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Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ íåëèíåéíîãî óðàâ-
íåíèÿ â îãðàíè÷åííîé îáëàñòè ñ òî÷å÷íûì èñòî÷íèêîì. Ðåøåíèå çàäà÷è èùåòñÿ â âèäå ñóììû
òðåõ ôóíêöèé. Ïåðâàÿ ôóíêöèÿ ïðåäñòàâëÿåòñÿ â ÿâíîì âèäå è ÿâëÿåòñÿ ðåøåíèåì ëèíåé-
íîãî óðàâíåíèÿ ñ òî÷å÷íûì èñòî÷íèêîì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Âòîðàÿ ôóíêöèÿ
íàõîäèòñÿ èç ðåøåíèÿ ëèíåéíîé îäíîðîäíîé êðàåâîé çàäà÷è ñ ïîñòîÿííûìè êîýôôèöèåíòà-
ìè. Äëÿ ïîèñêà òðåòüåé ôóíêöèè èñïîëüçóåòñÿ èòåðàöèîííûé ïðîöåññ, ñõîäÿùèéñÿ ñèëüíî â
Ñîáîëåâñêîì ïðîñòðàíñòâå ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè.
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Ââåäåíèå

Ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ â îãðàíè÷åííîé îá-
ëàñòè Ω ⊂ Rn, n > 2, ñ èñòî÷íèêîì èíòåíñèâíîñòè q, ñîñðåäîòî÷åííûì â íà÷àëå êîîðäèíàò
(íóëü � âíóòðåííÿÿ òî÷êà îáëàñòè):

−div g(x,∇w(x)) = q δ(x), x ∈ Ω, (1)

w(x) = wγ(x), x ∈ Γ , (2)

çäåñü Γ � Ëèïøèö-íåïðåðûâíàÿ ãðàíèöà Ω, ôóíêöèÿ wγ ÿâëÿåòñÿ ñëåäîì íåêîòîðîé ôóíê-

öèè èç ïðîñòðàíñòâà Ñîáîëåâà W
(1)
2 (Ω).

Çàäà÷ó (1), (2) ïîíèìàåì ñëåäóþùèì îáðàçîì: íàéòè ôóíêöèþ w ∈W (1)
1 (Ω), óäîâëåòâî-

ðÿþùóþ óñëîâèþ (2) è âàðèàöèîííîìó óðàâíåíèþ∫
Ω

(g(x,∇w(x)),∇η(x)) dx = qη(0) ∀η ∈ C∞0 (Ω).

Ïîñòóïèëà â ðåäàêöèþ 15.03.2022, ïîñëå äîðàáîòêè 15.03.2022. Ïðèíÿòà ê ïóáëèêàöèè 08.04.2022.

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà çà ñ÷åò ñðåäñòâ Ïðîãðàììû ñòðàòåãè÷åñêîãî àêàäåìè÷åñêîãî
ëèäåðñòâà Êàçàíñêîãî (Ïðèâîëæñêîãî) ôåäåðàëüíîãî óíèâåðñèòåòà ("ÏÐÈÎÐÈÒÅÒ-2030"). Àôôè-
ëèàöèÿ: Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è èíôîðìàöèîííûõ òåõíîëîãèé, Êàçàíñêèé (Ïðè-
âîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò.
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Îòíîñèòåëüíî ôóíêöèè g : Ω × Rn → Rn áóäåì ïðåäïîëîãàòü âûïîëíåííûìè ñëåäóþùèå
óñëîâèÿ:
1) ñèëüíàÿ ìîíîòîííîñòü ïî λ äëÿ âñåõ x ∈ Ω:

(g(x, λ)− g(x, µ) , λ− µ ) ≥ m|λ− µ|2 ,
2) Ëèïøèö�íåïðåðûâíîñòü ïî λ äëÿ âñåõ x ∈ Ω:

|g(x, λ)− g(x, µ)| ≤M |λ− µ| ,
3) èçìåðèìîñòü ïî x ∈ Ω äëÿ êàæäîãî λ ∈ Rn è ðàâåíñòâî

g(x, 0) = 0 ∀x ∈ Ω ,

4) ñóùåñòâóþò ïîñòîÿííàÿ α, óäîâëåòâîðÿþùàÿ íåðàâåíñòâó

α > α∗ =
n− 2

2
, n > 2 ,

è ñèììåòðè÷íàÿ, ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà G òàêèå, ÷òî âûïîëíåíî ñëåäóþùåå
óñëîâèå:

| g(x, λ)−Gλ | 6 c |x |α |λ |+ C ∀λ ∈ Rn, ∀x ∈ Br(0) ⊂ Ω,

ãäå r, c, C > 0 � ïîëîæèòåëüíûå ïîñòîÿííûå, Br(y) = {x ∈ Rn : |x− y| < r}.
Êðàåâàÿ çàäà÷à (1), (2) ïðè âûïîëíåíèè ýòèõ óñëîâèé, êàê ñëåäóåò èç [1], èìååò ðåøåíèå, à

â ñèëó 1) îíî åäèíñòâåííî. Ïðåäñòàâèì åãî â âèäå w = Φ+u0+u, ãäå ôóíêöèÿ u ïðèíàäëåæèò

ïðîñòðàíñòâó
◦
W

(1)
2 (Ω), à ôóíêöèÿ w0 = Φ + u0 èç ïðîñòðàíñòâà W

(1)
1 (Ω) óäîâëåòâîðÿåò

çàäà÷å ∫
Ω

(G∇w0(x),∇η(x)) dx = qη(0) ∀ η ∈ C∞0 (Ω), (3)

w0(x) = wγ(x), x ∈ Γ . (4)

1. Ðåøåíèå ëèíåéíîé êðàåâîé çàäà÷è ñ òî÷å÷íûì èñòî÷íèêîì

Äëÿ ïîèñêà w0 = Φ + u0 âîñïîëüçóåìñÿ ÷àñòíûì ðåøåíèåì çàäà÷è (3) áåç ó÷åòà êðàåâûõ
óñëîâèé (4). Íåïîñðåäñòâåííî ïîäñòàâëÿÿ, ìîæíî óáåäèòüñÿ, ÷òî ôóíêöèÿ

Φ(x) = −qφn(G−1/2x)√
detG

(5)

óäîâëåòâîðÿåò âàðèàöèîííîìó óðàâíåíèþ (3). Ôóíêöèÿ φn â ôîðìóëå (5) � ýòî ôóíäàìåí-
òàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà:

φ2(x) =
1

2π
ln(|x|), φn(x) = − 1

(n− 2)σn|x|n−2
, n ≥ 3,

ãäå σn = mesS � ïëîùàäü åäèíè÷íîé ñôåðû S = {x ∈ Rn : |x| = 1}.
Ôóíêöèþ u0 â ðàçëîæåíèè w0 = Φ + u0 îïðåäåëèì êàê ðåøåíèå ñëåäóþùåé êðàåâîé

çàäà÷è:

−div (G∇u0(x)) = 0, x ∈ Ω; (6)

u0(x) = wγ(x)− Φ(x), x ∈ Γ . (7)

Â ñèëó óñëîâèÿ íà wγ , óñëîâèé ñèììåòðè÷íîñòè è ïîëîæèòåëüíîé îïðåäåëåííîñòè íà ìàò-
ðèöó G è ãëàäêîñòè ôóíêöèè Φ â îêðåñòíîñòè ãðàíèöû Γ ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

çàäà÷è (6), (7), è ýòî ðåøåíèå èç ïðîñòðàíñòâà W
(1)
2 (Ω).
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Òàêèì îáðàçîì, ðåøåíèå êðàåâîé çàäà÷è (3), (4) íàìè ñâåäåíî ê íàõîæäåíèþ ôóíêöèè
Φ(x) ïî ôîðìóëå (5) è ðåøåíèþ ëèíåéíîé ýëëèïòè÷íîé (ñ ïîñòîÿííûìè êîýôôèöèåíòàìè)
çàäà÷è (6) ñ óñëîâèÿìè (7).

2. Èòåðàöèîííûé ïðîöåñ äëÿ îïðåäåëåíèÿ u(x)

Äàëåå äëÿ ïîèñêà ôóíêöèè u (è òåì ñàìûì ôóíêöèè w � ðåøåíèÿ çàäà÷è (1), (2)) ðàñ-
ñìîòðèì èòåðàöèîííûé ïðîöåññ, èíòåðïðåòèðóåìûé â äàëüíåéøåì, êàê ìåòîä ïðîñòîé èòå-
ðàöèè äëÿ îïåðàòîðíîãî óðàâíåíèÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå. Çàäàäèì ïðîèçâîëüíî

ôóíêöèþ u(1) ∈
◦
W

(1)
2 (Ω) (ìîæíî ïîëîæèòü u(1) ≡ 0), à ïîñëåäîâàòåëüíîñòü

{
u(k)

}
ïîëó÷èì,

ðåøàÿ âàðèàöèîííûå çàäà÷è (η ïðîèçâîëüíàÿ ôóíêöèÿ èç
◦
W

(1)
2 (Ω)):

íàéòè u(k+1) ∈
◦
W

(1)
2 (Ω) ïðè k = 1, 2 . . . :∫

Ω

(
∇u(k+1) , ∇η

)
dx =

∫
Ω

(
∇u(k) , ∇η

)
dx− τ

∫
Ω

(
g(x,∇u(k) +∇w0)−G∇w0 , ∇η

)
dx.

Ëåììà 1. Ïóñòü îòíîñèòåëüíî ôóíêöèè g(x, λ) : Ω×Rn → Rn âûïîëíåíû óñëîâèÿ 1)� 4),

ôóíêöèÿ v ïðîèçâîëüíàÿ èç ïðîñòðàíñòâà W
(1)
2 (Ω), à w0 = Φ + u0. Òîãäà âåêòîð-ôóíêöèÿ

P (x) ≡ g(x,∇v(x) +∇w0(x))−G∇w0(x) ïðèíàäëåæèò ïðîñòðàíñòâó [L2(Ω)]n.

Òàêèì îáðàçîì, èíòåãðàëû, âõîäÿùèå â îïðåäåëåíèå èòåðàöèîííîãî ìåòîäà äëÿ ïîèñêà
ôóíêöèè u, îãðàíè÷åíû.
Ñ öåëüþ èññëåäîâàíèÿ ââåäåííîãî èòåðàöèîííîãî ïðîöåññà ñôîðìóëèðóåì åãî â îïåðàòîð-

íîì âèäå. Äëÿ ýòîãî ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó íà ïðîñòðàíñòâå V =
◦
W

(1)
2 (Ω) :

(u, η)V =

∫
Ω

(∇u,∇η) dx , ‖u‖2V =

∫
Ω

|∇u|2 dx ∀u, η ∈ V.

Èç ëåììû 1 ñëåäóåò, ÷òî äëÿ ôóíêöèè u ∈ V è ïðîèçâîëüíîé ôóíêöèè η ∈ V îïðåäåëåíà
ëèíåéíàÿ è íåïðåðûâíàÿ ïî η ôîðìà (ôóíêöèîíàë lu : V → R1)

lu(η) =

∫
Ω

(g(x,∇u+∇w0)−G∇w0 , ∇η) dx.

Ïî òåîðåìå Ðèññà�Ôèøåðà ñóùåñòâóåò ýëåìåíò èç ïðîñòðàíñòâà V (îáîçíà÷èì åãî H(u))
òàêîé, ÷òî (H(u), η)V = lu(η) äëÿ ïðîèçâîëüíîé ôóíêöèè η èç ïðîñòðàíñòâà V . Ââåäåì
îïåðàòîð H : V → V :

(Hu, η)V =

∫
Ω

(g(x,∇u+∇w0)−G∇w0 , ∇η) dx.

Òîãäà èòåðàöèîííûé ïðîöåññ äëÿ íàõîæäåíèÿ ôóíêöèè u çàïèøåì â âèäå

(uk+1, η)V = (uk, η)V − τ(Huk, η)V ∀η ∈ V,

èëè, áîëåå êîðîòêî, â îïåðàòîðíîì âèäå

uk+1 = uk − τHuk. (8)
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Òàêèì îáðàçîì, ðàññìàòðèâàåìûé èòðåðàöèîííûé ìåòîä åñòü ìåòîä ïðîñòîé èòåðàöèè äëÿ
ðåøåíèÿ óðàâíåíèÿ Hu = 0. Çàïèøåì ýòî óðàâíåíèå â âàðèàöèîííîì âèäå∫

Ω

(g(x,∇u+∇w0)−G∇w0 , ∇η) dx = 0 ∀η ∈ V. (9)

Âñïîìíèì, ÷òî äëÿ ïîèñêà ôóíêöèè w0 èñïîëüçîâàëîñü âàðèàöèîííîå ðàâåíñòâî (3), ïîëü-
çóÿñü (9), ïîëó÷èì ðàâåíñòâà∫

Ω

(g(x,∇u+∇w0) , ∇η) dx =

∫
Ω

(G∇w0 , ∇η) dx = qη(0) ∀η ∈ V.

Ïîñêîëüêó ôóíêöèÿ u èç
◦
W

(1)
2 (Ω), à w0 óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ (4), òî ôóíêöèÿ

w = u+ w0 ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è (1), (2).
Äëÿ îïåðàòîðà H ñïðàâåäëèâà

Ëåììà 2. Ïóñòü îòíîñèòåëüíî ôóíêöèè g(x, λ) : Ω×Rn → Rn âûïîëíåíû óñëîâèÿ 1)� 4).
Òîãäà äëÿ îïåðàòîðà H âûïîëíåíû óñëîâèÿ

ñèëüíîé ìîíîòîííîñòè

(Hu−Hv, u− v)V ≥ m‖u− v‖
2
V ,

Ëèïøèö-íåïðåðûâíîñòè

‖Hu−Hv‖V ≤M‖u− v‖V .

Èñïîëüçóÿ ëåììó 2 è ðàññóæäåíèÿ, àíàëîãè÷íûå äîêàçàòåëüñòâó òåîðåìû 3.4 ([2], ñ. 104),
ïîëó÷àåì êëþ÷åâîé ðåçóëüòàò íàñòîÿùåé ðàáîòû.

Òåîðåìà. Ïóñòü îòíîñèòåëüíî ôóíêöèè g(x, λ) : Ω × Rn → Rn âûïîëíåíû óñëîâèÿ 1)�
4). Òîãäà èòåðàöèîííûé ïðîöåññ (8) ñõîäèòñÿ â íîðìå V ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé

ïðîãðåññèè ñ ïîêàçàòåëåì q = q(τ) =
√

1− 2mτ +M2τ2 < 1, åñëè τ âûáðàíî èç èíòåðâàëà

(0, 2m/M2) ñïðàâåäëèâà îöåíêà

‖uk − u‖V ≤
qkτ

1− q
‖Hu0‖V .

Çàêëþ÷åíèå

Â äàííîé ðàáîòå ðåøåíèå êðàåâîé çàäà÷è (1), (2) ïðåäñòàâëåíî â âèäå w = Φ + u0 + u.

Ôóíêöèÿ Φ(x) ∈ W (1)
1 (Ω) èìååò ÿâíûé âèä è ÿâëÿåòñÿ ðåøåíèåì ëèíåéíîé ýëëèïòè÷íîé (ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè) äèôôåðåíöèàëüíîé çàäà÷è ñ èñòî÷íèêîì èíòåíñèâíîñòè q.

Ôóíêöèÿ u0 ∈ W
(1)
2 (Ω) íàõîäèòñÿ èç ðåøåíèÿ ýëëèïòè÷íîé îäíîðîäíîé êðàåâîé çàäà÷è

(6) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è êðàåâûìè óñëîâèÿìè (7). Äëÿ ïîèñêà ôóíêöèè u(x)
èñïîëüçîâàí èòåðàöèîííûé ïðîöåññ (8) (íà êàæäîì øàãå íåîáõîäèìî ðåøàòü óðàâíåíèå

Ëàïëàñà), ñõîäÿùèéñÿ â íîðìå
◦
W

(1)
2 (Ω) ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè.

Â êà÷åñòâå ïðèìåðà êðàåâîé çàäà÷è (1), (2), äëÿ êîòîðîé âûïîëíåíû ïðåäïîëîæåíèÿ 1)�
4), ïðèâåäåì çàäà÷ó èç òåîðèè ôèëüòðàöèè íåñæèìàåìîé æèäêîñòè â äâóõ- è òðåõ-ìåðíîì
ïðîñòðàíñòâàõ, ñëåäóþùåé íåëèíåéíîìó çàêîíó

g(x, λ) =
|λ|+ κ(x)[ |λ| − µ(x) ]+

|λ|
λ , (10)
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ãäå ôóíêöèè µ, κ : Ω→ R èçìåðèìû è îãðàíè÷åíû, à ôóíêöèÿ [ · ]+ � "ñðåçêà":

0 6 µ(x) 6 µ, −1 < κ 6 κ(x) 6 κ, [ s ]+ =

{
0 , s < 0;
s , s ≥ 0.

Ââåäåì ôóíêöèþ p(x, s) ≡ s + κ(x)[ s − µ(x) ]+, òîãäà g(x, λ) = p(x, |λ|)|λ|−1 λ. Î÷åâèäíî,
äëÿ âñåõ x ∈ Ω ôóíêöèÿ p(x, s) ñèëüíî ìîíîòîííà ïî s ≥ 0 ñ êîíñòàíòîé m = min{1, 1 + κ}
è Ëèïøèö-íåïðåðûâíà ñ êîíñòàíòîé M = max{1, 1 + κ}. Òîãäà è ôóíêöèÿ g(x, λ) äëÿ âñåõ
x ∈ Ω ñèëüíî ìîíîòîííà è Ëèïøèö-íåïðåðûâíà ïî λ ∈ Rn ñ òåìè æå êîíñòàíòàìè m è M .
Òàêèì îáðàçîì, óñëîâèÿ 1) è 2) âûïîëíåíû, óñëîâèå 3), î÷åâèäíî, èìååò ìåñòî. Ïîêàæåì
òåïåðü, ÷òî âûïîëíåíî óñëîâèå 4).
Ïóñòü ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå r, c è β > 0 ïðè n = 2, β > 0.5 ïðè n = 3

òàêèå, ÷òî âûïîëíåíî óñëîâèå

|κ(x)− κ(0)| ≤ c |x |β ∀x ∈ Br(0) ⊂ Ω, (11)

ò. å. ôóíêöèÿ κ íåïðåðûâíà ïî Ã¼ëüäåðó â íà÷àëå êîîðäèíàò (â òî÷êå ñîñðåäîòî÷åíèÿ èñ-
òî÷íèêà) ñ ïîêàçàòåëåì β, òîãäà â îêðåñòíîñòè íóëÿ Br(0) ñïðàâåäëèâà îöåíêà

|g(x, λ)− (1 + κ(0))λ| =
∣∣∣∣(κ(x)− κ(0))[|λ| − µ(x)]+

|λ|
λ+

κ(0)([|λ| − µ(x)]+ − |λ|)
|λ|

λ

∣∣∣∣ 6
6 |κ(x)− κ(0)| |λ|

∣∣∣∣ [|λ| − µ(x)]+
|λ|

∣∣∣∣+ |κ(0)([|λ| − µ(x)]+ − |λ|)| 6 c |x|β |λ| + |κ(0)|µ.

Òàêèì îáðàçîì, ôóíêöèÿ, îïðåäåëåííàÿ â (10), óäîâëåòâîðÿåò óñëîâèþ 4) ñ α = β è ìàòðè-
öåé G = (1 + κ(0))I (I � åäèíè÷íàÿ ìàòðèöà).
×àñòíûì ñëó÷àåì (10) ÿâëÿåòñÿ ëèíåéíûé çàêîí. Ïóñòü g(x,∇w(x)) = c(x)∇w(x) è âû-

ïîëíåíî íåðàâåíñòâî 0 < c 6 c(x) 6 c. Òîãäà, ïîëîæèâ µ(x) ≡ 0, κ(x) = c(x)− 1, κ = c− 1,
è ïðåäïîëàãàÿ âûïîëíåííûì óñëîâèå Ã¼ëüäåðà (11) äëÿ ôóíêöèè c(x) ñ óêàçàííûìè âûøå
äëÿ n = 2, 3 ïîêàçàòåëÿìè, ïîëó÷èì óñëîâèå 4) ñ ìàòðèöåé G = c(0)I.
Äðóãèå ïðèìåðû íåëèíåéíûõ êðàåâûõ çàäà÷ ñ òî÷å÷íûì èñòî÷íèêîì â ïðàâîé ÷àñòè ïðè-

âåäåíû â [3]�[5].
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O.A. Zadvornov, G.O.Trifonova

Iterative method for solving a non-linear edge problems with a point source

Abstract. In this paper, we consider the �rst boundary value problem for a quasilinear equation in
a bounded domain with a point source. The solution of the problem is sought in the form of the
sum of three functions. The �rst function is represented explicitly and is the solution of a linear
equation with a point source with constant coe�cients. The second function is found from the
solution of a linear homogeneous boundary value problem with constant coe�cients. To search for
the third function an iterative process is used that converges strongly in the Sobolev space at the
rate of a geometric progression.

Keywords: point source, non-linear boundary value problem, iterative process.
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