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Ïóñòü àëãåáðà ôîí ÍåéìàíàM îïåðàòîðîâ äåéñòâóåò â ãèëüáåðòîâîì
ïðîñòðàíñòâå H, τ � òî÷íûé íîðìàëüíûé ïîëóêîíå÷íûé ñëåä íà M,
S(M, τ) � ∗-àëãåáðà τ -èçìåðèìûõ îïåðàòîðîâ è L1(M, τ) � áàíàõîâî
ïðîñòðàíñòâî τ -èíòåãðèðóåìûõ îïåðàòîðîâ. Åñëè P,Q ∈ S(M, τ)id è
P − Q ∈ L1(M, τ), òî τ(P − Q) ∈ R. Â ÷àñòíîñòè, åñëè A = A3 ∈
L1(M, τ), òî τ(A) ∈ R. Ïóñòü A,B ∈ S(M, τ) ÿâëÿþòñÿ òðèïîòåíòàìè.
Åñëè A− B ∈ L1(M, τ) è A+ B ∈ M, òî τ(A− B) ∈ R. Ïóñòü P,Q ∈
S(M, τ)id ñ P −Q ∈ L1(M, τ) è PQ ∈M. Òîãäà äëÿ âñåõ n ∈ N èìååì
(P −Q)2n+1 ∈ L1(M, τ) è τ((P −Q)2n+1) = τ(P −Q) ∈ R.
Êëþ÷åâûå ñëîâà: ãèëüáåðòîâî ïðîñòðàíñòâî, àëãåáðà ôîí Íåéìàíà,
íîðìàëüíûé ñëåä, èçìåðèìûé îïåðàòîð, èäåìïîòåíò, êâàíòîâûé ýô-
ôåêò Õîëëà

Differences of idempotents in C∗-algebras and the quantum
Hall effect, II. Unbounded idempotents

Let a von Neumann algebra M of operators act on a Hilbert space H,
τ be a faithful normal semifinite trace on M, S(M, τ) be a ∗-algebra of
τ -measurable operators and L1(M, τ) be the Banach space of τ -integrable
operators. If P,Q ∈ S(M, τ)id and P−Q ∈ L1(M, τ), then τ(P−Q) ∈ R.
In particular, if A = A3 ∈ L1(M, τ), then τ(A) ∈ R. Let A,B ∈ S(M, τ)
be tripotents. If A−B ∈ L1(M, τ) and A+B ∈M, then τ(A−B) ∈ R.
Let P,Q ∈ S(M, τ)id be so that P −Q ∈ L1(M, τ) and PQ ∈ M. Then
for all n ∈ N we have (P − Q)2n+1 ∈ L1(M, τ) and τ((P − Q)2n+1) =
τ(P −Q) ∈ R.

Keywords: Hilbert space, von Neumann algebra, normal trace, measurable
operator, idempotent, quantum Hall effect

Ïóñòü P,Q � èäåìïîòåíòû â ãèëüáåðòîâîì ïðîñòðàíñòâå H. Åñëè X =
P − Q ÿâëÿåòñÿ ÿäåðíûì îïåðàòîðîì, òî ñëåäû âñåõ íå÷åòíûõ ñòåïåíåé X
ñîâïàäàþò:

tr(P −Q) = tr((P −Q)2n+1) = dimker(X − I)− dimker(X + I) ∈ Z, (1)

ãäå I � òîæäåñòâåííûé îïåðàòîð â H. Åñëè X ÿâëÿåòñÿ êîìïàêòíûì îïåðà-
òîðîì, òî ïðàâàÿ ÷àñòü (1) äàåò åñòåñòâåííóþ �ðåãóëÿðèçàöèþ� äëÿ ñëåäà
è ïîêàçûâàåò, ÷òî ýòî âñåãäà ÿâëÿåòñÿ öåëûì ÷èñëîì [1]. Â [2, òåîðåìà 3]
óñòàíîâëåí C∗-àíàëîã ýòîãî óòâåðæäåíèÿ: Ïóñòü ϕ � ñëåä íà óíèòàëüíîé
C∗-àëãåáðå A, Mϕ � èäåàë îïðåäåëåíèÿ ñëåäà ϕ è òðèïîòåíòû P,Q ∈ A.
Åñëè P −Q ∈Mϕ, òî ϕ(P −Q) ∈ R.

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè Ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà (ñî-
ãëàøåíèå � 075-02-2022-882).
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Ïàðû èäåìïîòåíòîâ èãðàþò âàæíóþ ðîëü â êâàíòîâîì ýôôåêòå Õîëëà.
Äëÿ èäåìïîòåíòîâ P,Q,R ñ ÿäåðíûìè P−Q èQ−R èç ðàâåíñòâà tr(P−Q) =
tr(P −R) + tr(R−Q) è (1) èìååì

tr((P −Q)3) = tr((P −R)3) + tr((R−Q)3). (2)

Ôèçè÷åñêîå ïîíèìàíèå àääèòèâíîñòè â (2) ïðèõîäèò èç (1) è èíòåðïðåòàöèè
tr((P −Q)3) êàê ïðîâîäèìîñòè Õîëëà (the Hall conductance). Àääèòèâíîñòü
(êóáè÷åñêîãî) óðàâíåíèÿ â (2) ìîæåò áûòü ðàññìîòðåíà êàê âàðèàíò çàêîíà
Îìà (the Ohm's law) îá àääèòèâíîñòè ïðîâîäèìîñòè [3].

Â [4, òåîðåìà 1] ïîëó÷åí C∗-àíàëîã êâàíòîâîãî ýôôåêòà Õîëëà è äîêà-
çàíà âåùåñòâåííîñòü ñëåäà ðàçíîñòåé øèðîêîãî êëàññà ñèììåòðèé èç C∗-
àëãåáðû. Çäåñü ìû îáîáùàåì ýòè ðåçóëüòàòû íà íåîãðàíè÷åííûå èäåìïî-
òåíòû, òðèïîòåíòû è ñèììåòðèè, ïðèñîåäèíåííûå ê àëãåáðå ôîí Íåéìà-
íà M, ñíàáæåííîé òî÷íûì íîðìàëüíûì ïîëóêîíå÷íûì ñëåäîì τ . Ïóñòü
S(M, τ)id = {A ∈ S(M, τ) : A = A2}.

Òåîðåìà 1. Åñëè P,Q ∈ S(M, τ)id è P−Q ∈ L1(M, τ), òî τ(P−Q) ∈ R.
Â ÷àñòíîñòè, åñëè A = A3 ∈ L1(M, τ), òî τ(A) ∈ R.
Ñëåäñòâèå 1. Ïóñòü A,B ∈ S(M, τ) ÿâëÿþòñÿ òðèïîòåíòàìè. Åñëè

A−B ∈ L1(M, τ) è A+B ∈M, òî τ(A−B) ∈ R.
Äëÿ êàæäîãî P = P 2 ∈ S(M, τ) ñóùåñòâóåò åäèíñòâåííîå ðàçëîæåíèå

P = P̃ + Z, ãäå P̃ ∈ Mpr è íèëüïîòåíò Z ïðèíàäëåæèò S(M, τ) ñ Z2 = 0,
ïðè÷åì ZP̃ = 0, P̃Z = Z [5, òåîðåìà 2.23].

Ñëåäñòâèå 2. Ïóñòü P ∈ S(M, τ)id è P = P̃ + Z � îïèñàííîå âûøå

ðàçëîæåíèå. Èìååì ýêâèâàëåíòíîñòü P ∈ L1(M, τ) ⇔ P̃ , Z ∈ L1(M, τ), è
ïðè ýòîì τ(P ) = τ(P̃ ) = τ(

√
|P ||P ∗|

√
|P |) = τ(P ∗) ∈ R+.

Ñëåäñòâèå 3. Ïóñòü U, V ∈ S(M, τ) ÿâëÿþòñÿ ñèììåòðèÿìè. Åñëè

U − V ∈ L1(M, τ), òî τ(U − V ) ∈ R.
Òåîðåìà 2. Ïóñòü P,Q ∈ S(M, τ)id ñ P − Q ∈ L1(M, τ) è PQ ∈ M.

Òîãäà äëÿ âñåõ n ∈ N èìååì (P − Q)2n+1 ∈ L1(M, τ) è τ((P − Q)2n+1) =
τ(P −Q) ∈ R.

Ñëåäñòâèå 4. Åñëè P,Q,R ∈ S(M, τ)id ñ P − Q,Q − R ∈ L1(M, τ) è

îïåðàòîðû PQ,QR,PR ∈M, òî τ((P −R)2n+1) = τ((P −Q)2n+1)+ τ((Q−
R)2n+1) äëÿ âñåõ n ∈ N.

Ñëåäñòâèå 5. Ïóñòü U, V,W ∈ S(M, τ) ÿâëÿþòñÿ ñèììåòðèÿìè ñ U−
V, V −W ∈ L1(M, τ) è îïåðàòîðû UV +U+V,UW+U+W,VW+V +W ∈M.

Òîãäà τ((U −W )2n+1) = τ((U − V )2n+1) + τ((V −W )2n+1) äëÿ âñåõ n ∈ N.
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