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ÓÄÊ 512.643.2ÕÀ�ÀÊÒÅ�ÈÑÒÈ×ÅÑÊÈÉ ÎÏ�ÅÄÅËÈÒÅËÜÂ ÇÀÄÀ×Å ÑÈÍÒÅÇÀ ÎÏÒÈÌÀËÜÍÎ�ÎÓÏ�ÀÂËÅÍÈß Ò�ÀÍÑÏÎ�ÒÈ�ÎÂÊÎÉÍÅÔÒÈ È �ÀÇÀÏÎ ÄËÈÍÍÛÌ Ò�ÓÁÎÏ�ÎÂÎÄÀÌÀ.À. Áàëîåâ, Ï.À. ËàçàðåâàÀííîòàöèÿ�àññìàòðèâàåòñÿ õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü, âîçíèêàþùèé â çàäà÷å ñèíòåçàîïòèìàëüíîãî óïðàâëåíèÿ òðàíñïîðòèðîâêîé íå�òè è ãàçà ïî äëèííûì òðóáîïðîâîäàì.�àñêðûòèå äàííîãî îïðåäåëèòåëÿ òðàäèöèîííûìè ïðèåìàìè ïðè ó÷åòå â ðàçëîæåíèè ðå-øåíèÿ òðåõ òîíîâ è áîëåå ïðåäñòàâëÿåò ñîáîé âåñüìà òðóäíóþ çàäà÷ó, îäíàêî â íàñòîÿùåéðàáîòå õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ðàñêðûò â îáùåì âèäå äëÿ ëþáîãî ÷èñëà òîíîâè ïîëó÷åíî âûðàæåíèå, ñîäåðæàùåå òîëüêî ÷åòíûå ñòåïåíè ïåðåìåííîé.Êëþ÷åâûå ñëîâà: òðàíñïîðòèðîâêà íå�òè è ãàçà, õàðàêòåðèñòè÷åñêèé îïðåäåëè-òåëü, îïòèìàëüíîå óïðàâëåíèå. ÂâåäåíèåÑîâðåìåííàÿ òåõíîëîãèÿ òðàíñïîðòà íå�òè è íå�òåïðîäóêòîâ ïî ñõåìå ¾èç íà-ñîñà â íàñîñ¿ ïðåâðàùàåò ìàãèñòðàëüíûé òðóáîïðîâîä â åäèíóþ äèíàìè÷åñêóþñèñòåìó, òðåáóþùóþ ñîãëàñîâàííîé ðàáîòû âñåõ íàñîñíûõ ñòàíöèé, âñëåäñòâèå÷åãî ñóùåñòâåííî âîçðîñëè òðåáîâàíèÿ ê íàäåæíîñòè ñèñòåì ðåãóëèðîâàíèÿ. Âàæ-íîå çíà÷åíèå ïðèîáðåòàåò ïðîáëåìà óïðàâëåíèÿ íå�òåïðîâîäàìè ïðè íåóñòàíîâèâ-øèõñÿ ïðîöåññàõ. Òàêèå ïðîöåññû â ìàãèñòðàëüíîì òðóáîïðîâîäå, âûçâàííûå èçìå-íåíèÿìè ãèäðàâëè÷åñêîãî ðåæèìà ïåðåêà÷êè (îñòàíîâêà èëè ïóñê íàñîñíûõ àãðåãà-òîâ, èçìåíåíèå äàâëåíèÿ (ðàñõîäà), îòêëþ÷åíèå èëè ïîäêëþ÷åíèå ïîïóòíîãî ñáðîñàèëè ïîäêà÷êè è ò. ï.), ñîïðîâîæäàþòñÿ ðàñïðîñòðàíåíèåì îò èñòî÷íèêà âîçìóùå-íèÿ âîëí ïîâûøåííîãî è ïîíèæåííîãî äàâëåíèÿ ïî âñåé òðóáîïðîâîäíîé ñèñòåìå.Èññëåäîâàíèþ íåóñòàíîâèâøèõñÿ ïðîöåññîâ â òðóáîïðîâîäàõ ïîñâÿùåíî ìíî-æåñòâî ðàáîò (ñì., íàïðèìåð, [1, 2℄). Îäíàêî âîïðîñû îïòèìàëüíîãî óïðàâëåíèÿòðàíñïîðòèðîâêîé íå�òåïðîäóêòîâ ïî ìàãèñòðàëüíûì òðóáîïðîâîäàì îñòàþòñÿíåäîñòàòî÷íî ðàçðàáîòàííûìè [1℄. Â [3℄ ðàññìàòðèâàåòñÿ çàäà÷à óïðàâëåíèÿ ñîñòî-ÿíèåì ãàçîïðîâîäà ïóòåì èçìåíåíèÿ äàâëåíèÿ â íà÷àëå ãàçîïðîâîäà ïðè íåïîëíîìèçìåðåíèè ïî âðåìåíè âåëè÷èíû ðàñõîäà ïîòðåáèòåëÿ. Â [4℄ ðåøàåòñÿ çàäà÷à ñèí-òåçà ãðàíè÷íîãî óïðàâëåíèÿ òðàíñïîðòèðîâêîé óãëåâîäîðîäíîãî ñûðüÿ ïî äëèííûìòðóáîïðîâîäàì â ñëåäóþùåé �îðìóëèðîâêå: íàéòè òàêîå çàâèñÿùåå îò �àçîâûõêîîðäèíàò φ1(x, t) , φ2(x, t) óïðàâëåíèå U(t) , ÷òîáû ñèñòåìà

∂φ1(x, t)

∂t
= φ2(x, t),

∂φ2(x, t)

∂t
= c2 ∂2φ1(x, t)

∂x2
− 2aφ2(x, t)
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φ1(x, t)|x=0 = U(t), φ1(x, t)|x=l = p∗(t) (1)èç íà÷àëüíîãî íåíóëåâîãî ñîñòîÿíèÿ

φ1(x, t)|t=0 = φ10(x), φ2(x, t)|t=0 = φ20(x)ïåðåøëà â ñîñòîÿíèå
φ1(x, t)|t=∞ = φ2(x, t)|t=∞ = 0ïðè ìèíèìàëüíîì çíà÷åíèè �óíêöèîíàëà

J =
1

2

∞∫

0




l∫

0

(
c1φ

2
1(x, t) + c2φ

2
2(x, t)

)
dx + c3U

2(t)



 dt, (2)ãäå φ1(x, t) � îòêëîíåíèå äàâëåíèÿ îò óñòàíîâèâøåãîñÿ çíà÷åíèÿ, Ïà; U(t) � óïðàâ-ëÿþùåå âîçäåéñòâèå, Ïà; p∗(t) � íàïåðåä çàäàííàÿ �óíêöèÿ âðåìåíè, Ïà; c � ñêî-ðîñòü çâóêà â ñðåäå, ì/ñ; a � êîý��èöèåíò ãèäðàâëè÷åñêèõ ïîòåðü; l � äëèíàòðóáîïðîâîäà, ì; ci � âåñîâûå êîý��èöèåíòû.Äëÿ ñâåäåíèÿ ãðàíè÷íûõ óñëîâèé (1) ê îäíîðîäíûì ââîäèòñÿ íîâàÿ �óíêöèÿ
φ̃1 òàêàÿ, ÷òî

φ1(x, t) = φ̃1(x, t) +
x

l
p∗ −

x − l

l
U.Äëÿ ðåøåíèÿ äàííîé çàäà÷è èñïîëüçóåòñÿ âàðèàöèîííûé êîðíåâîé ïîäõîä ñ ïðè-ìåíåíèåì óíèâåðñàëüíîé �îðìû çàïèñè [5℄. Â [4℄ ïîëó÷åíû íåîáõîäèìûå óñëîâèÿýêñòðåìóìà �óíêöèîíàëà (2):

∂2φ̃1

∂t2
= c2 ∂2φ̃1

∂x2
− 2a

∂φ̃1

∂t
−

x

l
p̈∗ − 2a

x

l
ṗ∗ +

x − l

l
Ü + 2a

x − l

l
U̇ , (3)

∂2λ2

∂t2
= c2 ∂2λ2

∂x2
+ 2a

∂λ2

∂t
+ c2c

2 ∂2φ̃1

∂x2
− 2ac2

∂φ̃1

∂t
− c1φ̃1 −

− 2ac2
x

l
ṗ∗ − c1

x

l
p∗ + 2ac2

x − l

l
U̇ + c1

x − l

l
U, (4)

U(t) =
c2

c3

∂λ2(0, t)

∂xñ ãðàíè÷íûìè óñëîâèÿìè
φ̃1(0, t) = φ̃1(l, t) = 0, λ2(0, t) = λ2(l, t) = 0.Çäåñü λ1 , λ2 � âñïîìîãàòåëüíûå �óíêöèè Ëàãðàíæà.Óðàâíåíèÿ (3), (4) ðåøàþòñÿ ìåòîäîì �àëåðêèíà, ðåøåíèÿ èùóòñÿ â âèäå

φ̃1(x, t) = f(x)h(t), λ2(x, t) = f(x)q(t), (5)ãäå f(x) = [f1(x), . . . , fn(x)] � âåêòîð-ñòðîêà áàçèñíûõ �óíêöèé, fi(x) = sin
(
π

x

l
i
) ,

i = 1, 2, . . . , n ; h(t) = [h1(t), . . . , hn(t)]
T , q(t) = [q1(t), . . . , qn(t)]

T � ïîäëåæàùèåîïðåäåëåíèþ âåêòîðû; n � êîëè÷åñòâî òîíîâ, óäåðæèâàåìûõ â ðàçëîæåíèÿõ (5).



ÕÀ�ÀÊÒÅ�ÈÑÒÈ×ÅÑÊÈÉ ÎÏ�ÅÄÅËÈÒÅËÜ Â ÇÀÄÀ×Å ÑÈÍÒÅÇÀ 105Ñ ó÷åòîì (5) ñèñòåìà óðàâíåíèé (3), (4) â ìàòðè÷íîé �îðìå ïðèìåò âèä:
Ż = AZ + B(t), (6)ãäå 4n-ìåðíûé âåêòîð Z , (4n × 4n)-ìåðíàÿ ìàòðèöà A è 4n-ìåðíûé âåêòîð Bòàêîâû, ÷òî

Z =




h

X

q

Y


 , A =




0n,n En 0n,n 0n,n

a2 a1 a4 a3

0n,n 0n,n 0n,n En

b4 −b3 b2 b1


 , B(t) =




0n

a5p∗φ(t) − a6p∗λ(t)
0n

b5p∗λ(t)


 .Çäåñü En � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè (n × n) , 0n,n � íóëåâàÿ ìàòðèöà ðàç-ìåðíîñòè (n × n) , 0n � n-ìåðíûé íóëåâîé âåêòîð,

X =
∂h

∂t
, Y =

∂q

∂t
,

p∗φ(t) = p̈∗(t) + 2aṗ∗(t), p∗λ(t) = 2ac2ṗ∗(t) + c1p∗(t),

a1 = 2a (r1c2I2f0 − En) , a2 = −r2I0 + I2f0diag
i=1,n

(
r1r2c2i

2 + r1c1

)
,

a3 = 2a
(
r2
1nc2 − 2r1

)
I2f0, a4 = r1I2f0diag

i=1,n

(
r2i

2 + r1c1n
)
, a5 =

2

π
I1,

a6 =
2

π
r1I2f0I1, b1 = −a1, b2 = −r2I0 − r1c1I2f0, b3 = 2ac2En,

b4 = −diag
i=1,n

(
c1 + r2c2i

2
)
, b5 =

2

π
I1. (7)Ïðè÷åì I0 = diag

i=1,n

(
i2
) � ìàòðèöà (n × n) , n-ìåðíûå âåêòîðû

I1 =

[
−1

1

2
. . .

(−1)n

n

]T

, I2 =

[
1

1

2
. . .

1

n

]T

,

n-ìåðíàÿ âåêòîð-ñòðîêà f0 =
[
1 2 . . . n

] ,
r1 =

2c2

c3l
, r2 =

c2π2

l2
.Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ñèñòåìû (6) èìååò âèä:

|A − λE4n| =

∣∣∣∣∣∣∣∣

−λEn En 0n,n 0n,n

a2 a1 − λEn a4 a3

0n,n 0n,n −λEn En

b4 −b3 b2 b1 − λEn

∣∣∣∣∣∣∣∣
= 0. (8)�àñêðûòèå äàííîãî îïðåäåëèòåëÿ ïîðÿäêà (4n × 4n) òðàäèöèîííûìè ïðèåìàìèïðåäñòàâëÿåò ñîáîé âåñüìà òðóäîåìêóþ çàäà÷ó. Òàê, íàïðèìåð, ïðè ó÷åòå â ðàçëî-æåíèè ðåøåíèÿ òðåõ òîíîâ îí ïðèîáðåòàåò äâåíàäöàòûé ïîðÿäîê. Îäíàêî â äàííîéðàáîòå îïðåäåëèòåëü (8) ðàñêðûâàåòñÿ â îáùåì âèäå äëÿ ëþáîãî ÷èñëà òîíîâ n .



106 À.À. ÁÀËÎÅÂ, Ï.À. ËÀÇÀ�ÅÂÀ1. �àñêðûòèå îïðåäåëèòåëÿÄëÿ ðàñêðûòèÿ îïðåäåëèòåëÿ áëî÷íîé ìàòðèöû (8) âîñïîëüçóåìñÿ �îðìóëîéÔðîáåíèóñà [6, 
. 59℄:
|A − λE4n| = ∆ =

∣∣∣∣
−λEn En

a2 a1 − λEn

∣∣∣∣

∣∣∣∣∣

[
−λEn En

b2 b1 − λEn

]
−

−

[
0n,n 0n,n

b4 −b3

][
−λEn En

a2 a1 − λEn

]−1[
0n,n 0n,n

a4 a3

]∣∣∣∣∣ = 0. (9)�àññìîòðèì ïåðâûé îïðåäåëèòåëü ïðàâîé ÷àñòè â (9):
∣∣∣∣
−λEn En

a2 a1 − λEn

∣∣∣∣ = |−λEn|
∣∣∣[a1 − λEn] − a2[−λEn]

−1
En

∣∣∣ =

= (−1)nλn

∣∣∣∣
a1λ − λ2En + a2

λ

∣∣∣∣ = (−1)n|Q|, (10)ãäå
Q = −λ2En + a1λ + a2.Äàëåå íàéäåì îáðàòíóþ ìàòðèöó â (9) (ñì. [6℄):

[
−λEn En

a2 a1 − λEn

]−1

=

[
− diag(λ−1) 0n,n

0n,n λQ−1

][
En − Q−1a2 −λQ−1

a2/λ En

]
=

=

[
−
(
En − Q−1a2

) 1

λ
Q−1

Q−1a2 λQ−1

]
. (11)Òåïåðü ïîäñòàâèì (10) è (11) â (9):

∆ = (−1)n|Q|

∣∣∣∣∣

[
−λEn En

b2 b1 − λEn

]
−

[
0n,n 0n,n

b4 −b3

]
×

×

[
−
(
En − Q−1a2

) 1

λ
Q−1

Q−1a2 λQ−1

][
0n,n 0n,n

a4 a3

]∣∣∣∣∣ = (−1)n|Q|×

×

∣∣∣∣
−λEn En

b2 − (b4 − b3λ)Q−1a4 b1 − λEn − (b4 − b3λ)Q−1a3

∣∣∣∣ =

= |Q|
∣∣b1λ + b2 − λ2En − (b4 − b3λ)Q−1 (a3λ + a4)

∣∣ = 0. (12)Èññëåäóåì îïðåäåëèòåëü |Q| , ãäå
Q = −λ2En + a1λ + a2 =

= −λ2En + 2a (r1c2I2f0 − En)λ − r2I0 + I2f0diag
i=1,n

(
r1r2c2i

2 + r1c1

)
,òî åñòü

Q = I2f0diag
i=1,n

(βi) + diag
i=1,n

(α̃i) , (13)



ÕÀ�ÀÊÒÅ�ÈÑÒÈ×ÅÑÊÈÉ ÎÏ�ÅÄÅËÈÒÅËÜ Â ÇÀÄÀ×Å ÑÈÍÒÅÇÀ 107ãäå
βi = 2ar1c2λ + r1r2c2i

2 + r1c1, α̃i = −
(
λ2 + 2aλ + r2i

2
)
.Îáîçíà÷èì

C0 = 2ar1c2, Bi = r1

(
r2c2i

2 + c1

)
, Ai = r2i

2, αi = λ2 + 2aλ + Ai.Òîãäà
βi = C0λ + Bi, α̃i = −αi.Îïðåäåëèòåëü |Q| ñîãëàñíî (13) ïðèìåò âèä:

|Q| =
∣∣I2β1 + α̃1 I22β2 + α̃2 . . . I2nβn + α̃n

∣∣ ,ãäå n-ìåðíûé ñòîëáåö
α̃i =

[
0 . . . 0 α̃i 0 . . . 0

]T
, i = 1, 2, . . . , n.Òàê êàê ñòîëáöû îïðåäåëèòåëÿ |Q| ïðåäñòàâëåíû â âèäå ñóììû äâóõ ñëàãàåìûõ,òî ìîæåì ïðåäñòàâèòü åãî â âèäå ñóììû îïðåäåëèòåëåé. Ñðåäè ïîëó÷åííûõ ñëàãà-åìûõ ðàâíû íóëþ òå, ó êîòîðûõ èìååòñÿ áîëåå îäíîãî ñòîëáöà, ñîäåðæàùåãî I2iβi .Ýòî îáóñëîâëåíî òåì, ÷òî ïðè âûíåñåíèè îáùèõ ìíîæèòåëåé ñòîëáöîâ iβi â äàí-íûõ îïðåäåëèòåëÿõ îáíàðóæèâàþòñÿ äâà è áîëåå îäèíàêîâûõ ñòîëáöà I2 . Òàêèìîáðàçîì, ïóòåì âûøåïðèâåäåííûõ ïðåîáðàçîâàíèé ïîëó÷àåì:

|Q| =
∣∣I2β1 + α̃1 I22β2 + α̃2 . . . I2nβn + α̃n

∣∣ =

= 1 · 1β1α̃2 . . . α̃n +
1

2
2β2α̃1α̃3 . . . α̃n + . . . +

1

n
nβnα̃1 . . . α̃n−1 + α̃1 . . . α̃n =

= β1α̃2 . . . α̃n + β2α̃1α̃3 . . . α̃n + . . . + βnα̃1 . . . α̃n−1 + α̃1 . . . α̃n. (14)Ââåäåì îáîçíà÷åíèÿ:
Λ = (−1)n

n∏

j=1

αj , Λi = (−1)n−1
n∏

j=1
j 6=i

αj , Λij = (−1)n−2
n∏

k=1
k 6=i,j

αk.Òîãäà
|Q| =

n∑

i=1

βiΛi + Λ. (15)Íàéäåì àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ ìàòðèöû Q , íå ñòîÿùèõ íà ãëàâ-íîé äèàãîíàëè (i 6= j ). Çàìåòèì, ÷òî â àëãåáðàè÷åñêîì äîïîëíåíèè ∆ij â i-ì ñòîëá-öå îòñóòñòâóåò ñëàãàåìîå α̃i . Ïîýòîìó ïðè ïðåîáðàçîâàíèè îïðåäåëèòåëÿ ê ñóììåîïðåäåëèòåëåé âñå ñëàãàåìûå, ñîäåðæàùèå I2f0kβk , k 6= i , áóäóò ðàâíû íóëþ. Òà-êèì îáðàçîì, ïðèõîäèì ê âèäó
∆ij =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α̃1 . . . I21f0iβi 0 . . . 0 0 . . .

. . . . . . . . . . . . . . . . . . . . . . . .

0 . . . I2(i−1)f0iβi 0 . . . 0 0 . . .

0 . . . I2(i+1)f0iβi α̃i+1 . . . 0 0 . . .

. . . . . . . . . . . . . . . . . . . . . . . .

0 . . . I2jf0iβi 0 . . . 0 0 . . .

0 . . . I2(j+1)f0iβi 0 . . . 0 α̃j+1 . . .

. . . . . . . . . . . . . . . . . . . . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (16)



108 À.À. ÁÀËÎÅÂ, Ï.À. ËÀÇÀ�ÅÂÀÂ îïðåäåëèòåëå (16) îñòàëñÿ îäèí ñòîëáåö, ñîäåðæàùèé I2f0iβi , îñòàëüíûå ýëå-ìåíòû � äèàãîíàëüíûå, çà èñêëþ÷åíèåì îáëàñòè, îáðàçóåìîé ñòðîêàìè ïîä íîìå-ðàìè (i + 1) è j è ñòîëáöàìè i è (j − 1) , ãäå ýëåìåíòû α̃k íàõîäÿòñÿ íàä ãëàâíîéäèàãîíàëüþ. �àñêëàäûâàÿ îïðåäåëèòåëü (16) ïî ýëåìåíòàì ñòîëáöîâ îò 1 äî (i−1)è îò (j + 1) äî n-ãî, ïîëó÷àåì
∆ij = α̃1 . . . α̃i−1α̃j+1 . . . α̃n

∣∣∣∣∣∣∣∣

I2(i+1)f0iβi α̃i+1 0 . . . 0
I2(i+2)f0iβi 0 α̃i+2 . . . 0

. . . . . . . . . . . . . . .

I2jf0iβi 0 0 . . . 0

∣∣∣∣∣∣∣∣
.Äàëåå ïðîäîëæèì ðàçëîæåíèå ïî ýëåìåíòàì j -é ñòðîêè:

∆ij = (−1)i+jα̃1 . . . α̃i−1α̃j+1 . . . α̃nI2jf0iβi

∣∣∣∣∣∣∣∣

α̃i+1 0 . . . 0
0 α̃i+2 . . . 0
. . . . . . . . . . . .

0 0 . . . α̃j−1

∣∣∣∣∣∣∣∣
.Ââèäó òîãî, ÷òî ýëåìåíòû α̃k íàõîäÿòñÿ íàä ãëàâíîé äèàãîíàëüþ, ñóììà èõèíäåêñîâ âñåãäà íå÷åòíàÿ, ïîýòîìó ïîëó÷àåì

∆ij = (−1)i+jα̃1 . . . α̃i−1α̃j+1 . . . α̃nI2jf0iβi(−1)α̃i+1(−1)α̃i+2 . . . (−1)α̃j−1 =

= (−1)i+j+(j−1)−(i+1)+1 i

j

n∏

k=1
k 6=i,j

α̃kβi = (−1)2j−1 i

j

n∏

k=1
k 6=i,j

(−1)αkβi = −
i

j
βiΛij ,òî åñòü

∆ij = −
i

j
βiΛij , i 6= j, i, j = 1, 2, . . . , n.Â ñëó÷àå, êîãäà i = j , ïî àíàëîãèè ñ (14) ïîëó÷èì, ÷òî

∆jj =

n∑

i=1
i6=j

βiΛij + Λj , j = 1, 2, . . . , n.Â òàêîì ñëó÷àå îáðàòíàÿ ìàòðèöà
Q−1 =

1

|Q|




δ11 δ12 . . . δ1n

δ21 δ22 . . . δ2n

. . . . . . . . . . . .

δn1 δn2 . . . δnn


, (17)ãäå δij = ∆ji .�àññìîòðèì ïðîèçâåäåíèå, êîòîðîå áóäåò èñïîëüçîâàíî äàëåå:

δijI2f0 =




n∑
j=1

δ1jj
−1 2

n∑
j=1

δ1jj
−1 . . . n

n∑
j=1

δ1jj
−1

. . . . . . . . . . . .
n∑

j=1

δnjj
−1 2

n∑
j=1

δnjj
−1 . . . n

n∑
j=1

δnjj
−1



.
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n∑

j=1

δijj
−1 =

i−1∑

j=1

j−1δij +
1

i
δii +

n∑

j=i+1

j−1δij = −

i−1∑

j=1

j−1 j

i
βjΛij +

+
1

i




n∑

j=1,j 6=i

βjΛij + Λi



−
n∑

j=i+1

j−1 j

i
βjΛij = −

1

i

i−1∑

j=1

βjΛij +

+
1

i




n∑

j=1,j 6=i

βjΛij + Λi


−

1

i

n∑

j=i+1

βjΛij =
1

i
Λi.Òîãäà èìååì:

δijI2f0 =




Λ1 2Λ1 . . . nΛ1
1

2
Λ2 Λ2 . . .

n

2
Λ2

. . . . . . . . . . . .
1

n
Λn

2

n
Λn . . . Λn




= diag (Λi)
i=1,n

I2f0. (18)Îïðåäåëèòåëü (12) ñ ó÷åòîì (7), (17) è (18) çàïèøåòñÿ â âèäå:
∆ = |Q|

∣∣∣∣∣
1

|Q|
SD̃ + I2f̃0 + diag

i=1,n

(
δ̃i

)∣∣∣∣∣, (19)ãäå
S = diag

i=1,n

(βiΛi) I2 =

[
β1Λ1

1

2
β2Λ2 . . .

1

n
βnΛn

]T

,

D̃ = f0diag
i=1,n

(D0λ + Di) =
[

D0λ + D1 2 (D0λ + D2) . . . n (D0λ + Dn)
]
,

f̃0 = −f0 (C0λ + A0) , δ̃i = −ᾱi, ᾱi = λ2 − 2aλ + Ai, A0 = r1c1,

D0 = 2a (r1nc2 − 2) , Di = r2i
2 + r1c1n, i = 1, 2, . . . , n.Ââåäåì îáîçíà÷åíèÿ:

Λ̄ = (−1)
n

n∏

j=1

ᾱj , Λ̄i = (−1)
n−1

n∏

j=1
j 6=i

ᾱj , Λ̄ij = (−1)
n−2

n∏

k=1
k 6=i,j

ᾱk,

Λ̂ = ΛΛ̄, Λ̂i = ΛiΛ̄i, Λ̂ij = ΛijΛ̄ij .Çàïèøåì îïðåäåëèòåëü (19) â âèäå
∆ =

n∑

i=1

∆1i +

n∑

i=1

∆2i +

n∑

i=1

n∑

j=1
j 6=i

∆3ij + |Q|Λ̄, (20)ãäå
n∑

i=1

∆1i = |Q|

n∑

i=1

∣∣∣∣δ̃1 . . . δ̃i−1

1

|Q|
SD̃i δ̃i+1 . . . δ̃n

∣∣∣∣ =
n∑

i=1

D̄iβiΛ̄i, (21)
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n∑

i=1

∆2i = |Q|

n∑

i=1

∣∣∣δ̃1 . . . δ̃i−1 I2f̃0i δ̃i+1 . . . δ̃n

∣∣∣ = −|Q| (C0λ + A0)

n∑

i=1

Λ̄i,(22)
n∑

i=1

n∑

j=1
j 6=i

∆3ij = |Q|

n∑

i=1

n∑

j=1
j 6=i

∣∣∣∣δ̃1 . . .
1

|Q|
SD̃i . . . I2f̃0j . . . δ̃n

∣∣∣∣ =

= (C0λ + A0)

n−1∑

i=1

n∑

j=i+1

(Di − Dj) (βiαj − βjαi) Λ̂ij . (23)Çäåñü
δ̃i =

[
0 . . . 0 δ̃i 0 . . . 0

]T
, D̄i = D0λ + Di.Ñ ó÷åòîì (21)�(23) ìîæíî ïåðåïèñàòü (20) â âèäå:

∆ =

n∑

i=1

D̄iβiΛ̂i − |Q| (C0λ + A0)

n∑

i=1

Λ̄i +

+ (C0λ + A0)

n−1∑

i=1

n∑

j=i+1

(Di − Dj) (βiαj − βjαi) Λ̂ij + |Q|Λ̄. (24)Â (24) ñîãëàñíî (15) èìååì:
|Q|

n∑

i=1

Λ̄i =

n∑

i=1

βiΛi

n∑

j=1

Λ̄j + Λ

n∑

j=1

Λ̄j (25)è
|Q|Λ̄ =

n∑

i=1

βiΛiΛ̄ + Λ̂. (26)Äàëåå äëÿ (25) èìååì:
n∑

i=1

βiΛi

n∑

j=1

Λ̄j = β1Λ1

n∑

j=1

Λ̄j + β2Λ2

n∑

j=1

Λ̄j + . . . + βnΛn

n∑

j=1

Λ̄j =

= β1

(
Λ̂1 + α2ᾱ1Λ̂12 + . . . + αnᾱ1Λ̂1n

)
+ β2

(
α1ᾱ2Λ̂21 + Λ̂2 + . . . + αnᾱ2Λ̂2n

)
+

+ . . . + βn

(
α1ᾱnΛ̂n1 + α2ᾱnΛ̂n2 + . . . + Λ̂n

)
=

=

n∑

i=1

βiΛ̂i +

n−1∑

i=1

βi

n∑

j=i+1

αjᾱiΛ̂ij +

n∑

i=2

βi

i−1∑

j=1

αjᾱiΛ̂ij . (27)Ïðåîáðàçóåì ïîñëåäíåå ñëàãàåìîå â (27). Îáîçíà÷èì α = i − 1 :
n∑

i=2

βi

i−1∑

j=1

αjᾱiΛ̂ij =

n−1∑

α=1

βα+1

α∑

j=1

αjᾱα+1Λ̂α+1,j.Èçìåíèì î÷åðåäíîñòü ñóììèðîâàíèÿ:
n−1∑

α=1

βα+1

α∑

j=1

αjᾱα+1Λ̂α+1,j =

n−1∑

j=1

n−1∑

α=j

βα+1αjᾱα+1Λ̂α+1,j =

n−1∑

i=1

n−1∑

j=i

βj+1αiᾱj+1Λ̂j+1,i,
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n∑

i=2

βi

i−1∑

j=1

αjᾱiΛ̂ij =
n−1∑

i=1

αi

n−1∑

j=i

βj+1ᾱj+1Λ̂i,j+1 =
n−1∑

i=1

αi

n∑

j=i+1

βjᾱjΛ̂ij . (28)Îáúåäèíÿÿ âòîðîå ñëàãàåìîå â (27) è (28), ïîëó÷èì:
n−1∑

i=1

βi

n∑

j=i+1

αjᾱiΛ̂ij+

n∑

i=2

βi

i−1∑

j=1

αjᾱiΛ̂ij =

n−1∑

i=1

βi

n∑

j=i+1

αjᾱiΛ̂ij+

n−1∑

i=1

αi

n∑

j=i+1

βjᾱjΛ̂ij =

=

n−1∑

i=1

n∑

j=i+1

(βiαjᾱi + αiβjᾱj) Λ̂ij ,ïîýòîìó
n∑

i=1

βiΛi

n∑

j=1

Λ̄j =

n∑

i=1

βiΛ̂i +

n−1∑

i=1

n∑

j=i+1

(βiαjᾱi + αiβjᾱj) Λ̂ij . (29)Äàëåå â (25)
Λ

n∑

i=1

Λ̄i = −
n∑

i=1

αiΛ̂i. (30)Êðîìå òîãî, â (26)
n∑

i=1

βiΛiΛ̄ = −

n∑

i=1

βiᾱiΛ̂i. (31)Òàêèì îáðàçîì, èç (24) ñ ó÷åòîì (25), (26), (29)�(31) íàõîäèì, ÷òî
∆ =

n∑

i=1

D̄iβiΛ̂i − (C0λ + A0)




n∑

i=1

βiΛ̂i +

n−1∑

i=1

n∑

j=i+1

(βiαjᾱi + αiβjᾱj) Λ̂ij−

−

n∑

i=1

αiΛ̂i

)
−

n∑

i=1

βiᾱiΛ̂i + Λ̂ + (C0λ + A0)

n−1∑

i=1

n∑

j=i+1

(Di − Dj) (βiαj − βjαi) Λ̂ij .Îáúåäèíÿÿ ñëàãàåìûå, çàïèøåì, ÷òî
∆ =

n∑

i=1

(
D̄iβi − βiᾱi − (C0λ + A0) (βi − αi)

)
Λ̂i +

+ (C0λ + A0)

n−1∑

i=1

n∑

j=i+1

((Di − Dj) (βiαj − βjαi) − βiαjᾱi − αiβjᾱj) Λ̂ij + Λ̂. (32)Ââåäåì îáîçíà÷åíèÿ:
Dij = Di − Dj,

Gi = (D0λ + Di − ᾱi − C0λ − A0)βi + (C0λ + A0)αi,

S̃ij = (Dij − ᾱi) βiαj − (Dij + ᾱj)βjαi.
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∆ =

n∑

i=1

GiΛ̂i + (C0λ + A0)

n−1∑

i=1

n∑

j=i+1

S̃ijΛ̂ij + Λ̂. (33)Çàìåòèì, ÷òî
Dij = r2

(
i2 − j2

)
= Ai − Aj ,ïîýòîìó

Dij − Ai = −Aj , Dij + Aj = Ai.Ñëåäîâàòåëüíî,
S̃ij =

(
Dij − λ2 + 2aλ − Ai

)
βiαj −

(
Dij + λ2 − 2aλ + Aj

)
βjαi =

=
(
−λ2 + 2aλ − Aj

)
βiαj −

(
λ2 − 2aλ + Ai

)
βjαi =

= −ᾱjβiαj − ᾱiβjαi = − (α̂jβi + α̂iβj) ,ãäå
α̂i = αiᾱi =

(
λ2 + 2aλ + Ai

) (
λ2 − 2aλ + Ai

)
=
(
λ2 + Ai

)2
− 4a2λ2.�àññìîòðèì â (33) âûðàæåíèå

n−1∑

i=1

n∑

j=i+1

S̃ijΛ̂ij = −

n−1∑

i=1

n∑

j=i+1

(α̂iβj + α̂jβi) Λ̂ij = −

n−1∑

i=1

n∑

j=i+1

(
βjΛ̂j + βiΛ̂i

)
, (34)ãäå

Λ̂i = α̂jΛ̂ij , Λ̂j = α̂iΛ̂ij .Äàëåå ïðåîáðàçóåì ñëàãàåìûå â (34):
n−1∑

i=1

n∑

j=i+1

βjΛ̂j =

n∑

j=2

βjΛ̂j +

n∑

j=3

βjΛ̂j + . . .

n∑

j=n−1

βjΛ̂j +

n∑

j=n

βjΛ̂j =

= βnΛ̂n (n − 1) + βn−1Λ̂n−1 (n − 2) + . . . + β3Λ̂3 · 2 + β2Λ̂2 · 1 =

n∑

i=2

(i − 1)βiΛ̂i,

n−1∑

i=1

n∑

j=i+1

βiΛ̂i = β1Λ̂1 (n − 1) + β2Λ̂2 (n − 2) + . . . + βn−1Λ̂n−1 · 2 + βnΛ̂n · 1 =

=

n−1∑

i=1

(n − i)βiΛ̂i.Òîãäà (34) ïðèìåò âèä:
n−1∑

i=1

n∑

j=i+1

S̃ijΛ̂ij = −

(
n∑

i=2

(i − 1)βiΛ̂i +

n−1∑

i=1

(n − i)βiΛ̂i

)
=

= −

(
n−1∑

i=2

(i − 1)βiΛ̂i + (n − 1)βnΛ̂n + (n − 1)β1Λ̂1 +

n−1∑

i=2

(n − i)βiΛ̂i

)
=

= −

(
n−1∑

i=2

(n − 1)βiΛ̂i + (n − 1)βnΛ̂n + (n − 1)β1Λ̂1

)
= − (n − 1)

n∑

i=1

βiΛ̂i.
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∆ =

n∑

i=1

GiΛ̂i − (n − 1) (C0λ + A0)

n∑

i=1

βiΛ̂i + Λ̂ =

=

n∑

i=1

[(
D̄i − ᾱi − C0λ − A0

)
βi + (C0λ + A0)αi − (n − 1) (C0λ + A0)βi

]
Λ̂i + Λ̂ =

=

n∑

i=1

[(
D̄i − ᾱi − n (C0λ + A0)

)
βi + (C0λ + A0) αi

]
Λ̂i + Λ̂. (35)�àñïèøåì ñëåäóþùåå âûðàæåíèå â (35):

D̄i − ᾱi − n (C0λ + A0) = (2ar1nc2 − 4a)λ + r2i
2 + r1c1n −

− λ2 + 2aλ − r2i
2 − 2ar1nc2λ − r1c1n = −λ2 − 2aλ.Òîãäà (35) ïðåîáðàçóåòñÿ ê âèäó:

∆ =

n∑

i=1

[(
−λ2 − 2aλ

)
βi + (C0λ + A0)αi

]
Λ̂i + Λ̂ =

=

n∑

i=1

[
(C0λ + Bi)

(
−λ2 − 2aλ

)
+ (C0λ + A0)

(
λ2 + 2aλ + Ai

)]
Λ̂i + Λ̂. (36)�àñêðîåì â (36) âûðàæåíèå ïîä çíàêîì ñóììû:

(C0λ + Bi)
(
−λ2 − 2aλ

)
+ (C0λ + A0)

(
λ2 + 2aλ + Ai

)
=

= (−Bi + A0)λ2 + (2a (A0 − Bi) + C0Ai)λ + A0Ai =

=
(
−r1r2c2i

2 − r1c1 + r1c1

)
λ2 +

(
2a
(
r1c1 − r1r2c2i

2 − r1c1

)
+ 2ar1r2c2i

2
)
λ +

+ c1r1r2i
2 = −r1r2c2i

2λ2 + r1r2c1i
2. (37)Ñ ó÷åòîì (37), (36) ïðèìåò âèä:

∆ =

n∑

i=1

γiΛ̂i + Λ̂, (38)ãäå
γi = r1r2i

2
(
c1 − c2λ

2
)
.Òàêèì îáðàçîì, íàìè ðàñêðûò õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü (8) ñèñòåìû(6) â îáùåì âèäå, ïðè÷åì â ïîëó÷åííîì âûðàæåíèè ïðèñóòñòâóþò òîëüêî ÷åòíûåñòåïåíè ïåðåìåííîé λ .�àññìîòðèì ïðèìåð.Ïóñòü n = 3 . Â ýòîì ñëó÷àå õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü èìååò äâåíàäöà-òûé ïîðÿäîê:

|A − λE12| =

∣∣∣∣∣∣∣∣

−λE3 E3 03,3 03,3

a2 a1 − λE3 a4 a3

03,3 03,3 −λE3 E3

b4 −b3 b2 b1 − λE3

∣∣∣∣∣∣∣∣
.
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α1 = λ2 + 2aλ + r2, α2 = λ2 + 2aλ + 4r2, α3 = λ2 + 2aλ + 9r2,

ᾱ1 = λ2 − 2aλ + r2, ᾱ2 = λ2 − 2aλ + 4r2, ᾱ2 = λ2 − 2aλ + 9r2.Òîãäà
Λ = (−1)3

3∏

j=1

αj = −
(
λ2 + 2aλ + r2

) (
λ2 + 2aλ + 4r2

) (
λ2 + 2aλ + 9r2

)
,

Λ1 =
(
λ2 + 2aλ + 4r2

) (
λ2 + 2aλ + 9r2

)
, Λ2 =

(
λ2 + 2aλ + r2

) (
λ2 + 2aλ + 9r2

)
,

Λ3 =
(
λ2 + 2aλ + r2

) (
λ2 + 2aλ + 4r2

)
,

Λ̄ = (−1)
3

3∏

j=1

ᾱj = −
(
λ2 − 2aλ + r2

) (
λ2 − 2aλ + 4r2

) (
λ2 − 2aλ + 9r2

)
,

Λ̄1 =
(
λ2 − 2aλ + 4r2

) (
λ2 − 2aλ + 9r2

)
, Λ̄2 =

(
λ2 − 2aλ + r2

) (
λ2 − 2aλ + 9r2

)
,

Λ̄3 =
(
λ2 − 2aλ + r2

) (
λ2 − 2aλ + 4r2

)
.Çàòåì íàéäåì

Λ̂ = ΛΛ̄ = λ12 +
(
−12a2 + 28r2

)
λ10 +

(
48a4 + 294r2

2 − 224a2r2

)
λ8 +

+
(
−64a6 + 448a4r2 − 1568a2r2

2 + 1444r3
2

)
λ6 +

(
3409r4

2 + 1568a4r2
2 − 4624a2r3

2

)
λ4 +

+
(
−5572a2r4

2 + 3528r5
2

)
λ2 + 1296r6

2,

Λ̂1 = Λ1Λ̄1 = λ8 +
(
−8a2 + 26r2

)
λ6 +

(
16a4 + 241r2

2 − 104a2r2

)
λ4 +

+
(
−388a2r2

2 + 936r3
2

)
λ2 + 1296r4

2,

Λ̂2 = Λ2Λ̄2 = λ8 +
(
−8a2 + 20r2

)
λ6 +

(
16a4 + 118r2

2 − 80a2r2

)
λ4 +

+
(
−328a2r2

2 + 180r3
2

)
λ2 + 81r4

2,

Λ̂3 = Λ3Λ̄3 = λ8 +
(
−8a2 + 10r2

)
λ6 +

(
16a4 + 33r2

2 − 40a2r2

)
λ4 +

+
(
−68a2r2

2 + 40r3
2

)
λ2 + 16r4

2.È íàêîíåö íàéäåì
γ1 = r1r2

(
c1 − c2λ

2
)
, γ2 = 4r1r2

(
c1 − c2λ

2
)
, γ3 = 9r1r2

(
c1 − c2λ

2
)
.Çàïèøåì âûðàæåíèå (38) äëÿ õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ ∆ :

∆ = γ1Λ̂1 + γ2Λ̂2 + γ3Λ̂3 + Λ̂ = λ12 + (28r2 − 12a2 − 14r1r2c2)λ
10 +

+ (294r2
2 + 112r1r2c2a

2 + 48a4 − 224a2r2 − 196r1r
2
2c2 + 14r1r2c1)λ

8 +

+ (−112r1r2c1a
2 − 1010r1r

3
2c2 + 784r1r

2
2c2a

2 − 1568a2r2
2 + 448a4r2 + 1444r3

2 +
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+ 196r1r

2
2c1 − 224r1r2c2a

4 − 64a6)λ6 + (−4624a2r3
2 + 2312r1r

3
2c2a

2 − 2016r1r
4
2c2 +

+ 1568a4r2
2 − 784r1r

2
2c1a

2 + 1010r1r
3
2c1 + 224r1r2c1a

4 + 3409r4
2)λ

4 +

+(−2312r1r
3
2c1a

2+3528r5
2−1764r1r

5
2c2−5572a2r4

2+2016r1r
4
2c1)λ

2+1764r1r
5
2c1+1296r6

2.Íàìè ðàñêðûò õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü äâåíàäöàòîãî ïîðÿäêà.Çàêëþ÷åíèåÂ ðàáîòå ðàñêðûò â îáùåì âèäå õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ïîðÿäêà
4n× 4n , âîçíèêàþùèé â çàäà÷å ñèíòåçà îïòèìàëüíîãî óïðàâëåíèÿ òðàíñïîðòèðîâ-êîé óãëåâîäîðîäíîãî ñûðüÿ ïî äëèííûì òðóáîïðîâîäàì. Ïîëó÷åííûé ðåçóëüòàòïîçâîëÿåò ó÷èòûâàòü ëþáîå ÷èñëî òîíîâ n â ðàçëîæåíèè ðåøåíèÿ çàäà÷è.SummaryA.A. Baloev, P.A. Lazareva. Chara
teristi
 Determinant in the Problem of Optimal ControlSynthesis for Oil and Gas Transport through Long Pipelines.In this paper we 
onsider the 
hara
teristi
 determinant whi
h arises in the problemof optimal 
ontrol synthesis for oil and gas transport through long pipelines. Expansionof the determinant with traditional methods a

ounting for three or more tones in expansionof the solution is a very di�
ult task, but in this paper 
hara
teristi
 determinant is expandedin general way for any number of tones, and we obtained an expression that 
ontains only evenpowers of the variable.Key words: oil and gas transport, 
hara
teristi
 determinant, optimal 
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