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Abstract—In this paper, the authors identify a transformation that is valid for any arbitrary signal. This trans-
formation is strictly periodical and therefore it allows the ordinary F-transformation to be applied for the fit-
ting of the transformed signal. The most interesting application (in accordance with the authors’ opinion) is
the fitting of the frequency-phase modulated signals that actually located inside the found transformation.
This new transformation will be useful for the application of the responses of different complex systems when
an ordinary model is absent. As available information we consider meteorological data corresponding to mea-
surements of methane concentration (CH4) in atmosphere during 4 weeks of observation. For us, it is import-
ant to consider the integral (cumulative) data and find their amplitude-frequency response (AFR). If one
considers each column as a frequency-phase modulated signal, then the AFR can be evaluated with the help
of an F-transformation with a period equaling 2π that is valid for any analyzed random signal. This “univer-
sal” F-transformation allows us to fit a wide set of random signals and compare them with each other in terms
of their AFRs. In conclusion, these new possibilities of traditional F-analysis will serve as a common tool in
the armory of the methods used by researchers in data processing area.
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1. INTRODUCTION AND STATEMENT 
OF THE PROBLEM

Everyone knows the main drawback of the tradi-
tional Fourier transform. It consists of the assumption
that any digital random signal is periodic, i.e.,

(1)

Here, Sg(t) is an arbitrary random signal, and T is
the period coinciding with Range(t). Range(t) =
maxt–mint determines the length of the analyzed sig-
nal Sg(t). In many cases, this assumption concerning
the periodicity of the signal is unprovable, but is still
used.

If we want to replace a purely periodic signal with
its aperiodic copy, the problem of the impossibility of
approximating a discrete aperiodic signal arises. This
problem cannot be solved with the integral Fourier
transform of aperiodic signals, therefore, it cannot be
used to predict the aperiodic signal outside of the
given time window interval.

Discrete representations of many analog signals
play an important role in their processing. They con-
tain necessary information related to the properties of
signals and allow their further processing [1]. In the
traditional scheme, signals can be represented as Tay-
lor-Maclaurin, Dirichlet, Laurent, Legendre, Padé,
Prony, and Fourier series. We emphasize that, in our
opinion, these expansion series can be used to describe
data without any mathematical justification. In signal
processing, the classical Fourier series is a simple, fre-
quently used tool. However, it does not allow us to iso-
late both the subharmonic and the interharmonic
components of a given signal, and in many situations,
it has serious drawbacks [2–5]. The proposed method
allows the limitations of Fourier analysis to be over-
come. Fourier analysis is based on time-frequency
methods [6] that have been used in recent decades,
namely, discrete [7–9], fast [10–12], windowed Fou-
rier transform [13, 14], Gabor transform [15–17],
wavelet [18–20], Hilbert–Huang transform [21–23],
Fourier–Bessel transform [24, 25], and even empirical

+ =Sg( ) Sg( ).t T t
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mode decomposition [26, 27]. The cited works indi-
cate that there are many different approximations that
can be used to overcome the main drawback (1) that is
associated with the periodicity assumption. However,
a careful analysis of these approximations allows us to
formulate the following problem: determining
whether there is a universal transformation of the orig-
inal signal that allows it to be transformed into another
digital signal with a period of exactly 2π. Indeed, if we
write the following relationship:

(2)

and begin to analyze the argument F(t) of the cosine in
(2) instead of the original function Sg(t), we get the
desired result. The function F(t) is a combined fre-
quency-phase modulated signal, providing the desired
interval [–1, 1] for cos(F(t)), and the argument F(t)
falls in the interval [0, π]. Therefore, the final result of
the decomposition of any signal cos(Ωkt) retains the
previous form (2) if we add to it the expansion of F(t)
by the approximating function Yft(t, K) in the form of
a finite segment of the Fourier series

(3)

Here, we take into account the property F(t) =
F(t ± π), which defines a semi-periodic function.
Thus, these two simple expressions (2) and (3) quite
effectively solve the problem of decomposing any ran-
dom function Sg(t) into a Fourier series, as in this
case, the problem of the periodicity of the signal being
decomposed is solved.

2. DESCRIPTION OF WEATHER DATA

Let us say a few words about the real data and its
features. As real data, we took the eddy covariance
environmental data related to the methane content
CH4 in the atmosphere. In this paper we consider the

= +Sg( ) cos( ( ))t a F t b

( ) ( )[ ]
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methane balance, i.e., the product of the correspond-
ing concentration and the value of the vertical velocity.
Data were taken from instruments on a tower located
near the Kazan University Observatory; these instru-
ments measured eddy covariances associated with the
methane content in the atmosphere and air f low
speeds. The measurements of methane concentration
CH4 (μmol/mol) and vertical air velocity W (m/s)
were carried out from January 1 to January 7, 2024.
CH4 data values were multiplied by the corresponding
measured values of air f low velocity W. The measure-
ment frequency was 10 times per second. The data for
1 second was averaged, and the second-long (aver-
aged) values were collected into hourly groups/col-
umns. The result was 168 hourly columns per week
with 3600 seconds per column.

3. DESCRIPTION OF THE PROCESSING 
PROCEDURE

Each rectangular matrix N × M contains N = 3600
rows (where each row corresponds to 1 second of mea-
surements and, therefore, one column corresponds to
1 hour of measurements), and the number of columns
M = 24×7 = 168 corresponds to 1 week of measure-
ments. In demonstrating a new modification of the
Fourier transform, we only consider three base curves
corresponding to the maximum, average and mini-
mum values. These curves are shown in Fig. 1, with
independent variable xj = j/N (N = 3600). We normal-
ized the independent variable to the total number of
measurements in one hour.

Calculation of the arguments Fq(t) (q = 0, 1, 2)
from (2) for these curves located in the interval (0, π),
as shown in Fig. 2.

To find the AFR for these three curves, it is conve-
nient to use the NOCFASS (Non-Orthogonal Com-
bined Fourier Analysis of the Smoothed Signals)
method [28], proposed by one of the authors (RRN)
of this work. The basic idea of the NOCFASS
approach is to shift the extremal curve to the center of

Fig. 1. The left panel shows the curve with the maximum values, the center gives the average data (averaged over the entire mea-
surement period), and on the right is the curve with the minimum values.
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the Fourier transform using an angle π. It is demon-

strated in Fig. 3.

Analysis of this Fourier transform showed that it is

sufficient to take a small number of frequencies that

are located in the vicinity of the resonant peak shown

on the right. Therefore, we consider a dimensionless

frequency band in the interval [1800, 2000].

This modified approach allowed us to reduce the

number of modes, which significantly depends on the

value of the final mode K. This value is determined by

the magnitude of the relative error, which, in turn, is

calculated as

(4)
 −= × 
 

tdev( ( ) ( , ))
RelErr( ) 100%.

mean ( )

s F t Yft t KK
F t

As an approximation, it is sufficient to take a small
number of frequencies covering the interval [Vect,
Vect + 200]. The final result is shown in Figs. 4 and 5.

The truncated spectrum shown in Fig. 4(a) is suffi-
cient to provide an approximation with a relative error
(defined by expression (4)) of less than 1%. The exact
values of the relative error are collected in Table 1.

The AFR for the truncated spectrum is shown in
Fig. 5.

The solid straight line shown on the right panel of
the figure corresponds to the sequence of ranked
amplitudes (SRA) of ordered phases. It is easy to see
that the SRA is close in appearance to a straight line
segment. This indicates that the phase distribution is
almost uniform. To complete the approximation pro-
cedure, we demonstrate the transition from the

Fig. 2. The argument F is shown in the left panel, the F0(t) cosine functions in (2) for the maximum curve, and in the right panel
are the corresponding arguments for the average curve F1(t) (blue dots) and the minimum curve F2(t) (green dots).
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Fig. 3. The argument F is shown in the left panel, F0(t), corresponding to the curve with maximum values. In the right pane, is
the Fourier transform shifted to the center N/2 = 1800, with a resonance value of 4032.668.
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approximation of the argument F0(t) to the original

signal Mex (t)0 (see Fig. 6).

Figure 6 shows the restoration of the original sig-

nal. On the left you can see the scaled mex

function0(t) = cos(F0(t)) (red dots) and its approxima-

tion Jex0(Yft(t)), shown by the blue solid line. To find

the scaling parameters, the central figure can be used,

which helps determine the slope (a = 0.00446) and

intercept (b = –0.00221) values. The final approxi-

mating function is shown in the right figure as a blue

solid line.

Fig. 4. In the left panel is shown a truncated spectrum located in the interval [2, 171]. In the right panel is the approximating func-
tion Yft(t) for the function F0(t).
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Table 1.  The main parameters that were used to approximate the F functionsp(t) (p = 0.1.2), corresponding to the first week
of measurements

Function Fres Ph0 RelErr, % K a b

F0(t) 4032.6694 0.0947 0.107 180 0.00446 –0.00221

F1(t) 3901.1394 0.0825 0.079 180 3.3585 3.8223

F2(t) 3571.141 0.9045 0.144 180 0.8517 0.0839

Fig. 5. The amplitude module is shown in the left, , and in the right panel is the phase distribution

.
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Fig. 6. The scaled mex function is shown in the left panel, F0(t) = cos(F0(t)), along with its approximation Jex0(Yft(t)). The central
panel helps to determine the values of the slope a and intercept b. In the right panel, the final fitting function is shown as a blue
solid line.
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Fig. 7. In the left panel is shown a truncated spectrum located in the interval [2, 181]. In the right panel, the solid blue line shows
the approximating function Yft(t) for the function F1(t).
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The approximate fitting function of the original
signal is determined by the expression

where the scaling parameters a and b are found as the
slope and intercept values, respectively, from the cen-
tral Fig. 6b. In the same way, the random curves
shown in Figure 2b can be approximated. Let us list
the main ones (see Figs. 7–10).

The truncated spectrum in Fig. 7a is sufficient to
provide an approximation with a relative error
(defined by expression (4)) of less than 1%. The exact
values of the relative error are presented in Table 1.

The solid straight line shown in Fig. 8b corre-
sponds to the SRA for the ordered phases. It is easy to
see that it is near in appearance to a straight line seg-
ment. This, once again, demonstrates that the phase
distribution is almost uniform.

The truncated spectrum in Fig. 9a is sufficient to
provide an approximation with a relative error

( )= +Ex( ) cos ( ) ,t a Yft t b

(defined by expression (4)) of less than 1%. The exact
values of the relative error are presented in Table 1.

The solid straight line that is shown in Fig. 10(b)
corresponds to the SRA for the ordered phases. It can
be seen that it is close in appearance to a straight line
segment. This also confirms that the phase distribu-
tion is nearly uniform.

We consider the obtained values informative
enough to confirm the effectiveness of the modified
Fourier transform.

4. RESULTS AND DISCUSSION

The proposed modification of the traditional Fou-
rier transform provides new possibilities for the
approximation of a wide range of random functions. It
can be argued that any given function has its own
AFR, which is located inside the argument of the
cosine (see expressions (2) and (3)) and gives, in fact,
the true spectrum for signals with frequency-phase
modulation and the second spectrum for amplitude-
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modulated signals. Indeed, if a random signal has the
following structure:

then the right side of the random signal Sg(t) includes
all three types of possible modulations (amplitude,
frequency, and phase). The transformation used in
this work is fully applicable for two types of modula-
tion (frequency and phase) as an exact transformation,
and for amplitude modulation it can be considered as

( )= → +Sg( ) ( )cos( ( )) cos ( ) ,t A t Fr t a F t b

an approximate one. The AFR calculated for the func-

tion F(t) can be considered a useful secondary spec-

trum in the analysis and approximation of various ran-

dom signals with amplitude modulation. If there is no

amplitude modulation, then dependence (2) is unique

and accurate. Formula (2) allows the following gener-

alization (if Sg(t) is represented as a single mode)

( ) ( )= +Sg( ) cos ( ) sin ( ) ,t A F t B F t

Fig. 8. The amplitude modules are shown in the panel, , and in the right is the phase distribution

 for argument F1(t).
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where constants A and B are assumed to be known.
From here we can find the argument F(t)

(5)

Thus, expression (5) generalizes the previous
expressions and expands the scope of application of
the proposed modified Fourier transform.

Let us highlight the main results obtained.

1. For the random function Sg(t), a purely periodic
function F(t) is found.

2. This function F(t) is related nonlinearly to the
original random signal.

3. The proposed approach solves the problem of
the approximation of a wide class of signals with fre-
quency-phase modulation.

4. Due to this, the wide application of this modifi-
cation of the Fourier transform will be useful, in par-
ticular, for describing the responses of various com-
plex systems, such as technical, financial, medical,
etc., when a simple model is missing.

ABBREVIATIONS AND NOTATION

AFR amplitude-frequency response

NOCFASS non-orthogonal combined Fourier analy-

sis of the smoothed signals

SRA sequence of the range amplitudes
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