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Abstract. The article deals with the problem of transmission in a circular waveguide, in the cross 

section of which there is a thin metal screen. The waveguide is bounded by a perfectly conducting 

surface. The transmission problem is an auxiliary problem that arose when solving inverse 

diffraction problems. In the transmission problem, it is required to find the electromagnetic field 

in the waveguide on one side of the screen by a given field on the other side of the screen: both 

by given waves incident on the screen and by given waves leaving the screen to infinity. It is 

shown how the transmission problem can be reduced to an infinite system of linear algebraic 

equations. To solve the resulting system, it is proposed to use the truncation method. We study 

under what conditions the numerical solution of the transmission problem will be stable to small 

perturbations of the input data. 

1.  Introduction 

Currently, a lot of research is being carried out in the field of solving inverse problems of diffraction of 

electromagnetic waves [1-3]. We will talk about inverse problems of diffraction of electromagnetic 

waves in circular waveguides bounded by a perfectly conducting surface, in which information about 

the inhomogeneity is restored from the incident and measured reflected fields. As a rule, when solving 

inverse problems, to get a more accurate picture, you need to make many measurements with different 

input data. Thus, in inverse problems of diffraction in a waveguide, it will be necessary to generate 

various incident electromagnetic waves and measure the reflected field. Instead, to obtain additional 

information about the obstacle in the waveguide, we propose to use a thin ideally conducting screen 

located in the cross section of the waveguide between the source of electromagnetic waves and the 

inhomogeneity under study. Such a screen was called scanning in [4]. An electromagnetic field is 

incident on the screen, and by moving the screen, a large number of measurements of the reflected field 

can be made. When using a scanning screen, there is an additional task of recalculating the field on one 

side of the screen by the field on the other side of the screen. We called such a problem the transmission 

problem [5]. 

Having solved the transmission problem, it is possible to recover information about the 

inhomogeneity by a standard method for solving inverse problems, for example, by the method of 

minimizing the functional. 

In this article, we consider a round waveguide, give a statement of the transmission problem, describe 

a method for solving it, and present the results of a computational experiment. 
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2.  Problem statement 

Consider a waveguide with a circular cross section of radius R (figure 1) with a generatrix along the z 

axis, bounded by a perfectly conducting surface. We introduce a cylindrical coordinate system, the 

origin of which is placed at the centre of the cross-sectional circle. Let there be a thin perfectly 

conducting screen M in the section of the waveguide S with the plane z=0. Let N=S\M. Let us assume 

that in the left and right halves of the waveguide (to the left and to the right of the section S) the 

permittivity of the media is equal to ε- and ε+, respectively, the magnetic permeability is the same 

everywhere and equals μ. 

 

Figure 1. Circular waveguide. 

 

Let us mark the waves that transfer energy or decay in the direction of the waveguide axis with the 

→ symbol. We call such waves of positive orientation. Let us mark the waves that carry energy or decay 

in the opposite direction with the symbol ←. We will call them waves of negative orientation. The total 

field in a waveguide is a superposition of these two types of waves. 

Let us consider an electromagnetic field harmonically dependent on time. The time dependence has 

the form exp(𝑖𝜔𝑡). Denote by Q the side surface of the waveguide, by ν the outer normal to it, by n the 

normal to the cross section. 

Let the electromagnetic field be given to the right of the screen at z>0: a positively oriented wave 

(𝐸
→+

, 𝐻
→+

) and a negatively oriented wave (𝐸
←+

, 𝐻
←+

), and the following condition is satisfied: 

[𝑛, 𝐸
←+

] + [𝑛, 𝐸
→+

] = 0,  (𝑥, 𝑦) ∈ 𝑀. 

In the transmission problem, it is required to find the waves (𝐸
→−

, 𝐻
→−

) and (𝐸
←−

, 𝐻
←−

), satisfying the 

system of Maxwell equations for z<0 

𝑟𝑜𝑡𝐻 = 𝑖𝜔𝜀0𝜀𝐸,    𝑟𝑜𝑡𝐸 = −𝑖𝜔𝜇0𝜇𝐻,   (1) 

boundary conditions 

[𝑣, 𝐸]|𝑄 = 0,      (2) 

boundary conditions and conjugation conditions on the section S 

[𝑛, 𝐸
←−

] + [𝑛, 𝐸
→−

] = 0,      (𝑥, 𝑦) ∈ 𝑀,   (3) 

[𝑛, 𝐸
←−

] + [𝑛, 𝐸
→−

] = [𝑛, 𝐸
←+

] + [𝑛, 𝐸
→+

],   (𝑥, 𝑦) ∈ 𝑁,                               (4) 

 [𝑛, 𝐻
←−

] + [𝑛, 𝐻
→−

] = [𝑛, 𝐻
←+

] + [𝑛, 𝐻
→+

],   (𝑥, 𝑦) ∈ 𝑁. (5) 

3.  Solution of the transmission problem 

3.1.  Electromagnetic field in a circular waveguide 

It is known [6] that the solution to problem (1),(2) can be represented as the following series in terms of 

TE and TM eigenwaves 
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(
𝐸
𝐻

) = ∑ 𝐴
←

𝑝𝑞 (
𝐸
←

𝑝𝑞

𝜑

𝐻
←

𝑝𝑞

𝜑 )𝑝,𝑞 + ∑ 𝐵
←

𝑝𝑞 (
𝐸
←

𝑝𝑞

𝜓

𝐻
←

𝑝𝑞

𝜓
)𝑝,𝑞 + ∑ 𝐴

→
𝑝𝑞 (

𝐸
→

𝑝𝑞

𝜑

𝐻
→

𝑝𝑞

𝜑 )𝑝,𝑞 + ∑ 𝐵
→

𝑝𝑞 (
𝐸
→

𝑝𝑞

𝜓

𝐻
→

𝑝𝑞

𝜓
)𝑝,𝑞  (6) 

Let us write down the components of the electric and magnetic field components for positively oriented 

TE waves 

𝐸
→

𝑝𝑞

𝜑
(𝑟, 𝛼, 𝑧) = 𝑖𝜔𝜇0𝜇 (−

1

𝑟

𝜕𝜑𝑝𝑞

𝜕𝛼
,

𝜕𝜑𝑝𝑞

𝜕𝑟
, 0) 𝑒−𝑖𝛾𝑝𝑞𝑧 , (7) 

 𝐻
→

𝑝𝑞

𝜑
(𝑟, 𝛼, 𝑧) = (−𝑖𝛾𝑝𝑞

𝜕𝜑𝑝𝑞

𝜕𝑟
, −𝑖𝛾𝑝𝑞

1

𝑟
 
𝜕𝜑𝑝𝑞

𝜕𝛼
,

𝐾𝑝𝑞
2

𝑅2 𝜑𝑝𝑞) 𝑒−𝑖𝛾𝑝𝑞𝑧 (8) 

and TM waves 

𝐸
→

𝑝𝑞

𝜓
(𝑟, 𝛼, 𝑧) = (−𝑖𝛿𝑝𝑞

𝜕𝜓𝑝𝑞

𝜕𝑟
, −𝑖𝛿𝑝𝑞

1

𝑟
 
𝜕𝜓𝑝𝑞

𝜕𝛼
,

𝐿𝑝𝑞
2

𝑅2 𝜓𝑝𝑞) 𝑒−𝑖𝛿𝑝𝑞𝑧 , (9) 

 𝐻
→

𝑝𝑞

𝜓
(𝑟, 𝛼, 𝑧) = 𝑖𝜔𝜀0𝜀 (

1

𝑟

𝜕𝜓𝑝𝑞

𝜕𝛼
, − 

𝜕𝜓𝑝𝑞

𝜕𝑟
, 0) 𝑒−𝑖𝛿𝑝𝑞𝑧. (10) 

In the formulas presented above, the eigenfunctions 𝜑𝑝𝑞 , 𝜓𝑝𝑞 are calculated by the formulas: 

𝜑𝑝𝑞(𝑟, 𝛼) = 𝑇𝑝𝑞
𝜑

𝐽𝑝 (
𝐾𝑝𝑞

𝑅
𝑟) 𝑒𝑖𝑝𝛼 .     𝜓𝑝𝑞(𝑟, 𝛼) = 𝑇𝑝𝑞

𝜓
𝐽𝑝 (

𝐿𝑝𝑞

𝑅
𝑟) 𝑒𝑖𝑝𝛼 ,  

where 𝐽𝑝(𝑥) are the pth-order Bessel functions, 𝐾𝑝𝑞 are the roots of the derivative of the Bessel function 

𝐽′𝑝(𝑥), numbered in ascending order, 𝐿𝑝𝑞 are the roots of the Bessel function 𝐽𝑝(𝑥), 𝑇𝑝𝑞
𝜑

, numbered in 

ascending order, and 𝑇𝑝𝑞
𝜓

 are normalizing factors. Here 𝑝 = 0, ±1, ±2, … , 𝑞 = 0,1,2, …and 

(𝑇𝑝𝑞
𝜑

)
2

=
1

𝜋 𝑅2

1

(1 −
𝑝2

𝐾𝑝𝑞
2 ) 𝐽𝑝

2(𝐾𝑝𝑞)

,          (𝑇𝑝𝑞
𝜓

)
2

=
1

𝜋 𝑅2

1

(𝐽𝑝
′ (𝐿𝑝𝑞))

2 . 

The longitudinal propagation constants 𝛾𝑝𝑞 and 𝛿𝑝𝑞 are found by the formulas: 

𝛾𝑝𝑞 = √𝑘2 − (
𝐾𝑝𝑞

𝑅
)

2

, 𝛿𝑝𝑞 = √𝑘2 − (
𝐿𝑝𝑞

𝑅
)

2

. 

The sign of the quantities  𝛾𝑝𝑞  and 𝛿𝑝𝑞 is chosen as follows: 𝑅𝑒 𝛾𝑝𝑞 > 0 or 𝐼𝑚 𝛾𝑝𝑞 < 0, 𝑅𝑒 𝛿𝑝𝑞 >0 or 

Im 𝐼𝑚 𝛿𝑝𝑞 < 0. Then for waves of negative orientation in formulas (6)-(9) before the values 𝛾𝑝𝑞 and 

𝛿𝑝𝑞 it is necessary to change the sign. 

3.2.  Solution of the transmission problem in a circular waveguide 

In the transmission problem, to the right of the screen for 𝑧 > 0, the total field is given: a positively 

oriented wave (𝐸
→+

, 𝐻
→+

) and a negatively oriented wave (𝐸
←+

, 𝐻
←+

). The task of transmission is divided 

into two subtasks. In the first subtask, for negatively oriented waves incident on the screen, it is 

necessary to restore the field at 𝑧 < 0, that is, on the other side of the screen. In the second subtask, for 

positively oriented waves leaving the screen, it is necessary to restore the field at 𝑧 < 0. The first 

subproblem is the classical problem of diffraction by a perfectly conducting screen in a circular 

waveguide, the solution of which is well studied. The solution of the transmission problem is the sum 

of the solutions of the first and second subtasks, so we will consider a simplified transmission problem 

- the second subtask, in which the field (𝐸
→+

, 𝐻
→+

) given at 𝑧 > 0must be restored at 𝑧 < 0. In other 
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words, it is necessary to find the functions (𝐸
→−

, 𝐻
→−

) and (𝐸
←−

, 𝐻
←−

) as a solution to equation (1) with 

boundary conditions and conjugation conditions (2)-(5). 

A detailed solution of the transmission problem in the case of a cylindrical waveguide is described 

in [7]. For a circular waveguide, similar proofs are carried out only in a cylindrical coordinate system. 

We present here only the main points. 

To solve the transmission problem, it is convenient to first solve the diffraction problem, and then 

use the resulting solution in the transmission problem. In our case, for this it is necessary to solve system 

(1)-(5), in which the field (𝐸
→−

, 𝐻
→−

), is given, it is required to find the field (𝐸
→+

, 𝐻
→+

) and field 

(𝐸
←−

, 𝐻
←−

). The solution of problem (1)-(5) will be sought in the form of series (6). We will consider 

only TE waves. 

Lemma. The problem of diffraction in a circular waveguide is reduced in an infinite system of linear 

algebraic equations (ISLAE) with respect to the coefficients 𝐴
→

𝑝𝑞

+

 of the form 

− 𝐴
→

𝑝𝑞

+

(
𝐾𝑝𝑞

𝑅
)

2
+ ∑ 𝐴

→
𝑘𝑙

+

𝑘,𝑙 (𝛾𝑘𝑙
+ + 𝛾𝑘𝑙

− ) (
𝐾𝑘𝑙

𝑅
)

2
∑

1

𝛾𝑠𝑣
+ +𝛾𝑠𝑣

− 𝐼𝑘𝑙,𝑠𝑣
𝜑

𝐽𝑠𝑣,𝑝𝑞
𝜑

𝑠,𝑣 = ∑ 𝐴
→

𝑘𝑙

−

𝑘,𝑙
2𝛾𝑘𝑙

−

𝛾𝑘𝑙
+ +𝛾𝑘𝑙

− (
𝐾𝑘𝑙

𝑅
)

2
𝐼𝑘𝑙,𝑝𝑞

𝜑
, 

 𝑝 = 0, ±1, ±2, … , 𝑞 = 0,1,2, …, (11) 

or to the ISLAE with respect to the coefficients 𝐴
←

𝑝𝑞

−

 of the form 

− 𝐴
←

𝑝𝑞

−
(

𝐾𝑝𝑞

𝑅
)

2
+ ∑ 𝐴

←
𝑘,𝑙

−

𝑘,𝑙 (𝛾𝑘𝑙
+ + 𝛾𝑘𝑙

− ) (
𝐾𝑘𝑙

𝑅
)

2
∑

1

𝛾𝑠𝑣
+ +𝛾𝑠𝑣

− 𝐼𝑘𝑙,𝑠𝑣
𝜑

𝐽𝑠𝑣,𝑝𝑞
𝜑

𝑠,𝑣 = ∑ 𝐴
→

𝑘𝑙

−

𝑘,𝑙
2𝛾𝑘𝑙

−

𝛾𝑘𝑙
+ +𝛾𝑘𝑙

− (
𝐾𝑘𝑙

𝑅
)

2
𝐼𝑘𝑙,𝑝𝑞

𝜑
, 

 𝑝 = 0, ±1, ±2, … , 𝑞 = 0,1,2, …, (12) 

where 

𝐼𝑝𝑞,𝑘𝑙
𝜑

= ∬ 𝜉𝑇𝑝𝑞
𝜑

𝐽𝑝 (
𝐾𝑝𝑞

𝑅
𝜉) 𝑇𝑘𝑙

𝜑
𝐽𝑘 (

𝐾𝑘𝑙

𝑅
𝜉) 𝑒𝑖(𝑝−𝑘)𝜃

𝑀

𝑑𝜉𝑑𝜃,  

𝐽𝑝𝑞,𝑘𝑙
𝜑

= ∬ 𝜉𝑇𝑝𝑞
𝜑

𝐽𝑝 (
𝐾𝑝𝑞

𝑅
𝜉) 𝑇𝑘𝑙

𝜑
𝐽𝑘 (

𝐾𝑘𝑙

𝑅
𝜉) 𝑒𝑖(𝑝−𝑘)𝜃

𝑀

𝑑𝜉𝑑𝜃. 

Proof. From the boundary conditions and conjugation conditions, by solving the overdetermined 

boundary value problem [8], a paired summation functional equation (PSFE) is derived, which are 

converted to ISLAE by the method of integral-summator identities. 

Theorem. The problem of transmission in a circular waveguide is reduced to ISLAE with respect to 

the coefficients 𝐴
←

𝑝𝑞

−

. 

− 𝐴
←

𝑝𝑞

−

(
𝐾𝑝𝑞

𝑅
)

2

+ ∑ 𝐴
←

𝑘,𝑙

−

𝑘,𝑙

(𝛾𝑘𝑙
+ + 𝛾𝑘𝑙

− ) (
𝐾𝑘𝑙

𝑅
)

2

∑
1

𝛾𝑠𝑣
+ + 𝛾𝑠𝑣

− 𝐼𝑘𝑙,𝑠𝑣
𝜑

𝐽𝑠𝑣,𝑝𝑞
𝜑

𝑠,𝑣

+ ∑ 𝐴
←

𝑘,𝑙

−

𝑘,𝑙

(
𝐾𝑘𝑙

𝑅
)

2

𝐼𝑘𝑙,𝑝𝑞
𝜑

 

 = ∑ 𝐴
→

𝑘𝑙

+

𝑘,𝑙 (
𝐾𝑘𝑙

𝑅
)

2
𝐼𝑘𝑙,𝑝𝑞

𝜑
,          𝑝 = 0, ±1, ±2, … , 𝑞 = 0,1,2, …    (13) 

Proof. ISLAE (13) is derived from ISLAE (12), in which the replacement is used on the right side 

2𝛾𝑘𝑙
−

𝛾𝑘𝑙
+ +𝛾𝑘𝑙

− 𝐴
→

𝑘𝑙

−

= 𝐴
→

𝑘𝑙

+

− 𝐴
←

𝑘,𝑙

−

. 

4.  Computational experiment 

Let's simplify the problem: we will assume that the field does not depend on the coordinate α; the 

scanning screen M is a thin metal round disk М = {𝑟: 0 ≤  𝑟 < 𝑅1}. 
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An approximate solution of ISLAE (13) is sought by the truncation method. We pass from infinite 

sums to finite ones, and we obtain a finite-dimensional SLAE. We leave the number of unknown 

coefficients N1, respectively, in the external sums (by k, l) we leave N1 terms, and in the internal sums 

(by s, v) we leave a certain number of M1 terms. The computational experiment showed that for the 

stability of the solution, the condition that 𝑀1 ≥ 𝑁1 must be satisfied. When 𝑀1 < 𝑁1, the solution is 

not stable with respect to changing M1. 

If the result of solving the diffraction problem is used as the initial data in the transmission problem 

(coefficients 𝐴
→

𝑘𝑙

+

then the field (𝐸
→−

, 𝐻
→−

) and (𝐸
←−

, 𝐻
←−

)is restored with sufficient accuracy. 

For small screen sizes (if 𝑅1 ≤  𝑅/4), the solution of the transmission problem is stable to small 

perturbations of the right side 𝐴
→

𝑘𝑙

+,δ

satisfying the condition ‖𝐴
→+,δ

− 𝐴
→+

‖ ≤ 𝛿. In this case, the 

wavelength must be less than the radius of the waveguide 𝜆−, 𝜆+ < 𝑅 otherwise the energy flux through 

the section z=0 is close to zero. 

If 𝑅/4 < 𝑅1 ≤  𝑅/3, then the solution of the transmission problem will be stable to small 

perturbations of the right side only when 𝜆−, 𝜆+ < 𝑅1. These conclusions were made on the basis of the 

counting results, some of which are shown in table 1. 

Table 1. Stability of the solution to the transmission problem for various parameters 𝑅, 𝑅1, 𝜆−, 𝜆+.. 

R R1 λ- λ+ 

Resilience to change 𝐴
→+

 

1 0.3 1 1 No 

1 0.3 0.75 0.75 No 

1 0.3 0.5 0.5 No 

1 0.3 0.3 0.3 No 

1 0.3 0.25 0.25 Yes 

1 0.3 0.2 0.2 Yes 

1 0.3 0.1 0.1 Yes 

1 0.5 from 0.1 to 2 from 0.1 to 2 No 

2 0.9 0.5 0.5 No 

2 0.8 1.2 1.2 No 

2 0.5 0.5 0.5 Yes 

2 0.5 1 0.5 Yes 

2 0.5 1.5 1 Yes 

3 0.8 1.8 1.5 Yes 

3 0.9 1 1 No 

3 1 1 1 No 

 

In cases where the solution is unstable to small perturbations of the right-hand side 𝐴
→

𝑘𝑙

+,δ

, Tikhonov's 

regularization scheme was applied. The regularized solution turned out to be stable to the change 

𝐴
→

𝑘𝑙

+,δ

.However, the minimum relative error that was achieved by choosing the regularization parameter 

was 26%. 

Thus, the transmission problem has a stable solution if 𝜆−, 𝜆+ < 𝑅 and 𝑅1 ≤  𝑅/4 or 𝜆−, 𝜆+ < 𝑅1 and 

𝑅/4 < 𝑅1 ≤  𝑅/3. 

5.  Conclusion 

To solve the inverse problem of electromagnetic wave diffraction, it was proposed to use an additional 

scanning screen, which allows obtaining more information about the inhomogeneity in the waveguide. 

Along the way, an additional task of transmission arose. The solution of the problem of transmission in 

a circular waveguide is given, the results of calculations are presented, and at what ratios of wavelengths 
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and sizes of the scanning screen the numerical solution is investigated for which the numerical solution 

will be stable for small perturbations of the input data. 
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