IOK, MK~
NIy JByMs perierkamu, npudem orobpakenune U — U coxpaHsieT TPOU3BOJIbHBIE TIepe-
ceuennsi. Ho Tak Kak TOYHAs BEpXHASA rpaHb 3jeMenToB Uy u Us B paccMaTpuBaeMbIxX
perieTkax ecth nepecedenne Bcex U takux, uro Uy,Us C U, To uMeeT MeCTO W30MOP-
dusm perrerox. O

[Iycts R — mekoropas W -omepaza. Beibepem B Heil mpom3BoJsibHOE CeMeHCTBO 00-
pasytonux §Q (mpeamosnaras, uro N R(n) =, ). Torna omepaay R MOXHO CIHTATH
dakToponepanoit ceobonnoit onepanst F' = FOqw c 6a3ncom () 1Mo HEKOTOPO# KOH-
rpysanun V.

Teopema 10. Ilpu cdesannvir eviuse NPeONOAOHCEHUAT MHoz2000pasue R -anzebp
Alg(Rw) payuonaavho sksusasenmmuo mrozoobpasuto §)-anzebp, onpedessemomy ce-
meticmeom modicdecme euda (w1, f1)T = (we, f2)T, 2de (w1, f1), (we, f2)) € V(n) npo-
bezarom Hexomopoe cemeticmeo 0bpasyowuT Kouepysnyuu V , a 6 cmpoke T = T ... Iy,
6CE NEPEMEHHBLE PA3AULHDL.

DakTuuecku pedb MIET O BIOJHE MHBAPUAHTHON KoHrpysuimu V = V(X)) u3 teo-
pem 8 m 9.

JdokazaTeabcTBo. PaccMOTprM €CTECTBEHHYIO MPOEKITHI0 Ha (PAKTOPOIEPAIy 7 :
F — R,nnycrs V - ee aapo. Uusivu ciosavu, V = {V(n)|n > 0}, V(n) = {(z1, 22) €
€ F(n) x F(n)|mp(z1) = mn(22)} ang Becex n. Jra NpOEKIys WHAYIAPYET BIOJIHE yHH-
BastentHolit dyukrop Alg(Ry ) — Alg(Fw ), npudem muoroobpasme Alg(Fy ) MOKHO
oroxaecreuth ¢ Alg(Q). eiictere dbyHKTOpA MOKHO OMHUCATH CJEAYIONAM 06PA30M.
Crpykrypa Ry -anrebpor na A onpenensiercs romomopguzmom W-onepanx R — Fa,
a CTPYKTypa cooTBercTByfomieil F -anrebpbl 3aaeTcst Cynepro3uiueil 3Toro roMoMop-
duszma ¢ romomopduzmom 7. Beuay toro, aro {2 — 3ro 6asuc F', Takoit romoMopdusm
onepan F — E4 oano3uadHo onpejenserca orobpaxkenuem ) — F4 (a Trounee, cemeii-
crBoM orobpaxkennit ), — Fa(n) mist secex n). O6pasom 3Toro HbyHKTOPA M SABIAETCS
TO MHOTOOOpa3me, A1 KOTOPOro Hy*KHO JI0Ka3aTh, 9T0 OHO OTIPe/IeIAeTCA TOXKIeCTBAMMT
u3z V.

ITycts A — Hekoropas Q-anredbpan O 4(X) C Fro(X)xFrq(X) - coorBercrByiomas
eif BIOJTHe WHBapHUaHTHAasA KOHTpydHTHud. [Ipenmonoxum, aro X cuerno. Torma sapom
COOTBETCTBYIOIIEro cTpykrype A romomopdusma F — FE4 Oyzer (B 0003HaYEHUSIX

JIOKa3aTeabcTBa TeopeMbl 9) KOHrpysHImst O 4(X). Anrebpa A Gyzer mpuHaeskarh
muoroobpasuio Alg(R) (Bnoxenuomy B Alg(§) onmcanHbIM BbIe 00pa3oM) TOTAA W

TOJILKO TOra, eciau V C ©4(X).
3aBepiinM JI0Ka3aTeNIbCTBO Ciaeaytomum obpaszom. [lycts M — muOroobpasme (-

anredp, ONpenesieMoe BIIOJIHE WHBAPUAHTHOM KOHrpysHnwmeir V. B obo3nauenusx § 2
OymeM mMeTh

Ou(X) =V = () OaX),
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OTKYy/la COTJIACHO Teopeme 9

V=06uX)= ()] 0aX).
AeM

ITosromy

—

A€ Alg,(R) <=V COu(X)<= Ae M.
|

Teopema 11. Ecau R ecmwv W -onepada, mo mmozoobpasue Alg(Ry ) onpedeas-
emecsa W -mootcdecmeamu.

JlokazaTesibcTBO. JTa TEOPEMAa HEMOCPEACTBEHHO CIEIyeT U3 MPEAbILYIel Teope-
mbl. Ecim npencrasure R B Bune FOqw/V, 10 Frrp(X) = Fro(X)/V(X). Ecin X -
CYeTHOe MHOXKeCTBO, T0 MHOroobpasue Alg(R) oupenenserca Toxaecrsamu u3 V(X),
a 3Ta KOHTpY3HIHA nopoxgaerca W -napavu. O

Teopema 12. Fcau mrozoobpasue 2-anzebp M onpedeasemesa W -moorcdecmeamu,
MO OHO PAYUOHANLHO IKEUBAAEHMHO MHo2000pasuto euda Alg(Ry ), 2de R ecmv W -
onepada.

okazareabcTtBo. HamomuauMm, ato M MOTHOCTHIO OMpeeaseTcs CBOeil cBoOOI-
Hoit asnrebpoit Fry(X) co cuernbiv Gasucom X . ITockosbky aro anrebpa uz Alg(Q),
ee MOXKHO npejcraButb B Buge Fro(X)/J, rue J — BHOJIHE UHBApUAHTHASA KOHIDY-
surms. 110 yCJIOBHIO 3Ta KOHTPYSHIUSA MOPOKIaeTcs W -ToXKIeCcTBaMu, a 3HAYUT, MO
teopeme 9 ona mmeer Bug V(X), rme V' ecth KoHrpysHuus B cBoGomHON W -omepase
FOgq,w . Pacemorpum W-onepany R = FOqw/V . Boruncass csobomayio anrebpy
Frr(X) muorootpasus Alg(Ryy) TOYHO Tak e, KAK 9TO CIEIaHO IPU JOKA3aTeTbCTBe
reopembl 8, norydaeM Frp(X) = Fro(X)/V(X). Takum obpazom, Frr(X) = Fra (X)
kak {2-anre6bpol. Ho corsacno reopeme 1.2.1 u3 [18] orcioga cieiayer panmoHaibHas
skeuBasienTHOCTH M n Alg(R). O

3ameuanne 3. [lomaras W = F'Set, suanm, uro FSet-ToxKmecTBa — 3TO BCE BO3-
MOXKHBIE TOXK/IECTBA B YHUBEPCAIbHBIX ajaredpax. Takum obpaszom, Jr0doe MHOTO0Opas3ne
YHUBEPCAJIbHBIX aiaredp palMOHaIbHO SKBUBAJIEHTHO MHOro0Opasuio Buaa Alg(Rpget),
rae R — mexkoropas F'Set-onepana. Panee stor pe3ysnbrar ObL1 yCTAHOBJIEH B MHOIO-
copruom cayuae B [4]. Kak yxke ormeudanoch BO BBeIEHUM, MHOIOCOPTHBIE AHAJIOTU Pe-
3yabTaToB § 5 TaKKe cripaBemuBhl. B caydae W = X pesyabrarsl ganaoro naparpada
SKBUBAJIEHTHBI pe3yJbTaTaM paboTsl [2] myist ciydast Z-anre6p, rjae Z — TpUBHAJbHAs
KOMMYTAaTUBHAA Omepaa.

Pa6ora oinosnnena nupu ¢unancosoit nonnepxke PODU (upoexr Ne 10-01-00431a)
¥ rpaHTa [Id TOAAePKKN Beaymux Haydabix ko HITI-5383.2012.1.

Summary

S.N. Tronin. Verbal Categories and Identities of Universal Algebras.

We give a characterization of varieties of universal algebras which are rationally equivalent
to varieties of algebras over operads over arbitrary verbal categories.

Key words: verbal category, operad, variety of algebras, rational equivalence, free algebra,
free operad.
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