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ÓÄÊ 519.6Î �ÀÇ�ÅØÈÌÎÑÒÈ ÇÀÄÀ×È ÑÎÂÌÅÑÒÍÎ�ÎÄÂÈÆÅÍÈß ÏÎÂÅ�ÕÍÎÑÒÍÛÕ È ÏÎÄÇÅÌÍÛÕ ÂÎÄÏ�È ÍÅÎÄÍÎ�ÎÄÍÎÌ Î��ÀÍÈ×ÅÍÈÈ ÍÀ �ÅØÅÍÈÅË.Ë. �ëàçûðèíà, Ì.Ô. ÏàâëîâàÀííîòàöèÿ�àññìàòðèâàåìàÿ çàäà÷à òåîðèè ñîâìåñòíîãî äâèæåíèÿ ïîâåðõíîñòíûõ è ïîäçåìíûõâîä îòíîñèòñÿ ê êëàññó çàäà÷ ñ äâîéíûì âûðîæäåíèåì. Õàðàêòåðíîé îñîáåííîñòüþ ååÿâëÿåòñÿ íàëè÷èå íåëîêàëüíîãî êðàåâîãî óñëîâèÿ íà ðàçðåçå îáëàñòè. Ñ ïîìîùüþ ìåòî-äîâ ïîëóäèñêðåòèçàöèè è øòðà�à äîêàçûâàåòñÿ òåîðåìà ñóùåñòâîâàíèÿ ïåðâîé êðàåâîéçàäà÷è äëÿ âàðèàöèîííîãî íåðàâåíñòâà ïðè íåîäíîðîäíîì îãðàíè÷åíèè.Êëþ÷åâûå ñëîâà: äâîéíîå âûðîæäåíèå, íåëîêàëüíûå êðàåâûå óñëîâèÿ, ìåòîä ïîëó-äèñêðåòèçàöèè, ìåòîä øòðà�à, îáîáùåííîå ðåøåíèå.1. Ïîñòàíîâêà çàäà÷èÏóñòü Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà R2 , Γ � ãðàíèöà Ω , Π � ðàçðåç,ïðîâåäåííûé â Ω , ðàçáèâàþùèé åå íà äâå ñâÿçíûå ïîäîáëàñòè, QT = Ω × (0, T ),
ΠT = Π × (0, T ). Îáîçíà÷èì ÷åðåç V , V (0, T ) , W (0, T ) áàíàõîâû ïðîñòðàíñòâà�óíêöèé, ïîëó÷åííûõ çàìûêàíèåì C∞(Ω), C∞(0, T ; C∞(Ω)) â ñëåäóþùèõ íîð-ìàõ:
‖u‖V = ‖u‖W 1

p1
(Ω) + ‖u‖W 1

p2
(Π), ‖u‖V (0,T ) = ‖u‖Lp1

(0,T ;W 1
p1

(Ω)) + ‖u‖Lp2
(0,T ;W 1

p2
(Π)),

‖u‖W (0,T ) = ‖u‖V (0,T ) + ‖u‖L∞(0,T ;Lα1
(Ω)) + ‖u‖L∞(0,T ;Lα2

(Π)),÷åðåç ◦

V , ◦

V (0, T ) , ◦

W (0, T ) � çàìûêàíèÿ C∞
0 (Ω) , C∞(0, T ; C∞

0 (Ω)) â íîðìàõ ïðî-ñòðàíñòâ V , V (0, T ) , W (0, T ).�àññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè �óíêöèþ
u ∈ K =

{
v ∈

◦

W (0, T ) : v(x, t) ≥ g(x, t) ï.â. â QT è íà ΠT

}òàêóþ, ÷òî
T∫

0

〈J(u), ·〉∗ dt ∈ (
◦

V (0, T ))∗, (1)
u(x, 0) = u0(x) ï.â. â Ω è íà Π, (2)è äëÿ ëþáîé v ∈ K ñïðàâåäëèâî âàðèàöèîííîå íåðàâåíñòâî

T∫

0

{〈J(u), u − v〉∗ + 〈Lu, u − v〉 + 〈LΠu, u − v〉Π} dt ≤

≤

T∫

0

{〈f1, u − v〉 + 〈f2, u − v〉Π} dt. (3)



148 Ë.Ë. �ËÀÇÛ�ÈÍÀ, Ì.Ô. ÏÀÂËÎÂÀÇäåñü J(z(t)) � �óíêöèîíàë, çíà÷åíèå êîòîðîãî ïðè t ∈ (0, T ) íà ýëåìåíòàõ v ∈
◦

Vîïðåäåëÿåòñÿ ïî ïðàâèëó
〈J(z(t)), v〉∗ =

d

dt

(∫

Ω

ϕ1(z(t))v(x) dx +

∫

Π

ϕ2(z(t))v(s) ds

)
, (4)

〈F, v〉∗ (〈F, v〉 , 〈F, v〉Π ) � çíà÷åíèå �óíêöèîíàëà F èç (
◦

V )∗ ( W−1
p′

1

(Ω) , W−1
p′

2

(Π))íà ýëåìåíòå v èç ◦

V ( ◦

W
1

p1
(Ω) , ◦

W
1

p2
(Π)) ñîîòâåòñòâåííî, îïåðàòîðû

Lu = −

2∑

i=1

∂

∂xi

(
ai(x, u) ki(x,∇u)

)
, LΠu = −

∂

∂s

(
aΠ(x, u)kΠ

(
∂u

∂s

))
,äåéñòâóþò èç ◦

W
1

p1
(Ω) â W−1

p′

1

(Ω) è èç ◦

W
1

p2
(Π) â W−1

p′

2

(Π),
∂

∂s
� ïðîèçâîäíàÿïî íàïðàâëåíèþ s. Êàê îáû÷íî, pi , p′i � ñîïðÿæåííûå ÷èñëà, óäîâëåòâîðÿþùèåðàâåíñòâó 1

pi
+

1

p
′

i

= 1 .Çàäà÷à (1)�(3) âîçíèêàåò (ñì., íàïðèìåð, [1℄) ïðè ìàòåìàòè÷åñêîì îïèñàíèè ïðî-öåññà ñîâìåñòíîãî äâèæåíèÿ ïîâåðõíîñòíûõ è ïîäçåìíûõ âîä. Â ýòîì ñëó÷àå Ω �îáëàñòü, â êîòîðîé ðàññìàòðèâàåòñÿ ïðîöåññ �èëüòðàöèè ïîäçåìíûõ âîä, ðàçðåç Πñîîòâåòñòâóåò ðóñëó ðåêè èëè êàíàëà, èñêîìàÿ �óíêöèÿ u îïðåäåëÿåò âûñîòó ñâî-áîäíîé ïîâåðõíîñòè âîäû íàä íåïðîíèöàåìûì îñíîâàíèåì.Áóäåì ïðåäïîëàãàòü, ÷òî ϕi(ξ), i = 1, 2 , � àáñîëþòíî íåïðåðûâíûå, âîçðàñòàþ-ùèå �óíêöèè, ϕi(0) = 0, óäîâëåòâîðÿþùèå ïðè ëþáîì ξ ∈ R1 íåðàâåíñòâàì
b0i | ξ |αi − b1i ≤ Φi(ξ) ≡

ξ∫

0

ϕ′
i(t)t dt ≤ b2i | ξ |αi + b3i, αi > 1, (5)

| ϕi(ξ) | ≤ b4i | ξ |αi−1 + b5i, (6)
(ϕ′

i(ξ)ξ)
′ ≥ 0, (7)ãäå

b0i > 0, b1i ≥ 0, b2i > 0, b3i ≥ 0, b4i > 0, b5i ≥ 0, i = 1, 2.Ïðåäïîëàãàåì òàêæå, ÷òî �óíêöèè ai(x, ξ0), ki(x, ξ), aΠ(x, ξ0), kΠ(x, ξ) íåïðå-ðûâíû ïî ξ0 è ξ , èçìåðèìû ïî x è óäîâëåòâîðÿþò ïðè ëþáûõ x ∈ Ω, ξ0 ∈ R1,
ξ1, ξ2, ξ ∈ R2 óñëîâèÿì

0 < β01 ≤ ai(x, ξ0) ≤ β11, 0 < β02 ≤ aΠ(x, ξ0) ≤ β12, (8)
| ki(x, ξ) |≤ M01

2∑

j=1

| ξj |p1−1 +M11, M01 > 0, M11 ≥ 0, p1 > 1, (9)
2∑

j=1

aj(x, ξ0)kj(x, ξ)ξj ≥ M21

2∑

j=1

| ξj |p1 −M31, M21 > 0, M31 ≥ 0, (10)
2∑

j=1

aj(x, ξ0)(kj(x, ξ1) − kj(x, ξ2))(ξ1
j − ξ2

j ) ≥ 0, (11)
| kΠ(ξ0) |≤ M02 | ξ0 |p2−1 +M12, M02 > 0, M12 ≥ 0, p2 > 1, (12)
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aΠ(x, ξ0)kΠ(ξ0)ξ0 ≥ M22 | ξ0 |p2 −M32, M22 > 0, M32 ≥ 0, (13)

(kΠ(ξ1) − kΠ(ξ2))(ξ1 − ξ2) ≥ 0 ∀ξ1, ξ2 ∈ R1. (14)Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé, íà÷àòûõ â ðàáîòå [2℄,ãäå äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (1)�(3) â ñëó÷àå îäíîðîäíîãî îãðàíè-÷åíèÿ. 2. Òåîðåìà ñóùåñòâîâàíèÿÒåîðåìà 1. Ïóñòü �óíêöèè ϕi, ai, ki (i = 1, 2) , aΠ, kΠ óäîâëåòâîðÿþòóñëîâèÿì (5)�(14), êðîìå òîãî
g ∈ W (0, T ), g|Γ×[0,T ] ≤ 0, (15)

∂ϕ1(g)

∂t
∈ Lp′

1
(QT ),

∂ϕ2(g)

∂t
∈ Lp′

2
(ΠT ), (16)

Lg ∈ Lq′(QT ), LΠg ∈ Lq′(ΠT ), q ≤ p = min{p1, p2}. (17)Òîãäà ïðè ëþáûõ
f1 ∈ Lp′(QT ), f2 ∈ Lp′(ΠT ), (18)

u0 ∈
◦

V ∩Lα1
(Ω) òàêîé, ÷òî u0(x) ≥ g(x, 0) ï.â. â Ω è íà Π, (19)ðåøåíèå çàäà÷è (1)�(3) ñóùåñòâóåò.Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ñ ïîìîùüþ ìåòîäîâ øòðà�à è äèñêðå-òèçàöèè ïî ïåðåìåííîé t.Ïóñòü ωτ = {tk = kτ, k = 0, . . . , N, τN = T } , ωτ = ωτ \ {T } . Îïåðàòîðûøòðà�à îïðåäåëèì ñ ïîìîùüþ ñëåäóþùåé �óíêöèè β :

βv = −|v−|q−2v−, v− = (|v| − v)/2.Îïðåäåëåíèå 1. Ôóíêöèþ y(t) ∈
◦

V ∩Lα1
(Ω) ∀t ∈ ωτ íàçîâåì ðåøåíèåì ïî-ëóäèñêðåòíîé çàäà÷è, åñëè

y(0) = u0(x) ï.â. â Ω è íà Π, (20)è äëÿ ïðîèçâîëüíîé �óíêöèè v ∈
◦

V ∩Lα1
(Ω) ñïðàâåäëèâî ðàâåíñòâî

∫

Ω

ϕ1t

(
(y(t) − gτ (t))+ + gτ (t)

)
v dx +

∫

Π

ϕ2t

(
(y(t) − gτ (t))+ + gτ (t)

)
v ds +

+ 〈Lgŷ(t), v〉 + 〈Lg
Πŷ, v〉Π +

1

ε
〈β(ŷ(t) − ĝτ (t)), v〉 +

+
1

ε
〈β(ŷ(t) − ĝτ (t)), v〉Π = 〈f1τ , v〉 + 〈f2τ , v〉Π ∀t ∈ ωτ . (21)Çäåñü 〈f1τ , v〉 =

1

τ

t∫

t−τ

〈f1(ξ), v〉 dξ, 〈f2τ , v〉Π =
1

τ

t∫

t−τ

〈f2(ξ), v〉Π dξ, ε > 0 � ïàðàìåòðøòðà�à, gτ (x, t) =
1

τ

t∫

t−τ

g(x, ξ) dξ , îïåðàòîðû Lg è Lg
Π îïðåäåëåíû ñëåäóþùèìèðàâåíñòâàìè

Lgy = −

2∑

i=1

∂

∂xi

(
ai(x, (y − gτ )+ + gτ ) ki(x,∇y)

)
,
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Lg

Πy = −
∂

∂s

(
aΠ(x, (y − gτ )+ + gτ )kΠ

(
∂y

∂s

))
.�àçðåøèìîñòü çàäà÷è (20)�(21) íåòðóäíî äîêàçàòü, èñïîëüçóÿ ìåòîä �àëåðêèíà.Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (15)�(19), òîãäà äëÿ ðåøåíèÿ çàäà÷è(20)�(21) ñïðàâåäëèâû ñëåäóþùèå àïðèîðíûå îöåíêè1

‖((y − gτ )+ + gτ )(t′)‖Lα1
(Ω) + ‖((y − gτ )+ + gτ )(t′)‖Lα2

(Π) ≤ c ∀t′ ∈ ωτ , (22)
t′∑

t=0

τ

[
‖ŷ(t)‖p1

◦

W
1

p1
(Ω)

+ ‖ŷ(t)‖p2

◦

W
1

p2
(Π)

]
≤ c ∀t′ ∈ ωτ , (23)

1

εq′

t′∑

t=0

τ

[
‖(ŷ − ĝτ )−(t)‖q

Lq(Ω) + ‖(ŷ − ĝτ )−(t)‖q
Lq(Π)

]
≤ c ∀t′ ∈ ωτ . (24)Äîêàçàòåëüñòâî. Èç âêëþ÷åíèÿ ŷ − ĝτ ∈ V è óñëîâèé ŷ ∈

◦

V ∩Lα1
(Ω) ,

g|Γ×[0,T ] ≤ 0 ñëåäóåò, ÷òî �óíêöèÿ (ŷ − ĝτ )− ïðèíàäëåæèò ◦

V ∩Lα1
(Ω). Ýòî ïîçâî-ëÿåò âûáðàòü â ðàâåíñòâå (21) v = τ ŷ −

τ

εq′−1
(ŷ − ĝτ )−, ãäå q ≤ p = min{p1, p2}.Ïîëó÷åííîå ïîñëå ýòîé ïîäñòàíîâêè ðàâåíñòâî ïðîñóììèðóåì ïî t îò 0 äî t′ − τ .Â ðåçóëüòàòå áóäåì èìåòü

2∑

i=1

t′−τ∑

t=0

τ

{ ∫

Ωi

ϕit((ŷ− ĝτ )+ + ĝτ )ŷ dx −
1

εq′−1

∫

Ωi

ϕit((ŷ− ĝτ )+ + ĝτ )(ŷ− ĝτ )− dx

}
+

+

t′−τ∑

t=0

τ 〈Lgŷ, ŷ〉 +

t′−τ∑

t=0

τ 〈Lg
Πŷ, ŷ〉Π +

1

ε

2∑

i=1

t′−τ∑

t=0

τ

∫

Ωi

β(ŷ − ĝτ )ŷ dx −

−
1

εq′

2∑

i=1

t′−τ∑

t=0

τ

∫

Ωi

β(ŷ − ĝτ )(ŷ − ĝτ )− dx =

t′−τ∑

t=0

τ 〈f1τ , ŷ〉 +

t′−τ∑

t=0

τ 〈f2τ , ŷ〉Π +

+

t′−τ∑

t=0

τ

εq′−1
〈Lgŷ, (ŷ − ĝτ )−〉 −

t′−τ∑

t=0

τ

εq′−1
〈Lg

Πŷ, (ŷ − ĝτ )−〉Π −

−

t′−τ∑

t=0

τ

εq′−1
〈f1τ , (ŷ − ĝτ )−〉 −

t′−τ∑

t=0

τ

εq′−1
〈f2τ , (ŷ − ĝτ )−〉Π, (25)ãäå äëÿ êðàòêîñòè îáîçíà÷åíî Ω1 = Ω, Ω2 = Π,Âîñïîëüçîâàâøèñü î÷åâèäíûì ðàâåíñòâîì

ξ = (ξ − ĝτ )+ + ĝτ − (ξ − ĝτ )− ∀ξ ∈ R1,ïðåäñòàâèì ïåðâîå ñëàãàåìîå â ëåâîé ÷àñòè ðàâåíñòâà (25) â âèäå
I =

2∑

i=1

t′−τ∑

t=0

τ

{∫

Ωi

ϕit((ŷ − ĝτ )+ + ĝτ )ŷ dx −

−
1

εq′−1

∫

Ωi

ϕit((ŷ − ĝτ )+ + ĝτ )(ŷ − ĝτ )− dx

}
= I1 − I2,

1Çäåñü è â äàëüíåéøåì ÷åðåç c îáîçíà÷àþòñÿ íåçàâèñèìûå îò τ è ε ïîñòîÿííûå.
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I1 =

2∑

i=1

t′−τ∑

t=0

τ

∫

Ωi

ϕi((ŷ − ĝτ )+ + ĝτ ) − ϕi((y − gτ )+ + gτ )

τ
((ŷ − ĝτ )+ + ĝτ ) dx

I2 = (1 +
1

εq′−1
)

2∑

i=1

t′−τ∑

t=0

τ

∫

Ωi

ϕi((ŷ − ĝτ )+ + ĝτ ) − ϕi((y − gτ )+ + gτ )

τ
(ŷ − ĝτ )− dx.Èñïîëüçóÿ (5) è íåðàâåíñòâî (ñì. [3℄)

(ϕi(ξ) − ϕi(η))ξ ≥ Φi(ξ) − Φi(η) ∀ξ, η ∈ R1, (26)äëÿ I1 íåòðóäíî ïîëó÷èòü îöåíêó âèäà:
I1 ≥

2∑

i=1

t′−τ∑

t=0

τ

∫

Ωi

(
Φi((ŷ − ĝτ )+ + ĝτ ) − Φi((y − gτ )+ + gτ ))

)
dx ≥

≥

2∑

i=1

(
b0i‖((ŷ − ĝτ )++ĝτ)(t′)‖αi

Lαi
(Ωi)−b2i‖u0(x)‖αi

Lαi
(Ωi)−(b1i + b3i)mesΩi

)
. (27)Äëÿ îöåíêè I2 èñïîëüçóåì íåðàâåíñòâî âèäà

(
ϕi((ξ − g1)

+ + g1) − ϕi((ξ − g2)
+ + g2)

) (
−(ξ − g1)

−
)

≥

≥ (ϕi(g1) − ϕi(g2))
(
−(ξ − g1)

−
)

∀ξ, η, g1, g2 ∈ R1, (28)ñïðàâåäëèâîñòü êîòîðîãî âûòåêàåò èç ñëåäóþùèõ ëåãêî ïðîâåðÿåìûõ ñîîòíîøåíèé:
ϕi

(
(ξ − g1)

+ + g1

) (
−(ξ − g1)

−
)

= ϕi(g1)
(
−(ξ − g1)

−
)
,

ϕi

(
(ξ − g2)

+ + g2

)
≥ ϕi(g2).Èñïîëüçóÿ íåðàâåíñòâî �åëüäåðà è ε-íåðàâåíñòâî2, íåòðóäíî äîêàçàòü, ÷òî

I2 ≤

(
1+

1

εq′−1

) 2∑

i=1

t′−τ∑

t=0

τ

∫

Ωi

ϕit(gτ )(ŷ − ĝ)− dx ≤
2

σq′

2∑

i=1

t′−τ∑

t=0

τ‖ϕit(gτ )‖q′

Lq′ (Ωi)
+

+
σq

q

(
1 +

1

εq′

) 2∑

i=1

t′−τ∑

t=0

τ ‖(ŷ − ĝτ )−‖q
Lq(Ωi)

+ c. (29)Èç (28), (29) ñëåäóåò îöåíêà
2∑

i=1

t′−τ∑

t=0

τ

∫

Ωi

ϕi((ŷ − ĝτ )+ + ĝτ ) − ϕi((y − gτ )+ + gτ )

τ
ŷ dx ≥

≥

2∑

i=1

(
b0i‖(ŷ − ĝτ )+ + ĝτ )(t′)‖αi

Lαi
(Ωi)

− b2i‖u0(x)‖αi

Lαi
(Ωi)

−

−
2

σq′

t′−τ∑

t=0

τ ‖ϕit(gτ )‖q′

Lq′ (Ωi)
−

σq

q

(
1 +

1

εq′

) t′−τ∑

t=0

τ ‖(ŷ − ĝτ )−‖q
Lq(Ωi)

)
− c. (30)

2Ìàëûé ïàðàìåòð â ε -íåðàâåíñòâå çäåñü è â äàëüíåéøåì áóäåì îáîçíà÷àòü ÷åðåç σ .
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t′−τ∑

t=0

τ 〈Lgŷ(t), ŷ(t)〉 ≥ M21

t′−τ∑

t=0

τ ‖y(t)‖p1

◦

W
1

p1
(Ω)

− c, (31)
t′−τ∑

t=0

τ 〈Lg
Πŷ(t), ŷ(t)〉Π ≥ M22

t′−τ∑

t=0

τ ‖y(t)‖p2

◦

W
1

p2
(Π)

− c. (32)Ñëàãàåìûå, ñîäåðæàùèå îïåðàòîð øòðà�à β , îöåíèì, âîñïîëüçîâàâøèñü îïðåäå-ëåíèåì ýòîãî îïåðàòîðà, ñëåäóþùèì îáðàçîì:
2∑

i=1

(
1

ε

t′−τ∑

t=0

τ

∫

Ωi

β(ŷ − ĝτ )ŷ dx −
1

εq′

t′−τ∑

t=0

τ

∫

Ωi

β(ŷ − ĝτ )(ŷ − ĝτ )− dx

)
≥

≥
2∑

i=1

(
1

ε

t′−τ∑

t=0

τ‖(ŷ − ĝτ )−‖q
Lq(Ωi)

−
1

εq′

t′−τ∑

t=0

τ‖(ŷ − ĝτ )−‖q
Lq(Ωi)

−

−
1

σq′q′

t′−τ∑

t=0

τ‖ĝτ‖
q′

Lq′(Ωi)
−

σq

qεq′

t′−τ∑

t=0

τ ‖(ŷ − ĝτ )−‖q
Lq(Ωi)

)
. (33)Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè ðàâåíñòâà (25) ïðåäñòàâèì â âèäå

t′−τ∑

t=0

τ

εq′−1
〈Lg ŷ, (ŷ − ĝτ )−〉 =

t′−τ∑

t=0

τ

εq′−1
(Y1 + Y2),ãäå

Y1 =

2∑

i=1

∫

Ω

ai((ŷ − ĝτ )+ + ĝτ )
(
ki(x,∇ŷ) − ki(x,∇ĝτ ))

) ∂

∂xi

(
−(ŷ − ĝτ )−

)
dx,

Y2 =

2∑

i=1

∫

Ω

ai((ŷ − ĝτ )+ + ĝτ )ki(x,∇ĝτ )
∂

∂xi

(
−(ŷ − ĝτ )−

)
dx.Èçâåñòíî, ÷òî (ñì., íàïðèìåð, [4, ñ. 81℄ )

∂(ŷ − ĝτ )−

∂xi
= −

∂(ŷ − ĝτ )

∂xi
â Ω−(t) = {x ∈ Ω : ŷ(x, t) < ĝτ (x, t)},

∂(ŷ− − ĝτ )−

∂xi
= 0 â Ω+(t) = {x ∈ Ω : ŷ(x, t) ≥ ĝτ (x, t)}.Ó÷èòûâàÿ òàêæå, ÷òî

ai((ŷ(x) − ĝτ (x))+ + ĝτ (x)) = ai(ĝτ (x)) ∀x ∈ Ω−(t),íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâ
Y1 =

2∑

i=1

∫

Ω−

ai(ĝτ ) (ki(x,∇ŷ) − ki(x,∇ĝτ )))
∂

∂xi

(
−(ŷ − ĝτ )−

)
dx ≥ 0, (34)

Y2 =
2∑

i=1

∫

Ω−

ai(ĝτ )ki(x,∇ĝτ )
∂

∂xi

(
−(ŷ − ĝτ )−

)
dx = 〈Lg ĝτ , (ŷ − ĝτ )−〉. (35)



Î �ÀÇ�ÅØÈÌÎÑÒÈ ÎÄÍÎÉ ÇÀÄÀ×È ÑÎÂÌÅÑÒÍÎ�Î ÄÂÈÆÅÍÈß 153Èñïîëüçóÿ íåðàâåíñòâà �åëüäåðà, Ôðèäðèõñà è ε-íåðàâåíñòâî, îöåíèì (35) è îñòàâ-øèåñÿ ñëàãàåìûå â ïðàâîé ÷àñòè (25):
t′−τ∑

t=0

τ〈f1τ (t), ŷ 〉 ≤
1

p′1σ
p′

1

t′−τ∑

t=0

τ‖f1τ (t)‖
p′

1

Lp′

1

(Ω) +
cσp1

p1

t′−τ∑

t=0

τ‖ŷ‖p1

◦

W
1

p1
(Ω)

, (36)
t′−τ∑

t=0

τ

εq′−1
〈f1τ (t),−(ŷ − ĝ)−〉 ≤

≤
1

q′σq′

t′−τ∑

t=0

τ‖f1τ (t)‖q′

Lq′ (Ω) +
σq

qεq′

t′−τ∑

t=0

τ‖(ŷ − ĝτ )−‖q
Lq(Ω), (37)

t′−τ∑

t=0

τ〈f2τ (t), ŷ 〉Π ≤
1

p′2σ
p′

2

t′−τ∑

t=0

τ‖f2τ (t)‖
p′

2

Lp′

2

(Π) +
cσp2

p2

t′−τ∑

t=0

τ‖ŷ‖p2

◦

W
1

p2
(Π)

, (38)
t′−τ∑

t=0

τ

εq′−1
〈f2τ (t),−(ŷ − ĝτ )−〉Π ≤

≤
1

q′σq′

t′−τ∑

t=0

τ‖f2τ (t)‖q′

Lq′ (Π) +
σq

qεq′

t′−τ∑

t=0

τ‖(ŷ − ĝτ )−‖q
Lq(Π), (39)

t′−τ∑

t=0

τ

εq′−1
〈Lg ŷ, (ŷ − ĝτ )−〉 ≤

1

q′σq′

t′−τ∑

t=0

τ ‖Lgĝτ‖
q′

Lq′ (Ω)+

+
σq

qεq′

t′−τ∑

t=0

τ‖(ŷ − ĝτ )−‖q
Lq(Ω), (40)

t′−τ∑

t=0

τ

εq′−1
〈Lg

Πŷ, (ŷ − ĝτ )−〉Π ≤
1

q′σq′

t′−τ∑

t=0

τ ‖Lg
Πĝτ‖

q′

Lq′(Π) +

+
σq

qεq′

t′−τ∑

t=0

τ‖(ŷ − ĝτ )−‖q
Lq(Π). (41)Ïîäñòàâëÿÿ (30)�(33), (36)�(41) â (25), áóäåì èìåòü

b01 ‖((ŷ − ĝτ )+ + ĝτ )(t′)‖α1

Lα1
(Ω) + b02 ‖(ŷ + ĝτ )+ + ĝ)(t′)‖α2

Lα2
(Π) +

+

(
M21 −

cσp1

p1

) t′−τ∑

t=0

τ‖ŷ(t) ‖p1

◦

W
1

p1
(Ω)

+

(
M22 −

cσp2

p2

) t′−τ∑

t=0

τ‖ŷ(t) ‖p2

◦

W
1

p2
(Π)

+

+

{
1

ε
(1 −

ε σq

q
) +

1

qεq′
(q − 5σq)

} t′−τ∑

t=0

τ‖(ŷ − ĝτ )−‖q
Lq(Ω) +

+

{
1

ε
(1 −

ε σq

q
) +

1

qεq′
(q − 5σq)

} t′−τ∑

t=0

τ‖(ŷ − ĝτ )−‖q
Lq(Π) ≤

≤ b21‖u0(x)‖α1

Lα1
(Ω) + b22‖u0(x)‖α2

Lα2
(Π) +

1

q′σq′

t′−τ∑

t=0

τ‖Lg ĝτ‖
q′

Lq′(Ω) +
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+

1

q′σq′

t′−τ∑

t=0

τ‖Lg
Πĝτ‖

q′

Lq′(Π) +

(
1

σq′
+

c

σq′

) t′−τ∑

t=0

τ‖f1τ‖
q′

Lq′ (Ω) +

+

(
1

σq′
+

c

σq′

) t′−τ∑

t=0

τ‖f2τ‖
q′

Lq′(Π) +
1

σq′q′

t′−τ∑

t=0

τ‖ĝτ‖
q′

Lq′ (Ω) +
1

σq′q′

t′−τ∑

t=0

τ‖ĝτ‖
q′

Lq′ (Π) +

+
2

σq′

t′−τ∑

t=0

τ‖ϕ1t(gτ )‖q′

Lq′ (Ω) +
2

σq′

t′−τ∑

t=0

τ‖ϕ2t(gτ )‖q′

Lq′(Π). (42)Ïàðàìåòð σ âûáåðåì òàê, ÷òîáû âûðàæåíèÿ, ñòîÿùèå â êðóãëûõ ñêîáêàõ â ñî-îòíîøåíèè (42) áûëè ïîëîæèòåëüíû. Â ñèëó óñëîâèé (15)�(19) ïðàâàÿ ÷àñòü (42)îãðàíè÷åíà. Ñëåäîâàòåëüíî, îöåíêè (22)�(24) èìåþò ìåñòî. Ëåììà äîêàçàíà.Ëåììà 2. Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 1 . Òîãäà äëÿ ðåøåíèÿ çàäà÷è (20)�(21) ñïðàâåäëèâû àïðèîðíûå îöåíêè
T−kτ∑

t=0

τ

∫

Ωi

(
ϕi(ξ(t + kτ)) − ϕi(ξ(t))

)(
ξ(t + kτ) − ξ(t)

)
dx ≤ ckτ, k = 1, 2, . . . , N, (43)ãäå i = 1, 2, ξ(t) = ((y − gτ )+ + gτ )(t).Äîêàçàòåëüñòâî. Èìååì

I ≡
1

τ

T−kτ∑

t′=0

τ

∫

Ω

(
ϕ1(ξ(t

′ + kτ)) − ϕ1(ξ(t
′))
)(

ξ(t′ + kτ) − ξ(t′)
)
dx +

+
1

τ

T−kτ∑

t′=0

τ

∫

Π

(
ϕ2(ξ(t

′ + kτ)) − ϕ2(ξ(t
′))
)(

ξ(t′ + kτ) − ξ(t′)
)
ds =

=
T−kτ∑

t′=0

τ

∫

Ω

k∑

j=1

(
ϕ1(ξ(t

′ + jτ))
)

t̄

(
ξ(t′ + kτ) − ξ(t′)

)
dx +

+
T−kτ∑

t′=0

τ

∫

Π

k∑

j=1

(
ϕ2(ξ(t

′ + jτ))
)

t̄

(
ξ(t′ + kτ) − ξ(t′)

)
ds.Âîñïîëüçîâàâøèñü ðàâåíñòâîì (21), ïîëó÷èì

I =
T−kτ∑

t′=0

τ
k∑

j=1

{
−〈Lgy(t′+jτ), ξ(t′+kτ)−ξ(t′)〉−〈Lg

Πy(t′+jτ), ξ(t′+kτ)−ξ(t′)〉Π −

−
1

ε
〈β(y − gτ )(t′ + jτ), ξ(t′ + kτ) − ξ(t)〉 −

1

ε
〈β(y − gτ )(t′ + jτ), ξ(t′ + kτ) −

− ξ(t′)〉Π + 〈f1τ , ξ(t′ + kτ) − ξ(t′)〉 + 〈f2τ , ξ(t′ + kτ) − ξ(t′)〉Π

}
. (44)Äîêàæåì, ÷òî ïðàâàÿ ÷àñòü â (44) îãðàíè÷åíà âåëè÷èíîé kc. Îáîçíà÷àÿ t′j = t′ +

+ jτ , t′k = t′ + kτ , îöåíèì, íàïðèìåð, ñëåäóþùåå ñëàãàåìîå
I1 ≡

1

ε

∣∣∣∣
T−kτ∑

t′=0

k∑

j=1

τ〈β((y − gτ )(t′j)), ξ(t′k) − ξ(t′)〉

∣∣∣∣ ≤

≤
1

ε

T−kτ∑

t′=0

k∑

j=1

τ‖β((y − gτ )(t′j))‖
p′

1

W−1

p′

1

(Ω)

{
‖ξ(t′k)‖p1

◦

W
1

p1
(Ω)

+ ‖ξ(t′)‖p1

◦

W
1

p1
(Ω)

}
≤
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≤

1

ε

k∑

j=1

( T−kτ∑

t′=0

τ ‖β((y − gτ )(t′j))‖
p′

1

W−1

p′

1

(Ω)

)1/p′

1

×

×

{( T−kτ∑

t′=0

τ ‖ξ(t′k)‖p1

◦

W
1

p1
(Ω)

)1/p1

+

( T−kτ∑

t′=0

τ ‖ξ(t′)‖p1

◦

W
1

p1
(Ω)

)1/p1
}

.Çàìåòèì, ÷òî èç îöåíêè (24) ñëåäóåò, ÷òî
1

ε

k∑

j=1

( T−kτ∑

t′=0

τ ‖β((y − gτ )(t′j))‖
p′

1

W−1

p′

1

(Ω)

)1/p′

1

≤ kc.Èç ïîñëåäíåãî íåðàâåíñòâà è (23) èìååì I ≤ kc. Îñòàëüíûå ñëàãàåìûå â ïðàâîé÷àñòè (44) îöåíèâàþòñÿ àíàëîãè÷íî. Âîçðàñòàíèå �óíêöèé ϕi, i = 1, 2, è (44)îáåñïå÷èâàþò ñïðàâåäëèâîñòü (43). Ëåììà äîêàçàíà.Îáîçíà÷èì ÷åðåç Π±z(t) è Λz(t) êóñî÷íî-ïîñòîÿííûå è êóñî÷íî-ëèíåéíîå âîñ-ïîëíåíèÿ ïî t �óíêöèè z(t) , îïðåäåëåííîé íà Ω × ωτ . Èç îöåíîê (22), (23) âû-òåêàåò, ÷òî ïîñëåäîâàòåëüíîñòè {Π±y(t)} è {Λy(t)} ðàâíîìåðíî îãðàíè÷åíû ïî τè ε â ◦

V (0, T ), ïîñëåäîâàòåëüíîñòü {Π±((y − gτ )+ + gτ )(t)} � â L∞(0, T ; Lα1
(Ω)),à ïîñëåäîâàòåëüíîñòè ñëåäîâ ýòèõ �óíêöèé íà Π ðàâíîìåðíî îãðàíè÷åíû â

L∞(0, T ; Lα2
(Π)). Ïîýòîìó íàéäóòñÿ �óíêöèè u è ζ èç ◦

V (0, T ) è ïîäïîñëåäî-âàòåëüíîñòè ïîñëåäîâàòåëüíîñòåé {τ}, {ε} (â äàëüíåéøåì çà âûáðàííûìè ïîñëå-äîâàòåëüíîñòÿìè ñîõðàíèì îáîçíà÷åíèÿ ñàìèõ ïîñëåäîâàòåëüíîñòåé) òàêèå, ÷òî
Π±y(t), Λy(t) ⇀ u â ◦

V (0, T ) , (45)
Π±((y − gτ )+ + gτ )(t) ⇀ ζ ∗ -ñëàáî â L∞(0, T ; Lα1

(Ω)) , (46)
Π±((y − gτ )+ + gτ )(t), ⇀ ζ ∗ -ñëàáî â L∞(0, T ; Lα2

(Π)) . (47)Èç îöåíêè (24) è ëåììû 2 ñëåäóåò ñóùåñòâîâàíèå ïîäïîñëåäîâàòåëüíîñòåé {τ}, {ε},äëÿ êîòîðûõ ïðè τ, ε → 0 ñïðàâåäëèâû ïðåäåëüíûå ñîîòíîøåíèÿ
Π±(y − gτ )−(t) ⇀ 0 â Lq(QT ), (48)
Π±(y − gτ )−(t) ⇀ 0 â Lq(ΠT ), (49)
Π±ϕ1((y − gτ )+ + gτ )(t)) ⇀ ζ1 â L1(QT ), (50)
Π±ϕ2((y − gτ )+ + gτ )(t)) ⇀ ζ2 â L1(ΠT ), (51)
Π+((y − gτ )+ + gτ )(t) → ζ ï.â. â QT è íà ΠT . (52)Èç î÷åâèäíîãî ðàâåíñòâà

Π±((y − gτ )+ + gτ ) − Π±(y − gτ )− = Π±y, (53)ïðåäåëüíûõ ñîîòíîøåíèé (45)�(49), (52) è åäèíñòâåííîñòè ñëàáîãî ïðåäåëà ñëåäóåò,÷òî ζ = u ïî÷òè âñþäó â QT è íà ΠT . Èñïîëüçóÿ ðàâåíñòâî (53), ñîîòíîøåíèÿ(50)�(52), íåïðåðûâíîñòü �óíêöèé ϕ1 , ϕ2 , íåòðóäíî ïîêàçàòü, ÷òî ζ1 = ϕ1(u) ,
ζ2 = ϕ2(u) . Êðîìå òîãî, èç (48), (49) âûòåêàåò, ÷òî u ≥ g ïî÷òè âñþäó â QT è íà Π,ñëåäîâàòåëüíî, u ∈ K. È, íàêîíåö, óñëîâèÿ (9), (12) è îöåíêà (23) îáåñïå÷èâàþòñóùåñòâîâàíèå ïîäïîñëåäîâàòåëüíîñòåé {τ}, {ε} òàêèõ, ÷òî

Π±ki(x,∇y) ⇀ Ki â Lp′

1
(QT ), (54)

Π±kΠ(
∂y(t)

∂s
) ⇀ KΠ â Lp′

2
(ΠT ) (55)



156 Ë.Ë. �ËÀÇÛ�ÈÍÀ, Ì.Ô. ÏÀÂËÎÂÀïðè τ, ε → 0. Äîêàæåì äàëåå, ÷òî ïðåäåëüíàÿ �óíêöèÿ u ÿâëÿåòñÿ ðåøåíèåìçàäà÷è (1)�(3).Ïóñòü Gτ (((y − gτ )+ + gτ )(t)) � ëèíåéíûé �óíêöèîíàë, çíà÷åíèå êîòîðîãî íàýëåìåíòå v ∈
◦

V îïðåäåëÿåòñÿ �îðìóëîé
〈Gτ (ξ(t), v〉∗ =

∫

Ω

ϕ1t(ξ(x, t))v(x) dx +

∫

Π

ϕ2t(ξ(s, t))v(s) ds.Íàïîìíèì, ÷òî äëÿ ñîêðàùåíèÿ çàïèñè èñïîëüçóåòñÿ îáîçíà÷åíèå ξ = (y−gτ )++gτ .Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü �óíêöèîíàëîâ Π+Gτ ((y−gτ )+ +gτ) îãðàíè÷åíàðàâíîìåðíî ïî τ è ε â ïðîñòðàíñòâå (
◦

V (0, T ))∗. Èìååì
‖Π+Gτ (ξ) ‖

(
◦

V (0,T ))∗
= sup

v∈
◦

V (0,T )






∣∣∣∣

T∫

0

〈Π+ϕ1t(ξ) , v〉 dt +

T∫

0

〈Π+ϕ2t(ξ) , v〉Π dt

∣∣∣∣

‖v‖
Lp1

(0,T ;
◦

W
1

p1
(Ω))

+ ‖v‖
Lp2

(0,T ;
◦

W
1

p2
(Π))






.

Ó÷èòûâàÿ, ÷òî y(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (20)�(21), è ïîëàãàÿ y(t) = y(T )äëÿ ëþáîãî t ≥ T, çàïèøåì ðàâåíñòâî
∣∣∣∣

T∫

0

〈Π+ϕ1t(ξ) , vτ 〉 dt +

T∫

0

〈Π+ϕ2t(ξ) , vτ 〉Π dt

∣∣∣∣ =

=

∣∣∣∣
T−τ∑

t=0

τ

{∫

Ω

2∑

i=1

ai(x, ξ̂ )ki(x,∇ŷ)
∂vτ

∂xi
dx +

∫

Π

aΠ(s, ξ̂ )kΠ

(
∂ŷ

∂s

)
∂vτ

∂s
ds +

+
1

ε

∫

Ω

β(ŷ − ĝτ ) vτ dx +
1

ε

∫

Π

β(ŷ − ĝτ ) vτ ds − 〈 f1τ , vτ 〉 − 〈 f2τ , vτ 〉Π

} ∣∣∣∣,ãäå vτ =
1

τ

t+τ∫

t

v(x, t) dt. Êàæäîå ñëàãàåìîå ïðàâîé ÷àñòè îöåíèì ñâåðõó, èñïîëüçóÿíåðàâåíñòâà �åëüäåðà è óñëîâèÿ (8), (9), (12); â ðåçóëüòàòå ïîëó÷èì
∣∣∣∣

T−τ∑

t=0

τ

∫

Ω

2∑

i=1

ai(x, ξ̂ )ki(x,∇ŷ)
∂vτ

∂xi
dx

∣∣∣∣+
∣∣∣∣

T−τ∑

t=0

τ

∫

Π

aΠ(s, ξ̂ )kΠ

(
∂ŷ

∂s

)
∂vτ

∂s
ds

∣∣∣∣ ≤

≤

2∑

i=1

β1i

{
c + M0i

(T−τ∑

t=0

τ ‖ ŷ(t) ‖pi

◦

W
1

pi
(Ωi)

)1/p′

i
}
‖v‖

Lpi
(0,T ;

◦

W 1
pi

(Ωi))
,

∣∣∣∣
1

ε

T−τ∑

t=0

τ

∫

Ωi

β(ŷ− ĝτ ) vτ dx

∣∣∣∣ ≤
(

1

εq′

T−τ∑

t=0

τ ‖(ŷ− ĝτ)− ‖q
Lq(Ωi)

)1/q′

‖v‖
Lpi

(0,T ;
◦

W 1
pi

(Ωi))
,

∣∣∣∣
T−τ∑

t=0

τ〈 f1τ , vτ 〉i

∣∣∣∣ ≤ ‖ f1 ‖Lp′(QT )‖v‖
Lp1

(0,T ;
◦

W
1

p1
(Ω))

,
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∣∣∣∣

T−τ∑

t=0

τ〈 f2τ , vτ 〉Π

∣∣∣∣ ≤ ‖ f2 ‖Lp′(ΠT )‖v‖
Lp2

(0,T ;
◦

W
1

p2
(Ω))

.Èç ïîëó÷åííûõ íåðàâåíñòâ è îöåíîê (23), (24) ñëåäóåò, ÷òî
‖Π+Gτ (ξ) ‖

(
◦

V (0,T ))∗
≤ c. (56)Ïîýòîìó íàéäóòñÿ ýëåìåíò G è ïîñëåäîâàòåëüíîñòè {τ} è {ε} òàêèå, ÷òî

Π+Gτ (y) ⇀ G (
◦

V (0, T ))∗ ïðè τ, ε → 0. (57)Âûÿñíèì ñòðóêòóðó ïðåäåëüíîãî ýëåìåíòà G . Èñïîëüçóÿ �îðìóëó ñóììèðîâàíèÿïî ÷àñòÿì è ó÷èòûâàÿ, ÷òî (u0(x) − g(0))+ + g(0) = u0(x), èìååì
T∫

0

〈Π+Gτ (ξ), η〉∗ Π+zτ dt =

T∫

0

{∫

Ω

Π+ϕ1t(ξ) η dx +

∫

Π

Π+ϕ2t(ξ) η ds

}
Π+zτ dt =

=

T∫

0

{
−

∫

Ω

Π+ϕ1(ξ) η dx −

∫

Π

Π+ϕ2(ξ) η ds

}
Π+zτt dt −

−

∫

Ω

ϕ1(u0(x)) η zτ (0) dx −

∫

Π

ϕ2(u0(s)) η zτ (0) ds,ãäå η ∈
◦

V , zτ (t) � ñåòî÷íàÿ �óíêöèÿ, ïîëó÷åííàÿ ñíîñîì â òî÷êè ñåòêè ωτ çíà÷å-íèé �óíêöèè z(t) ∈ C∞(0, T ), z(T ) = 0. Ó÷èòûâàÿ (50)�(52) è (57), â ïîñëåäíåìðàâåíñòâå ïåðåéäåì ê ïðåäåëó ïðè τ, ε → 0. Â ðåçóëüòàòå áóäåì èìåòü
T∫

0

〈G, η〉∗z(t) dt = −

T∫

0

{∫

Ω

ϕ1(u)η(x) dx +

∫

Π

ϕ2(u)η(s)ds

}
dz

dt
dt −

−

∫

Ω

ϕ1(u0(x))η(x)z(0) dx −

∫

Π

ϕ2(u0(s))η(s)z(0) ds. (58)Âûáèðàÿ â (58) z ∈ C∞
0 (0, T ) , ïîëó÷èì ðàâåíñòâî

T∫

0

〈G, η〉∗z(t) dt = −

T∫

0

{∫

Ω

ϕ1(u)η(x) dx +

∫

Π

ϕ2(u)η(s) ds

}
dz

dt
dt. (59)Èç (59) ñëåäóåò, ÷òî �óíêöèÿ 〈G, η〉∗ ÿâëÿåòñÿ îáîáùåííîé ïðîèçâîäíîé �óíê-öèè Ψ,

Ψ(t) =

∫

Ω

ϕ1(u(x, t))η(x) dx +

∫

Π

ϕ2(u(s, t))η(s) ds.Ïî îïðåäåëåíèþ �óíêöèîíàëà J (ñì. (4))
〈J(u), η〉∗ =

dΨ(t)

dt
,ïîýòîìó

〈G, η〉∗ = 〈J(u), η〉∗ ∀η ∈
◦

V . (60)



158 Ë.Ë. �ËÀÇÛ�ÈÍÀ, Ì.Ô. ÏÀÂËÎÂÀÄîêàæåì, ÷òî u(x, 0) = u0(x) . Äëÿ ýòîãî â (60) âûáåðåì z ∈ C∞(0, T ) , z(T ) = 0.Ñðàâíèâàÿ ïîëó÷åííîå ðàâåíñòâî ñ (58), áóäåì èìåòü
∫

Ω

(
ϕ1(u(x, 0)) − ϕ1(u0(x))

)
η(x) dx +

∫

Π

(
ϕ2(u(s, 0)) − ϕ2(u0(s))

)
η(s) ds = 0.Èç ïîñëåäíåãî ðàâåíñòâà â ñèëó ïðîèçâîëüíîñòè η(x) è âçàèìíîîäíîçíà÷íîñòè�óíêöèé ϕi(u) ñëåäóåò u(x, 0) = u0(x) ïî÷òè âñþäó â Ω è íà Π.Òåïåðü äîêàæåì, ÷òî �óíêöèÿ u óäîâëåòâîðÿåò íåðàâåíñòâó (3). Ïóñòü z �ïðîèçâîëüíàÿ �óíêöèÿ èç C∞

0 (QT ) òàêàÿ, ÷òî z(x, t) ≥ g(x, t) ïî÷òè âñþäó â QT .Âûáåðåì â (21) v = ŷ−ẑτ , ãäå zτ � �óíêöèÿ, îïðåäåëåííàÿ íà Ω×ωτ è ñîâïàäàþùàÿíà ýòîì ìíîæåñòâå ñ z(x, t) . Ïîëó÷åííîå ðàâåíñòâî, èñïîëüçóÿ êóñî÷íî-ïîñòîÿííûåâîñïîëíåíèÿ, çàïèøåì äëÿ ïðîèçâîëüíîãî t ∈ [0, T ]. Èíòåãðèðóÿ ðåçóëüòàò ïî îò-ðåçêó [0, t1], áóäåì èìåòü
t1∫

0

{∫

Ω

Π+ϕ1t(ξ)Π+(ŷ − ẑτ ) dx +

∫

Π

Π+ϕ2t(ξ)Π+(ŷ − ẑτ ) ds +

+

∫

Ω

2∑

i=1

Π+ai(x, ξ̂ )Π+ki(x,∇ŷ )Π+ ∂(ŷ − ẑτ )

∂xi
dx +

+

∫

Π

Π+aΠ(s, ξ̂ )Π+kΠ

(
∂ŷ

∂s

)
Π+ ∂(ŷ − ẑτ )

∂s
ds +

+
1

ε
〈Π+β(ŷ − ĝτ ), Π+(ŷ − ẑτ )〉 +

1

ε
〈Π+β(ŷ − ĝτ ), Π+(ŷ − ẑτ )〉Π

}
dt =

=

t1∫

0

{
〈Π+f1τ , Π+(ŷ − ẑτ )〉 + 〈Π+f2τ , Π+(ŷ − ẑτ )〉Π

}
dt. (61)Ïåðâûå äâà ñëàãàåìûå â ëåâîé ÷àñòè îöåíèì, èñïîëüçóÿ íåðàâåíñòâî (26) è îöåíêó(24):

t1∫

0

∫

Ωi

Π+ϕit(ξ)Π+ŷ dx dt ≥
1

τ

t1∫

t1−τ

∫

Ωi

Φi(Π
+ξ̂ ) dx dt −

−

∫

Ωi

Φi(ξ(0)) dx −

t1∫

0

∫

Ωi

Π+ϕit(gτ )Π+(ŷ − ĝτ )− ≥

≥

∫

Ωi

Φi(Λ ξ(t1)) dx −

∫

Ωi

Φi(u0(x)) dx − cεq′

, i = 1, 2. (62)Äàëåå, âîñïîëüçîâàâøèñü óñëîâèÿìè (11), (14), áóäåì èìåòü
t1∫

0

∫

Ω

2∑

i=1

Π+ai(x, ξ̂ )Π+ki(x,∇ŷ)Π+ ∂(ŷ − ẑτ )

∂xi
dx dt ≥

≥

t1∫

0

∫

Ω

2∑

i=1

Π+ai(x, ξ̂ )Π+ki(x,∇ẑτ )Π+ ∂(ŷ − ẑτ )

∂xi
dx dt, (63)
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t1∫

0

∫

Π

Π+aΠ(s, ξ̂)Π+kΠ

(
∂ŷ

∂s

)
Π+ ∂(ŷ − ẑτ )

∂s
ds dt ≥

≥

t1∫

0

∫

Π

Π+aΠ(s, ξ̂)Π+kΠ

(
∂ẑτ

∂s

)
Π+ ∂(ŷ − ẑτ )

∂s
ds dt. (64)Èñïîëüçóÿ ìîíîòîííîñòü �óíêöèè β , ðàâåíñòâî β(ẑτ − ĝτ ) = 0 , âûòåêàþùåå èçóñëîâèÿ z ≥ g , íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà

1

ε

t1∫

0

{
〈Π+β(ŷ − ĝτ ), Π+(ŷ − ẑτ )〉 + 〈Π+β(ŷ − ĝτ ), Π+(ŷ − ẑτ )〉Π

}
dt ≥ 0. (65)Ïîäñòàâëÿÿ (62)�(65) â (61), ïîëó÷èì

∫

Ω

(Φ1(Λξ(t1)) − Φ1(u0(x))) dx +

∫

Π

(Φ2(Λy(t1)) − Φ2(u0(x))) ds +

+

t1∫

0

∫

Ω

2∑

i=1

Π+ai(x, ξ̂ )Π+ki(x,∇ẑτ )Π+ ∂(ŷ − ẑτ )

∂xi
dx +

+

t1∫

0

∫

Π

Π+aΠ(s, ξ̂ )Π+kΠ

(
∂ẑτ

∂s

)
Π+ ∂(ŷ − ẑτ )

∂s
ds dt −

−

t1∫

0

∫

Ω

Π+ϕ1t(ξ̂ )Π+ẑτ dx dt −

t1∫

0

∫

Π

Π+ϕ2t(ξ̂ )Π+ẑτ ds dt ≤

≤

t1∫

0

〈Π+f1τ , Π+(ŷ − ẑτ )〉 dt +

t1∫

0

〈Π+f2τ , Π+(ŷ − ẑτ )〉Π dt + cεq′

.Â ðåçóëüòàòå ïðåäåëüíîãî ïåðåõîäà â ïîñëåäíåì íåðàâåíñòâå ïðè τ, ε → 0 áóäåìèìåòü
I(t1) ≡

t1∫

0

{
〈f1, u − z〉 + 〈f2, u − z〉Π + 〈J(u), z〉∗ −

−

∫

Ω

2∑

i=1

ai(x, u)ki(x,∇z)
∂(u − z)

∂xi
dx −

∫

Π

aΠ(s, u) kΠ

(
∂z

∂s

)
∂(u − z)

∂s
ds

}
dt ≥

≥ lim
ε,τ→0

∫

Ω

Φ1(Λξ(t1)) dx −

∫

Ω

Φ1(u0(x)) dx +

+ lim
ε,τ→0

∫

Π

Φ2(Λξ(t1)) ds −

∫

Π

Φ2(u0(s)) ds. (66)Î÷åâèäíî (66) áóäåò ñïðàâåäëèâûì è äëÿ ëþáîé �óíêöèè z èç ◦

V (0, T ) . Íåðà-âåíñòâî (66) óìíîæèì íà 1/λ (λ > 0) , ïðîèíòåãðèðóåì ïî t1 îò T − λ äî T.
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lim
λ→0

1

λ

T∫

T−λ

I(t1) dt1 ≥ lim
λ→0

1

λ

T∫

T−λ

{
lim

ε,τ→0

∫

Ω

Φ1(Λξ(t1)) dx +

+ lim
ε,τ→0

∫

Π

Φ2(Λξ(t1)) ds

}
dt1 −

∫

Ω

Φ1(u0(x)) dx −

∫

Π

Φ2(u0(s)) ds. (67)Èç ñëàáîé ïîëóíåïðåðûâíîñòè ñíèçó �óíêöèîíàëîâ T∫

T−λ

∫

Ωi

Φi(ξ) dx dt ñëåäóåò, ÷òî
T∫

T−λ

lim
ε,τ→0

∫

Ωi

Φi(Λ ξ(t1)) dx dt1 ≥

T∫

T−λ

∫

Ωi

Φi(u(t)) dx dt. (68)Ïðèìåíÿÿ (68) è ðàâåíñòâî
T∫

0

〈J(v(t)), v(t)〉∗ dt = lim
λ→0

1

λ

2∑

i=1

{ T∫

T−λ

∫

Ωi

Φi(v(t)) dx dt −

∫

Ωi

Φi(v(0)) dx

}
,ñïðàâåäëèâîñòü êîòîðîãî áûëà äîêàçàíà, èñïîëüçóÿ èäåè ðàáîòû [5℄, ïðåîáðà-çóåì (67) ñëåäóþùèì îáðàçîì:

T∫

0

{
〈J(u), u − z〉∗ +

∫

Ω

2∑

i=1

ai(x, u)ki(x,∇z)
∂(u − z)

∂xi
dx +

+

∫

Π

aΠ(s, u)kΠ

(
∂z

∂s

)
∂(u − z)

∂s
ds

}
dt ≤

T∫

0

{
〈f1, u − z〉 + 〈f2, u − z〉Π

}
dt. (69)Ýêâèâàëåíòíîñòü (69) è (3) óñòàíàâëèâàåòñÿ ñòàíäàðòíûì îáðàçîì. Òåîðåìà äî-êàçàíà. SummaryL.L. Glazyrina, M.F. Pavlova. On the Solvability of the Problem of the Coupled Movementof Underground and Surfa
e Waters with Nonhomogeneous Bounds to the Solution.We 
onsider the problem that belongs to the 
lass of problems with double degeneration.The main 
hara
teristi
 of this problem is a nonlo
al boundary 
ondition on the slit of thedomain. By using the semidis
retization and penalty methods the theorem of the solvabilityof the �rst boundary 
ondition problem for the 
orresponding variational inequality withnonhomogeneous bounds to the solution is proved.Key words: double degeneration, nonlo
al boundary 
onditions, semidis
retizationmethod, penalty method, generalized solution.Ëèòåðàòóðà1. Àíòîíöåâ Ñ.Í., Ìåéðìàíîâ À.Ì. Ìàòåìàòè÷åñêèå ìîäåëè ñîâìåñòíîãî äâèæåíèÿïîâåðõíîñòíûõ è ïîäçåìíûõ âîä. � Íîâîñèáèðñê: Èçä-âî Í�Ó, 1979. � 80 ñ.
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