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Abstract—In 1977, Yu.V. Matiyasevich proposed a formula expressing the chromatic polynomial
of an arbitrary graph as a linear combination of flow polynomials of subgraphs of the original
graph. In this paper, we prove that this representation is a particular case of one (easily verifiable)
formula, namely, the representation of the characteristic polynomial of an arbitrary matroid as a
linear combination of characteristic polynomials of dual matroids. As an application, we represent
the flow polynomial of a complete graph with n vertices as the sum of elementary terms with respect
to all partitions of positive integer n. Since the growth rate of the number of all partitions is less
than exponential, this technique allows us to evaluate the flow polynomial for values of n = 50. We
also get an explicit expression for the characteristic polynomial of the matroid dual to the matroid of
the projective geometry over a finite field. We prove, in particular, that major coefficients of all these
polynomials coincide with the beginning of the row in the Pascal triangle, whose number equals the
quantity of elements in the corresponding matroid. At the end part of the paper, we consider one more
approach, which allows us to obtain the same results of application of our main theorem by using
properties of the Tutte polynomial and the classical Rota formula for coefficients of the characteristic
polynomial of a matroid. In addition, we describe the connection between the matroid variant of the
Matiyasevich formula and convolution formulas for Tutte polynomials.
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I. THE STRUCTURE OF THE PAPER, THE MAIN THEOREM
1.1. Motivation and the Paper Structure

The main goal of this paper is to provide a very simple derivation of the formula that expresses the
characteristic polynomial of an arbitrary matroid as a linear combination of characteristic polynomials
of dual matroids and to consider applications of this formula. As particular cases, this representation
includes the Matiyasevich formula [11], which expresses the flow polynomial of an arbitrary graph as a
combination of chromatic polynomials of its subgraphs, as well as its dual formula, which uses factor
graphs. We can treat both of these formulas as corollaries of one well-known correlation between
vacuum Feynman amplitudes over a residue ring [8, 10]. With the help of Feynman amplitudes one can
also represent a flow polynomial as the sum of Legendre symbols [7]. However, in this case, everything
is much simpler. For deriving a generalized variant of the Matiyasevich formula in a more convenient
matroid language, we need only elementary combinatorics.

In spite of the simplicity of derivation, the new formula appears to be useful for applications. In
particular, the standard approach to calculating the flow polynomial of the complete graph K, does not
allow one to express it immediately in a simple form. At the same time, the expression for the chromatic
polynomial of the complete graph (and its factor graphs) is trivial. Therefore, for calculating the flow
polynomial of the complete graph it is natural to use the approach that implies its expressing in terms
of the chromatic one. As a result, one needs only to calculate the sum with respect to all partitions of
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MATROID VARIANT OF MATIYASEVICH FORMULA 3913

a positive integer. According to the Hardy—Ramanujan formula, the number of such partitions does no
grow so fast; this, in particular, allows one to easily calculate the flow polynomial of a complete graph for
dimensions, to which the usual approach is inapplicable.

An analogous situation occurs in calculating the characteristic polynomial of the matroid which is
dual to PG(n — 1, q), i.e., the matroid of an (n — 1)-dimensional projective space over a finite field IF,.
The characteristic polynomial of the matroid PG(n — 1,¢) has roots 1,¢,4?,...,¢" ! and therefore
the expression for it is evident, as distinct from the characteristic polynomial of the dual matroid. In
factorization of the matroid PG(n — 1, ¢) in a nontrivial case there occur matroids PG(k — 1,q), k < n;
their number equals the g-binomial coefficient (Z)q. As a result, we obtain an explicit expression for the

characteristic polynomial of the matroid dual to the matroid PG(n — 1, q).

We describe these results in the Section 2, together with the Matiyasevich formula (deduced as a
corollary of the main theorem) and the main results obtained in[10]. We observe that major coefficients of
all characteristic polynomials of matroids considered in Section 2 (matroids dual to matroids of projective
geometries, uniform matroids, bond matroids of complete graphs, i.e., their flow polynomials) coincide
(accurate to alternating signs) with beginnings of rows of the Pascal triangle. In Section 3, we study
the connection of the main theorem with convolution formulas for Tutte polynomials obtained earlier in
papers[5]and [6]. In this section, we tried to thoroughly systemize results obtained for Tutte polynomials
in many papers; their more concrete statements with certain additions have allowed us to obtain formulas
given in Sections | and 2. The author of this paper is most impressed by the paper [20] published
by Tutte in 1967. As appeared, the formulas for Tutte polynomials of complete graphs given in the
mentioned paper are the same as correlations for flow polynomials obtained by us in Section 2 of this
paper. Moreover, Tutte considers the exponential generating function for Tutte polynomials of complete
graphs. This function allows one to obtain a short expression for the flow polynomial of a complete graph
in terms of the differentiation operation.

Now we can easily implement two algorithms for calculating coefficients of the flow polynomial of
the complete graph with n vertices that correspond to the obtained formulas (see (13) and (27)); these
algorithms are asymptotically much faster than the standard procedure in Wolfram Mathematica. The
efficiency of the first algorithm slightly exceeds that of the second one; at the beginning of Section 3 we
discuss this property in more detail.

At the end part of this paper, in Conclusion, we discuss references and further research directions.

1.2. The Main Theorem

Let us now state the main theorem. By introducing the elementary “C-function” (,(z) =

Tg2»
q ¢{0,1}, z € C, we state it in the most symmetric form. The function (, satisfies the following trivial
functional equations

Cq(z) = _qZCq(_Z)’ Cq(z) —-1= _Cq(_z)- (1)

Recall [14] that we understand a matroid M = (E,r) as the set E (we consider only the case of finite

sets) with the function r = rj7, which is defined on all subsets 2F of the set E, takes on nonnegative
integer values Ny, and possesses the following properties:

(H)[TAC E, then0 <r(A) <|A|.

(2)If A C B C E,thenr(A) <r(B).

(3)If Aand B are subsets of E, thenr(AU B) +r(AN B) < r(A) + r(B). The function r is the rank
function of M, and FE is the ground set of M.

The dual matroid M* = (E,r*) to the matroid M = (E,r) is defined by the rank function * which
is defined on the same set as r and obeys the correlation

*(A) = r(E — A) + |A| — r(E), forany AC E. (2)

Let A C E. The restriction of M = (E,r) to A is the matroid M|A with the ground set A and the
rank function coinciding with r on 24. Let C = E — A. The contraction of M onto A is the matroid
M.A = M/C with the ground set A and the rank function obeying the correlation

rymA(B) =ry(CUB)—ry(C) forany B C A.
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3914 LERNER
Evidently, if B C A C E, then (M|B)|A = M|A and (M.A).B = M.B. In addition, as is known [14],

(M.A)* = M*|A, (M|A)" = M*.A. (3)
The characteristic polynomial x s of the matroid M = (E,r) obeys the formula
(@) = 3 (—1) Al B, (4)
ACE

Let us give some more definitions, which will be necessary in the following sections of this paper. The
flat of a matroid is its inclusion-maximal subset A of some fixed rank. This means that there exists no
element e € E — A such that r(A U {e}) = r(A). We understand a link as an element e € E such that
r({e}) = 0. If the rank of an analogous subset in the matroid M* equals zero, then e is called a colink.
One can easily make sure that

if a matroid M contains links, then x/(x) = 0. (5)

Theorem 1. Let M = (E,r) be an arbitrary matroid on the ground set E with the rank
function r. The following formulas are valid:

xar+(a) G (=1 = %(—1)"3'*' %@ff) G, (6)
XM* DIFF =3 G x4 (g). (7)
ACE

Proof. Let A C E. In accordance with formula (3), correlation (6) means that
Al Al—|B XM|A(Q) B
X ale) G (=D = 37 (~)AIP S (1)
BCA

Therefore, applying the Mdbius inversion formula (in the case under consideration it coincides with the
inclusion-exclusion formula) to identity (6), we can rewrite the latter as follows

WG = Y G- e ala) 8)

ACE

Replacing A with E — B and doing the matroid M in formula (8) with M* (recall that (M*)* = M), we
get formula (7). Therefore, it suffices to prove only correlation (6).

Performing substitution (2) and putting A = E — B in the leit-hand side of formula (6), we turn it

into the form
Z (=1)IEI=14l q\AI—T(A)gq(_l)\E\_ (9)
ACE

We can write the right-hand side of formula (6) as follows

D WGMME T GMPTHIEDEEIEN = Y g (¢ (1) (¢ (1) - )IFEHAL (10)

ACE B:ACBCE ACE

Substituting correlations (1) in (10), we conclude that formula (10) is equivalent to (9). O

Note that the first of correlations (1) and the equality r*(E) = |E| — r(E) allow us to rewrite
formula (7) in a form, which is more convenient for calculations.

Corollary 1. The following formula is valid

(—1)l#l 14|
e (@) = —m > (1= 2) M xara (). (1)

ACE

Just this corollary we use in most applications.
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2. APPLICATIONS OF THEOREM 1 AND COROLLARY 1
2.1. Applications in the Case of the Graphic Matroid

Let G = (V, E)) be an undirected graph with the vertex set V' and the edge set E; ¢ € N. The number
of ways of coloring vertices of the graph in ¢ colors so as to make adjacent vertices of the graph have
various colors is defined by the chromatic polynomial of the graph Pg(q). The polynomial Pg(q) is a
multiple of ¢¢(&), Where c(G) is the number of connectivity components of the graph G. Its normalized
version P4(q) = Pg(q)/q%?) coincides with the characteristic polynomial of the so-called graphic
matroid Mg = (F,r). The rank function Mg obeys the formula r(A) = |V (A4)| — ¢(A), where |V (A4)|
and ¢(A) are, correspondingly, the number of vertices and the number of connectivity components of the
subgraph induced by the subset of edges A, A C E.

The characteristic polynomial of the dual (bond) matroid M¢, is the so-called flow polynomial
Fg [17]. Let us fix some orientation of edges in E and denote by the symbol Z, the additive group of
integers modulo ¢g. In what follows, we understand a nonzero flow as a correspondence between each
directed edge e € £ and a nonzero element k. in Z, such that for each vertex v € V' the sum }_ k. for
all e that enter in v coincides with the analogous sum for all e outgoing v. The number of everywhere
nonzero flows is independent of the orientation of edges; it equals the value of the flow polynomial F(q).

In the case, when M = Mg, formula (8) takes the form

P
604,01 = 3 -1 P o)
ACE

where H(A) is the subgraph of the graph G induced by the subset A of edges of this graph. The latter
correlation coincides with the Matiyasevich formula [11] accurate to denotations.

Correlation (6) implies the formula that is inverse with respect to the above one, namely,

P
Fala)ey(~1)# = 3 (g~ 1PN

ACE

where |V (A)] is the number of vertices of the graph H(A). See this representation of the flow polynomial
as a linear combination of chromatic polynomials at the end part of the paper [10] (see also formula (2.5)
in [4]).

We can obtain a more interesting property, substituting the matroid M = Mg in correlation (11). We
can express matroids M /A in terms of factor graphs of the graph G with respect to subgraphs H(A).
Moreover, it is evident that if a factor graph G//H contains links, then Pg/p(q) = 0. As a result, we
obtain a slightly modified statement of Theorem 2 in the paper[10].

Theorem 2. Assume that the set of vertices V is divided into subsets Vi, ..., Vy,, where m is
an arbitrary number, but V; are such that m subgraphs formed by all edges in E, whose both
endpoints belong to one and the same subset V;, are connected. Denote by A the set of all these
edges and do by H(A) the union of all subgraphs, correspondingly. Then, the following formula
is valid

Fo(n) ="—; %}(1—@'@@1{@)(@; (12)

here the sum is calculated over all subgraphs of H (all such partitions of the set'V').

Here, similarly to formula (11) given above, and in what follows, we use the “real” variable z instead
of ¢ (we will need the symbol ¢ later for the standard denotation of the number of elements in a finite field,
though earlier it was convenient for us to use this variable as a subscript for the “zeta-function”). Let us
now apply formula (12) in the case, when the graph G is K, i.e., a complete graph with n vertices. Let
us first recall some assertions of the partition theory [1].

A partition X of a positive integer n is its representation as the sum of positive integer terms (two
sums, which differ in the order of addends, are considered as equal ones). The total number of partitions
p(n) satisfies the well-known formula derived by Hardy and Ramanujan (and refined by Rademacher).
The asymptotics for p(n) is subexponential, in particular, p(50) is only 204 226. At the same time, it
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is impossible to calculate (using a computer) Fi, () with n = 50 with the help of standard techniques
(which are not specific for complete graphs), because the computation time grows faster than exp(n).
Formula (12) allows us to reduce the calculation of Fk,, (x) to summing p(n) terms and to solve the
problem of calculating Fi, (z) for n ~ 50.

We can represent the partition A of the number n in the form (Aq, ..., Ay,), where

M<h< S Do Ni=n,

or in the form (1"12"23"3 . ..), where n; is the number of values ¢ among the collection (A1, ..., Am),
correspondingly, >, in; = n. The number of partition elements m is called the length of the partition;
we denote it as £(\). Let

A= A DalAsl o= 11m21m2gims o
Al =nilnalng!. ... f(A) = Al x AL

The number f(A) is called the Fad di Bruno coefficient of the partition \. We need the following
assertion (see[1, Theorem 13.2]) (one can prove it rather easily).

Lemma 1. The number of ways for dividing a set of n distinct elements into parts, whose
powers are defined by the partition \, equals f()\).

Theorem 3. Let s(\) = Zf(:)‘l) Ai(A; = 1)/2. The following formula is valid

n(n—1)

Fi, (x) = % S FON = 2) V@ 1) (@ - 6+ 1); (13)
A

here the sum is calculated over all partitions X of the number n.

Proof. Let us apply formula (12) for G = K,,. All terms in the right-hand side for various
representations of V' as the union of disjoint parts Vi, ..., V,, are the same, provided that their powers
form one and the same partition A of the number n. By Lemma 1, the quantity of such representations
equals f(\). The number of edges in the subgraph H such that each their connectivity component
represents a complete subgraph with \; vertices obeys the evident formula

PO M and P (2) = 2(x —1) ... (x —m + 1),
O

Formula (13) allows us to easily calculate, for example, the value Fi,, ().

Corollary 2. Letn > 2, N =n(n—1)/2and N' = (n — 1)(n — 2)/2. The major n — 2 powers of
the flow polynomial Fk, (x) take the form

2V - NV 4 <];7>le_2 — .+ (—1)”_3< N2>mN/_”+3.
n_

Proof. Consider the function g(A) = s(A\) + £(\), where X is a partition of a fixed number. With
£(\) = 2 the value of the function g decreases as so does the value [A\; — Ag|. Moreover, with £(A) =1
its value is greater than that with £(\) = 2. In view of this fact we conclude that with £(\) & {1,2} we
can increase the value of g(\) by “merging together” two elements of the partition. As a result, the
largest value of g(\) is attained with X’ such that £(\) = 1, while the second largest one is attained with
N =(1,n—-1),\")=2.

By Theorem 3, the value (g(A\) —n) is the power of the term that corresponds to the partition A in
sum (13). Using calculations performed in the previous paragraph, we conclude that coefficients of

Fg, (x) coincide with coefficients at major powers (z — 1)V, provided that the number of major powers
equals

gN) —g(\)=(N+1) = (N +2) =n —2.
Here the power of the polynomial F (x) equals g(\') —n=N+1—-n= N". O

As an illustration, let us consider the result of the calculation of the flow polynomial of a complete
graph with 5 vertices:

Fr,(x) =12% —102° + 45 2% — 11523 + 1752% — 147z + 51.
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2.2. Applications in the Non-Graphic Case
Let us now discuss the application of the main theorem in cases when the matroid M is not, generally

speaking, a graphic one. Recall that ([14]) the uniform matroid U, ,, m < n, m,n € Ny, is defined on
the ground set E, |E| = n, by the rank function r as follows:

with A € 27 we get the equality r(A) = min{m, |A|}.
Note that Unn = Un—mmn. One can easily verify that for A C E, |A| =k,
Um,n‘A = Umin{m,k},k and Um,nA = Umax{O,m—n—l—k},k' (14)

We directly calculate the characteristic polynomial (4) of the matroid U n: Xt = 1, in the rest cases
(with all other values m < n) the following formula is valid

XUpn () = mz_:l(—l)i <n> (a™7 = 1).

=0

In this case, sums over subsets of E of power k in formulas in Theorem 1 and Corollary 1| give (Z)
equal terms. As a result, we get some identities for binomial coefficients. In the next section, we consider
a more elegant and at the same time elementary generalization of these identities (see Remark 1).

Let us thoroughly study the application of formula (11) in the case of finite projective geometries, i.e.,
projective spaces over a finite field F,. Recall that elements of the ground set E of the matroid PG(n —
1, q) are all distinct points of the projective space of dimension n — 1 over the field F, (see details in [14,
Ch. 6]). The rank of the subset A of the set F' is the dimension of the linear space spanned by A, in

particular 7(E) = n. One can easily make sure that |E| = q;__ll = (’f)q; here the Gaussian binomial

coefficient (Z)q, n, k € Ny, obeys the formula
<n> _ @ =-D@ -1 -
k), (¢ = D¢t =1)---(¢—1)

The following assertion is a generalization of the remark about the number of elements in the ground
set ([14, Proposition 6.1.4]):

The number of rank-k flats in PG(n — 1, q) equals <Z> . (15)
q

In addition, it is well known that (see [24, Proposition 7.5.3] and references to fundamental works by
Richard Stanley mentioned there) the characteristic polynomial of the matroid PG(n — 1, q) takes the
form

XPG(n-19)(®) = (& = 1)@ = q)(z —¢*) -+~ (z — ¢" 7). (16)

The factor space of a linear space of dimension n with respect to its subspace of dimension k, k < n,
is its subspace of dimension n — k orthogonal to the subspace, which we use for the factorization. In
terms of matroids, this means that if A, A C E, is the rank-k flat of PG(n — 1,¢), then the matroid
PG(n —1,q)/A is isomorphic to PG(n —k —1,q). Butif A is not a flat of PG(n — 1, ¢), then the
matroid PG(n — 1, q)/A contains links. Therefore, by using formulas (5), (15), and (16), we conclude
that Corollary 1 in the case under consideration can be formulated as follows.

Theorem 4. The characteristic polynomial of the matroid dual to PG(n — 1,q) obeys the
formula

n

q—ll " /n k-1 n_k=1 )
XPG(n—1,9)*(T) = () Kk Z <k>q (1—x)aT H (x —q").

k=0

Here the empty product equals one. Correspondingly, the latter term in the sum equals (1 — x) T ,
qTL
q

while the second largest one is the polynomial of z of the power _1_1 + 1. Hence, we get the following

analog of Corollary 2:
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Corollary 3. Let N = %, N' =N —n, k=¢""!'—1. The k major powers of the polynomial
XPG(n—1,9) () take the form

I‘N, o NI‘N,_l + <];7>:L,N’—2 - (_1)k—l <JZ>xN,_k+l'

For example, the matroid dual to the Fano matroid Fr = PG(2, 2) satisfies the equality
Xpr(2) =12 — 72 + 212% — 282 + 13.

3. THE TUTTE POLYNOMIAL AND THE MATROID VARIANT
OF THE MATIYASEVICH FORMULA

3.1. Definition of the Tutte Polynomial

In this section, we prove that one can obtain formulas given in sections 1 and 2 by refining results
obtained for the Tutte polynomial. The author of this paper is most impressed by paper [20], where Tutte
generalizes Theorem 3. Moreover, in the mentioned paper, Tutte also obtains the exponential generating
function for Tutte polynomials of complete graphs. It implies that one can get the flow polynomial of
the complete graph by multiple differentiations (see Corollary 4 below). The mathematical formula in
this case is more compact than formula (13) in Theorem 3 (one can also obtain the latter formula as a
corollary of the Tutte decomposition of the Tutte polynomial of the complete graph K, in all partitions A
of the number n). Note that the direct calculation of the flow polynomial of a complete graph by means
of differentiation (using a computer) requires slightly more time than its calculation by decomposition
in all partitions (in essence, both techniques are equivalent, they differ only in computation aspects and
intermediate results storing methods; the latter are not specified in the shorter procedure which implies
the use of the computation technique mentioned in Corollary 4).

See fundamentals of the theory of Tutte polynomials, in particular, in [3, 22], and in the book [21]
by Tutte (in the case of graphic matroids). Specific properties of characteristic polynomials that are of
interest for us are described in classical papers [17, 24]. The review [12] has appeared to be very useful
for us as a reference book of formulas for various Tutte polynomials.

Recall that the Tutte polynomial of the matroid M = (E,r) obeys the formula
Ty(z,y) = Z (x — 1)T(E)—7”(A) (y — 1)|E|—r(A)‘

ACFE
By definition, Tz« (x,y) = Tar(y, z). In addition,
xu(2) = ()BT (1= 2,0),  xar(2) = (—D)PETy0,1 — 2). (17)

In certain (exceptional) cases, one can easily calculate the Tutte polynomial. For example, in the case of
a uniform matroid Uy, », it is evident that

st = 5 (Yo () 2, (o-von
i=m+

1=0

In a general case, for any matroid with (z,y) € Hy, where H; is the so-called critical hyperbola
(x —1)(y — 1) = 1, the following formula is valid

_ r —-r r(A)— _ (x B 1)T(E)
Ty (z,y(z)) = AZC:E(m — 1) (g — 1yl = AZC;E oA
@ (14 1)>'E' _ Bl 1y ®)-E (18)

If the ground set E, |E| = n, consists of 4 links and j colinks (the base case), then Ty (z,y) = 27y,
i + 7 = n. In particular, in this case, the characteristic polynomial satisfies the correlation

xm(z)=2" il j=n; xm(z) =0 otherwise. (19)
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Assume that an edge e is neither a link nor a colink, and let A = FE — e (hereinafter we identify the
set consisting of one edge and the edge itself). Denote the matroid M|A as M \ e. Any matroid and
any e € E different from a colink satisly the formula Ta/(z,y) = Tape(z,y) + Thrje(,y) (the Tutte
polynomial is the Tutte—Grothendieck invariant).

The latter correlation, together with the base case, uniquely defines Ty (z,y) for any M. In the case
of the characteristic polynomial, the recurrent correlation for it takes the form

XM(Z) = XM\e(Z) - XM/e(Z)' (20)

3.2. Theorem 1 as a Corollary of the Convolution Formula for the Tutte Polynomial

Correlations (19) and (20) allow us to prove formula (6) by induction with respect to the number of
edges different from colinks. Below we discuss a more natural proof of Theorem | which is based on
the application of the convolution formula for Tutte polynomials. This important correlation for Tutte
polynomials established by W. Kook, V. Reiner, and D. Atanton allows several generalizations.

Proposition 1[5]. The following formula is valid

Toar(w,y) = > Tara0,y)Taga(,0). (21)
ACFE

For example, for uniform matroids, the following remark is valid.
Remark 1. Let n € N, m € Ng, m < n. For the matroid M = U,, ,, identity (21) takes the form

Proof. Let us use formula (14) and the fact that the sign alternating sum of binomial coefficients
equals zero. With k& € N we get equalities

Tv,.,(0,y) =0; Ty, ,(x,0) = 0.

Therefore, with 0 < |A] < m we get the equality Ty, , ,14(0,y) = 0, and with m < [A] < n we conclude
that Ty, , /4 (x,0) = 0. Therefore, among all terms in the sum in the right-hand side of the equality (21),
only those ones that correspond to cases A = () and A = F differ from zero. O

Certainly, one can easily immediately verify the formula in Remark 1 without referring to Proposi-
tion 1.

We need one more notion which is closely connected with the Tutte polynomial. Recall that the
Whitney rank generating function Rys(u,v) of the matroid M = (E, r) obeys the formula

Ras(u, v) Z ur(E)=r(A) ylAl=r(4),
ACE

i.e., Ry(u—1,v—1) =Ty (u,v). Evidently,

(@) = ()" O Ry (—z,—1),  xu-(2) = (-1 F"E Ry (—1, —2). (22)
We can rewrite formula (18) as follows:
Ry (z,1/z) = (z + 1) ElgrE)=IE] (23)

In the paper [15], V. Reiner generalizes equality (21) to a certain two-parameter family of equalities,
where formula (21) is a limit correlation. Finally, in [6], J.P.S. Kung obtains several identities which
generalize identities established earlier and the convolution formula (21) in particular. Identity 3 in this
paper takes the form

MO wy) = NETTD () AT R (<X, —2) Raga (6, y) (24)
ACE

(we use denotations introduced by J.P.S. Kung). Now we represent formulas (6) and (7) as particular
cases of identity (24).
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Proof of Theorem I as a corollary of equality (24). Putting zy = —q and A\{ = —1, in accordance
with (22) in the left-hand side of equality (24) we obtain the desired expression (—1)IZI="(E)y . (q).
For establishing (6) it suffices to concretize z = 1, A = g and, correspondingly, y = —¢, £ = —1/¢; then
to perform substitutions (22) and (23), and sum degrees of ¢ and (—1). Formula (7) can be obtained
analogously, provided that y = —1, £ = —q and, correspondingly, x = g and A = 1/4. O

Note that Theorem 1| without referring to Matiyasevich (the author of this paper was not aware of
his works) was first stated by us in preprint [9] (see Theorem 2 therein). The proof described above is
adduced in the mentioned preprint.

3.3. Explicit Formulas for the Tutte Polynomials of Some Matroids and Theorems of Section 2
All theorems in Section 2 are more elementary corollaries of results on Tutte polynomials which were
obtained earlier. We deduce Theorem 4 by substituting values v = 0 and v = 1 — x in the formula for the
Tutte polynomial in the projective geometry

1 n n ko n—k—1 '
Tren-1q(w0) = —=> () vt [ (=D -1 -4q) (25)
(u—1) k ,
k=0 q =0
and by multiplying it by (—1)/1=™ in accordance with correlation (17). Expression (25) is established in

paper[13].

Another way to derive the same expression (25) together with the exponential generating function
for Tutte polynomials of projective geometries over the field F, is proposed in the paper [2]. Evidently,
the value of the nth derivative of the exponential generating function at zero coincides with the nth term
of the series. Below we apply such an approach for deriving an explicit formula for the characteristic
polynomial of matroid, calculating the flow polynomial of the complete graph in a different way. The
technique used by us is based on results obtained by Tutte in [20].

In the mentioned paper, Tutte does not immediately consider the flow polynomial, but he elegantly
treats the polynomial of two variables Q¢ (u, v) which is closely connected with the chromatic polynomial
Pg(x). One can express this dichromatic Tutte polynomial Q¢ (u,v) in terms of the Whitney rank
function as follows:

Qa(u,v) = u™D Ragg (u, v);

here ¢(G) is the number of connectivity components of the graph G. For the dichromatic polynomial of a
complete graph, Tutte has obtained an equation ([20, equation (16)]), which in terms used in Section 2
takes the form

Qx, (u,v) = Zf (14 0)*Nuv(uv —1)... (uv — £(A) + 1).

By using the second formula in (22), we obtain the statement of Theorem 3 as a particular case of the
above correlation.

The previous correlation was strengthened by Tutte as the following formula for the exponential
generating function for Q,, (u, v)v™ ([20, equation (17)]):

Zzn’u QKn(u v) {Z nn(1+v) n(n— 1)} . (26)
n=0 n=0

Corollary 4 (Corollary of the Tutte formula (26)). The flow polynomial of a complete graph obeys
the formula

1 n . x
(_1)5n(n—1) o P Li(i—1)
F; =— | — —(1—z)2" . 27
i () — T go (1 )2 ~ (27)
Proof. Substituting (22) in formula (26), we get the correlation
. 1.,. . T
S Shpi(—1 54(i—1) S Py i
> S ) = {Zml—az)z < 1>} .
i=0 1=0
By applying the operator (% . ) ‘z:O to both sides of the latter equality, we obtain formula (27). O
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3.4. Reason for Binomiality of the Major Coefficients of Characteristic Polynomials

As we have mentioned, the major coefficients of characteristic polynomials of all matroids M. , Up, ,
and PG(n, q)* considered in Section 2 coincide (accurate to alternating signs) with the beginning of the
row of the Pascal triangle, whose number equals the quantity of elements in the corresponding matroid.
We have established this property as a corollary of the matroid form of the Matiyasevich formula. The
classical assertion about combinatorial sense of coefficients x s stated by G.C. Rota [17] reveals a deeper
reason for the result mentioned above. Namely, the reason is that the complete graph K,,, the projective
geometry PG(n,q), and especially the uniform matroid have “rather thick cuts” (cocycles). Let us
discuss this property.

Recall that the set A: A C E of the matroid M = (E,r) is said to be independent, if r(A) = |A|.
If, in addition, 7(A) = r(FE), then the independent set is called a base. The minimal set, which is not
independent, is called a cycle of the matroid M. A cycle of the matroid M* is called a cocycle. Let us
associate all elements e, e € F, with distinct positive integers I.. A cycle C without an element ¢’ such
that I = max.co le is called a broken circuit. G.C. Rota has obtained the following result ([17, p. 359,
Corollary 1]).

Proposition 2. Assume that the characteristic polynomial of the matroid M = (E,r) takes the
form

xar(z) = 2" F) 4Bl oy B2 oy My (E)-

Then, (—1)*my, is the number of independent subsets E consisting of k elements without broken
circuits.

As a result, we obtain the following assertion. If any cocycle of the matroid M contains at least ¢
elements, then for any k < ¢ — 2 the absolute value (—1)¥m/, of the kth coefficient of the characteristic
polynomial x as+

X (@) = 2" B 4 mia” B el gy (here r*(B) = |E| - r(E))

coincides with (‘f‘). Really, in this case, any subset consisting of k elements of the set | F/| is necessarily
independent in the matroid M* and contains no broken circuit.

Since any cut in the complete graph K,, consists of at least n — 1 edges, the mentioned property
implies Corollary 2.

We can use the same property for finding coefficients of the characteristic polynomial of a uniform
matroid or the dual one. Recall that the latter also is a uniform matroid.

Really, any cycle of a uniform matroid Uy, ,, by definition, contains m + 1 elements, and the power
of its characteristic polynomial equals m. Consequently, all coefficients of the characteristic polynomial,
except, possibly, the free term, coincide (accurate to alternating signs) with the beginning of the nth row
in the Pascal triangle.

Finally, for describing cocycles in PG(n — 1,q) we can make use of the fact that a cocycle is the
minimal set of elements which has at least one common element with any base. Hence, one can
easily understand cocycles of the matroid PG(n — 1, q) geometrically. Namely, they represent sets of
points in the projective space which belong to some hyperplane Fy (which does not contain the origin of

coordinates). The number of points in any hyperplane Fy equals q"~'. Hence, we get Corollary 3.

4. CONCLUSIONS

In this paper, we propose a matroid form of one variant of the Matiyasevich formula and describe its
application for deriving flow polynomials and characteristic polynomials of matroids dual to matroids of
finite projective geometries. One can deduce most results from correlations for the corresponding Tutte
polynomials. However, the use of one variable in the case, when two of them are not necessary, seems to
give an easier way to obtain such formulas. On the other hand, this way allows us to better understand
(in a sense) the interconnection of two variables in the Tutte polynomial. It also allows us to clarify the
structure of major powers of considered polynomials.

In what follows, we are going to consider “conditional” flow and chromatic polynomials and their
generalizations. In the simplest case, we are interested in the number of regular colorings of the graph,
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when colors of some vertices are fixed a priori. For calculating this number, similarly to the conditional
probability formula, we can write down the ratio of two chromatic polynomials, which explains the
terminology used by us. It makes sense to consider the matroid variant of such correlations.

A month after the preprint of the first version of this paper was uploaded to arXiv.org, there has
appeared preprint [19] by R. Takashi, where he, in particular, develops ideas of this paper and gives
more references. In [16, formula (3.2)], R.C. Read and E.G. Whitehead re-derive the Matiyasevich
formula. Moreover, in the same paper, they obtain an analog of this formula, which expresses a flow
polynomial in terms of the sum of chromatic polynomials of factor graphs [16, formula (7.8)]. In [10],
we prove the mentioned formula with the help of the Fourier transformations method (which is standard
for Feynman amplitudes); in the Matiyasevich paper, this method is described regardless of Feynman
amplitudes. R.C. Read and E.G. Whitehead propose a more elementary proof; previously, in Section 1.2,
we describe its simplified variant for the matroid case. As applied to flow and chromatic polynomials, the
indicated formula has 4 variants (we have mentioned two of them earlier; in one more variant, the flow
polynomial is represented as a linear combination of chromatic polynomials of subgraphs; the fourth
variant of the formula expresses the chromatic polynomial in terms of flow polynomials of factor graphs).
As we have mentioned earlier, the first formula among two ones indicated in braces is formula (2.5)
obtained in paper [4]. R. Takashi also gives all these formulas and their elementary proofs. Moreover,
following [4] (see also [18]), R. Takashi for each formula considers its variant for a case, when each edge
has a real-valued parameter, and generalizes these formulas for the matroid case. One can interpret this
multiparameter variant as the partition function of multivariate Potts model.

Note that the multiparameter variants of these formulas, evidently, were obtained by D.R. Woodall
in [23, Section 3] with reference to Alan Sokal. In addition, in the same paper, he also develops ideas
of R.C. Read and E.G. Whitehead and gives detailed comments on them. In particular, regarding
formulas (6) and (7) in the case of a graphic matroid and a bond one [23, formulas (1.1)—(1.4)]
(these formulas establish a connection between the flow polynomial F' and the normalized chromatic
polynomial denoted by the symbol V), D.R. Woodall concludes that “The existence of expansions of this
type is not surprising, but the interchange of N and F'is intriguing and merits further study.” One can
consider this work as uncovering of this intrigue.
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