Advances in Water Resources 199 (2025) 104917

Contents lists available at ScienceDirect

Advances
in Water
Resources

Advances in Water Resources

ELSEVIER journal homepage: www.elsevier.com/locate/advwatres

L))

Check for

Two-dimensional capillarity-driven seepage from a lined buried ditch: The [
Kornev subsurface irrigation “Absorptional” method revisited

Anvar Kacimov " ®, Yurii Obnosov ", Tatyana Nikonenkova ¢, Andrey Smagin **°

@ Department of Soils, Water and Agricultural Engineering, Sultan Qaboos University, Oman

b Institute of Mathematics and Mechanics, Kazan Federal University, Kazan, Russia

¢ Institute of Ecology and Geography, Kazan Federal University, Kazan, Russia

4 Department of Soil Physics and Melioration, Faculty of Soil Sciences, Lomonosov Moscow State University, Moscow, 119991, Russia
€ Institute of Forest Science, Russian Academy of Sciences, Uspenskoe, 143030, Russia

ARTICLE INFO ABSTRACT
Keywords: Kornev’s (1935, see e.g. p.74, Fig. 34 - right panel) “open system” of capillarity-driven wetting of a fine-textured
Capillary fringe soil from a buried ditch filled by a coarse porous material is modeled analytically, using the methods of hodo-

Tension-saturated seepage
Complex potential
Hodograph

Conformal mappings

graph, and numerically, with the help of HYDRUS2D. Gravity, Darcian resistance of the soil at full saturation but
negative pressure, and capillarity are three physical competing factors involved through the Vedernikov-Bouwer
analytical model, which assumes 2-D, tension-saturated flow in a homogeneous soil sandwiched between the free

HYDRUS2D modeling of buried ditches as surfaces (capillary fringe boundaries) and Kornev’s impermeable liner of the ditch. Water seeps up from a line
subsurface irrigators source, viz. a zero-pressure segment such that everywhere in the flow domain pressure remains negative. Lining
Constructozems minimizes deep percolation and facilitates upward and lateral spread of pore water by soil’s capillarity. The free

surfaces are streamlines, along which the pressure head is a negative constant (the air entrance pressure head,
soil’s property). For a small-depth ditch the hodograph domain is either a circular trigone, tetragon or sextagon,
that determines three different flow topologies (with J.R.Philip’s “dry shadow”, “dry bulb” and no dry zone at all
on the leeward side of the liner and “wet lobes” hanging on the edge of the liner). The flow domain makes a
capillary “fountain”. The complex potential domain is a half-strip such that the inversion method and conformal
mappings are used. Transient, 2-D seepage in subsurface irrigation of a soil composite (“constructozem™), which
consists of an ambient fine-textured soil and a buried Kornev’s ditch (backfilled by a sand or peat), is numerically
modeled by HYDRUS2D. Evapotranspiration is the fourth moisture-driving factor, which uplifts vadose zone
moisture, combatting Pluto’s gravity. The seepage flow rates, isobars, isohumes, isotachs, flow nets, vector-fields
of Darcian velocity and other kinematic-dynamic seepage descriptors are found for various combinations of the
physical properties of two contrasting porous materials and geometrical sizes (the width and depth of Kornev’s
ditch, depth of its burial, distance between neighbouring emitting ditches in a periodic irrigation system).

1. Introduction

“The descent to Hades is the same from every place.”
More than 30 % of the land of our planet with a population of 2

Anaxagoras billion belongs to arid conditions with a high deficit of water resources,
“A beautiful closed system,... its weakness totally shielded by its aggravated by global warming and increasing anthropogenic pressure
strength. (see e.g. Suleiman and Shahid, 2024, Zalibekov, 2011). Agricultural
The Chronicles of Amber provision of food security, as well as the grandiose plans for the affor-

estation of the deserts, recently put forward by the leaders of the Gulf

Abbreviations: BVP, boundary value problem; CF, capillary fringe; FE, finite element; IBVP, initial boundary value problem; K-35, Kornev (1935), Subsoil Irrigation
(absorption irrigation method); Moscow, Selkhozgiz (in Russian); OS, open system; PK-62, Theory of Ground-water Movement; Princeton, Princeton University Press;
Nauka, Moscow (in Russian); SI, subsurface irrigation; WUE, water use efficiency; WRC, water retention curve.
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Fig. 1. Vertical cross-section of Kornev’s SI, OS ditch acting as a “capillary fountain”.

countries in connection with the green ESG agenda of the planet, require
innovative technologies for irrigation and soil water conservation.
Reduction of deep percolation and direction of pore water in the root
zone upwards, towards transpiration, can be achieved by an intelligent
soil design of so-called "constructozems" or layered-blocked soil com-
posites, using the principle of controlled refraction of seepage flow paths
at the boundaries between subzones with contrasting hydraulic prop-
erties, in particular, the phenomenon of the capillary barrier
(Al-Maktoumi et al., 2014; Smagin, 2012). Constructozems based on
peat, synthetic hydrogels and natural materials were successfully tested
in UAE, Bahrain, Oman, Qatar, Uzbekistan and some other arid coun-
tries (Al-Maktoumi et al., 2014; Smagin and Sadovnikova, 2015; Smagin
et al., 2022; Al-Mayahi et al., 2023; Deeb et al., 2024) and showed their
efficiency and durability to extreme heats, mechanical impacts and
biodegradation, with the 30-50 % increase in WUE, and reliable pro-
tection of root-inhabited topsoil from secondary salinization. Peat or
hydrogel lenses imbedded into the “natural” urbisoils (subjacent to
raingardens, swales, filter strips, mini-stands of wild plants on the banks
of urban wadis winding through “concrete jungles” of the Gulf mega-
lopolises) are now widely used even in Moscow and other Russian cities
(see e.g. Smagin and Sadovnikova, 2015, Smagin et al., 2022), where,
unlike the Gulf countries, the topology of the essentially non-1-D
seepage through constructed porous media is determined by a season
of snow melting in Springs, regular (rather than erratic) torrential rains
and quite long droughts in Summers. The infiltrated pore water moves,
along refracting streamline-pathlines-streaklines, through the natural,
relatively fine-textured topsoil towards relatively coarse porous in-
clusions and then again refracting to deeper indigenous soil (Kacimov
and Obnosov, 1995). Nowadays, the fine-textured lenses embedded in
the soil profile at a given depth work as “invisible sponges" under green
zones in some Russian urban and agricultural areas.

It is noteworthy that constructozems in modern urban and agricul-
tural soil hydrology historically stem from kindred constructions

practiced in subsurface irrigation (hereafter abbreviated as SI) used for
cultivation of Soviet row crops. In the patent Kornev (1921) and seminal
book Kornev (1935)' (abbreviated as K-35), two pioneering SI tech-
nologies were elaborated: a closed and open, which are operated under
positive or negative pressure heads at the buried source of water sup-
plied from an external tank. After Kornev, various SI techniques were
used in arid-semiarid climates of the USSR (see e.g. Akhmedov et al.,
2000, Astapov and Bobchenko, 1950, Barashkov, 1980, Bogushevsky,
1956, Bulakhtina et al., 2018, Glebov and Dementyev, 1966, Gostishev,
1980, Grigorov,1983, Kalashnikov et al., 2014, Kanardov, 1979, Karpii,
1980, Kichigin, 1958, Khamraev, 1974, 1980, Lunev and Khondroyanis,
1975, Mazepa, 1989, Nikiforov, 1936, Nikolaev, 1967, Readigger, 1965,
Nasonov and Stanovov, 1978, Sheinkin, 1968, Ostapchik, 1961, Shu-
makov et al., 1985, Yakovlev and Razuvaev, 1982, Zakharov et al.,
2021, Zavodnov and Morozov, 1962). A strategic aim was increasing the
WUE (see e.g. Muromtsev, 1979).

Analytical models for 2-D Darcian seepage from SI sources were
developed by Vedernikov (1939), Riesenkampf/Polubarinova-Kochina
(1962, hereafter abbreviated as PK-62), Strack (1989), Philip (1989),
among others. Kacimov and Obnosov (2017), Kacimov et al. (2018),
Obnosov and Kacimov (2018) revisited and theorized seepage flows
typical for Kornev’s closed irrigation technology. In this paper, we study
seepage in the Kornev open system (abbreviated as OS). K-35 explicated
the agronomic and engineering details of his OS. In his publications,
Kornev did not use mathematical models of pore water motion.”

OS in K-35 consists of a buried ditch filled with an imported coarse
porous material (backfilling of the ditch). The ditch is surrounded by an
ambient (indigenous) fine-textured soil. Fig. 1 shows a vertical cross-
section of a trapezoidal ditch BAxMDiC (see also Figs. 26, 34, 37, 44,

1 An electronic copy of the Kornev (1935) book is available as a Supple-
mentary Electronic File.

2 Relevant Richards’, PK-62 and Vedernikov’s boundary value problems
(BVPs) to PDEs, which describe essentially 2-D Darcian unsaturated and
saturated/tension-saturated flows in soils, were developed and tuned up after
completion of Kornev’s field projects, lab experiments and publication of his
book.
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59, 61, 72, 76 in K-35).

The bottom (AxMDy) and side walls (BAx and CDy) of the ditch are
impermeable (lined), the cap (BOC) of the backfilling is not lined, i.e. isa
horizontal segment along which a good mechanical contact of the ditch
filling with the soil is maintained. Water is supplied to the ditch through
a perforated pipe placed on AxMDy. Depending on the variations of the
pressure in the pipe, the water table (a horizontal segment ByCy in Fig. 1)
inside the filling may vary but we assume it to be constant. Along ByCy
the gage pressure head p = 0, in comport with the definition of the water
table. Capillarity of the filling (although relatively small) drives water
vertically up to another horizontal segment, along which p = -p.;, where
Des [em] is a positive constant (the air-entrance pressure head of the
filling). Obviously, the position of ByCy, controlled by the OS pipe
operator should not be too small, because otherwise water will not be
capillarity-hoisted to BOC, through which the ambient dry soil sucks
water further up and laterally as is shown in Fig. 1a. On another hand,
ByCy should not be too high because otherwise the pore water from the
filling will extravasate from the confining trapezoidal liner in Fig. 1 and
percolate down.

We recap: Capillarity of the filling in Fig. 1 drives water up to the
horizontal segment BOC. From this line of a length 2L water is sucked by
capillarity of the soil. The capillary rise inside the trapezium is almost
vertical up, although near the emitting pipe in Fig. 1 seepage is 2D
(Vedernikov, 1939, Project 3 in our Section 3). The capillary motion in
the soil is everywhere essentially 2-D (see K-35 and Bobchenko, 1957).

Thus, using Strack’s (1989) terminology, for the fine soil in Fig. 1
BOC is a horizontal line source of pore water driven up and laterally by
soil’s capillarity. The plant roots intercept this water from the wetted
soil (and from the coarse ditch filling). Kornev’s dream was to eliminate
the gravity-driven (for Kornev gravity was Pluto’s curse) descending
seepage (deep percolation) beneath the ditch of his OS such that the
irrigation water is used solely for transpiration (evaporation is mini-
mized by a mulching or self-mulching, not shown in Fig. 1, viz. a layer of

dry topsoil above the wetted zone in Fig. 1). Sadly, later experiments
(see e.g. Bobchenko, 1957, 1959) showed that the pore water, which is
not intercepted by the roots, still drains down, i.e. gets lost that is one the
main drawbacks of any SI technology. Later analytical solutions (e.g.
obtained by Philip, Childs, Raats, Warrick, Wooding, Youngs, and
others) corroborated that the moisture uptake by plant roots, even
facilitated by the capillary “dispersion” from a continuously emitting SI
irrigation source, is an archenemy of the Newtonian gravity. Alas,
evapotranspiration causes secondary salinization (not studied in K-35
and below). Various waterproof barriers to the downward seepage are
now widely practiced in SI for all types of emitters (see e.g. El-Nesr,
2014, Goyal, 2014).

The purpose of this paper is to develop analytical and numerical
solutions for flows from Kornev’s OS lined ditch and to connect this SI
with the theoretical legacy of Vedernikov (1939) and Riesenkampf (see
PK-62), who worked with surface (e.g. furrow, border) irrigation pro-
jects. We answer the following questions:

o How much water is emitted from the line source BOC in Fig. 1?

e What is the size of the wetting zone?

o How significantly the impermeable (lined) part of the ditch contour
reduces the downward gravitational “loss” of water to deep perco-
lation as compared with the “upward drive” by capillarity?

e What is the impact of the contrast in hydraulic properties of the peat/
sand filling of the ditch and ambient soil?

e Ontologically and theologically, is the hodograph method a right
mathematical tool for confronting Pluto?
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2. Analytical solution for capillary-tension flow from zero-
depth® ditch

Due to symmetry, here and in Section 3 we consider the right half of
flow from a ditch in Fig. 1. We also assume that the ditch is shallow, i.e.
its depth de = 0 and therefore the water level there is negligible.

We introduce a complex coordinate z = x + i y in the physical plane.
Three regimes of seepage flows are shown in the vertical cross-sections,
Fig. 2a-c. The flow domains are denoted G,. In Fig. 2a-c, the ditch is
modelled as a mathematical cut M;CO;. The top CO; of the cut is
permeable and the bottom M;C is impermeable that imitates Kornev’s
lining in Fig. 1. The “lined line emitter” in Fig. 2a-c is generalization of
Zhukovsky’s drain (see PK-62), which has both the top and bottom as
equipotential/isobaric segments making a slot.

The total hydraulic head in steady-state seepage is defined as h(x,y)

= p(x,y) + y + p1. The specific discharge vector V(x, y) obeys Darcy’s

law V(X7 ¥) = — kVh, where p is the pressure head and k is saturated
hydraulic conductivity.

Three flow regimes are elaborated below. For all of them, a free
boundary (the cap of the capillary fringe, abbreviated as CF) EiF;
(Fig. 2) is both a stream line and isobar p = -p., where p, [cm] is a
positive constant (p. > p1), tabulated in PK-62 and Vedernikov (1939)
for typical ambient soils.

Everywhere inside G, the pressure head is negative and bounded as
—-pe < p < -p1 but soil is under full saturation (k = const). We recall that
Muromtsev (1991, p.137) distinguished three subdomains of the CF
above a horizontal water table in various types of soils. Below we assume
that our CF corresponds to Muromtsev’s subdomain having 92-98 %%
of saturation and “perfect hydraulic contact” (his parlance) within this
subdomain.

In what follows, we assume (without any loss of generality) p; = 0. At
infinity, 7(x7 —o0) = v(x,—o0) = —k that (in the vernacular of PK-62)
corresponds to seepage without backwater (alternative regimes with
backwater are discussed in Kacimov and Obnosov, 2023). Therefore, the
free surfaces have vertical asymptotes. Consequently, at infinity the
width of G, is Q/k.

If soil’s capillarity is mathematically zero (p. = 0), then, obviously,
water does not move up from O;C in Fig. 2.

If capillarity is weak (small p), then the seepage topology is illus-
trated in Fig. 2a. The vertical streamline (separatrix in Fig. 1) OF; climbs
up, attains its apex F; and, after that, makes a free surface FE;. Evapo-
transpiration is ignored in all regimes in Fig. 2. Soil’s thickness above
OC; is large enough to disregard exfiltration of pore water on the surface

3 All Wolfram’s Mathematica programs are open sources and are available
upon request.

that is sometimes visible by darkening of the soil above the SI buried
lines. Another, “internal” free surface M;Ej clings to the liner and also
descends to infinity. This curve is an interface between a tension-
saturated flow zone and a “dry wake” (we use a modified J.R.Philip’s
terminology). Both FE; and M;E, are concave up. The ordinate and
abscissa of points M; and F, respectively, are not known.

If capillarity is stronger (large p.), then the free surface under the
liner becomes a finite-length curve M1I3N; shown in Fig. 2b. Point I is
an inflexion point. Points M; and N; are both stagnation points. A “dry
bulb”, sandwiched between M;I; N; and the liner, is of a finite size.

At a certain critical value of p,, the circular cut in Fig. 3b dwindles,
the points My, I;, and N; merge into one point Mj, i.e. the “dry bulb”
under the liner (Fig. 2b) vanishes. The corresponding flow domain is
shown in Fig. 2c.

We introduce a complex potential w = ¢ + iy, where ¢ = —kh is the
velocity potential and v is a stream function. Point O; is fiducial. Along
0,Cin Fig. 2a-c, both p and h are constant and ¢ = O there. The flow rate
Q (per unit length perpendicular to the z-plane) in G, is to be found (y =
0 along CM;E and y = Q along O;F;E;). Therefore, the complex po-
tential domain, G, is the same half-strip (Fig. 2d) for all three flow
regimes in Fig. 2a-c.

A “dry shadow” beneath point M in Fig. 1 is shown by dotted and
dashed curves. We note that in large canals (designed for conveying
surface water rather than for irrigation of adjacent soil, see e.g. Kacimov,
1992, Subramanya et al., 1973, Swamee and Chahar, 2015) seepage
with a “dry shadow” beneath a bottom lining is considered as a loss. In
such channels, lining of the bottom, banks or the whole wetted perim-
eter (and even the free board part of the slopes) is an expensive means
for reducing this loss. Intricate "dry shadows”, “wet lobes and kip-
pahs/no'” on the stoss-, lee —sides of subsurface stones, tunnels, sub-
terranean holes, silos of ICBMs, etc. emerge due to transformation of
trivial 1-D unsaturated or tension-saturated descending seepage to a
whimsical 2-D one, in terms of both the Vedernikov-Bouwer and qua-
silinear analytical models (see e.g. Kacimov, 2000, 2007, Kacimov and
Nikolaev, 1992, Kacimov et al., 2019, 2022, Philip et al., 1989, Samal
and Mishra, 2022).

Kornev’s OS, as a SI technology, is subtle: a part (BOC in Fig. 1) of the
wetted perimeter of the buried ditch must be open for seepage and
moisture supply to plants’ roots. These roots may grow under AxMDy in
Fig. 1 and eliminate the deep percolation by interception of all water
seeped from the SI emitter. That would be an ideal scenario from the
view point of WUE.

We introduce a complex specific discharge V = u + iv, where u(x,y)
and v(x,y) are its horizontal and vertical components. The hodograph
domains, Gy, corresponding to seepage regimes in Fig. 2a-c, are shown
in Fig. 3a-c. In Fig. 3a, Gy is a circular trigon, viz. a complex plane from
which two areas are excluded: the upper left quadrant and the interior of
a circle of a radius k and centered at the point V = -i k/2. These areas are
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not shaded in Fig. 3a. In Fig. 3b, Gy is a circular sextagon, viz. a complex
plane from which two areas are excluded: the upper left quadrant and
the interior of a half-circle. This Gy has a circular cut M1I1N; (a circular
arc of a radius k and centered at the point V = -i k/2). In Fig. 3¢, Gy is a
degenerate case of one in Fig. 3b, in which the circular cut has vanished.
If one uses the Riemann sphere, then the “infinities” in G, are imaged by
a single point but in Fig. 2 we distinguish the ends of the vertical as-
ymptotes. Also in Gy domains (Fig. 3), the stagnation points F;, M; and
N (collapsing to the same point on the corresponding Riemann sphere)
are distinguished by placing them on opposite sides of the corresponding
cuts (notice, for example, an infinitesimally small “gap” between F; and
M; in Gy). We use a common convention in the theory of holomorphic
functions: a walk around a domain in a complex plain is positive if the
domain remains on the right.

It is noteworthy that due to the presence of a horizontal streamline
segment M;C; the image of G, in the plane of the Zhukovsky function
(used in Kacimov, 2004, 2006) becomes neither a polygon nor a circular
polygon.

In the Appendix we use methods of the theory of holomorphic
functions (Henrici, 1993) and solve the flow problem for the special
(critical) case in Fig. 2¢- 3c and for the case with a “dry shadow” behind
the liner, which corresponds to Fig. 2a-3a.

3. HYDRUS2D" simulations

In this Section, numerical (FE method) modeling, viz. solution of the
Richards-Richardson (abbreviated as RR) PDE with the help of HYDRUS
package (see e.g. Radcliffe and Simfinek, 2018 for more details) is
exemplified. Unlike Section 2, where seepage was steady state and the
Vedernikov-Bouwer model reduced the RR PDE to the Laplace PDE, for
which BVPs are solved by various methods of the theory of holomorphic

4 All HYDRUS2D projects are open sources and are available upon request.

functions (PK-62, Strack,1989), below we deal with transient seepage
(time, ¢, is an independent physical variable). HYDRUS solves 2D initial
boundary value problems (IBVP), for which no analytical solutions are
available.

Project1. We start with an IBVP for SI OS, which geometrically and in
the asymptotic limit t — oo is close to one in Section 2, regime in Fig. 2a.
Fig. 4 illustrates the right half of a HYDRUS flow domain, which is a
rectangle having a horizontal and vertical sizes I, = 200 cm and [, = 300
cm, respectfully. Therefore, physically the distance between the axes of
Kornev’s ditches (periodic-systematic SI of row crops, like maize in K-
35) is 400 cm. A trapezoidal backfilled Kornev’s ditch has the bed width
of 50 cm, the depth of 50 cm and 1:1 slope (the bank slope angle in
Fig. 1, @ = 1/4). The origin of HYDRUS Cartesian coordinates (xOz in
this Section) is at the midpoint of the trapezium bed such that the soil
surface is at the horizon z = 100 cm and the free drainage horizon is at z
= —200 cm.

To approximate the analytical solution in Section 2, we made a bed
cut in Fig. 4. Specifically, in the HYDRUS geometry we made a cut as a
thin “white” trapezium of a height of 4.75 cm. The top of this trapezium
is at the boundary condition p = 0, the bottom (a segment of a width of
50 cm) and tiny slope are HYDRUS no-flow boundaries. Physically, such
conditions mean that the water level of 4.75 cm is maintained in the
ditch by continuously injecting water into it from an external tank, as K-
35 did in his OS irrigated crop fields. Other boundary conditions are
indicated in Fig. 4, in particular, the segment Z = 100 cm is a no flow
boundary, i.e. we ignore evaporation from the soil surface.

In Project 1, we assume that the ambient soil and backfilling are
made of the same Van Genuchten (VG) sand (see the HYDRUS soil
catalogue, i.e. the VG capillarity parameters are @ = 0.1451/cm and n =
2.68). The finite element size is 4.5 cm such that the mesh discretization
parameters are: 4627 nodes, 9008 2D and 280 1D elements.

The initial (t = 0) condition in the whole flow domain is p = —50 cm
that corresponds to an almost irreducible volumetric moisture content 6,
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Fig. 5. Volumetric moisture content (upper left panel), isotachs (upper right panel), vector field of Darcian velocity (lower left panel) and pressure head variation
with time at seven observational points for thin trapezoidal slot having impermeable bed and p = 0 roof.

= 0.045 of the VG sand. At t = 0 the top of the trapezoidal thin slot is
subject to the boundary condition p = 0 and moisture starts moving from
this slot to the sand. The total simulation time is 120 days, although Q
(the upward inlet flow rate from a line source which gets almost equal to
the downward rate through the outlet of the free drainage boundary)
attains its steady state at about t = 20 days.

The right panel in Fig. 4 demonstrates the palette of isobars, plotted
in the range —30 cm < p < 0. The isobar p = —8.18 cm has two branches.
The right one corresponds to the analytical curve F; E; in Fig. 2a. The left
branch of this HYDRUS isobar corresponds to the analytical curve M;Ey
in Section 2. The analytical and numerical curves are close to each other.

Project Kornev 2 trapezium substratum June 23a
Domain Properties, Material Distribution

Of course, if we dilate the HYDRUS flow domain, for example, by
moving the free drainage (outlet) boundary Z = —200 cm in Fig. 4 to a
sufficiently deep level, then the isobar p = —8.18 cm will be a one-
branch oval-shaped curve similar to the isobar p = —5.25 c¢m in Fig. 4.
In this sense, the analytical and numerical solutions do not match
because the free boundaries p = -p in Section 2 have vertical asymptotes
at Pluto’s infinity (clearly, as any other numerical package, HYDRUS
operates with finite size domains only). The HYDRUS steady-state flow
rate Qy = 5284 cm?/day that in dimensionless quantities of Section 2 is
about 0.15, which is reasonably close to Q = 0.21 in the analytical so-
lution. The discrepancy can be caused by the difference in the two

0.001 4.000 8.000 12.000 16.000 20.000 24.000 28.000 32.000 36.000 40.000 46.079

[ O O

Velocity Vectors - v[cmiday], Min=0.001, Max=46.079

Project Kornev 2 trapezium substratum June 23a
Results, Velocity Vectors, Time 6 - 30 days

Fig. 6. FE triangulation and nodes for a sand-loam composite, unlined bed of Kornev’s ditch and 4.75 cm water level at the ditch bed; vector-field of Darcian velocity
with a part of exfiltrated water hoisted to a dry soil surface, a separatrix and additional stagnation point S;.



A. Kacimov et al.

Circular emitter, !
with hydrostati ]
pressure atits \’
contour and
p=0 at the
circumference
apex.

Project Kornev 2 rectangle peat lined impermeable July 29
Domain Properties, Material Distribution

Advances in Water Resources 199 (2025) 104917

Phreatic
line

1000 -0818 -0.636 -0.455 -0.273 -0.091 0.091 0273 0.455 0636 0518 1.000

I I

Pressure Head - hom]

Project Kornev 2 rectangle peat lined impermeable July 29
Resuits, Pressure Head, Time 10 - 60 days

Project Kornev 2 rectangle pest lined impermeable July 29
Resuks, Strearmines, Time 10 - 60 days.

Fig. 7. Triangulated HYDRUS flow domain with K-35 perforated pipe emitting water into a peat-filled rectangular ditch with VG’s clay as a bed and side liner (left

panel); phreatic lines (right upper panel); streamlines (right lower panel).

permeability models: maximum (a saturated hydraulic conductivity of
VG’s saturated k = 712.8 cm/day in the whole tension-saturated flow
domain of Section 2 and VG’s relative permeability decreasing with the
degree of saturation in the RR PDE).

In Fig. 5 we present the t = 120 days snapshots: the 6(x,2) colour map
(upper left panel), isotachs (upper right panel), and the vector field of
Darcian velocity (lower left panel). Obviously, at the right tip of the
“white slot” the velocity magnitude attains very high values (infinite in
the analytical solution). J.R.Philip would be glad to see the “wet lobes”
in Figs. 4 and 5, which “hang” on the tip of the liner.

We also placed seven HYDRUS observational points 1-7 having the
coordinates: (0,0), (0,—100 cm), (0,—200 c¢m), (0,10 cm), (0.50 cm),
(0,100 cm), (100 cm, 0), correspondingly. The correspondingly
numbered curves, pressure head variations p(t), are shown in Fig. 5,
right bottom panel. We notice that at the uppermost points 5 and 6, p has
not reached a steady state limit (no horizontal asymptotes of p(t) in
Fig. 5) in 120 days.

For the sake of brevity, we skip over the sensitivity analysis, in which
we truncated-expanded the flow domain (Fig. 4) from the right (the size
of an elementary cell in the K-35 periodic SI) and from the bottom,
changed the initial conditions for p, varied the triad of the VG constants
(a, n, k) (see e.g. Al-Mayahi et al., 2023 for the protocols of such
analysis).

Project 2. Now we consider seepage from a trapezoidal ditch back-
filled with the VG sand (Fig. 6). We recall that the HYDRUS catalogue
reports (a, n, k) = (0.036 1/cm, 1.56, 25 cm/day) for this porous me-
dium. The VG loam is an ambient soil, i.e. we model a porous composite
made of two soils contacting each other through the contour of a thin
trapezium in Fig. 6. The bottom of the ditch is now not lined and the
pressure head boundary conditions along the thin trapezoidal slot in
Fig. 6 indicate a hydrostatic pressure and total heads along the three
boundaries of this cut. The initial condition now is the default HYDRUS
one, i.e. p = —100 cm. Also, the topsoil boundary condition is p = —1000
cm, i.e. a pretty high dryness is imposed (we recall that J.R.Philip

considered the regime of absolute dryness of the topsoil as “the worse” in
the sense of secondary salinization in SI). The mesh is coarser than in
Project 1 and the flow domain is “shorter”, viz. [, = [ 300 cm (this re-
duces the time of HYDRUS computations). A snapshot of the vector field
of the Darcian velocity at t = 30 days (an almost steady-state seepage) is
shown in Fig. 6 (right panel). As compared with a simple “flow tube”
(one inlet and one outlet) in Project 1, Fig. 6 demonstrates a more
complex topology: a separatrix (only schematically sketched) is a
watershed boundary between what seeps from the thin slot of positive
pressure to the atmosphere and what descends to deep percolation. A
stagnation point S, at the right boundary of the flow domain has an
ordinate y = 36 cm. The total free drainage (deep percolation) flow rate
Qu = 2.05x10° cm?/day. In Fig. 6, the highest magnitudes of velocity
are close to a “triple point”, the vertex of the thin trapezium, at which
“free water” in the ditch is in contact with both porous media (sand and
loam). Kacimov and Obnosov (2012) showed that at these “singular”
points seepage erosion may cause major damage to the interior of hy-
draulic structures, where zones of contrasting hydraulic conductivity
and porosity are in contact.

Project 3. In this HYDRUS project, we considered a rectangular ditch,
the half of which (Fig. 7, left panel) is 40 cm wide and 25 cm tall.
Backfilling is peat. Hydraulic properties of peats are reported elsewhere,
e.g. by Boelter and Verry (1977), Efimov (1983), and Paivanen (1973).
In our HYDRUS computations, we assume that the pentad of VG pa-
rameters for peat is: kpear = 480 cm/day, a = 0.0381/day, n = 1.216, 6;
= 0.916, 6, = 0.02. These parameters are taken from Smagin et al.
(2023) for the backfilling of the lenses in HYDRUS-1D designed exper-
imental constructozems for blue spruce seedlings (Picea pungens Engelm)
in the Serebryanoborsky forestry of the Russian Academy of Sciences,
Moscow.

The corresponding WRCs were obtained by the centrifugation
method in a modification (Smagin et al., 2023), taking into account the
effect of gravity at low centrifuge rotation speeds. A circular emitter in
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Fig. 8. . Schematic seepage topology from non-lined zero-depth surface water bodies (a-c) and horizontal water table with a horizontal capillary fring (d) in soils
obeying the Veernikov-Bouwer CF model: a) Riesenkmapf’s finite-width channel, b) Vedernikov’s vertical slot, ¢) Vedernikov’s reservoir.

Fig. 7 models Kornev’s pipe Ay MDy (see Fig. 1, Section 1) of a radius of 5
cm, which is placed at the bottom of the backfilling. The ambient soil is
the VG loam. The bed of the ditch is lined -again imitating K-35 design -
by the VG clay (in HYDRUS, the pentad of clay’s hydraulic parameters is
kclay = 0.1 cm/day, a = 0.008/day, n = 1.09, 6; = 0.38, 6, = 0.068). The
liner thickness is about 4 cm. Therefore, in this Project we model a
three-component porous composite.

The initial conditions are the default HYDRUS ones. The boundary
condition along the emitter contour is hydrostatic pressure with p = 0 at
the apex of the semi-cricle in Fig. 7, left panel. Other boundary condi-
tions are the same as in Project 2.

In Fig. 7 (upper right panel), we plotted (at t = 60 days, almost
steady-state seepage) the isobars in a narrow range —1 cm < p < lcm.
These isobars sandwich the phreatic line. Owing to seepage, the upper
part of this line in the peat is a sigmoidal curve. It is depressed from the
axis of symmetry towards the side of the peat-filled rectangle. A phreatic
line under the ditch liner separates a positive pressure zone on the left
from a negative pressure zone on the right. Thus, the phreatic line in
Fig. 7 is not only “inverted” but also intricate and serpentine.

The streamlines are also plotted in Fig. 7 (lower right panel). The
total flow rate through the free drainage outlet is: Qg = 1.233x10% cm?/
day.

4. Concluding remarks and perspectives

The analytical solution in Section 2 is a new analytic element (Strack,
1989), a kind of “inversion” of Riesenkampf‘s one for seepage from a
zero-depth channel with capillarity, depicted in Fig. 8a (see PK-62,
pp-162-166, for the details of Riesenkampf’s work).

Indeed, in Riesenkampf’s case water seeps vertically down from a
zero-pressure isobar of a finite length L, laterally to the right and
eventually again down, i.e. the internal streamline shown in Fig. 8a is
sigmoidal. Riesenkampf’s horizontal streamline segment, which sepa-
rates the tension-saturated soil and air, connects a horizontal equipo-
tential line with a free surface, along which p = -p.. In our case in Fig. 2,
water particles emitted from a zero-pressure isobar move first vertically
up, then laterally rightward and eventually gravity drives them verti-
cally down. Moreover, a horizontal barrier O; M; in Fig. 2 forces the
pore water under this lining (i.e. at negative y values) to move leftward.
Consequently, the hodograph domains in Fig. 3 are more complex than

Supplementary materials

the Riesenkampf one. Fig. 8b illustrates the limit L = 0, which represents
the case of Vedernikov’s slot-emitter, in which the water level is small.
Water seeps horizontally through the permeable vertical bank of the slot
and turns down 90°, when moving to infinity. All streamlines are
concave up (no inflexion points). Flow in Fig. 8b is also a limit of
Vedernikov’s (1936, 1940) seepage from a trapezoidal canal. Fig. 8c
depicts the limit L = co. Here water particles close to the vertical bank
seep vertically down from a shallow reservoir, then up, rightwards
(driven by capillarity) and eventually vertically down. Fig. 8d represents
the degenerate case of a horizontal water table and a horizontal cap of
the CF. Obviously, water is static in such system (provided, of course, no
evaporation from the soil surface).

HYDRUS2D pore water modeling is versatile in the sense of the ge-
ometry of SI, initial, boundary conditions and heterogeneity of the soil,
backfilling and liner of Kornev’s OS. Numerical results for solving the RR
PDE match the analytical ones for steady-state limits.
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Appendix. Details of analytical solution
Critical seepage topology

The boundary-value problem (BVP) for a holomorphic function w(z) is:

y =0 along OF,
y=0, ¢lk+y=p, alongFE,
v =0 along M,C (y=0) and EM, (x=0),
@=0along CO, (v=0).
(AD)

In (A1) a linear combination of real or imaginary parts of two complex functions, z and w, is given along the domain boundaries (including the free
one). The function V(z) is anti-holomorphic and hence we introduce a holomorphic function v = u - iv = dw/dz. G, is the domain symmetric with Gy
about the real axis (Fig. Ala). We use the method of inversion (see e.g. PK-62, Samal and Mishra, 2017, 2022), which works for circular polygons
whose boundaries (circular arcs and straight lines) intersect at one point (the origin of coordinates in Fig. Ala for our case), i.e. we inverse G, with
respect to the point F; (M;). We get a regular tetragon G,, (Fig. A1b) in the plane w; = 1/w.

- AV _ -
e P ik ~ ~ F }//_1 _
~ o -~ Gw/ 1vg| Oy (Jf"l -
- ~ = d
. S M, - 0 P P
c - 7 - -~ S ZE ~F,
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-vy |0, -~ ~ ~
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El) C n e
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F 0, c M, E Fi
o) — 0 1 d 13

Fig. A1. Domain G, a mirror image of Gy with respect to the Ou axis (a), inverted hodograph G, (b), auxiliary reference plain (c).

We map conformally G, onto an upper half-plane G (Fig. Alc) of a reference plane { = &+in by the Schwartz-Christoffel formula:

/ vt _3 /tz (A2)

where the real constants of the mapping, viz. the coefficient ¢ > 0 and accessory parameter d > 1, are found below.
Integrating by parts in Eq. (A2), we get

<
)2 ¢(d—¢) / \/dt Vd — tdt (A3)
1-¢ V(d a1t \/t(l—t)
The branches of all radicals (multivalued functions) in Eq. (A3) are fixed in the upper half of the ¢-plane by the condition of theirs positiveness at
the interval € € (0,1).
We introduce dimensionless quantities: (z*, w*, V¥, Q* H* p.* ¢ *)= (z/L’ w/(k L), V/k, Q/(k L), H/L, p./L, c/k) and — for the sake of brevity - drop

the superscript “*”.
The condition w;(d) = —i (see Fig. Alb) gives two relations:

Rew (d) = 0, Ima; (d) = 1. (A4

It is noteworthy that the condition at infinity (point E on the Riemann sphere) and the asymptotic behavior in the physical plane of Fig. 2isv =-k
that is an analogue of “free drainage” in HYDRUS. PK-62 elaborates that in the analytical model for flow domains unbounded from below the only
alternative of such condition at point E is v = 0.

Clearly, both integrals in Eq. (A3) are real for 0 < ¢ < 1 and purely imaginary at the interval (1,d). Correspondingly, the first condition in (A4) is a
nonlinear equation for determination of d:
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(A5)

/ \/_dt [ VAt
ia-oa-9 | Vii-o_

Eq. (A5), upon integration, may be written as
2Vd(K(1/d) - 2E(1/d)) =

where E and K stand for the complete elliptic integrals of the first and second kind, respectively (Abramovitz and Stegun, 1970).
From the second relation (A4) and Egs. (A2), (A3) we find that

- e

or, using the substitution (t — 1)/t = (1 — 1/d)t, we get upon integration
c(d) = 2Vd(2E(1 -1 /d) —K(1—1/d)). (A6)

We used Wolfram (1991) Mathematica routines FindRoot, NIntergate, EllipticK, EllipticE for calculation of d and ¢ from Egs. (A5) and (A6).
Computations yield:

d~1.2105, c~2.9784. (A7)

Eventually, the mapping function is
-1
w(g)=—c|2 sd—¢) 2tid , (A8)
1- t1-t)(d- t

where ¢ and d are specified in Eq. (A7).
We now map Gy, and G, onto each other, again by the Schwartz-Christoffel formula:

coshﬂ -1
s(w) = idﬂw—Q, w(g) = garcoshw (A9)
Jcosh— + 2d + A ™ (d—9)
Q
We differentiate w(z) in Eq. (A9) and obtain
, \/ (d+42)
wi(s) = 2 (A10)

T (d—¢)\elc+4)
We use Egs. (A2), (A3) and (A10) to integrate

¢
dz d vy Q+/d( d+i/ (7)d
— —dr+1= 1 All
o/d dr o T\/TT+A)+ ' (AL

where we took into account the condition 2(0) = 1 (see Fig. 2c). Obviously, z(— ) = 2(1) = 0 and from Eq. (A11) follows:

0 1
dw dw
d?“’l Ode =1, o/d?wl ©)d¢ = —1. (A12)

We note that both Egs. (A12) are essential because they determine the flow regime shown in Fig. 2c. Indeed, the hodograph domain in Fig. 3¢
describes seepage with a vertical streamline along a ray MyE, (a dashed arrowed ray in Fig. 2¢), i.e. the flow domain alternative to Kornev’s one in
Fig. 2c. Mathematically, a vertical ray MyE, is possible but physically (sedimentologically or geomorphologically) such a “vertical wall” is highly
unlikely to exist in the subsurface.

First, from Egs. (A12) we eliminate Q and get the following equation for determination of the accessory parameter A:

/ w1 (7)dzr —0 (A13)
J; (d—1)\/7(t+ 1)

The solution of Eq. (A13) with the help of the FindRoot routine results in A = 14.315. Next, we find Q using any one of two Egs. (A12) where the
parameters 4, ¢, and d are already found:

‘L'

\/d—H// fr\/rg+r) \/dd-i-/l// d—1) g—l—f)

Eq. (A14) yields Q ~ 2.365. From Eq. (A11), we have

Q=

(A14)

10
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H = Tma( — o) = QY/A4FA) / : mo()dS 1 367, (A15)

n d—¢)\s(s+4)

-2
The improper integral in Eq. (A15) has the behavior w;(¢) = O<\/§) in the vicinity of infinity.
Point F; is on the free surface and, therefore, we get from Eq. (A9):

2d+4\ _  Q (2d+ )
7 )7 pc —_arccos— —. (Al6)

H=p.— % Re (arccosh

Thus, from Egs.(A15), (A16) the flow topology in Fig. 2¢ and hodograph in Fig. 3c are realized if p.= p.. = 0.8998. If p. < p.c, we have the regime in

Fig. 2b, 3b, which at even less p. morphs into the regime in Fig. 2a, 3a.
The condition o1( — A) = —ivg gives the magnitude of velocity at point O; for the regime in Fig. 2c:

- [ @e-ddt . deh)
vo—c/<[ FCED D) 2 T2 >—0.59. (A17)

We recall that if Pluto’s gravity is co-oriented with capillarity (Riesenkampf’s flow from a zero-depth channel, PK-62) then v, > 1 and the stronger

capillarity (the larger p.), the larger vo.
In Fig. A2,a,b the flow net is plotted in accordance with formulas (A2), (A3), (A11). fork =1, L =1, p. = 0.8998. The streamlines and equipotential

lines are solid and dashed curves (correspondingly). The curve F;E; in panel a) is the cap of CF. In panel b), the neighborhood of point C =1 is zoomed.
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Fig. A2. a) Flow net for k = 1, L = 1, p. = 0.8998; b) enlarged neighborhood of point C = 1.
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Seepage topology with Philip’s “dry wake” leeward of the liner

Now, we study the seepage regime in Fig. 2a and hodograph in Fig. 3a. The half-strip G,, and half-plane G are the same as for the “critical” case
tackled above. The domain G,, is a rectilinear trigon, which is easily made by the method of inversion (PK-62). We present only the final conformal
mapping, an analogue of Eq. (A2):

o1 (£) :Am/;/idlf = % <\/Z - arctanh\/f). (A18)
0

The positive parameter in the Schwartz-Christoffel mapping, A, = 2/x, is found from the condition that the jump of the imaginary part of function
(A18) is —1 at the point { = 1. At this point, the function ArcTanh+/¢ has a jump in/2.
Using Eq. (A18) we obtain an analogue of Eq. (A11) in the physical complex domain:

dz dw d1 d1 + 1) — arctanh./7
2() = [ 5-dr+ /
| aw e (dr — )/2(z + 2n)

dr+1, (A19)

where the flow rate Q; and the accessory parameters dj, 1; have to be found (we add a subscript “1” to these three quantities that distinguishes them
from ones in the critical regime). The following three conditions are used. First, at point O; we have z(-1;) = 0, i.e.

Q1 /di( d1+ﬂl/ |T—arctan 7|
(di —7)/|7l(t + 41)

Second, at point M; on the free surface

Q 2d1 + 4+ /11(11 _
7 arcosh W = Pc (A21)

dr=1, (A20)

The third and the last relation follows from the locus of point F; the apex of the CF:

\/dl d1 +4) / V/|7| — arctan \r = pe - %arccoshM. (A22)
d] — T \/T T =+ Al) V4 },1
Eliminating Q;from Egs. (A20)-A22) we get the following system of two nonlinear equations for d; and Ay:
De/da d1 +4) / \/\7 arctan dr _ arcosh 2d; + A + /11d17
(dy — 7) \1\(1+11) M(d —1)
(A23)

2,/d; d1 + 1) / V/|t| — arctany/|z| dr — arcosh 2d; + A+ dq _ arccosh (2d; + 1)

(d — ) Jrlt+ A1) Ja(dy — 1) PN

We solved system (A23) by the FindRoot routine of Mathematica.

12
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Fig. A3. a) Streamlines, including the right, F1E;, and left, M;E,, free boundaries sandwiching CF for p. = 0.16; b) streamlines in the vicinity of point Mj.

As an example of the seepage regime with two free surfaces, we present the results for p. = 0.16. The corresponding roots are (d;,A) = (1.4392,
1.10261x10). Then from Eq. (A21) Q; = 0.2095 and from Eq. (A19) at{ = & = co, we get H = 0.15999. The right and left solid lines in Fig. A3a shows
the streamlines for p. = 0.16, including two free boundaries, which bound the CF, viz. the curves F1E; (y = 0.2095) and M1 E( (y = 0). The “dry wake”
is on the left of M;Ey The “internal” streamlines are inidcated by arrows. All streamlines are plotted with the help of Im, Re and ParametricPlot
routines of Mathematica, applied to Eq. (A19).

Fig. A3 demonstrates that capillarity makes a tension-saturated “fountain” above a zero-pressure line O;C with a “free fall” (i.e. no backwater at
infinity) and the Darcian leeward “dry wake”. The free surface M;Ej creeps leftward under the horizontal no-flow liner, which subtends the emitting
horizontal isobar. Due to 2-D seepage, the curve F;E; is located below the “static horizontal limit” y = p. = 0.16, which is attained at L = co. We recall
that Vedernikov (1940) and PK-62 emphasized that the soil capillary constant p, is determined for a static 1-D rise of CF above a horizontal water table
(or in laboratory columns for sandy soils”). In dynamic situations, i.e. when seepage takes place, the apex of the CF is different from p., which in the
Vedernikov-Bouwer model amalgamates Van Genuchten’s WRC descriptors, viz. the dyad (a,n) used in Section 3. Smagin (2024) proved that at low
volumetric moisture contents Van Genuchten’s WRC should be devoid of a vertical asymptote, i.e. the finite values of p. reported by PK-62 are, indeed,
bounded from above (of course, on this planet for the existing value of g = 9.81 m/s? and atmospheric pressure near 100 kPa).

Obviously, at y — —oo the distance between the vertical asymptotes of F1E; and M1Ej in Fig. A2 equals Q, just as in the case of Riesenkampf’s
seepage from a zero-depth channel (PK-62).

We also plotted the whole flow nets and studies p, values other than 0.16 (these results are dropped for the sake of brevity).

If the vertical asymptote of the free surface M; Ey attains the abscissa axis, i.e. if x(Ep) = 0 then one has to investigate the flow regime in Fig. 2b, with
the hodograph in Fig. 3b. Such problem is rather cumbersome and we subterfuged it by recurring to HYDRUS2D. Mathematically, the dimensional p.
can be as large as one wishes. In case of very large p., one can interpret the flow regime in Fig. 2a as seepage into a bank of a shallow-depth water
reservoir having L = oo, the bottom of which is lined but the bank is not.

Data availability Akhmedov, A.D., Borovoy, E.P., Grigorov, M.S., Khodyakov, E.A., 2000. Subsurface
Irrigation for the Cultivation of Forage Crops. Volgograd State Agricultural
Academy, Volgograd (in Russian) AxMegos A./l., Boposoit E.II., ['puropos M.C.,

No data was used for the research described in the article. Xogskos E.A., 2000. BuyTpunouBeHHOE OpOIIEHHE MPU BO3IENBIBAHNN KOPMOBBIX
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