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ÓÄÊ 514.763.25ËÈÔÒÛ ÑÒ�ÓÊÒÓ� ÏÓÀÑÑÎÍÀ�ÍÅÉÅÍÕÅÉÑÀÂ �ÀÑÑËÎÅÍÈß ÂÅÉËßÂ.Â. Øóðûãèí (ìë.)ÀííîòàöèÿÂ ðàáîòå ïîêàçûâàåòñÿ, ÷òî ïîëíûå ëè�òû ñòðóêòóðíûõ òåíçîðîâ P è N ìíîãîîáðà-çèÿ Ïóàññîíà �Íåéåíõåéñà (M, P, N) â ðàññëîåíèå Âåéëÿ T AM ýòîãî ìíîãîîáðàçèÿ èíäó-öèðóþò íà T AM ñòðóêòóðó ìíîãîîáðàçèÿ Ïóàññîíà �Íåéåíõåéñà, è âû÷èñëÿþòñÿ ìîäó-ëÿðíûå âåêòîðíûå ïîëÿ ýòîãî ìíîãîîáðàçèÿ.Êëþ÷åâûå ñëîâà: ìíîãîîáðàçèå Ïóàññîíà �Íåéåíõåéñà, ìîäóëÿðíûé êëàññ, àëãåáðàÂåéëÿ, ðàññëîåíèå Âåéëÿ, ïîëíûé ëè�ò, âåðòèêàëüíûé ëè�ò.1. Ìíîãîîáðàçèÿ Ïóàññîíà �ÍåéåíõåéñàÏóñòü M � ãëàäêîå ñâÿçíîå ìíîãîîáðàçèå, óäîâëåòâîðÿþùåå âòîðîé àêñèîìåñ÷åòíîñòè, dimM = m . Áóäåì îáîçíà÷àòü àëãåáðó ãëàäêèõ �óíêöèé íà M ÷å-ðåç C∞(M) , à ïðîñòðàíñòâî òåíçîðíûõ ïîëåé òèïà (k, ℓ) íà M � ÷åðåç T k,ℓ(M) .Â ÷àñòíîñòè, êîëüöî äè��åðåíöèàëüíûõ �îðì íà M áóäåì îáîçíà÷àòü ÷å-ðåç Ω∗(M) =

m
⊕

k=0
Ωk(M) , à ïðîñòðàíñòâî êîñîñèììåòðè÷åñêèõ êîíòðàâàðèàíòíûõòåíçîðíûõ ïîëåé (ïîëèâåêòîðíûõ ïîëåé) íà M � ÷åðåç V∗(M) =

m
⊕

k=0
Vk(M) . Ïðî-èçâîäíóþ Ëè â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X áóäåì îáîçíà÷àòü LX .Âñþäó, ãäå íå îãîâîðåíî ïðîòèâíîå, ïî äâóì îäèíàêîâûì èíäåêñàì, ñòîÿùèìíà ðàçíûõ óðîâíÿõ, ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå ïî âñåé îáëàñòè çíà÷åíèé ýòèõèíäåêñîâ.Ñêîáêà Ëè âåêòîðíûõ ïîëåé íà M ìîæåò áûòü åäèíñòâåííûì îáðàçîì ïðîäîë-æåíà äî R-ëèíåéíîé ñêîáêè

[ · , · ]SN : Vp(M) × Vq(M) → Vp+q−1(M),íàçûâàåìîé ñêîáêîé Ñõîóòåíà �Íåéåíõåéñà, òàêèì îáðàçîì, ÷òî V∗(M) îêàçûâà-åòñÿ ãðàäóèðîâàííîé ñóïåðàëãåáðîé. Ïóñòü u ∈ Vp(M) è v ∈ Vq(M) â ëîêàëüíûõêîîðäèíàòàõ (xi) íà M èìåþò âèä
u = ui1...ip

∂

∂xi1
∧ . . . ∧

∂

∂xip
è v = vj1...jq

∂

∂xj1
∧ . . . ∧

∂

∂xjqñîîòâåòñòâåííî. Òîãäà êîìïîíåíòû ñêîáêè Ñõîóòåíà �Íåéåíõåéñà [u, v]SN èìåþòâèä [1℄
[u, v]

k2...kp+q

SN = ε
k2...kp+q

i2...ipj1...jq
uri2...ip

∂

∂xr
vj1...jq + (−1)pε

k2...kp+q

i1...ipj2...jq
vrj2...jq

∂

∂xr
ui1...ip ,ãäå εk1...ks

ℓ1...ℓs
� êîñîñèììåòðè÷åñêèé ñèìâîë Êðîíåêåðà.
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Ω∗(M ; TM) =

m
⊕

k=0

Ωk(M ; TM)âåêòîðíîçíà÷íûõ äè��åðåíöèàëüíûõ �îðì íà M . Èçâåñòíî, ÷òî íà Ω∗(M ; TM)èìååòñÿ îïåðàöèÿ, íàçûâàåìàÿ ñêîáêîé Ôðåëèõåðà�Íåéåíõåéñà,
[ · , · ]FN : Ωk(M ; TM)× Ωℓ(M ; TM) → Ωk+ℓ(M ; TM),ïðåâðàùàþùàÿ Ω∗(M ; TM) â ãðàäóèðîâàííóþ àëãåáðó Ëè. Îïðåäåëåíèå è îñíîâ-íûå ñâîéñòâà ñêîáêè Ôðåëèõåðà �Íåéåíõåéñà ìîæíî íàéòè â [2℄. Ïóñòü K è L �ýëåìåíòû Ω∗(M ; TM) ñòåïåíè k è ℓ ñîîòâåòñòâåííî. Â ëîêàëüíûõ êîîðäèíàòàõ

(xi) íà M êîìïîíåíòû èõ ñêîáêè Ôðåëèõåðà �Íåéåíõåéñà èìåþò âèä [2℄
([K, L]FN )j

α1...αk+ℓ
= Ki

α1...αk

∂

∂xi
Lj

αk+1...αk+ℓ
+

+ (−1)kℓ+1Li
α1...αℓ

∂

∂xi
Kj

αℓ+1...αk+ℓ
− k · Kj

α1...αk−1i

∂

∂xαk
Li

αk+1...αk+ℓ
+

+ (−1)kℓℓ · Lj
α1...αℓ−1i

∂

∂xαℓ
Ki

αℓ+1...αk+ℓ
. (1)Ïðîñòðàíñòâà Ω1(M ; TM) è T 1,1(M) åñòåñòâåííî èçîìîð�íû äðóã äðóãó. Ïî-ýòîìó â äàëüíåéøåì ìû íå áóäåì äåëàòü ðàçëè÷èÿ ìåæäó íèìè.Îïðåäåëåíèå 1 [3℄. Òåíçîðîì Ïóàññîíà (ïóàññîíîâîé ñòðóêòóðîé) íà ìíîãî-îáðàçèè M íàçûâàåòñÿ êîíòðàâàðèàíòíûé êîñîñèììåòðè÷åñêèé òåíçîð P ∈ V2(M)òàêîé, ÷òî

[P, P ]SN = 0. (2)Ïàðà (M, P ) íàçûâàåòñÿ ïóàññîíîâûì ìíîãîîáðàçèåì.Îïðåäåëåíèå 2 [2℄. Òåíçîðîì Íåéåíõåéñà íà ìíîãîîáðàçèè M íàçûâàåòñÿòåíçîð N ∈ T 1,1(M) òàêîé, ÷òî
[NX, NY ] − N([NX, Y ] + [X, NY ]) + N2[X, Y ] = 0äëÿ ëþáûõ âåêòîðíûõ ïîëåé X , Y íà M . Ýòî óñëîâèå ýêâèâàëåíòíî òîìó, ÷òî

[N, N ]FN = 0. (3)Ïóñòü (M, P ) � ïóàññîíîâî ìíîãîîáðàçèå. Îïåðàòîð
σ = σP : Vk(M) → Vk+1(M),äåéñòâóþùèé ïî ïðàâèëó σu = [P, u]SN , íàçûâàåòñÿ äè��åðåíöèàëîì Ïóàññîíà.Èçâåñòíî, ÷òî σ ◦ σ = 0 [3℄. Ïðîñòðàíñòâà êîãîìîëîãèé îïåðàòîðà σ íàçûâàþò-ñÿ êîãîìîëîãèÿìè Ïóàññîíà ïóàññîíîâà ìíîãîîáðàçèÿ (M, P ) . Áóäåì îáîçíà÷àòüèõ ñèìâîëîì Hk(M, P ) . Ñèìâîëîì HP

f áóäåì îáîçíà÷àòü ãàìèëüòîíîâî âåêòîðíîåïîëå ãëàäêîé �óíêöèè f . Íàïîìíèì, ÷òî HP
f = [P, f ]SN [3℄.Âñÿêîå ïîëå áèâåêòîðà π ∈ V2(M) íà M èíäóöèðóåò ñêîáêó íà ïðîñòðàíñòâå1-�îðì ïî �îðìóëå

[ξ, η]π := Lπξη − Lπηξ − dπ(ξ, η). (4)



ËÈÔÒÛ ÑÒ�ÓÊÒÓ� ÏÓÀÑÑÎÍÀ�ÍÅÉÅÍÕÅÉÑÀ Â �ÀÑÑËÎÅÍÈß ÂÅÉËß 205Îïðåäåëåíèå 3 [4, 5℄. Ïóñòü P � òåíçîð Ïóàññîíà è N � òåíçîð Íåéåíõåé-ñà íà ãëàäêîì ìíîãîîáðàçèè M . Ïàðà (P, N) íàçûâàåòñÿ ñòðóêòóðîé Ïóàññîíà �Íåéåíõåéñà, åñëè âûïîëíåíû ñëåäóþùèå äâà óñëîâèÿ ñîâìåñòèìîñòè:1) òåíçîðû P è N ïåðåñòàíîâî÷íû:
NP = PN, (5)òàê ÷òî P1 = NP òàêæå åñòü ïîëå áèâåêòîðà;2) ñêîáêà [ · , · ]P1

íà ïðîñòðàíñòâå 1-�îðì, àññîöèèðîâàííàÿ ñ P1 ïî �îðìó-ëå (4), è ñêîáêà
[ξ, η]NP := [Nξ, η]P + [ξ, Nη]P − N([ξ, η]P )ñîâïàäàþò:

[ξ, η]P1
= [ξ, η]NP . (6)Â ýòîì ñëó÷àå òåíçîðû P è N íàçûâàþòñÿ ñîâìåñòèìûìè. Ìíîãîîáðàçèå M,íàäåëåííîå ñòðóêòóðîé Ïóàññîíà �Íåéåíõåéñà, íàçûâàåòñÿ ìíîãîîáðàçèåì Ïóàññî-íà �Íåéåíõåéñà. Áóäåì îáîçíà÷àòü åãî (M, P, N) .Ïóñòü ξ, η � äâå 1-�îðìû íà M . Ââåäåì ñëåäóþùåå îáîçíà÷åíèå [4℄:

C(P, N)(ξ, η) = LPξ(Nη) − LPη(Nξ) + NLPηξ−

− NLPξη + d 〈ξ, NPη〉 − Nd 〈ξ, Pη〉,ãäå 〈 · , · 〉 åñòü ñâåðòêà âåêòîðà è 1-�îðìû. Óñëîâèå ñîâìåñòèìîñòè (6) ìîæíî ïå-ðåïèñàòü â âèäå [4, 6℄
C(P, N) = 0.Âûðàæåíèÿ äëÿ êîìïîíåíò C(P, N) â ëîêàëüíûõ êîîðäèíàòàõ èìåþò âèä [6℄

Ckj
m = P lj ∂Nk

m

∂xl
+ P kl ∂N j

m

∂xl
− N l

m

∂P kj

∂xl
+ N j

l

∂P kl

∂xm
− P lj ∂Nk

l

∂xm
. (7)Èçâåñòíî, ÷òî äëÿ ìíîãîîáðàçèÿ Ïóàññîíà �Íåéåíõåéñà

P0 = P, P1 = NP, P2 = N2P, . . .åñòü ïîïàðíî ñîâìåñòèìûå òåíçîðû Ïóàññîíà, òî åñòü
[Pi, Pj ]SN = 0, ∀i, j = 0, 1, 2, . . .2. Àëãåáðû Âåéëÿ è ðàññëîåíèÿ ÂåéëÿÎïðåäåëåíèå 4 [2, 7℄. Êîíå÷íîìåðíàÿ àññîöèàòèâíàÿ êîììóòàòèâíàÿ óíè-òàëüíàÿ àëãåáðà A íàä ïîëåì âåùåñòâåííûõ ÷èñåë R íàçûâàåòñÿ ëîêàëüíîé àëãåá-ðîé â ñìûñëå Âåéëÿ, èëè àëãåáðîé Âåéëÿ, åñëè åå ðàäèêàë Rad(A) =

◦

A (ïîäìíîæå-ñòâî íèëüïîòåíòíûõ ýëåìåíòîâ) ÿâëÿåòñÿ ìàêñèìàëüíûì èäåàëîì è �àêòîðàëãåáðà
A/

◦

A èçîìîð�íà àëãåáðå R âåùåñòâåííûõ ÷èñåë.Îäíîìåðíîå ëèíåéíîå ïîäïðîñòðàíñòâî â A , íàòÿíóòîå íà åäèíèöó 1A , îáðàçóåòïîäàëãåáðó, èçîìîð�íóþ R . Ýòó ïîäàëãåáðó áóäåì îòîæäåñòâëÿòü ñ R , ñ÷èòàÿ, ÷òî
R ⊂ A è 1A ≡ 1 ∈ R . Ïðè ýòîì àëãåáðà Âåéëÿ A ïðåäñòàâëÿåòñÿ â âèäå ïîëóïðÿìîéñóììû A = R ⊕

◦

A . Â äàëüíåéøåì ïîëàãàåì n = dimR

◦

A , òàê ÷òî dim A = n + 1 .



206 Â.Â. ØÓ�Û�ÈÍ (ÌË.)Ñèìâîëîì ◦

A
k áóäåì îáîçíà÷àòü k -þ ñòåïåíü èäåàëà ◦

A . Íàòóðàëüíîå ÷èñëî h ,îïðåäåëÿåìîå ñîîòíîøåíèÿìè ◦

A
h 6= 0 , ◦

A
h+1 = 0, íàçûâàåòñÿ âûñîòîé àëãåáðû A .Öåïî÷êó âëîæåííûõ èäåàëîâ A ⊃

◦

A ⊃
◦

A
2 ⊃ . . . ⊃

◦

A
h ⊃ 0 ìîæíî äîïîëíèòü äîöåïî÷êè èäåàëîâ, íàçûâàåìîé êîìïîçèöèîííûì ðÿäîì Æîðäàíà ��åëüäåðà [7℄

A ⊃
◦

A = I1 ⊃ I2 ⊃ . . . ⊃ In ⊃ 0,ãäå Ia/Ia+1 � îäíîìåðíàÿ àëãåáðà ñ íóëåâûì óìíîæåíèåì. Èñïîëüçóÿ ðÿä Æîðäà-íà ��åëüäåðà, ìîæíî âûáðàòü â àëãåáðå A òàêîé áàçèñ
{ea} = {e0, eâ}, a = 0, 1, . . . , n = dim

◦

A, â = 1, . . . , n, (8)÷òî e0 = 1 ∈ R , eâ ∈ Iâ , eâ 6∈ Iâ+1 , íàçûâàåìûé áàçèñîì Æîðäàíà ��åëüäåðà.�àçëîæåíèå ýëåìåíòà X ∈ A ïî áàçèñó (8) áóäåì çàïèñûâàòü â âèäå X = xaea =

= x0 + xâeâ . Îáîçíà÷èì ◦

X = xâeâ , òîãäà X = x0 +
◦

X . �àçëîæåíèå åäèíèöûàëãåáðû A ïî áàçèñó (8) áóäåì çàïèñûâàòü ñëåäóþùèì îáðàçîì: 1A = δaea . �àç-ëîæåíèÿ eaeb = γc
abec çàäàþò ñòðóêòóðíûé òåíçîð (γc

ab) àëãåáðû A . Êîìïîíåíòûýòîãî òåíçîðà óäîâëåòâîðÿþò ñîîòíîøåíèÿì
γb

a0 = δb
a, γc

ab̂
= 0 ïðè a ≥ c. (9)Óñëîâèÿ êîììóòàòèâíîñòè è àññîöèàòèâíîñòè àëãåáðû A â òåðìèíàõ ñòðóêòóðíîãîòåíçîðà ïðèíèìàþò âèä γc

ab = γc
ba è γc

abγ
b
ef = γb

aeγ
c
bf ñîîòâåòñòâåííî.Ïóñòü A

m = A×. . .×A åñòü A-ìîäóëü m-ñòðîê ýëåìåíòîâ èç A . Äëÿ íóìåðàöèèâåùåñòâåííûõ êîîðäèíàò íà A
m áóäåì èñïîëüçîâàòü äâîéíûå èíäåêñû ia , jb , . . .�ëàäêàÿ �óíêöèÿ f : U ⊂ A
m → A , f : {X i = xiaea} 7→ f(X i) = f b(xia)eb ,íàçûâàåòñÿ A-ãëàäêîé, åñëè åå äè��åðåíöèàë df ÿâëÿåòñÿ A-ëèíåéíûì. Óñëîâèÿ

A-ãëàäêîñòè �óíêöèè f , íàçûâàåìûå óñëîâèÿìè Øå��åðñà, èìåþò âèä [7℄:
∂f b

∂xia
= γb

acδ
d ∂f c

∂xid
. (10)Ïðè âûïîëíåíèè óñëîâèé (10) äè��åðåíöèàë �óíêöèè f ïðåäñòàâëÿåòñÿ â âèäå

df = fidX i , �óíêöèè fi = δa ∂f

∂xia
íàçûâàþòñÿ ÷àñòíûìè ïðîèçâîäíûìè ïî X i èîáîçíà÷àþòñÿ ÷åðåç ∂f

∂X i
. Èòàê,

∂f

∂X i
= δa ∂f

∂xia
. (11)Êàæäàÿ �óíêöèÿ ∂f

∂X i
(Xj) ïðè ýòîì òàêæå ÿâëÿåòñÿ A-ãëàäêîé.Ïóñòü ϕ : U ⊂ R

k → R
ℓ � ãëàäêîå îòîáðàæåíèå. Îíî ìîæåò áûòü åñòåñòâåííûìîáðàçîì ïðîäîëæåíî äî A-ãëàäêîãî îòîáðàæåíèÿ Φ : U ×

◦

A
k → A

ℓ ñëåäóþùèìîáðàçîì [7℄. Ïóñòü (xi) è (xi′ ) � êîîðäèíàòû â R
k è R

ℓ è ϕ : (xi) 7→ (xi′ = ϕi′ (xi)) .Òîãäà îòîáðàæåíèå Φ çàäàåòñÿ �îðìóëîé
X i′ = ϕi′ (xi) +

h
∑

|p|=1

1

p!

Dpϕi′ (xi)

Dxp

◦

Xp,ãäå p = (p1, . . . , pk) � ìóëüòèèíäåêñ äëèíû k , p! = p1! . . . pk! , X i = xi +
◦

Xi �ðàçëîæåíèå â ñîîòâåòñòâèè ñ (8), ◦

Xp = (
◦

X1)p1 . . . (
◦

Xk)pk . Îòîáðàæåíèå Φ íàçûâà-åòñÿ àíàëèòè÷åñêèì ïðîäîëæåíèåì îòîáðàæåíèÿ ϕ è îáîçíà÷àåòñÿ ϕA . Îïåðàöèÿ



ËÈÔÒÛ ÑÒ�ÓÊÒÓ� ÏÓÀÑÑÎÍÀ�ÍÅÉÅÍÕÅÉÑÀ Â �ÀÑÑËÎÅÍÈß ÂÅÉËß 207àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ñîõðàíÿåò ñóììó, ïðîèçâåäåíèå, êîìïîçèöèþ îòîáðà-æåíèé, à òàêæå îïåðàöèþ âçÿòèÿ ÷àñòíîé ïðîèçâîäíîé [7℄.Îïðåäåëåíèå 5. Ôðîáåíèóñîâîé àëãåáðîé Âåéëÿ áóäåì íàçûâàòü ïàðó (A, q) ,ãäå A � àëãåáðà Âåéëÿ, q : A × A → R � íåâûðîæäåííàÿ áèëèíåéíàÿ �îðìà,óäîâëåòâîðÿþùàÿ óñëîâèþ àññîöèàòèâíîñòè q(XY, Z) = q(X, Y Z) , X, Y, Z ∈ A .Ôîðìà q íàçûâàåòñÿ �ðîáåíèóñîâîé �îðìîé. Â áàçèñå (8) óñëîâèå àññîöèàòèâíî-ñòè ïðèíèìàåò âèä qbcγ
c
ef = γc

beqcf . Ôðîáåíèóñîâà �îðìà q îïðåäåëÿåò �ðîáåíèóñîâêîâåêòîð (1-�îðìó) p : A → R ñîîòíîøåíèåì p(X) = q(X, 1A) . Â áàçèñå (8) êîîð-äèíàòû êîâåêòîðà p óäîâëåòâîðÿþò ñîîòíîøåíèÿì paγa
bc = qbc .Ïóñòü qab � êîìïîíåíòû ìàòðèöû, îáðàòíîé ê ìàòðèöå �îðìû q â áàçèñå (8).Ââåäåì â ðàññìîòðåíèå áàçèñ {ea = qabeb} â A . Îáðàòíîå ïðåîáðàçîâàíèå áàçèñàèìååò âèä ea = qabe

b . Ñèìâîëàìè γab
c îáîçíà÷èì êîìïîíåíòû ñòðóêòóðíîãî òåíçîðààëãåáðû A â áàçèñå {ea} . Âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ [8℄:

p(eaeb) = qab, p(eaeb) = qab, p(eae
c) = δc

a,

p(eaebe
c) = γc

ab, p(eaebec) = γab
c .

(12)Äëÿ A-ãëàäêîé �óíêöèè F : U ⊂ A → A , F = F a(xb)ea = Fa(xb)ea ñïðàâåäëèâûñëåäóþùèå ñîîòíîøåíèÿ:
F apa = Fbδ

b,
∂(δaFa)

∂xb
= δc ∂Fb

∂xc
. (13)

A-ãëàäêèì ìíîãîîáðàçèåì íàçûâàåòñÿ ãëàäêîå ìíîãîîáðàçèå, êàðòèðóþùèåîòîáðàæåíèÿ êîòîðîãî ïðèíèìàþò çíà÷åíèÿ â êîíå÷íîìåðíîì A-ìîäóëå, à �óíê-öèè ñêëåéêè ÿâëÿþòñÿ A-ãëàäêèìè. Ïðèìåðîì A-ãëàäêîãî ìíîãîîáðàçèÿ ñëóæèòòîòàëüíîå ïðîñòðàíñòâî T AM ðàññëîåíèÿ Âåéëÿ πA : T AM → M ãëàäêîãî ìíîãî-îáðàçèÿ M [2, 7℄. Äëÿ ëîêàëüíîé êàðòû (U, xi) íà M �óíêöèè X i = (xi)A = xiaeaçàäàþò ñèñòåìó A-çíà÷íûõ ëîêàëüíûõ êîîðäèíàò íà T AU ⊂ T AM , à �óíêöèè (xia)� ñèñòåìó âåùåñòâåííûõ ëîêàëüíûõ êîîðäèíàò íà T AU , ïðè÷åì xi0 = xi ◦ πA .Ïóñòü MA åñòü A-ãëàäêîå ìíîãîîáðàçèå. Îáîçíà÷èì ñèìâîëîì T k,ℓ
A−diff(MA) ïðî-ñòðàíñòâî A-ãëàäêèõ òåíçîðíûõ ïîëåé òèïà (k, ℓ) íà MA [8℄. Òåíçîðíîå ïîëå t ∈

∈ T k,ℓ
A−diff(MA) èìååò êîîðäèíàòíîå ïðåäñòàâëåíèå

t = tj1...jℓ

i1...ik
dX i1 ⊗ . . . ⊗ dX ik ⊗

∂

∂Xj1
⊗ . . . ⊗

∂

∂Xjℓ
,ãäå �óíêöèè tj1...js

i1...ir
= tj1...js

i1...ir
(Xk) ÿâëÿþòñÿ A-ãëàäêèìè.Âñþäó â äàëüíåéøåì àëãåáðà Âåéëÿ A ïðåäïîëàãàåòñÿ �ðîáåíèóñîâîé.Ïóñòü L � êîíå÷íîìåðíûé ñâîáîäíûé ìîäóëü íàä (A, q) è ïóñòü t åñòü A-ëèíåéíûé òåíçîð íà L . �åàëèçàöèåé òåíçîðà t íàçûâàåòñÿ âåùåñòâåííûé òåíçîð

R(t) = p ◦ t íà L .Ïóñòü M åñòü ãëàäêîå ìíîãîîáðàçèå è t ∈ T k,ℓ(M) � òåíçîðíîå ïîëå íà M .Åãî àíàëèòè÷åñêîå ïðîäîëæåíèå tA åñòü A-ãëàäêîå òåíçîðíîå ïîëå íà T AM . Ïîë-íûì ëè�òîì ïîëÿ t íà òîòàëüíîå ïðîñòðàíñòâî ìíîãîîáðàçèÿ T AM íàçûâàåòñÿòåíçîðíîå ïîëå
tC := R(tA)íà T AM . Åñëè â ëîêàëüíûõ êîîðäèíàòàõ (xi) íà M ïîëå t èìååò êîìïîíåíòû

tj1...jℓ

i1...ik
, òî â ñîîòâåòñòâóþùèõ ëîêàëüíûõ êîîðäèíàòàõ (xia) íà T AM êîìïîíåíòûïîëÿ tC âû÷èñëÿþòñÿ ïî ñëåäóþùåé �îðìóëå (ñì. [8℄):

tj1b1...jℓbℓ

i1a1...ikak
:= p(tj1...jℓ

i1...ik
ea1

. . . eak
eb1 . . . ebℓ).



208 Â.Â. ØÓ�Û�ÈÍ (ÌË.)Â ðàáîòå [8℄ ïîêàçàíî, ÷òî �ðîáåíèóñîâà àëãåáðà Âåéëÿ (A, q) âûñîòû h îáëà-äàåò ñëåäóþùèìè ñâîéñòâàìè: dim
◦

A
h = 1 è p|◦

Ah
6= 0 . Ýòî ïîçâîëÿåò îäíîçíà÷íîâûáðàòü ýëåìåíò ε ∈

◦

A
h òàêîé, ÷òî p(ε) = 1 . Âåðòèêàëüíûì ëè�òîì ïîëÿ t ∈

∈ T k,ℓ(M) íà òîòàëüíîå ïðîñòðàíñòâî ìíîãîîáðàçèÿ T AM íàçûâàåòñÿ òåíçîðíîåïîëå
tV := R(εtA)íà T AM .Ïðåäëîæåíèå 1 [8℄. Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå. Äëÿ ëþáûõ u, v ∈

∈ V∗(M) èìåþò ìåñòî ñîîòíîøåíèÿ
1) ([u, v]SN )C = [uC , vC ]SN ;

2) ([u, v]SN )V = [uV , vC ]SN = [uC , vV ]SN ;

3) [uV , vV ]SN = 0.3. Ëè�òû ñòðóêòóð Ïóàññîíà �ÍåéåíõåéñàÏóñòü MA åñòü A-ãëàäêîå ìíîãîîáðàçèå. Îáîçíà÷èì ñèìâîëîì
Ω∗

A−diff(MA, TMA) =

dimA MA
⊕

k=0

Ωk
A−diff(MA, TMA)ïðîñòðàíñòâî âåêòîðíîçíà÷íûõ A-ãëàäêèõ âíåøíèõ �îðì íà MA . Åñòåñòâåí-íûì îáðàçîì îïåðàöèÿ ñêîáêè Ôðåëèõåðà �Íåéåíõåéñà ðàñïðîñòðàíÿåòñÿ ñëó÷àé

A-ãëàäêèõ âíåøíèõ �îðì.Ïðåäëîæåíèå 2. Ïóñòü MA åñòü A-ãëàäêîå ìíîãîîáðàçèå è ïóñòü K ∈
∈ Ωk

A−diff(MA, TMA) è L ∈ Ωℓ
A−diff(MA, TMA) . Òîãäà

[R(K), R(L)]FN = R([K, L]FN ).Äîêàçàòåëüñòâî. Ïóñòü â ëîêàëüíûõ êîîðäèíàòàõ (X i) �îðìû K è L èìåþòêîìïîíåíòû Ki
α1...αk

è Lj
β1...βℓ

ñîîòâåòñòâåííî. Äëÿ êîìïîíåíò ñêîáêè Ôðåëèõåðà �Íåéåíõåéñà A-ãëàäêèõ �îðì âûïîëíÿþòñÿ ñîîòíîøåíèÿ, àíàëîãè÷íûå (1):
([K, L]FN )j

α1...αk+ℓ
= Ki

α1...αk

∂

∂X i
Lj

αk+1...αk+ℓ
+

+ (−1)kℓ+1Li
α1...αℓ

∂

∂X i
Kj

αℓ+1...αk+ℓ
− k · Kj

α1...αk−1i

∂

∂Xαk
Li

αk+1...αk+ℓ
+

+ (−1)kℓℓ · Lj
α1...αℓ−1i

∂

∂Xαℓ
Ki

αℓ+1...αk+ℓ
. (14)Óìíîæèì îáå ÷àñòè ðàâåíñòâà (14) íà ea1

. . . eak+ℓ
eb è çàòåì ñâåðíåì åãî ñ p . Â ëå-âîé ÷àñòè ìû ïîëó÷èì êîìïîíåíòó (R([K, L]FN ))jb

α1a1...αk+ℓak+ℓ
. �àññìîòðèì ïåðâîåñëàãàåìîå â ïðàâîé ÷àñòè.Ïóñòü

Ki
α1...αk

ea1
. . . eak

ec = (Kic
α1a1...αkak

)mem,

Lj
αk+1...αk+ℓ

eak+1
. . . eak+ℓ

eb = (Ljb
αk+1ak+1...αk+ℓak+ℓ

)ce
cñóòü ðàçëîæåíèÿ ïî áàçèñó {ea} .
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Ki

α1...αk

∂

∂X i
Lj

αk+1...αk+ℓ
ea1

. . . eak+ℓ
eb =

= Ki
α1...αk

ea1
. . . eak

δg ∂

∂xig
Lj

αk+1...αk+ℓ
eak+1

. . . eak+ℓ
eb =

= Ki
α1...αk

ea1
. . . eak

δg ∂

∂xig
(Ljb

αk+1ak+1...αk+ℓak+ℓ
)ce

c =

= (Kic
α1a1...αkak

)memδg ∂

∂xic
(Ljb

αk+1ak+1...αk+ℓak+ℓ
)g.Ñâåðòûâàÿ ïîñëåäíåå âûðàæåíèå ñ p , èìååì:

Kic
α1a1...αkak

∂

∂xic
Ljb

αk+1ak+1...αk+ℓak+ℓ
.Àíàëîãè÷íî, ïîñëå ñâåðòêè ñ p âòîðîå ñëàãàåìîå ïðèîáðåòàåò âèä

(−1)kℓ+1Lic
α1a1...αℓaℓ

∂

∂xic
Kjb

αℓ+1aℓ+1...αk+ℓak+ℓ
.Ïóñòü Li

αk+1...αk+ℓ
= (Li

αk+1...αk+ℓ
)ses . Âû÷èñëèì êîìïîíåíòó Lic

αk+1ak+1...αk+ℓak+ℓ
.Ââåäåì îáîçíà÷åíèå

ea1
. . . eam

= γb
a1...am

eb.Èìååì:
Lic

αk+1ak+1...αk+ℓak+ℓ
= p(Li

αk+1...αk+ℓ
eak+1

. . . eak+ℓ
ec) =

= p((Li
αk+1...αk+ℓ

)seseak+1
. . . eak+ℓ

ec) = (Li
αk+1...αk+ℓ

)sγc
sak+1...ak+ℓ

. (15)Ñ ó÷åòîì (10) è (15) ïîñëå ñâåðòêè ñ p òðåòüå ñëàãàåìîå ïðèìåò âèä
p(k · Kj

α1...αk−1iδ
g ∂

∂xαkg
(Li

αk+1...αk+ℓ
)sesea1

. . . eak+ℓ
eb) =

= k · p(Kj
α1...αk−1iδ

g ∂

∂xαkg
(Li

αk+1...αk+ℓ
)sγm

sak
emeak+1

. . . eak+ℓ
ea1

. . . eak−1
eb) =

= k ·
∂

∂xαkak
(Li

αk+1...αk+ℓ
)mp(Kj

α1...αk−1iea1
. . . eak−1

ebγc
mak+1...ak+ℓ

ec) =

= k ·
∂

∂xαkak
Lic

αk+1ak+1...αk+ℓak+ℓ
p(Kj

α1...αk−1iea1
. . . eak−1

ece
b) =

= k · Kjb
α1a1...αk−1ak−1ic

∂

∂xαkak
Lic

αk+1ak+1...αk+ℓak+ℓ
.Àíàëîãè÷íî, ïîñëå ñâåðòêè ñ p ÷åòâåðòîå ñëàãàåìîå ïðèìåò âèä

(−1)kℓℓ · Ljb
α1a1...αℓ−1aℓ−1ic

∂

∂xαℓaℓ
Kic

αℓ+1aℓ+1...αk+ℓak+ℓ
.



210 Â.Â. ØÓ�Û�ÈÍ (ÌË.)Èç Ïðåäëîæåíèÿ 2 âûòåêàåò ñëåäóþùååÏðåäëîæåíèå 3. Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå, K, L ∈ Ω∗(M, TM) . Èìå-þò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:
1) ([K, L]FN )C = [KC , LC ]FN ,

2) ([K, L]FN )V = [KC , LV ]FN = [KV , LC ]FN ,

3) [KV , LV ]FN = 0.

(16)Äîêàçàòåëüñòâî. Äîêàæåì âòîðîå ñîîòíîøåíèå; ïåðâîå è òðåòüå äîêàçûâà-þòñÿ àíàëîãè÷íî. Ïóñòü KA è LA � àíàëèòè÷åñêèå ïðîäîëæåíèÿ �îðì K è Lñîîòâåòñòâåííî. Òîãäà R(ε[K, L]AFN ) = R([εKA, LA]FN ) = R([KA, εLA]FN ) .Òåîðåìà 1. Ïóñòü (P, N) � ñòðóêòóðà Ïóàññîíà �Íåéåíõåéñà íà ãëàäêîì ìíî-ãîîáðàçèè M, (A, q) � �ðîáåíèóñîâà àëãåáðà Âåéëÿ. Òîãäà (P C , NC) åñòü ñòðóê-òóðà Ïóàññîíà �Íåéåíõåéñà íà ðàññëîåíèè Âåéëÿ T AM .Äîêàçàòåëüñòâî. Òîò �àêò, ÷òî P C åñòü òåíçîð Ïóàññîíà, à NC � òåíçîðÍåéåíõåéñà íà T AM , ñëåäóåò èç Ïðåäëîæåíèé 1 è 3 è ñîîòíîøåíèé (2) è (3). Ïî-êàæåì, ÷òî ýòè òåíçîðû ñîâìåñòèìû.Óñëîâèå ñîâìåñòèìîñòè (5) â ëîêàëüíûõ êîîðäèíàòàõ íà M èìååò ñëåäóþùèéâèä:
P ljNk

l + P lkN j
l = 0.Ïóñòü P A è NA � àíàëèòè÷åñêèå ïðîäîëæåíèÿ P è N íà T AM ñîîòâåòñòâåííî.Òîãäà

(P A)lj(NA)k
l + (P A)lk(NA)j

l = 0. (17)Ïóñòü (P A)lj = (P lj)ses , (NA)k
l = (Nk

l )ded � ðàçëîæåíèÿ ïî áàçèñó (8). Âû÷èñëèìêîìïîíåíòû P lcja è Nkb
lc òåíçîðîâ PC è NC . C ó÷åòîì (12) èìååì:

P lcja = p((P A)ljecea) = p((P lj)sese
cea) = (P lj)sp(ese

cea) = (P lj)sγca
s .Àíàëîãè÷íî,

Nkb
lc = p((NA)k

l ebec) = p((Nk
l )dede

bec) = (Nk
l )dγb

dc.Èòàê,
P lcja = (P lj)sγca

s , Nkb
lc = (Nk

l )dγb
dc. (18)Óìíîæèì îáå ÷àñòè ðàâåíñòâà (17) íà eaeb è ñâåðíåì ðåçóëüòàò ñ p . Òîãäàïåðâîå ñëàãàåìîå ïðèìåò âèä:

p((P A)lj(NA)k
l eaeb) = p((P lj)s(Nk

l )desede
aeb) =

= (P lj)s(Nk
l )dγac

s p(ecede
b) = (P lj)s(Nk

l )dγac
s γb

cd = P lcjaNkb
lc .Âòîðîå ñëàãàåìîå ïðè ýòîì ïðèìåò âèä P lckbN ja

lc . Îòñþäà PCNC = NCPC .Òåïåðü ïîêàæåì, ÷òî âûïîëíÿåòñÿ óñëîâèå ñîâìåñòèìîñòè (6), òî åñòü ÷òî
C(PC , NC) = 0.Çàïèøåì âûðàæåíèÿ (7) äëÿ àíàëèòè÷åñêèõ ïðîäîëæåíèé P A è NA , óìíîæèì èõíà eaebec è ñâåðíåì ñ p . �àññìîòðèì ïåðâîå ñëàãàåìîå. C ó÷åòîì (13) èìååì

(P A)lj ∂(NA)k
m

∂X l
eaebec = (P A)ljeaδd ∂(NA)k

m

∂xld
ebec =

= (P A)ljeaδd ∂

∂xld
(Nkb

mc)se
s = (P A)ljea ∂

∂xls
δd(Nkb

mc)de
s = (P A)ljeaes ∂Nkb

mc

∂xls
.
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p((P A)lj ∂(NA)k

m

∂X l
eaebec) = P lsja ∂Nkb

mc

∂xls
.Âòîðîå è òðåòüå ñëàãàåìûå ðàññìàòðèâàþòñÿ àíàëîãè÷íî.�àññìîòðèì ÷åòâåðòîå ñëàãàåìîå. Ñ ó÷åòîì (11) è (18) ïîëó÷èì

(NA)j
l

∂(P A)kl

∂Xm
eaebec = (NA)j

l δ
d ∂(P kl)g

∂xmd
ege

aebec =

= (NA)j
l δ

d ∂(P kl)g

∂xmd
γf

cgefeaeb = (NA)j
l efeaeb ∂(P kl)f

∂xmc
=

= (NA)j
l ese

aγbs
f

∂(P kl)f

∂xmc
= (NA)j

l ese
a ∂P kbls

∂xmc
.Ïîýòîìó

p

(

(NA)j
l

∂(P A)kl

∂Xm
eaebec

)

= N ja
ls

∂P kbls

∂xmc
.Íàêîíåö, ïÿòîå ñëàãàåìîå ïðèâîäèòñÿ ê âèäó

(P A)lj ∂(NA)k
l

∂Xm
eaebec = (P A)ljδg ∂(Nk

l )d

∂xmg
edece

aeb =

= (P A)ljδg ∂(Nk
l )d

∂xmg
γf

cdefeaeb =

= (P A)lj ∂(Nk
l )f

∂xmc
γb

fse
sea = (P A)lj ∂Nkb

ls

∂xmc
esea.Îòñþäà

p((P A)lj ∂(NA)k
l

∂Xm
eaebec) = P lsja ∂Nkb

ls

∂xmc
.Ïðåäëîæåíèå 4. Ïóñòü MA � A-ãëàäêîå ìíîãîîáðàçèå è N ∈ T 1,1

A−diff(MA) .Òîãäà äëÿ ëþáîãî A-ãëàäêîãî êîíòðàâàðèàíòíîãî òåíçîðíîãî ïîëÿ T ∈ T 0,k
A−diff(MA)èìååò ìåñòî ðàâåíñòâî

R(NT ) = R(N)R(T ).Äîêàçàòåëüñòâî. Ïóñòü â ëîêàëüíûõ êîîðäèíàòàõ
N = N i

jdXj ⊗
∂

∂X i
, T = T i1...ik

∂

∂X i1
⊗ . . . ⊗

∂

∂X ik
.Îáîçíà÷èì S = NT . Èìååì

Sii1...ik−1 = N i
jT

ji1...ik−1 . (19)Óìíîæèì îáå ÷àñòè ðàâåíñòâà (19) íà eaea1 . . . eak−1 . Òîãäà ïðàâàÿ ÷àñòü ýòîãîðàâåíñòâà ïðèìåò âèä
N i

jT
ji1...ik−1eaea1 . . . eak−1 =

= (N i
j)

dede
aT ji1...ik−1ea1 . . . eak−1 = (N i

j)
dγa

dcT
ji1...ik−1ecea1 . . . eak−1 .Ïîñëå ñâåðòêè ïîëó÷åííîãî ðàâåíñòâà ñ p â ëåâîé ÷àñòè ïîëó÷èì

R(S)iai1a1...ik−1ak−1 , à â ïðàâîé � ñîîòâåòñòâåííî
(N i

j)
dγa

dcT
jci1a1...ik−1ak−1 = N ia

jc T jci1a1...ik−1ak−1 .



212 Â.Â. ØÓ�Û�ÈÍ (ÌË.)Ñëåäñòâèå 1. Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå, N ∈ T 1,1(M) , T ∈ T 0,k(M) .Èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:
(NT )C = NCT C ,

(NT )V = NCT V = NV T C .
(20)Ïóñòü (M, P ) � ïóàññîíîâî ìíîãîîáðàçèå è µ � �îðìà îáúåìà íà M . Íàïîìíèì,÷òî äèâåðãåíöèÿ divµX âåêòîðíîãî ïîëÿ X îïðåäåëÿåòñÿ ñîîòíîøåíèåì LXµ =

= (divµX)µ . Îïåðàòîð Xµ , îïðåäåëåííûé ðàâåíñòâîì
Xµ = Xµ,P : f ∈ C∞(M) 7−→ divµHP

f ∈ C∞(M),ÿâëÿåòñÿ äè��åðåíöèðîâàíèåì íà C∞(M) è, ñëåäîâàòåëüíî, çàäàåò âåêòîðíîå ïîëåíà M [9℄. Ýòî âåêòîðíîå ïîëå íàçûâàåòñÿ ìîäóëÿðíûì âåêòîðíûì ïîëåì ïóàññîíî-âîé ñòðóêòóðû P (èëè ïóàññîíîâà ìíîãîîáðàçèÿ (M, P )). Ìîäóëÿðíîå âåêòîðíîåïîëå åñòü êîöèêë îïåðàòîðà σP . Êëàññ êîãîìîëîãèé [Xµ] ∈ H1(M, P ) íå çàâè-ñèò îò âûáîðà �îðìû îáúåìà µ è íàçûâàåòñÿ ìîäóëÿðíûì êëàññîì ïóàññîíîâàìíîãîîáðàçèÿ (M, P ) .Â ðàáîòå [8℄ ïîêàçàíî, ÷òî �îðìà îáúåìà µ èíäóöèðóåò �îðìó îáúåìà µ íà
T AM è ìîäóëÿðíîå âåêòîðíîå ïîëå ïóàññîíîâà ìíîãîîáðàçèÿ (T AM, PC) èìååòâèä:

Xµ,wC = (n + 1)XV
µ . (21)Ïóñòü òåïåðü (M, P, N) � ìíîãîîáðàçèå Ïóàññîíà �Íåéåíõåéñà 
 �îðìîé îáú-åìà µ . Îáîçíà÷èì ñèìâîëîì Xk

µ ìîäóëÿðíîå âåêòîðíîå ïîëå ïóàññîíîâîé ñòðóê-òóðû Pk . È. Êîñìàíí-Øâàðöáàõ è Ô. Ìàãðè [6℄ ââåëè â ðàññìîòðåíèå âåêòîðíûåïîëÿ
X(k) = Xk

µ − NXk−1
µ , k = 1, 2, . . . (22)Èìè áûëî ïîêàçàíî, ÷òî äëÿ êàæäîãî k ïîëå X(k) íå çàâèñèò îò µ è ÷òî X(k) åñòüêîöèêë îïåðàòîðà σPk

. Êðîìå òîãî, áûëî äîêàçàíî, ÷òî
X(k) = −

1

2
HP

Ik
, k ≥ 1, (23)ãäå Ik = 1

k
TrNk , k ≥ 1 . Ïîëå X(k) íàçûâàåòñÿ k -ì ìîäóëÿðíûì âåêòîðíûìïîëåì ìíîãîîáðàçèÿ (M, P, N) , à êëàññ [Xk

µ ] ∈ H1(M, Pk) � k -ì ìîäóëÿðíûìêëàññîì ìíîãîîáðàçèÿ (M, P, N) . Ïîñëåäîâàòåëüíîñòü X(k) , k ≥ 1 , íàçûâàåòñÿèåðàðõèåé ìîäóëÿðíûõ âåêòîðíûõ ïîëåé. Ï. Äàìèàíó è �.Ë. Ôåðíàíäåñ [5℄ íà-çâàëè ïîëå XN = X(1) ìîäóëÿðíûì âåêòîðíûì ïîëåì ìíîãîîáðàçèÿ Ïóàññîíà �Íåéåíõåéñà (M, P, N) .Ïðåäëîæåíèå 5. Ïóñòü (M, P, N) � ìíîãîîáðàçèå Ïóàññîíà �Íåéåíõåéñà è
X(k) , k ≥ 1 , � èåðàðõèÿ åãî ìîäóëÿðíûõ âåêòîðíûõ ïîëåé. Äëÿ èåðàðõèè ìîäó-ëÿðíûõ âåêòîðíûõ ïîëåé X

(k) , k ≥ 1 , ìíîãîîáðàçèÿ (T AM, PC , NC) âûïîëíÿþòñÿñîîòíîøåíèÿ
X

(k)
= (n + 1)(X(k))V , k ≥ 1. (24)Äîêàçàòåëüñòâî. Èç �îðìóëû (20) ñëåäóåò, ÷òî äëÿ ëþáîãî k ≥ 1 òåíçîðÏóàññîíà P k = (NC)kPC íà T AM ñîâïàäàåò ñ ïîëíûì ëè�òîì òåíçîðà Ïóàñ-ñîíà Pk = NkP . C ó÷åòîì (24) ýòî îçíà÷àåò, ÷òî ìîäóëÿðíîå âåêòîðíîå ïîëå X

k

µñòðóêòóðû P k åñòü (n+1)(Xk
µ)V . Ïîýòîìó â ñèëó (22) è (20) X

(k)
= X

k

µ−NCX
k−1

µ =

= (n + 1)((Xk
µ)V − NC(Xk−1

µ )V ) = (n + 1)(X(k))V .



ËÈÔÒÛ ÑÒ�ÓÊÒÓ� ÏÓÀÑÑÎÍÀ�ÍÅÉÅÍÕÅÉÑÀ Â �ÀÑÑËÎÅÍÈß ÂÅÉËß 213Èç �îðìóëû (23) ñëåäóåò, ÷òî ìîäóëÿðíîå âåêòîðíîå ïîëå XN ÿâëÿåòñÿ ãàìèëü-òîíîâûì âåêòîðíûì ïîëåì ïî îòíîøåíèþ ê ïóàññîíîâîé ñòðóêòóðå P . Ï. Äàìèàíóè �.Ë. Ôåðíàíäåñ [5℄ äîêàçàëè, ÷òî åñëè òåíçîð N íåâûðîæäåí, òî ïîëå XN ÿâëÿ-åòñÿ áèãàìèëüòîíîâûì, òî åñòü, ãàìèëüòîíîâûì òàêæå è ïî îòíîøåíèþ ê ïóàññî-íîâîé ñòðóêòóðå P1 , à èìåííî: âûïîëíÿåòñÿ ðàâåíñòâî XN = −
1

2
HP1

log(| detN |) . Áîëååòîãî, â ýòîì ñëó÷àå êàæäîå ìîäóëÿðíîå âåêòîðíîå ïîëå X(k) îêàçûâàåòñÿ ìóëüòè-ãàìèëüòîíîâûì, òî åñòü, ãàìèëüòîíîâûì ïî îòíîøåíèþ ê êàæäîé èç ïóàññîíîâûõñòðóêòóð Pi , i = 0, . . . , k .Ïðåäëîæåíèå 6. Åñëè N ∈ Ω1(M ; TM) � íåâûðîæäåííûé òåíçîð, òî NC ∈
∈ Ω1(T AM ; TT AM) � òàêæå íåâûðîæäåííûé òåíçîð.Äîêàçàòåëüñòâî. Ïóñòü NA � àíàëèòè÷åñêîå ïðîäîëæåíèå òåíçîðà N èïóñòü (N i

j)
A = (N i

j)
cec � ðàçëîæåíèå ïî áàçèñó (8). Òîãäà äëÿ êîìïîíåíò òåíçî-ðà NC ïî �îðìóëå (18) èìååì: N ia

jb = (N i
j)

cγa
bc . Èç �îðìóë (9) ñëåäóåò, ÷òî

N ia
ja = N i

j , N ia
jb = 0, åñëè a < b.Òàêèì îáðàçîì, ìàòðèöà òåíçîðà NC èìååò áëî÷íóþ �îðìó âèäà

N i
j ∗ ∗ · · · ∗ ∗0 N i

j ∗ · · · ∗ ∗

0 0
. . . . . . ... ...... . . . . . . . . . . . . ...

0 0 · · · 0 N i
j ∗

0 0 · · · 0 0 N i
j

,

ãäå çâåçäî÷êîé îáîçíà÷åíû áëîêè, íå èìåþùèå ñóùåñòâåííîãî çíà÷åíèÿ äëÿ íàñòî-ÿùåãî ðàññìîòðåíèÿ. Ïîýòîìó
detNC = (n + 1) detN.Ñëåäñòâèå 2. Åñëè òåíçîð N íåâûðîæäåí, òî ìîäóëÿðíîå âåêòîðíîå ïîëå

XNC ìíîãîîáðàçèÿ (T AM, PC , NC) ÿâëÿåòñÿ áèãàìèëüòîíîâûì.SummaryV.V. Shurygin, jr. Lifts of Poisson �Nijenhuis Stru
tures to Weil Bundles.In the present paper we show that the 
omplete lifts of the stru
ture tensors P and Nof a Poisson �Nijenhuis manifold (M, P, N) to the Weil bundle T AM indu
e a stru
ture ofPoisson �Nijenhuis manifold on T AM . We 
ompute the modular ve
tor �elds of this manifold.Key words: Poisson �Nijenhuis manifold, modular 
lass, Weil algebra, Weil bundle,
omplete lift, verti
al lift.
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