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BBEJAEHHUE

JlaHHBIE ¢ TTPOCTPAHCTBEHHOM TMPUBSA3KOW (B BUAC KOOPAMHAT)
YacTO MCHOJB3YIOTCSA B 9KOJOTHH, JIECOBEIEHUH, T€OJIOTUA U IPYTHX
Haykax o 3emje, OCOOCHHO B HACTOAIIEE BpeMs, KOrJa TOYHbBIE
reorpapuueckue KOOPAMHATHI MOKHO ONPENENSTh C IOMOIIBIO
YCTPOWCTB CHCTEMBI TioOasbHOTO reomno3uimonupoBanus (Global
Positioning System, GPS). Ilpumepamu Takux AaHHBIX SIBISIOTCS
MECTOIOJIOKEHHUST ~ OTHAEJbHBIX JIEPEBhEB B JIECCHOM MAacCCHUBE,
KOOpAMHATBHl NTHYbUX THE3N, KOOPAMHATHI BCIBIIIEK 3a00JIeBaHUM,
SMUIIEHTPOB  3E€MJICTPSACEHUH, KpaTepoB  BYJIKAHOB, TI€H3€pOB,
MECTOIOJIOKEHUS apXEOJIOIrMYECKUX HaXO/I0K U T.1.

OO6muM I BCeX 3THX JAHHBIX SIBISETCS TO, YTO YUCIO H
pasMenieHre 3aUKCUPOBAHHBIX HCCIEIOBATENEM COOBITHI WiIH
00BEKTOB MOXHO paccMaTpuBaTh KaK pe3ylnbTaT JIeUCTBUSA
HEKOTOPBIX  CTOXaCTMYECKUX  (CIydyalHBIX,  BEPOSTHOCTHBIX)
MexaHu3MoB. Hampumep, uisi pacTeHMIl TaKMMH CTOXaCTHYECKUMU
MeXaHU3MaMH, ONPEIENIOIUMUA UX TMOSBICHHE U CYIIECTBOBaHUE,
MOTYT CUUTAThCSI IUCCEMUHAIMS (paccestHue CeMsiH), KOHKYPEHLHs,
JecHble TOXapbl. TepMUH CTOXaCTUYECKUH B KOHTEKCTE H3y4UEHUs
MPOCTPAHCTBEHHOTO pa3MenieHust 00BEKTOB O3HaYaeT
HEBO3MOXKHOCTh MpeAyrajiatb TOYHO, CKOJBKO HMEHHO OOBEKTOB
BCTPETUTCS Ha MCCIEAYEMOM IJIOMIAJAN U KAKOBbI OyIyT KOOPJIWHATHI
3TUX 00BEKTOB — BCE ATO CITy4YaiHbIE BEIIUYUHBI.

[lenr wu3ydeHus HAOIIOMAEMOTO pa3MENICHUS OOBEKTOB WIIU
MOSIBJICHHUS ~ COOBITHM  3aKiIo4aercss B  ONpEAENICHUH CBOWCTB
MPOCTPAHCTBEHHOTO  TOYEYHOro  mporecca,  (GOPMHUPYIOLIETO
HCCIIElyeMbId  MPOCTPAHCTBEHHBIM  PUCYHOK. BoT  mpumepsl
TpPaJULHOHHBIX BOIIPOCOB:



= CyuiecTByeT U TeHIASHIMS K ((OPMUPOBAHUIO CHCTEMAaTHYECKOTO
pUCYHKa B pa3MEIIEHHH OOBEKTOB HAa HM3ydyaeMOW TeppuTopun?
Nnu  mpocTpaHCTBEHHBIM  PHCYHOK  aOCOJIOTHO  CIydaeH,
XaoTH4eH?

- MoxHO 5u yTBEp)KIaTh, YTO JJIS HPOCTPAHCTBEHHOTO PHUCYHKa
XapakTEepHO HaJIM4YME arperanuii (CKorieHui) oO0bexToB? Wim,
HAaoOOpOT, pa3MmenieHrne OOBEKTOB  TOKA3bIBa€T  HAIMYHUE
perynspHocTa (paspexenuid)? KakxoB macmra® HaOIH01aEMBIX
HEOJHOPOTHOCTEMN?

- CKoJIBKO B CpelHEM OOBEKTOB NMPUXOJUTCS HA €IUHUILY IJIOIIAAH
niu, BbIpaXKasACh MaTeMaTU4YCCKUM A3BIKOM — KaKoOBa

MHTEHCUBHOCTb TOYEUHOTO Ipoiiecca?

- IloctosiHHA 1M HMHTEHCHUBHOCTH TOYEYHOI'O nmponoecca HiIM €€

BEJIMUYMHA BapbUPYET B IPOCTPAHCTBE?

- CyH_ICCTByeT JIN MMpOCTPAHCTBCHHAA 3aBUCUMOCTDH MCKOY
coobitusiMu?  CBsi3aHO 1M TIOSIBJICHWE OJHUX OOBEKTOB C
HammureM aApyrux? ITlposiBisieTcst 7TM 9Ta 3aBUCHMOCTh Kak
dacunuTanus Wi Kak HHruoupoBaHue?

- Kakasg Mozmens agekBaTHO ONIKCHIBAET HaAOIIOMAEMBIN TOYEYHBIN
PpUCYHOK?

[ToMuMO  TPOCTPAHCTBEHHBIX KOOPAWHAT COOBITMA  WJIH
00BEKTOB, COOpaHHBIE HCCIEIOBATEIEM JaHHBIE MOTYT COJEpXKaTh
JOTIOJTHUTENLHYI0 HH(POpMAIIHIO, TaKyI0, KaK TUaMEeTp CTBOJIA IepEBa,
YHCJIO SUIl B THE3JE, CTENEHbh THKECTH 3a0ojeBaHus U T.N. B aToMm
CIydae HCCIICIOBATENs] MOXKET HMHTEPECOBAaTh BOIPOC, BIMSIET JIH
B3aMMOPACIIOIOKEHNE JepeBLEB / THE3/T / MHPEKIIMOHHBIX
3a00eBaHUN Ha JUAMETP CTBOJIOB / UHCIIO SIUI] / CTETICHb TSHKECTH
3a0o05eBanusg?



C mo3unuy TNPOCTPAHCTBEHHBIX 3aBUCUMOCTEH MOXKET ObITh
UCCIIEIOBaHA  MEXBHAOBAas W  BHYTPUBUAOBas  KOHKYpPEHLHS,
u3ydaemasi SKOJIOTMEW pAaCTeHUW M >KMBOTHBIX. MHOIro mnpumepoB
U3y4YeHHUS TPOCTPAHCTBEHHBIX B3aUMOJICHCTBUI B  MEAMIIMHE,
O0COOEHHO B AMHUAEMHUONIOTUU. Tak, Mpu HaJUYUU MPOCTPAHCTBEHHOU
uHpopmanun 00 WHGPEKIMOHHBIX 3a00JICBAaHUSAX  HCCICIYETCS
3aBHCHUMOCTh CIIy4yaeB MOSIBICHUS HWH(MEKIMOHHBIX 3a00JeBaHUI OT
JIPYTUX MPOCTPAHCTBEHHO pPACIpe/ieICHHBIX COOBITUN WM OOBEKTOB,
TaKUX, KaK MecTa pPa3MHOXXEHUsI U arperanuii HaceKoMbIX. MOXHO
NPUBECTH AHAJOTUYHBIE MPHUMEPHl U3 TEOJOTMH, KOTJa H3y4yaroTcs
TEHJCHIIUU TOSABIEHUS COOBITUHA MU OOBEKTOB BIOJIb HEKOTOPBIX
JIMHUM, HAaTPUMEP, BOSHUKHOBEHHUE 3€MJIETPSICEHUI U T€M3€pOB B 30HE
Pa3IOMOB WJIM BJIOJIb TUHEAMEHTOB.

Pa3mernienne n3ydaemMbix COOBITHI M OOBEKTOB B IPOCTPAHCTBE
a0CTPaKTHO MOXET OBITh MPEICTABICHO B BUAC MPOCTPAHCTBEHHOTO
pa3MeIeHnsl TOYEeK, KOTOpPOe Ha3bIBACTCS TOUYEYHBIM 00pazom
(maTTepHOM, PUCYHKOM). B 0anHoM nocobuu npedcmasieHvl Memoobl,
npeoHasHavenuvie OJisl AHANU3A MOYEUHbIX 00PA308 U MOOETUPOBAHUS
NPOCMPAHCMBEHHBIX MOYEYHbIX NPOYECcos, DOpMUpYIowux mu
00pasoi.

BAXHO: He xaxapie MpOCTPaHCTBEHHBIE JaHHBIE MOTYT OBITh
U3yYeHbl METOJaMH aHajh3a TOYECYHBIX O0O0pa3oB. OTH METOIBI
NPUMEHSIOTCSI TIPYU M3YYCHUH MPOIIECCOB, CO3MAIOIIMX Pa3MEIICHHE
JTUCKPETHBIX OOBEKTOB WM COOBITHIA. M3MepeHHs: CBOWCTB TaKHX
O00BEKTOB MOTYT OBITh TOJXYYEHBI TOJBKO B HEKOTOPHIX TOYKaX,
KOTOpBIE MPENONpPECICHbl caMUM TpoleccoM. Hampumep, aumametp
JiepeBa MOXKET OBITh U3MEPEH TOJBKO B TOM MECTE, TJE €CTh JIEPEBO,
YHCIIO SIUIl MOKET OBITh IOJCYMTAHO TOJILKO TaM, TJIe WMeEeTcs



rHe370, HO HE B JIOOOM MECTOMOJOXKEHUH IO  IKEJIAHUIO
uccienoparenss. TonbKO — JaHHbIE  TaKOW  OPHUPOABI  MOTYT
HCCJIEIOBAThCSI METO/IaMU aHAJIM3a TOYEUHBIX 00Pa30B.

B o10if  cBA3M  clenyeT TNOHUMATh  PAa3IU4YUE  MEXKIY
MPOCTPAHCTBEHHBIM TOYEYHBIM IMPOLIECCOM M MPOCTPAHCTBEHHOU
ciayuaitHoi GyHKImen (Miau ciaydaiHbIM mojiem). CioydaiiHoe moje —
9TO  MOJedb  SBIIEHHUS, HENPEPHIBHO  paclpeiesieHHOro B
IPOCTPAHCTBE, HANpUMEp — BBICOTa penbeda, Mmojie Temmeparyp,
collep’)kaHuE XUMHUYECKUX JJieMeHTOB B mouBe. [Ipum sToM, XOTsS
SBJIEHUE TPOCTPAHCTBEHHO HEMPEPHIBHO, IMOJIEBBIE JAHHBIE MO €ro
M3y4YeHHUIO OOBIYHO MPEJCTABIICHBI B BHJIE HaOOpa TOUEK, PETyJISIPHO
WIM CcIoy4yailHO pa3MelIeHHbIX B mpocTpaHcTBe. IIpumepom Takux
JAHHBIX MOTYT OBITh TOYKH, TJe OblIa M3MEpeHa BBICOTa peibeda,
TEeMIepaTypa, ONpejaesieHa KOHIIEHTpAIMsl XUMUYECKOrO 3JIEMEHTa B
noyBe. YucCio 3TUX TOYEK U MX PACIONIOKEHHE ONpeeisieTcs
yenoBekoM. MccienoBarenb caM BBIOMPAET MECTOIOJIOKEHUS, TJe
3aJI0’)KUTh TECTOBBIE IUIOIIAAKA M HU3MEPHUTh BBHICOTY peinbeda,
TeMIIepaTypy, oToopath mpooOs! (puc. 1). JlanHbIe, TOTyYEHHBIC TAKUM
crocoboM, OTpa)kaloT 3aKOHOMEPHOCTH  SIBIIGHUH, HENpPEpPHIBHO
pacmpeneNieHHbIX B MPOCTPAaHCTBE, W  HW3YyYalOTCS METOJaMU
reoCTaTUCTUKH, HO HE METOJaMH aHaliu3a TOYEYHBIX OOpa3oB U
TOUYEYHBIX MPOLIECCOB.

Tem He MeHee, MeTO/Ibl aHaJIN3a TOYEUHBIX 00pa30B MOTYT OBITh
MOJIE3HBI U TPU HM3YUEHUM CIy4yailHbIX MMoJieH, a MMEHHO Ha JTare
IJIAaHUPOBaHWST OTOOpa MpoO WIM aHalu3a MPOCTPAHCTBEHHOTO
Iu3aiiHa WMEIOIIeHcs BBIOOPKHU. [[1s1 HEKOTOPBIX BUAOB 00pabOTKH
JMaHHBIX W CTATUCTHUYECKHUX BBIBOJOB O 3aKOHOMEPHOCTSX SIBJICHHIA,
HENPEPBIBHO paclpeiefieHHbIX Ha U3y4aeMOl TeppUTOpUH, TpedyeTcs
MoJiHAsl  CIY4YallHOCTh pPAcloNOXKEHHs] B  IMPOCTPAHCTBE TOYEK
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uzMepenus. [loaTomy HE0OXOAWMO HE TOJIBKO YMETh TECTHPOBAThH
TaKyl CIYyYaiHOCTh W TPOBEPSTh, YTO OTCYTCTBYIOT 3HAYHTEIBHBIC
CTYIIIEHUs TPOOHBIX TUIONIAJIOK (KIacTepu3alus), HO TakKKe U yMETh
TCHEPHPOBATh CIy4YallHOE pa3MelIeHHe TOYEK ISl TUTAHUPOBAHHS
MecT otOopa.

g;; R
A éﬁxéi@ > ﬁ;zﬁ
R A x
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[ ] [ ] o °
° L)
° o 4 .
Puc. 1. A:  MecTononoXeHUs  IUCKPETHBIX  OOBEKTOB

OTIPENEIIAIOTCSl TOYCYHBIM TIPOLIECCOM; B XOJe OO0CIeIOBaHUS
YCTaHOBJICHBI KOOPIAMHATHI BCEX OOBEKTOB Ha HU3y4aeMOM
TeppuTOpuu. B 3TOM ciydae mns MCCleOBaHUS HAOIIOJAEMOTO
pasMenieHns OOBEKTOB MOTYT OBITh HWCIOJIB30BAHBI METOJBI
aHaJ3a TOYeUHBIX 00pa3oB.

b: Jlannble momy4yeHbl B pe3yibTare OTOOpa Mpod B TOYKax
MPOCTPAHCTBA, BBIOpAaHHBIX  HccienoBareneM. [lomydeHHBIH
PHCYHOK TOYEK BBIOOPKH MOXET OBITh M3Y4YeH METOJaMU aHaNN3a
TOYEYHBIX 00Pa30B, HO CBOWCTBA MCCIIELYyEeMOTO SBJICHUS JOJDKHBI
M3y4aThCs METOJAaMU F€OCTATUCTUKU.



OCHOBHBIE OIIPEJAEJIEHUA

B Teopum MpOCTpaHCTBEHHBIX TOUYEYHBIX IMPOIECCOB HAJIHUYUE
00BbEKTa B HEKOTOPOM TOYKE HCCIEAYyeMOW 00JIaCTH MPOCTPAHCTBA
Ha3bIBaeTCs cobvimuem. Kaxmmoe coObITHE MOYKHO paccMaTpUBaTh Kak
TOYKy B mpocTpaHcTBe. COOBITHS MOTYT MpPEICTABIATH ICPEBbS,
THE3/1a, SMUIEHTPBI 3eMJICTPSICEHUH, OYard BO3HUKHOBEHHS HOBBIX
CJIy4aeB TPHIIIA U T.J1.

Ecnu Habop maHHBIX OTpakaeT MH(POPMAIMIO O pa3MEIICHUHN B
NPOCTPAHCTBE IUIOIMIAAHBIX OOBEKTOB, HANpPHUMEp, JIECHBIX WA
JaHamAadTHHIX BBIIECIOB, OKOH BO30OHOBJICHHUS B JIECCHOM TIOKPOBE, TO
94acTO W 9TH JaHHBIE MOTYT OBITh MPEJCTABICHBI TOYKAMH, KaK €CIIH
Obl  TUIOMIAJHBIE OOBEKTHI OBUIM  PACCMOTPEHBI B  Oojee
reHepaIM30BaHHOM MaciTabe (HampuMmep, B MacmTabe BCETo
naummadTa)'.

CoOBITHST MOTYT pacroyiaratbCsi Ha IUIOCKOCTH (IBYMEPHOE
npocTtpancTBo, 2D), Ha 3eMHON moBepxHOCTH, B 3D oObeme. D10
MOTYT OBITh TOYKH B MPOCTPAHCTBEHHO-BPEMEHHBIX OCSIX, HallpUMeED,
KOOPIWHATHl W BpEMs BO3HUKHOBEHUS SIHUIICHTPA 3EMIICTPSCCHHS.
OpHako B JaHHOM TmocoOMM He OymyT 3aTparuBaThCsi BPEMCHHAs
COCTABIISIONIAs] TOYEYHBIX IPOILECCOB WU TPEXMEpHBIC CIy4ad, -
OTPaHUYHMMCSl IBYMEPHBIM TPOCTPAHCTBOM (MECTOIIOJIOKEHHS TOYEK

! 3aMeTuM, YTO MOHSATHS MEJIKOrO M KPYIMHOro Maciitaba B OHOJIOTHU 4YacTo
TpaKkTylOTCsl WHa4de, 4eM B reorpaduu. C OUOJOTHMYSCKOW TOYKH 3PCHHS: YeM
MEHBIIE pa3Mep U OOJIbIIEC IETaNbHOCTh W3y4YacMbBIX BapHalUil, TEeM MCHbIIEC
MacmrTad, B KOTOpOM OHHU HaONIOAAIOTCsI, U HA000pOT, OONbBIINE, MPOTSKEHHBIC
3JIEMEHTHI CTPYKTYPBI HA3bIBAIOT KPYITHOMACIITAOHBIMHU. | corpadudeckas e ToUKa
3pEHHS Ha MMOHATHSA MEJIKOrO M KPYITHOro Maciutaba oOpaTHa TOM, Y4TO NMPHHSATA B
OHOJIOTHH.
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bukcupyoTcst B IByMepHO# cucteMe KoopAauHat). O003HaUUM yepes
S o6macte wucciemoBanmii, S < R*, R? - JBYMEPHOE €BKJIUJI0BOE
MPOCTPAHCTBO (TUIOCKOCTB ).

IIpocmpancmeennolii moueunwiii npoyecc X B 00JaCTH S — 3TO
CIIy4aliHOE CYETHOE MOJMHOXECTBO COOBITHH (TOUEK) B obOyactu S.
Ywuciio coObITHIT M MX MECTOHAXOXKICHUS CIy4YalHBl M 3aBHCSIT OT
CBOMCTB mpoliecca. ITO MOHATHE HCIOIb3YeTCS KaK MaTeMaThdecKas
(BepOsITHOCTHAsl,  CTOXAacTUYecKas) MOJeNb,  MpPEeICTaBIsIONIast
peasbHO CYIIECTBYIONIUNA TMPOCTPAHCTBEHHBIM (PEHOMEH, KOTOPHBIMA
paccMaTpuBaeTCs Kak Cly4ailHbIN.

Toueunwiii 06pa3 X (4acTO €r0 HA3BIBAIOT MOYEUHbIU NAMMEPH,
point pattern) — 3To peanau3amus TOUSYHOTO IpoIlecca WiH, IPYTUMU
cioBamMH, HaOOp cOOBITUH (X7, X2, ..., Xn), 3a(UKCHPOBAHHBIX B
ucciaenyemorr  obmactu  S.  OOo3HaUGHHE X; COOTBETCTBYET
MECTOTIOJIOKEHHIO (TOUYKE) i—OT0 COOBITUS U CONEPKUT HH(POPMAITHIO
0 ero koopauHartax: x; = (X;i, Yi). To ectb X=(x7, X2, ..., Xn) —
(dbuKcupoBaHHAs KOMOMHAIUS TOYCK, T1e X; € S, i=1, ..., n.

B nanHOM mocoOum MBI Bcerga OyneMm mpeanojararb, 4TO
obnacte S orpaHuueHa, a aro0as peanm3anus Impoiecca X KOHEYHa.
Takoil TOUeUHBIN MPOIIECC HAZBIBAECTCS KOHEUHbIM.

Huorna HUCCIIEIOBATEIN o0JagaroT JOIIOJTHUTEILHOU
nH(popMalren, OTHOCAIIEHCS K KaKIOMYy COOBITHIO. B 3TOM ciiyuae
Ha0Op COOBITHI ONMHCHIBACTCS MAPKUPOBAHHHIM TOYCUHBIM OOpa3OM.
OH mpexacraBmsieTcss B Bujue Habopa BekTopoB {(Xi, Vi, mi)},
OTpeNeNAomux ~ Mectonoysiokenne  x;= (X;, ¥Y;)) B oOmactu
HaOMOIeHUsT U MemK)y m; coObiTus. Hampumep, B HcclieJOBaHUAX
JIECHBIX HJKOCHUCTEM MECTOIOJOXKEHHE X; MOXET MPEeACTaBIAThH
KOOpAMHATHl CTBOJIA JEepeBa, a METKH MOTYT XapaKTepu30BaThb BH/I,
M0JI, BO3PACTHYIO I'PYHILy, CTENEHb MOPaXEHUs JEpPEBa BPEIUTEIIEM.
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MeTku 9acTo OBIBaIOT KaTerOpUabHBIMU (HOMUHAIBHBIMH, PUC. 2 A),
OpAMHAJIBHBIMH, HO MOTYT OBITh M CKAaJSIPHBIMH (HAaIIpHMep, BO3pacT
i pasmep o0bekTa, puc. 2 b). MeTku MoryT ObITh MHOTOMEPHBIMH,
HanpuMep, IPU U3YYCHUH JACPEBHEB YaCTO YKA3bIBACTCS U TUAMETP, U

nopoza.
o w .ibd O.l g ° ° °Q)§ % RS
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Puc. 2. Unmroctpanusi MapKUpOBaHHOTO TOUYEYHOTO 00pa3a.

A: Toueunslii 00pa3 pa3MelieHUs ABYX IMOPOJI IEPEBBEB, «METKa»
SIBJISIETCSI  KaTeropuajbHON TMEepeMEHHOM, Ha pHUCYHKE IIOKa3aHa
pa3HBIMH 3HaYKaMHU B COOTBETCTBUH C MOPOIOH NepeBa;

b: Toueunsli 00pa3 pa3MmemieHHs JEPEeBBEB, «METKa» SBIACTCS
CKaJISIPHOM MEepeMEeHHOM, MoKa3aHa pa3MepOM 3HaYKa B COOTBETCTBHH C
JMaMEeTPOM CTBOJIA.

HeoOxomuMo TOHMMATH OTJIMYME TOYEUHBIX MPOILECCOB U
TOYeYHBIX 00pa3oB. IIporecc — 3TO TeopeTHyeckas CTOXacTUYECKas
MoOJieTh (YUCIIO COOBITHI U MX KOOPAMHATHI SIBJISIOTCS CIyYalHBIMU
IIEPEMEHHBIMHA, HEU3BECTHO TOYHO, TJ€ U CKOJIBKO TOSBUTCS
coOBITHIf), TOT/Ia KaK HAOIIOJaeMbIii TOUCYHBIN 00pa3 — 3TO OJHA W3
BO3MOXKHBIX peanu3aluid mpoiecca (Kaxaas ciiydaiiHas nepeMeHHas
NPHUHSJIA OJHO KOHKPETHOE 3HAYCHHE: MOJYYEHO KOHKPETHOE YMCIIO

COOBITHI U KOOPIAWHATHI UX U3BECTHBI).
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[Ipu wu3yueHum TOUYeHUHOTO oOOpa3a IMpenrnoyiaraercsa, 4YTo B
obJyacTu S CyIecTByeT HEKHil IPOCTPAaHCTBEHHBIN TOUCUYHBIN MPOIECC
X, a HaOmromaemblii TOYEUHBIH 00pa3 X SBISAETCS OJHOM M3 €ro
peanu3anui.

Tak, B ciayyae ¢ JAepeBbSIMH MOJEJIb TOYEYHOrO Ipolecca
OMKCHIBACT TMPUPOAHBIC SBJICHUSA, TMOPOXKAAIOIINE pPa3MeIleHue
NEPEBbEB - paccesHUe CEeMSH, KOHKYPEHTHbIE B3aWMOOTHOILIEHUS
MeXIy AepeBbsIMH. B ciyuyae ¢ THE3JOBBSIMH NTHUI] — 3TO SBIICHUS
MUTpAllMd U Pa3MHOXKEHHS NTUI B Ipupoae U T.A. Peanuzanueit
TOYEYHOI'0 TMpoIecca, TOYEUHBIM NATTEPHOM B JAHHBIX MpUMepax
OyIeT KapTa JEpEBbEB pealbHO CYIIECTBYIOUIETO Jeca WM KapTa
rHe3moBuid. Uucino coObITMH  (mEepeBbEB, THE3MOBHA) H  HX
MECTOIIOJIOKEHHS 3aBUCAT OT CBOMCTB TOUEYHOTO Mpoliecca.

Kakum e o0pa3oMm 3TH CBONCTBAa MOTYT OBITH OINHKCAaHBI, WIIH,
OpYyTMMH  CJIOBaMM, KaK  MOXET OBITh  OXapaKTepHU30BaHO
BEPOATHOCTHOE  MOBEJACHHE  IPOCTPAHCTBEHHOTO  TOYEYHOIO
npouecca?

Paccmotpum ciywaitnyto BenuuuHy Nx(B) — 4uciao coObITHH,
MOPOXKAAEMBIX TpOIleccOM X B MPOU3BOJBHON Mmojgo0iacTu B,
npuHaiekamein obmactu S (B<S) (puc. 3). BepostHocTHOE
MOBE/ICHHE MPOCTPAHCTBEHHOTO TOYEUHOTO TMpolecca (ero 3axoH
pacnpedeierus) ONMUCHIBACTCS MHOKECTBOM MHOTOMEPHBIX (DyHKITHA
pacnpeselieHuss HaOOpOB ClydalHbIX BenuduH {Nx(B)),...,Nx(Bx)}
It JIr000ro  IMOJOKHUTEIBHOrO IMHeJoro k£ W uia  JIro0oH

IPOCTPAaHCTBEHHOH KoHpuUrypamuu By,...,Bi, rae Bce B, C S.
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Puc. 3. [lpuBeneHHble Ha pHUCYHKE 4YHcIa COOBITHH Nx B KaKHOH
HO,Z[O6J]8.CTI/I BQS SABJIAIOTCA pCaiu3aluaMu CJ'Iy‘lafIHBIX BCINYHH
Nx(B).

B ornnume OT KIIACCHMYECKOW CTATHCTHKH, ISl HM3y4aeMOro
MPOCTPAHCTBEHHOTO (DeHOMEHa HEBO3MOXKHO MOJYYUTh MOBTOPHBIE
peanu3anmuu - HAONIOMAEMBId  TOYEUYHBIM  00pa3  yHHKaJCH.
JleficTBUTENbHOCTh YHUKANIbHA, U U3YYEHUE JIOJKHO OBITh IPOBEICHO
Ha OCHOBE OJIHOM €IWHCTBEHHOW pealu3alud. ITO BaXHOE
OrpaHMYEHUE  JUKTYeT  HEOoOXOJUMOCTb  CTAallMOHAPHOCTH U
3ProAUYHOCTH IIPOCTPAHCTBEHHOTO TOYEYHOI'O rporiecca.
[TpocTpaHcTBEeHHBIN Tponecc cmayuonaper (B CTPOrOM CMBICIIE),
€CJIM €r0 3aKOH PACIpECICHUS] NHBAPUAHTEH OTHOCUTENIBHO CJIBUIA.
To ecTh Bce CBOICTBa mpolecca OJAMHAKOBBI BO BCEX IMOJ00JACTIX
M3y4yaeMoro  MpocTpaHcTBa.  Ecim  3aKkOH  pacnpeneneHus
CTallMOHAPHOTO MPOLECCa MHBAPHUAHTEH U OTHOCHUTENIBHO IOBOPOTA,
TO TaKOW MpOIECC Ha3bIBaeTCs usomponuvim. [IpoCTpaHCTBEHHBIN
MPOLECC HA3bIBACTCSI 3IP200UUHLIM, €CIIM CpelHee [0 BCeM
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BO3MOXXHBIM ~ pealu3alysiM  paBHO  CpelHEeMYy  OTHEIbHOU
Oe3rpaHnvHON B mpocTpaHcTBe peanu3anuu (Cressie, 1993), koTopoe
Ha MPaKTHUKE 3aMEHSIETCS] CPETHUM IO UCCIIeayeMOi 00IacTH.

CTanMoOHapHOCTh M AProJWYHOCTh CIYYAHOTO TOYEYHOTO
mpolecca TO3BOJIAIOT  OLIEHHWBATh €ro CBOMCTBA M MOJydyaTh
JIOCTOBEPHbIE  CTAaTUCTUYECKHE BBIBOJBI HAa OCHOBE aHaIu3a
HaOJII0aeMOT0 TOYEYHOTO 00pa3sa.

Ha mpakTuke, npexie Bcero, B CHIy OIpaHUYEHHOCTH 00beMma
JMaHHBIX TPYAHO CJAENaTh HAJEKHbIE CTATUCTHUUECKHE BBIBOJABI O
3aKOHE pacrpeneieHus TodeyHoro mpouecca. [loatomy 00b1YHO
OTPaHUYMBAIOTCS OMHCAHMEM IOBEACHUS HCCIEyeMOro Iporecca B
TEPMHHAX €r0 CBOUCME nepeoco nopsoka (U3MEHEHHE CPEeIHUX B
MPOCTPAHCTBE) M CBOUCME 6Mopoco nopsioka (MPOCTPAHCTBEHHAsS
KOPPEJISALHS MPoIecca).
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CBOMCTBA IPOCTPAHCTBEHHOT' O
TOYEYHOI'O IPOLUECCA

Ceoiicmea nepgozo u 6mopozo nopAaoKa

HavanpHblif Kypc CTQTUCTUKM BBOAMUT TMOHSTHS MOMEHTOB
MepBOTO  (MAaTeMaTHYEeCKOEe OXXHIAHWE) W BTOPOTO  IMOPSAKOB
(mucnepcus, koBapuanus). B mpocTpaHCTBEHHON CTaTUCTHKE TaKKe
paccMaTpuBalOT CBOMCTBa MEPBOro M BTOporo mnopsiaka. CBoicTBa
MIEPBOTO MOPSAKA CBSA3aHBI C 0KUIAEMBIM YuciioM coObITuid E[Nx(B)],
rae Nx(B) — ciydaiiHasi BeIMYUHA, YUCIO COOBITHI B MPOU3BOIBHOU
nogoOnact  B. CBoiicTBa BTOPOro TOpSJKA  OMHUCHIBAKOTCS
koBapuanuer ciaydaiabix  BemwumH:  COV[Nx(Bi), Nx(B2)], wu
MOKa3bIBAIOT, CBSI3aHO JM 4ucio Nx(B;) coObituii B obmactu B; ¢
yucioM Nx(B:) cobbiTuii B obnactu B;. Tak kak MareMaTH4ecKoe
OXKHJaHWe YHciIa COOBITUH M KOBapualus OYEBHJIHO 3aBHCST OT
pasmepa momobiacTteid B, CBOWCTBa MEPBOrO M BTOPOTO TMOPSIKA
TOYEYHOI'0 TMpoIlecca XapaKTepU3ylOT Ha OCHOBE IIPEAEIbHOIO
MOBE/ICHUS ITUX BEJIMYMH, OTHECEHHBIX K €IMHUIIE TUIOIA M.

Humencuenocmo
CBolicTBa TEPBOTO TMOPSIAKA OMUCHIBAIOTCS UHMEHCUBHOCTbIO
A(x), KoTOpasi onpe/esicHa Kak 0KHIaeMOe YHCIIO COOBITHIA mporiecca
X B OKPECTHOCTH TOYKH X € S:
. E[N,(dx
A(x) = lim E[Nx(d)] )].

Az —0
dx dx

3nech dx — 9TO OECKOHEUHO Mallasgs OKPECTHOCTh TOYKH X, Adx —
Iom@aab 3TOM OKpecTHOCTH, E[ -] — MaremaTmueckoe OKHIaHUE,

Nx(dx) — cmyuaitHoe 4uCIio COOBITUH B dXx.
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VMHTEeHCUBHOCTh MOXKET OBITh KOHCTAHTOW WIJIM HM3MCHATHCS B
npocTpaHcTBe. ECTM MHTEHCHBHOCTh KOHCTAHTA, TO €CTh €€ 3HAUCHHE
HE 3aBHCHUT OT TMOJIOKEHHS TOYKH X M TIOCTOSTHHO BO BCEH M3y4aeMoi
obmactu S: A(x) = A, Torma mpoCTpaHCTBEHHBIN TOYEUHBIN mporecc X
Ha3bIBACTCsI 00HOpoOoHbim (homogeneous), UHAYE — HEOOHOPOOHLIM
(inhomogeneous) (puc. 4). OTHOPOAHOCTH Mpollecca - 3TO OAWH W3

TUITOB CTallMOHAPHOCTH, YKa3BIBaIOL[[I/II>'I Ha IIOCTOSIHCTBO B
IPOCTPAHCTBE CBOWCTB IEPBOTO MOPSIIKA.
~ . hd - ®
® . ° [ P - ° ® ®
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d ® o® °
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Puc. 4. A: Peanuzanusi oqHOPOAHOIO MPOCTPAHCTBEHHOTO TOYEYHOIO
mporiecca, HWHTCHCHBHOCTh TIIOCTOSSHHA B HM3ydaeMod  0OJacTH.
b: Peanuzaiius  HEOAHOPOJHOTO  MPOCTPAHCTBEHHOTO  TOYEYHOIO
Tporiecca, MHTEHCHBHOCTE BaphbUPYET B U3yIaEMOM 00J1aCTH.

Humencuenocmob 6mopozo nopsaoka
CBolicTBa BTOPOTO TOpPSAKA OTPAXKAT MPOCTPAHCTBEHHBIE
3aBUCUMOCTH TIPOIIECCa, B3aMMOJCHCTBHE MEXIy COOBITHSAMH B
obmactu S. OmHON W3 XapaKTEPUCTHK OTHUX CBOWCTB SIBJISETCS
UHMEHCUBHOCMb 8MOPO20 NOpsoKa Ax(u, v):

A(u,v)= lim

Ay Ap,—0

E[Ny (du) Ny (dv)]
AduAdv .
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3nech du, dv — 3T0 OECKOHEYHO Majble OKPECTHOCTH TOYEK U, V €S
(mpunamnexammx oo6mactu  S), a Adau, Aav — TUIOMATU OITUX
OKpecTHOCTEl. MHTEHCMBHOCTH BTOPOrO TMOPSIAKA XapaKTepHU3yeT
BO3MO>XHOCTh BCTPETHUTD Mapy COOBITHH - B OKPECTHOCTH TOUKH U U B
OKPECTHOCTH TOYKH V (IIOCKOJBKY OKPECTHOCTH TOYEK HACTOJBKO
MaJibl, 4TO NX MOXKET NMpUHUMAaTh 3HadeHue jauoo 0, muodo 1).

NHTEHCHUBHOCTh BTOPOTO TOps/Ka TMOA00HAa KOIPGUIMEHTY
KOBapHallMid MeXAy JBYMs II€PEMEHHBIMH, HCIOJIb3YyEMOMY B
MHOTOMEPHOM aHalIM3€ JaHHBIX, XOTA B OTIMYME OT Koddduurenrta
KOBapHallMd OHAa HE MOXET MPUHUMAaTh OTpPUIATENIbHbIC 3HAYEHUSI.
Koadduiment koBapualu XapaKTepu3yeT CBs3b ABYX CIydalHBIX
BEJIMYMH, a MHTEHCUBHOCTh BTOPOTO  MOpsAKAa  OTpakaeT
B3aUMOJICICTBHE  COOBITUH B OKPECTHOCTSAX  JBYX  TOYEK
MPOCTPAHCTBA.

[IpocTpaHCTBEHHOE TIAPHOE B3aUMOJCHCTBUE COOBITHI MOXKET
OBITh TO3UTHBHBIM, HETAaTMBHBIM M HEUTpalbHBIM. B3anmopeiicTBue
OyzeT HEUTpaIbHBIM (B3aUMOJICHCTBHE OTCYTCTBYET), €CIIM COOBITHUS
BO3HMKAIOT HE3aBHUCHUMO Jpyr oOT J1pyra. B »3Tom ciydae

A,(u,v) = A(u)- A(v) . B3aumoseiicTBue MO3UTUBHO, €CIIU COOBITUS B

OKpPECTHOCTSIX TOYEK ¥ M V Yallle BO3HUKAIOT OJHOBpPEMEHHO. Tormaa
UHTEHCUBHOCTh BTOPOT'O MOpsaKa A2(u,v) OyaeT MPUHUMATh BBICOKHE
3HaYeHus. B3aumoneicTBUe HETraTHMBHO, €CIM NPH BO3SHUKHOBEHHH
COOBITUSI B OKPECTHOCTH OJHOH TOYKH COOBITHE B OKPECTHOCTHU
BTOpPOW TOYKM Hamie He mpoucxoiut. Toraa 3nauenue Ax(u,v) Oyaer
OJIM3KO K HYJIIO.

IIpocTpaHCcTBEHHBIM TOYECYHBIN rpouecc obmnanaer
CMAaYUOHAPHOCMbIO ~ 6MOPO20  NOPAOKA,  €CIM  BBINOJIHSAIOTCS
CIIEIYIOIIHE YCIIOBHS:
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-~  HMHTEHCUBHOCTH IpoIliecca MOCTOSTHHA BO BCEM M3ydaeMon 00J1acTu
St Ax) =4, x€e8;

-~  HMHTEHCUBHOCTH BTOpOro mopsiaka Ax(u,v) HE 3aBUCUT OT
MECTOIOJIOKEHHSI TOYEK U U V, a 3aBUCHUT TOJBKO OT JJIUHBI U
HanpaBJIEHUs BEKTOpa F, pA3ACNAIOMET0 TOYKH U U Vi

Au,v)=A4w—-v)=4,(r).
Ecnu A2(u,v) 3aBUCHUT TOJIBKO OT JJIMHBI Pa3IENSIONIeT0 BEKTOpa
r u HE 3aBUCHT oT ero HaIpaBJICHUS -
A, (u,v) = ﬂ.z(”u — v||) =4, (||r||) =A,(r), TO CBOHCTBa BTOPOTO IOPSI/IKA
3TOTO mporecca OyAyT HE TOIBKO CTAIlMOHAPHBI, HO U u3ompontsi. B
MPOTUBHOM Ciy4yae Tmporecc Oymer aHu3zoTpornmHbiM. Ha pwuc. 5

npecTaBiIeHa WITIOCTPAIS aHU30TPOITHOTO MPoIiecca, UIsi KOTOPOTO
CBOWCTBA MPOIIECCA 3aBHUCAT OT HAMPABIICHHSI B TPOCTPAHCTBE.

Puc.5. AHM30Tpommus  HpOCTPaHCTBEHHOIO
mporecca, B HEKOTOPOM  HaIIpaBJICHUU
o BO3MOXKHOCTh COCEJICTBA OCOOCH BBIIIE.

Ilapnasa koppenayuonnas oynkyus
[Momumo  Ax(u,v) cymectByloT W  JApyrue  (YHKIHUH,
XapaKTepu3yIolke MPOCTPAHCTBEHHBIE 3aBHCHUMOCTH TOUYEYHOTO
npouecca. Tak, napnas koppensyuonnas @yuxkyua g(u,v) — 3TO0
OTHOILICHHE  HWHTEHCUBHOCTH  BTOpOro  mopsaka  Ax(u,v) K
NPOM3BEACHUIO UHTEHCUBHOCTEH B TOUKAX U U V:

_ ﬂz(”av)
) = A

19



(aHaoroM B MHOTOMEpPHOM CTaTHCTHKE SBIISETCS TEpexoi OT
kod(dduimenTa KoBapHaluu K KOI(DPHUIMEHTY KOPPEIAIHH C
MOMOIUIBIO JIeJICHHUsI KOBapHallUM Ha TUCIEPCHUU MepeMeHHbIX). Ecmu
B3aMMOJICICTBHE OTCYTCTBYET, TO g(u#,v) =1 (B OKPECTHOCTSAX TOYEK

u M v cOObITUS BO3HHMKAIOT HE3aBHUCHUMO Jpyr oT japyra). Ecmu
g(u,v)>1, TO 3TO yKa3pIlBa€T Ha IO3UTHUBHOE B3aUMOJICHCTBHUE: B

MECTOTIOJIOKEHUAX U U Vv COObITHA Oojiee BEpPOATHO TPOU30MIYT
OIHOBpeMeHHO. A ecnu g(u,v)<1, TO Ha0O6OpPOT, MMEET MECTO

HETaTUBHOC BSaHMOHCﬁCTBHCI IIOABJICHUC COGBITI/ISI B OJHOM U3
MECTOTIOIOKEHUH ¢ UM v 0oJiee BEpOSATHO MPUBEAET K TOMY, YTO BO
BTOPOM MECTOTMOJIOKEHUHU COOBITUS HE TIPOU30MIET.

Eciu mpouecc cramuoHapeH, TO GYHKIUS g HHBapHUaHTHA
OTHOCHUTENBbHO casura: g(u,v)=g(u—v)=g(r). ua U30TpOIHOro

mpolecca 3Haue€HUE g 3aBHCHUT TOJBKO OT JJUHBI Pa3AeisIoNIero
BEKTOpa r Mexay Toukamu u u v: g(u,v)=g(r). 3ameTum, 4TO

BO3MOJHBI Cllydau, Korjga g HWHBAapUaHTHA OTHOCHUTCIIBHO CABUTA U
MOBOPOTa, HO CTallMOHAPHOCTH HET — TPOIECC HEOIHOPOIHBIN
(MHTEHCUBHOCTH HEMOCTOSIHHA).

Dynxuyuu K(r), L(r)

Jnst crarmoHapHoro M30TpomHOoro mporecca Purum (1976)
MoKa3all, 4TO CBOWCTBAa BTOPOTO IMOPSIKA MOTYT OBITh OITMCaHBI
K-@pynxyueti, WHaue Ha3BIBAGMON «pedyyuposanHol  GyHkyuell
emopoeco momenmay» (reduced second moment function). 3naueHue
9TON (PYHKIIMUA TPOIOPIIMOHAIIBHO OKHUJIAHUIO YuCiIa COOBITH NX B
MPOU3BOJIHLHOM 1MO10071acTH B/, UMeroIeit hopMy KpyTa paauyca 7:
E[Ny(B,)]

A

31€Ch A — HHTEHCUBHOCTD mponecca.

K(r)=

2
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Jlst HEOTHOPOIHBIX TPOIECCOB (HO CO CTAIMOHAPHOW MapHOU
KOPPETAIMOHHON (DYHKIMEH g, HHBAPHUAHTHOW OTHOCUTEIHHO CIIBHTa)
K-dynkums 6p11a 0000111eHa KaK:

_1lg I(”u v||<r)
K0 L2 i) |

u v#u
rae As — momans odnactu S, [(Y - maaukatopHas QyHkuus (oHa
paBHa 1, eciiu paccTOsiHUE MEXIY COOBITHSIMU ¢ M V MEHBIIIE #, UHAYE
— paBHa 0).
becar (1977) npennoxusin aHaTu3upOBaTh U3MEHEHHYIO BEPCHUIO
K-pynkuum, kotopas obnanaet 6osee ynoOHsIMU cBoiicTBaMu. YacTo
UCTIONB3YIOT €€ MOIU(UIIMPOBAHHOE ONPE/ICICHUE:!

K(r
L(r)= k) —-r.
V4
Eciu mapHas koppemsimuoHHass (yHKOMS g  HW30TPOIHA
(MHBapuaHTHA OTHOCUTEIILHO TIOBOPOTa), TO OHA CBsi3aHA C

K-yHkiueii ciaenyonumMu COOTHOICHUSIMU:

I

K(r)=1 g(®)2ptdt u g(r)=

0

K'(r)

2xr

31€Ch 271 — 3TO JJIMHA OKPYXHOCTH C PaguycoM 7 (IPOU3BOIHAS OT
TUTOIIAZM KPYTa C PAIIyCcOM 7).

Henocrarkom  ¢yukmuit  K(r) wu  L(r) sBasgeTcs  HX
KyMYJISITUBHOCTB: 3HaYeHHE (DYHKIMH JUISI PACCTOSIHUS 7 3AaBUCHT U OT
ee TIOBEIICHHWS HAa PACCTOSIHHUAX, MEHbIIUX r. B oTiamume oT HUX
napHasi ~ KoppeysiuoHHas — ¢GyHkmms g(r) Oonmee mpocta B
UHTEPIPETAINHU, XOTS UIS Hee CII0KHEE MOJIyYUTh OIeHKY. B o0mem
cily4ae, 1O KpaitHed mepe, Il HeOonpImx r», 3HadeHWe g(r) > 1
yKa3bIBaeT Ha TIO3UTUBHOE B3aMMOJICHCTBHE COOBITHI, HAXOISIIMXCS
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JIpyr OT Apyra Ha paccTosHUM 7. Torga B MOPOKIAEMBIX IMPOLECCOM
TOYEUHBIX O00Opazax OyayT HaOmoaaTbes acpecayuu (KIacTephl,
CKOIUICHHS) COOBITUMN, pa3/IeIeHHbIX TaKUM pacCTOSTHUEM. 3HaueHue
g(r) <1 yka3pIBaeT Ha HETAaTHUBHOE B3aWMOJICHCTBHE COOBITHHA Ha
9TOM PACCTOSIHUM, YTO MOPOXKIACT pecyasipHocmyb (pPa3peKeHHOCTh C
paccTosiHUEM 7) B MX pa3MelIeHUH. Takue THUIIbl MOBEACHUS MOTYT
ObITh  OOYyCIIOBIIEHBI ~ HEKHMMH  JIATEHTHBIMH  MEXaHH3MaMH,
BBI3BIBAIOIIMMH JIHOO MPUTSHKEHUE, JUOO0 OTTalKMBaHHE Toyek. B
CBOIO oOuepenb, MO KpalHeW Mmepe, Il HEeOONbIIUX 7, 3HAYCHUE
L(r) > 0 TOBOPUT O HAJTUYHH arperauii TOYeK, HaXOIAIUXCS IPYT OT
Jpyra Ha PAacCTOSHUIX, MEHBIUX 7, a L(r) < 0 — 0 peryJspHOCTH C
PACCTOSIHUAMM, MEHBIIUMH 7.

Dynxkyuu G(r), F(r), J(r)

PaccmoTpenHbie BbIle (DYHKIIMM XapaKTEpU3YIOT CBOMCTBa
TOYEYHOTO IMpoIlecca B Pa3IMYHBIX Macmrabax, Torga Kak s
NOoJTy4eHHst HHPOPMAIH O CBOMCTBAX BTOPOTO MOPSIIKA B IOKAIbHOM
Maciirade sl CTAalMOHAPHOTO W30TPOITHOTO MPOILECCa MOTYT OBITH
UCIIOJIb30BaHbl  (YHKIMH, OCHOBaHHBIE HAa  paclpeAeiCHUH
paccrostHUi A0 Ommkaiimero coObitus. OfaHa U3 Takux (QyHKIMA —
KyMyJISITHBHasi ~ (PYHKIHMS  pPacIpeleNieHHs  pacCTOSHUH 10
onmmxaitero coOwituss G(r) (nearest neighbour event-event distance
distribution  function). O06o03HauuM W - pacCTOSHHE MEXIY
IPOU3BOJILHBIM ~ COOBITHEM ¥ COOBITUEM, SBISIFOIIMMCS — €ro
OommwkaimmM cocenoMm (puc. 6 A), Torma ¢ynkuus G(r) paBHa
BEPOSTHOCTH BCTPEYM OJIDKAWIIEro COOBITUS Ha PACCTOSIHUHU, HE

OoJee 7 OT MPOU3BOIBHOTO COOBITHUS:
G(r)y=P(W<r).
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K mpumepy, 3nauenue G(20) — 3T0 BEpOATHOCTh TOTO, YTO Ha
paccrosinuu MeHee 20 equHUI] OT JII000r0 COOBITHS MOKHO BCTPETHUTD
erie OJHO COOBITHE, KOTOpoe OyAeT ero Ommxalmmm coceaom. Tak,
sHadyeHne G(20) = 0 o3Ha4aeT, YTO MPAKTUICCKHA HU OJTHO COOBITHE HE
uMeeT cocena B paauyce 20.

MOXHO Takke ompeaenuTh paccTostHue U oT 1000 cirydaitHo
BBIODAaHHOW TOYKH TPOCTPAHCTBA JIO OJMKAWIIEro CoOBITHS
(puc. 6 b).  ®dyHkus  pacnpeaeNeHUs ~— TaKUX  PACCTOSHHI
obo3nauaercs uepe3 F(r) (nearest neighbour point-event distance
distribution function; empty space function):

F(ry=P(U<r).

Ona MOXeT OBITh TOJIC3HOM TPH HCCICIOBAHUU Pa3MEpPOB
mycToT (OKOH) B TOYEeUHBIX oOpazax. Hampumep, F(20) - 310
BEPOSATHOCTb BCTPETUTH COOBITHE HA paccTOSIHUKM MeHee 20 eUHUIL OT
CIIy4aiiHO BHIOpAHHOMN TOYKH B TIPOCTPAHCTBE.

~ 7

E /' o ¢ \
.N \ 0\./0 ..

./—70

Puc. 6. Paccrosaus mo Ommkaimero coObITUs. 3aKpallcHHbIE 3HAYKU
0003Ha4at0T COOBITHSI, TIOJBIE 3HAYKUA COOTBETCTBYIOT MECTOIMOJIOKEHMSIM, HE
COZIepKAaIIM COOBITHIA.

A: lns dyaxmym G(r), W — pacCTOsTHAE OT COOBITHS 0 OMKANIIETO COOBITHSL

b: nsa ¢ynxkmun F(r), U — paccTosHEE OT CITyd9alHO BBIOPaHHOM TOYKH, HE
coziepKartieii COOBITHE, 10 OJIKAMITIEr0 COOBITHSI.
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YtoObl uncIeHHO cpaBHUBATH pacnpenenenus G(r) u F(r), obi1a

npeiokKeHa crenraabHas QyHkuus J(r):
I =128 s o<1
1-F(r)

bonee moapoGHO 00 ATHUX (YHKIUAX MOXKHO TPOYUTATH B
pabore Cressie (1993). B o6mem ciydae, naias HEOONbIIUX 7
cootHommenue G(r)> F(r) (umm J(r) < 1) yka3pIBaeT Ha arperamuro
COOBITUH - COOBITHA OyAyT dYaiie BCTPEYaThCs BOKPYT JPYTHX
COOBITHH, YeM BOKPYT CIy4yallHO BBIOPAaHHOW TOYKH TPOCTPAHCTBA.
Ecmu G(r) < F(r) (umu J(r) > 1), To 3TO yKa3bIBaeT HAa PETYJISIPHOCTH B
JIOKQJIbHOM MaciuTabe - MeXIy COOBITUSIMU CYIIECTBYET HEKOTOpas
«HETIPEOoI0JINMas» TUCTAHIHS.
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MOAEJIU ITPOCTPAHCTBEHHBIX
TOYEYHBLIX ITPOLHECCOB

KiroueBoit BOIIPOC U3y4EHUS Ha0JIr0/12eMOT0
IPOCTPAHCTBEHHOT'O pa3MelIeHUs OOBEKTOB MM COOBITHI COCTOMT B
OTIpPENIeJICHUH €ro NPOCTPAHCTBEHHOW CTPYKTYpbl, a HMMEHHO
IPOCTPAHCTBEHHBIX BEPOSITHOCTHBIX 3aKOHOMEPHOCTEN
CTOXaCTHUYECKOTO Tpolecca, ((opMUPYIOIIETO UCCIIETYEMbI PUCYHOK.
[lomHOE OTCYyTCTBHE MPOCTPAHCTBEHHOW CTPYKTYpBHl HA3bIBAIOT
MOJTHOM  TPOCTPAHCTBEHHOW clydyallHOCTBIO  (complete  spatial
randomness, CSR). 1o noHsATHEe OIU3KO K TEPMUHY «OENbIi IIyM» B
TEOPUU BPEMEHHBIX PSIJOB U TEOPUH O00pabOTKH cHUTHAIOB. Takoi
npoIiecc ABISETCS OJHOPOAHBIM M HE3aBUCHMBIM, OH IpEIojaraer,
YTO BEPOATHOCTH MOSBICHHUSA COOBITHUS B JIOOOM MECTOIOJIOKEHUH
(location) obmacT S 0JIMHAKOBA, M COOBITHS BO3HHUKAIOT HE3aBUCHUMO
Ipyr OT jApyra (HeT B3amMOJEHCTBH, no interaction). [Ipocreiimieii
MaTeMaTU4eCKO1 MOJIEJIBIO MOJIHOCTBIO CIIy4aitHOTO
HPOCTPAHCTBEHHOT'O MPOLIECCa SABISETCS 0OHOPOOHbIL NYACCOHOBCKULL
npoyecc (homogeneous Poisson process).

OTKIIOHEHHE OT TOJHOW IPOCTPAaHCTBEHHOM CIIy4alHOCTH
MOXKET TPOSBIATHCS JUOO HamuuueMm aepezayuti  (KJIACTEPOB,
CKOIUICHHH COOBITUH B KaKUX-JIMOO TOAO0NACTAX H3y4aeMou
obmacti), 70O  HAIMYMEM  HEKOTOPOHM  MPOCTPAHCTBEHHOU
pezyisApHocmu B Pa3MEIICHUU COOBITUH (COOBITHS «OTTAJKHBAIOTCS
JIpYT OT Apyra; KpauHUU Cllydal — ITOJIHAs PETYJISIPHOCTD, peryiisipHas
cetka) (puc.7).
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Puc. 7. OcHOBHBIE THIBI TOUEYHBIX MPOLECCOB, IPUMEPHI pealn3aluil.
A mosiHas IPOCTPaHCTBEHHAS CIIy4aiiHOCTb.

b: arperanmmonHsIi mporiecc, COOBITHS 00pa3yIOT KIIACTEPHI.

B: perynsipuzoBaHHBIA TPOLECC, COOBITUS «CTPEMSTCS OTIATUTHCS
JpyT OT Apyra Ha HEKOTOPOE PACCTOSIHUE.

Paznuuator pasnuyHble BUABI arperupoBaHus. Bo-mepBbIX,
arperaliii = MOTYT TOPOXJAThCS HEOJHOPOAHOCTBIO TOYEYHOI'O
npoliecca, Korjaa HHTeHCUBHOCTh U3MEHSETCSl B IPOCTpaHcTBE. Toraa
CKOIUICHHS COOBITUI OyIyT TOSBIATHCS B TeX MNOAOOJIACTIX
U3ydaeMoi 00JacTu, I/I€ MHTEHCHBHOCTH IIpollecca BhINIE. DTOT
MEXaHU3M OOBIYHO OOYCIIOBJIEH BIUSHHEM BHEIIHUX (DaKTOpOB,
OPUBOJAALIMX K TPOCTPAHCTBEHHOM BapHallil WHTEHCHUBHOCTH.
Hanpumep, B n0oA001acTsSX MOBBIIIEHHOW BIAXHOCTH JIydlle
BCXOXKECTh CEMSH, YTO TMPHUBEAET K MOBBILEHHONW IUIOTHOCTU
OpOpPOCTKOB. B npyrom ciydae, arperanpd MOTYT TOPOKIAThCS
MPOIECCOM C TO3UTHBHBIM B3aUMOJCHCTBHEM COOBITHIA, KOTOPOE
TIPUTSTUBACT» COOBITHSA JIPYT K JIPYry: MOSBICHHE OJHOTO COOBITHS
YBEIIMYUT BEPOSATHOCTh TMOSABICHHS B €ro OKPECTHOCTH JIPYTHX.
Ckaxkem, ecn peyb UAET O pa3MelleHHH 0coOell B MOMYJIAIMSX, TO
TaKOM MEXaHU3M MOXKET OBbITh CBS3aH C OHOJOr0-3KOJOTHYECKUMHU
cBoictBaMu Buja. Hampumep, mnosiBaeHue NEpBOH, POAUTEIBCKOU
0c0o0M MOXET MPHUBECTH K MOSBICHUIO BOKPYT HEE 0COOEH-IIOTOMKOB

u ¢opmupoBanuto arperaudud. CTOMT OTMETUTb, YTO pa3HbIC
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MPOLECChl CIHOCOOHBI TOPOXKIATh CXOJIHbIE TOYEYHBbIE OOpa3bl, a
oOpa3oBaHue arperaudii MOXXET OBITb BBI3BAHO HECKOJIbKUMU
MEeXaHU3MaMH, KOTOpBIE CJIOXHO OTIENUTh JApyr OT apyra. s
MaTeMaTUYeCKOTO  TMPEJCTABICHUSI  arperallMoHHBIX  IMPOILIECCOB
ucnonb3ytores npoyeccovl Koxca (Cox process). DTo OOMMPHBIN K1acc
MojieJiei, KOTOpble CIOCOOHBI OMUCAaTh Pa3sHOOOpa3HbIe MEXaHHU3MbI
obOpasoBanus arperainuii. Ecim ckoruieHust coObITHIT 0Opa3yroTcs 3a
CYET HEOJAHOPOJHOCTH IMPOLIECCa U MPHU ITOM B3aUMOJEHCTBUS MEXKIY
COOBITUSIMH OTCYTCTBYIOT, TO KaK OCHOBHAs MOJI€JIb pacCMaTpUBAETCS
HeoOHOpOOHblL nyacconosckull npoyecc (inhomogeneous Poisson
process). Ecnu oOpa3zoBaHue KiacTepoB CBSI3aHO C IO3UTUBHBIM
MPOCTPAaHCTBEHHBIM B3alMOJICHCTBUEM COOBITHH, TO I
MOJEIUPOBAHUSl  UCHONB3YIOTCA  npoyeccol  Heiimana-Cxomma
(Neyman-Scott process), Hanpumep, KJIacTepHBIA mporiecc MaTtepHa
(Matern cluster process), nporecc Tomaca (Thomas process).
[IpocTpaHCTBEHHAsT PETYJISPHOCTh B pPa3MEIIEHUH COOBITHI
TaK)Ke€ MOXKET MOPOXKAAThCsl Pa3IUYHBIMU MpUYMHAMH. B ocHOBHOM
ee TMposiBlIeHHe OOYyCIIOBJIEHO IMpollecCaMd C  HEraTUBHBIM
B3aMMOJICIICTBHEM, KOTOPOE «OTTAJIKUBAET» COOBITHS APYr OT JApyra:
KOHKYPEHTHbIE OTHOIIEHUS, amMeHcaiu3M. B ToueuHom oOpase
PEeryJSIpHOCTb 4YacTO TPOSBISETCS HAJIWYHMEM BOKPYT COOBITHSA
HEKOETO0 «spa», KOTOPOE MOKPHIBAET €T0 U MPEMIATCTBYET MOSBICHUIO
Opyrux CcoObITHMM B  OJM3NIEXAalIUX  MECTONMoNOKeHusx. s
MaTeMaTHUYeCKOT0 IMPEACTABICHUS TAKOrO MOBEIEHUS HCIIOJIb3YeTCs
KJIaCC MOJIeJei, Ha3BaHHBIX MOJEISAMU yeHemeHus (UH2UOUpOBanusl),
B KOTOPBIX ITyaCCOHOBCKHI mpolriecc TpaHCHOPMUPYETCS B HOBBIN
mpolecc € TOMOIIBI0  OMEpalMd  MPOpeXuBaHuUs  (Moldenu
npopescusanus (thinning process), mooeau meepoozo siopa (hard core
process)).  YacTto  TOYEUHBIE  TPOLECCHI C  HETaTUBHBIM
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B3aUMOJICICTBUEM COOBITHH MOJICTUPYIOT C TOMOIIBIO MAPKOBCKUX

moueuynvlx npoyeccos (unu npoyeccos luboca). B obmem cmydae,

TIPOIIECCHI

I'ub6ca

IIO3BOJIAIOT

MOJCINPOBATH

HE

TOJIBKO

PEryJsIpHOCTh B pa3MELIEHUH COOBITHI, HO M arperamuio, a Takxke

Pa3IMIHBIC THIIBI 0oJiee CII0KHOTO IIOBCACHUS.

Yro Kakmne 3akoHOMepHOCTH Kaace YacTHbIe
Ha0aw0aeTcs JIeKAT B OCHOBE MojaeJieit ciay4yamn
TTonnas VIHTEHCHBHOCTD IIOCTOSIHHA, OnHOpOIHBIIM
TIPOCTPAHCTBEHHAS |[MEXITy COOBITHIMH HET IyaCCOHOBCKHA
CITy4aliHOCTh B3aMMOJICHCTBUM. rpoiiecc
VHTEeHCUBHOCT MEHSETCA 1O
TEPPUTOPUH, MEKTY
COOBITUSIMHU HET .
. . Heonnopoausrii
B3aMMOJICHCTBHN. Arperainuu .
MyaCCOHOBCKHIA
00pa3yoTCs BCICICTBUC
npolecc
HEOJHOPOAHOCTH
Arperauuu pacrpeieieHus] BHCITHUX
CoBBITHIA (hakTOpOB, pecypcoB.
Mexmy COOBITHSMU €CTh TIpoueccor Iporece
Ho3uTHBHOE B3aumojelicteue. |Kokca p
MarepHa,
Arperaru o0pasyroTcs powece
COOBITUSIMHU-TTIOTOMKAMU, Ipoueccor TI()) vaca
Pa3MeLaUUMUC BOKPYT Heiimana- 1
POIUTEIBCKIX COOBITHIA CkortTa P-
Mopens
TIpoueccor 5
Mexmy COOBITHSMU €CTh Marepna I,
. MHTUOMPOBaHUS
HETaTHBHOE B3aMMOJACHCTBHE. MOJIEITb
Pazpexennocts
CoOBITHS OTIAISIFOTCS IPYT OT Marepna II
(perynsipHOCTB)
. JIpyTa BCIEACTBUE
COOBITHIA . MapkoBckue
KOHKYPEHTHBIX OTHOIICHUH IIpormece
(I'mb6ca)
WJIH UHTUOMPOBaHUSL. Tpayca u
MPOLIECCHI
ap.
CrOKHOE MapkoBckue
Dddexrhr 006X IOpsinkoB.  |(['mOOca)
MOBE/ICHUE
TIPOIIECCHI
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O0HopoOHbBIIL NyaccoHO8CKUIL npoyecc
Mopaenpto mosHOM TpocTpaHcTBeHHOHN ciydaitHocT (CSR)
CIY>KUT  OJHOPOJHBIA  ITyaCCOHOBCKHMM  MpoIEcC, 3aJaBacMbIid
CJICIYIOIIUM 00pa3oM:
1). UHTeHCUBHOCTD MpoIiecca SBISETCS KOHCTAHTOM: A(X) = 4;
2). Nx(B) — ciydaiiHoe 4ucI0 COOBITUH, TOPOKAAEMBIX MPOIIECCOM
B MPOU3BOJLHOW  momobmactn B (Bc<S), MOIUYNHSIETCS
pactipeaenenuto Ilyaccoma co cpemaum  w(B) =AAp, tme A —
WHTEHCUBHOCTH Tporiecca, Ap — momaas nomoodmactu B. To ecthb
BEPOSTHOCTh TOTO, YTO YHCIO COOBITHH B momo0nacté B mpumer
3Ha4YCeHHUE paBHOE k, OTIpeeNsIeTCs KaK:
e HB) /Jk (B)
k!
3). Jna Henmepecekaromuxcs —noxpobsacreit B, ,B HS

P(Nx(B)=k)= (1

cityvaiinble BenuuuHbl Ny (B,),] ,Ny(B,) He3aBUCHMBIL.

DOTH CBOWCTBa O3HAYAIOT, YTO COOBITHS HMMEIOT OJMHAKOBYIO
BEPOSITHOCTh TOSIBJICHUST B JIIOOOM MECTOIOJIOKEHUU H3ydaeMOun
obmacti S, a TakkKe HE B3aUMOJCHCTBYIOT IPYr C JPyroM -
pa3MeNIarTcss B TPOCTPAHCTBE HE3aBUCHUMO, TIOSBICHHE OIHHUX
COOBITHI HE YBEIMYMBACT U HE YMEHBIIIACT BEPOSITHOCTh MOSBICHUS
JPYTHUX.

OIHOPOAHBIN IMyaCCOHOBCKHI npouecc SIBJIIETCS
CTallMOHApPHBIM © W30TpomHbIM. Jlns Hero QyHkius Pumm

K(r)=nr*, T.e. paBHa IUIOmMAAM Kpyra pamuycoM r. Uem GomnbIie
WIomaab Kpyra, TeM OOJblIe COOBITHII MOXXHO BCTPETHUTH, a

NpOM3BENeHUE A7z7° [acT O0XKHIAEMOE 4YHCIO COOBITHH B Kpyre
paauyca r. Takxke Jnerko mokaszaTb, uto ¢GyHkuus L(r)=0 4
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moboro paauyca. Jljis 3TOro mpolecca HHTEHCHBHOCTh BTOPOIO
nopska A, (r)= A", a mapras KoppensunonHas GyHkuus g(r) = 1 s
JFOOBIX PAJIYCOB 7.

Ha stux cBoiicTBax OJHOPOAHOTO ITyaCCOHOBCKOIO Mpolecca
OCHOBaHBI TECThI, UCIIOJIb3yEeMbIE /ISl TPOBEPKU TUMOTE3bl O TOJTHOU

IIPOCTPAHCTBEHHOW CIIy4aHOCTU TO4YEYHOro mpouecca. Ilpu srom
sauenus K(r)>7zr’, L(r)>0, g(r)>1 yKa3blBaloT Ha HaIMYHeE
arperanuii, a K(r)<zr’, L(r)<0, g(r) <1 — Ha IPOCTPaHCTBEHHYIO

perynsipHOCTb cOOBITHH (pHC. 8).

S 2] o |
- 2 arperauus @ arperanys
~~ N —~ —_
=2 O ol
x arperaus ~ =
2 0 | ©
< PEryIsapHOCTh S PEryIsapHOCTh
e o
=3 PETYISAPHOCTD | + | =3
00 0’5 10 00 05 10 0o G ™

r r r

Puc. 8. XapakTepucTuku CBOHCTB BTOPOIrO MOPSIKA OJHOPOJHOIO
ITyacCOHOBCKoOTo Tiporiecca. A: K(r), b: L(r), B: g(r).

OtkioHeHue 3THX (GYHKOUHA OT TOBENEHUS, COOTBETCTBYIOIIETO
OJIHOPOJTHOMY ITyaCCOHOBCKOMY mpotieccy, Ooyner
CBHJICTEIHCTBOBATH O HAJTMIHMH B3aUMOICHCTBUSI MEXIY COOBITHAMH,
700 TO3WTHBHOTO, TPHUBOMIIIIETO K WX AarperapoBaHUIO, OO
HETaTUBHOTO, IIPUBOSIIETO K PETYISIPHOCTH B HX Pa3MEIICHHH.

Tak Kak B ciy4ae OJHOPOJHOTO ITyaCCOHOBCKOTO TIIpoIliecca
B3aUMOJICHICTBHE MEXIY COOBITHSIMH OTCYTCTBYET, paclpeieiicHHe
paccTosiHUA MEXKAy OMMKaWIIMMU COOBITHSIMH M paclpelieieHue
paccTostHUM 10 OIMKaNIIMX COOBITHI OT CIIy4aifHO BBIOPAHHBIX TOUEK
MPOCTPAHCTBA OJIWHAKOBHI, T.e. ¢yHKumu G(r) u F(r) paBHBI, U

Gr)=F(@r)= e Orcioga crnenyer, uro, pynkuus J(r)=1
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JUIsL TF000T0 paanyca. DTHU CBOMCTBA TaKKE YAacCTO HCIOJB3YIOT AJIS
MPOBEPKU THUMOTE3bl O TMOJHOW MNPOCTPAHCTBEHHOW CIIy4YalHOCTH.
Ecm G(r)> F(r) v J(r) < 1, aT0 Oymer o3HayaTh, 4YTO COOBITHS
yaie BCTPEYaroTCsl BOKPYT JIPYTUX COOBITUM, YeM BOKPYT CIy4yailHO
BbIOpAaHHOW TOYKHM MPOCTPAHCTBA, MOPTOMY MOXHO KOHCTAaTHPOBATh,
yTOo CcOoOBITUA arperupyrorcsa. Ecom G(r) < F(r) wm J(r) > 1, 1O
coOBITHS, CKOpee BCEro, TIOKa3blBAIOT HaJM4YUe HEKOTOPOU
PEeryJSIpHOCTH  pacmpeleieHuss B MPOCTPaHCTBE, K MpHUMEpY,
paccTosiHie MEXAYy COOBITUSIMH IOYTH BCerJga HE MEHbIIe
oTpeieTICHHON BeIMYHHBI (puc. 9).
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Puc. 9. XapakTepuCTHUKU CBOWCTB BTOPOTO MOPSAKA OJHOPOIHOTO
ITyaCCOHOBCKOTO TPOTiecca ¢ MHTEHCHBHOCTRIO A=1.

A: G(r), b: F(r), B: J(r).

OtkioHeHUe 3TUX (YHKIWA OT IOBEACHUS, COOTBETCTBYIOIIECTO
OJTHOPOJTHOMY ITyaCCOHOBCKOMY TIpOIlecCy, OyIeT CBUICTEIbCTBOBATh
0 HaJUYHMH B3aNMOJICHCTBUSA MEXKIY COOBITUAMH, JINOO TTO3UTHBHOTO,
NPUBOJAIIMX K WX  arperupoBaHUIo, JUOO  HEraTUBHOTO,
MIPUBOJISIIETO K PETYISIPHOCTH B UX Pa3MEIICHUN.

B kauectBe wmmmoctpauun cBoiictB  CSR  paccmoTpum
cnenyrommii mpumep. [lycte B obnactu S uMeeT MECTO OJHOPOIHBIN
MyacCOHOBCKUI TPOIECC C HWHTEHCHBHOCThIO A= 1. Beimenum B
obnactu S mpou3BONIbHYIO 1T010071acTh B ¢ Tuiomaasio Az = 10. Yucio

coObiTHil Nx B momobnmactu B - cinyyaiiHas BelWYHMHA, 3apaHee
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HEU3BECTHO, YeMy TOYHO OyJeT pPaBHO e¢ 3HA4YeHHE B KaKIOU
peamu3anuu. HW3BeCTHO MUIIL TO, YTO YHCIO COOBITHH OyaeT
MO TYUHATHCS ITyaCCOHOBCKOMY 3aKOHY CO CPEIHUM
w(B)=21Ap=1-10=10.
Torga BepoOSTHOCTH TOTO, YTO B TaKoW mopoOiacTu B He Oynaer

HU OJTHOTO COOBITHSI, paBHA:

—u(B)  k ~101 A0
e B _e 10 _ 1 _ 1 000045~0.
k! 0! e

BeposiTHOCTB, 9TO B B BCTPETHTCS 5 COOBITUH, paBHA!

—10 5
P(N, =5)= % = 0.0378.

P(Ny =0)=

BeposiTHOCT BeTpeun uncia coObITHii, paBHoro 10:

-10 10
P(N, =10) =%=0.1251.

BeposiTHOCTh BeTpeun uncia coObITHi, paBHOTO 20:

-10 20
PN, =20) =49 < 0.002
20!
u T.a0. HauGonpmyro BEpOATHOCTh HWMEET YHUCIO COOBITHH,
cooTBeTcTByMOIIEe cpeaHemy, P(Nx = 10) =0.1251. B cooTtBercTBUU
C 3THUM, €CIIM PAaCCMOTPETh paA3IUYHbIC pean3alld OJHOPOIHOIO
MyaCCOHOBCKOTO Tiporiecca ¢ A=1, To wame Bcero B J0OOH
noao01acTu ¢ Iutomaaso, paBHon 10, MoxxkHo Oyaer BcTpetuth 10
coOpITHH, pexe — 5, 15 u T.4. Ynucno coOwITHiA, K TpuMEpy, paBHoe 0
wi 20, mpakTH4YecKH He OyJeT BCTpeyaThbCs, TaK KaK BEPOSITHOCTh
TaKUX 3HAYEHUH BeChbMa Maia.
Ha puc. 10 B xauecTBe mpuMepa MpUBEAEH BUJl paCIIPEICTCHUS

[TyaccoHa, COOTBETCTBYIOLIETO Pa3IUYHBIM 3HAYCHHSIM ITapaMeTpa L.

32



N
<3 Py 3
S A b p= B
Yo} ©
—~ 1 ~3] ~9
7o We T e
x O X | x St
25 2 =5
a Ty <
ro) = N
o4 o
- Ml b -
111 P—— 8,...I| ‘h.. .................... gl .l ...
©0 10 20 30 40 <0 10 20 30 40 “S0 10 20 30 40
Yucno cobbiTuii n Yucno cobbituii n Yucno cobbituii n

Puc. 10. Pacnpenenenue [lyaccona - A: =3, b: y=10, B: p=20.

Heoonopoouwtii nyacconoeckuii npoyecc
Jist HeoOHopoOHO20 TTyaCCOHOBCKOTO TMpOIlecca MHTEHCUBHOCTh
HE SIBIISIETCS KOHCTAHTOM, a BapbUPYeT HAa U3y4aeMOW TEpPpPUTOPUU
(sBsiercst  pyHknmer ot x, xe€S). DTO camas mpocTas MOJENb
HECTallMOHAPHOTO MPOIECcCca, SBJSIOMIEroCsl OJHOM W3 ajlbTEpPHATHB
CSR. Bapbupyromas HHTEHCUBHOCTh MOXET MNPHUBOJAUTH K
MOBBIIICHHOW TUIOTHOCTH COOBITHI B OOJACTSIX BBICOKUX 3HAYCHUUN
A(X), BH3yaJbHO TMpOSBISAIOIIEHCS Kak arperanuu. Ilpm 3ToM
MOSIBJICHUE COOBITUI OCTAaeTCs HE3aBUCHUMBIM JIPYT OT APYyTa, MEXKIy
COOBITHSIMH HET B3aUMOICHCTBUN.
HeonHopoaHslil MyacCOHOBCKUIA MPOLIECC 3a4AETCS CIICTYOLINM
obpa3zom:
1). Nx(B) — ciiydaifHOE YMCIIO0 COOBITHI, MOPOKIAAEMBIX MTPOLIECCOM
B MPOW3BOJbHOW  momobnactu B (B<S), mnomuuHseTcs

pacnpenenenuto [Iyaccona co cpeqHum
#(B) = E[Nx(B)] = [, A(x)dx.

rae A(X) — WHTEHCHBHOCTH Tiporecca, w(B) - OXHUTaeMOe 4YHUCIIO
CcOOBITHH, TMOMaalmuX B moaobsacte B. BeposTHOCTh TOr0, 4TO
YUCJIO COOBITUH B MOAO0OIAcTM B mpuMeT 3HAaYeHWEe, paBHOE K,
OTIpeNIeNsIeTCs KaK:
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2). Jns Hemepecekaromuxca —noxobmacreir B, ,B HS

P(Nx(B)=k) =

cityvaiinble BenuuuHbl Ny (B,),] ,Ny(B,) He3aBUCHMBIL.

B oTnuume OT OJHOPOIHOTO IyacCOHOBCKOIO Ipolecca
WHTEHCHUBHOCTD TIpoIiecca A(x) He SBIACTCS KOHCTAHTOM (MEHSIETCS 10
TEPPUTOPHUH), U, CIECIOBATEIHHO, OKUIAHUE YHUCIIa COOBITHIA u(B) B
MIPOU3BOJILHON MOI00JIaCTH B 3aBUCUT HE TOJIBKO OT pa3Mepa 3TOi
1no/100J1aCTH, HO U OT €€ JIOKAJM3allui Ha U3y4aeMoi TEPPUTOPHUH.

3aBUCHUMOCTh ~ MHTEHCUBHOCTH  TOSIBJICEHHS  COOBITUH  OT
MECTOIOJIOKEHHUS X YaCTO MOXKET OOBSCHATHCSA BIMSHUEM KaKHUX-TO
BHEIIHUX (DaKTOPOB, YTO MOXKHO BKJIIOYHTh B MAaT€MaTHYECKYIO
MoAelb. A WMEHHO: WHTEHCHMBHOCTH Tipormecca A(x) MOXeT
paccMmaTpuBaThes Kak GYHKIMS OT 3HaYCHHM 3TUX (PakTOpoB B TOUKAX
xeds:

Ax) = f12/(x),2,(x),...2, (%)} -
3neck  zj,z,,..z, - BHEWHWE (AKTOPbI, CIOCOOHBIC BIHMATH Ha

MHTEHCUBHOCTH Ipoliecca (U, ClIeI0BaTeIbHO, HA TeHEPUPYEMbI UM
TOYEeUHBbIH 00pa3). Takumu ¢dakTopaMd MOTYT OBITh, HAIPHUMED,
BJIQXKHOCTb, TIIOYBEHHOE IUIOJOPOJUE, JOCTYNMHOCTh IHILEBBIX
pecypcoB, BbicoTa Haja ypoBHeM mops, pH u ap. Bua dynkuuu f,

CBS3BIBAIOIIEH MHTEHCUBHOCTH C  (aKTOpaMu, MOXKET ObITh
paznuuHbM. Hampumep, yacTo A MOJEIMPOBAHUS HCIONB3YIOT
9KCIOHEHIHANIbHYI0 (QYHKIIUIO BUA:

— ,a+fz(x)
Alx)=e ,
rae z(x) — ¢akTtop, OKa3bIBAIOMIMI BIUSHUE HA HMHTEHCHUBHOCTD,

3HayeHue (akTopa 3aBUCUT OT TOUKU X; o0 U f§ — KOI(D(UIUECHTHI
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JMHEWHOTO ypaBHEHHs. B kauecTBe HENpsSMBIX (aKTOPOB B MOJCIH
MOTYT y4acTBOBaTh CaMU KOOPIWHATHI TOYKH, HESIBHO CBSI3aHHBIC C
npsMbIMHU (aKTOpaMH, KOTOpbIe He ObLTH u3MepeHsI (puc. 11).

S TNERE B
) ...o...i . e LI j'(x)
-.‘.: L] X

Puc. 11. Ilpumep peanmszarii TO4eYHOTO Tporiecca (A), HHTEHCHBHOCTh
KOTOPOTo sABNAeTCA (QYHKIHMEH MonoxkeHus B TpocTpaHcTe: A(x)=e * "'

(b).
Jl11 HEOHOPOJHOIO ITyacCOHOBCKOIO Ipoliecca, TaK K€ Kak
JUIS. OAHOPOJHOTO, B3aUMOICHCTBUE MEX/Y COOBITHSIMH OTCYTCTBYET,
U MapHas KoppessiuuonHas GpyHkius g(r) = 1 i 1o0bIX paanycos 7.

Ilpoueccovt Kokca

ITpoueccsl Kokca SBISIIOTCS pacUIMpPEHUEM ITyacCOHOBCKOTO
mporecca, a MMEHHO: WHTEHCHUBHOCTH ITyacCOHOBCKOTO Ipoliecca
paccmatpuBaeTcsi Kak peanusauus cayuaunou (ynkumun A(x). To
€CTbh, 3TO «IBAX/bl CTOXAaCTUYECKUH MPOLECCH: CIyYailHO HE TOJIBKO
MOSIBJICHHE COOBITUI B TE€X WJIM MHBIX TOYKaxX MPOCTPAHCTBA, HO U
MHTEHCUBHOCTH IMpollecca B KAKIOW TOYKE X MPUHUMAET CilydailHoe
3HaYeHHe B COOTBETCTBUU 3aKOHOM PACHpPEIEIICHUs CIIy4ailHOTO MOJIs
A(x). Takas wmomenb ObUIa BHEPBbIE MPEATOKEHA AHIVIUHCKUM

cratuctukoM [[»Bumom Kokcom (1955).
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CMemaHHbIH MyacCOHOBCKM Mpolecce

[Ipocreitmnm  mpumepom  mpouecca  Kokca — siBisiercs
CMEIIaHHBIN myaccoHOBCKkHi mporiecc (mixed Poisson process), koraa
WHTEHCHUBHOCTD SIBJISIETCS CITy4yallHOM BeIMYMHOM / (HE 3aBUCHUT OT X),
NPUHUMAIOIIEH HEOTPULATEIbHBIE 3HAUYEHHUS B COOTBETCTBHM C
HEKOTOPBIM 3aKOHOM pacHpelesieHus BEpOsTHOCTEH (K Hpumepy,
ramma, JIOTHOPMaJIbHBIM, JKCIIOHEHIMAJIbHBIM U 1p.). Peanuzauun
3TOTO TMpolecca BeayT ceds Kak pealu3aludd  OJHOPOIHOIO
IIyaCCOHOBCKOTO MPOLECCA, HO OAHOPOJHBIN ITyaCCOHOBCKUH Mpoliece
TEHEpUPYET pealnnu3aly ¢ MOCTOSIHHOW MHTEHCUBHOCTBIO, a B Cllydae
CMEIIaHHOTO IyaCCOHOBCKOI'O IPOLECCa NHTEHCUBHOCTD Ul KaXKIOU
peanu3a MOKeT OBITh Pa3IHYHOMN.

B kadectBe WIIIOCTpaLMM PAaCCMOTPUM CIEAYIOLIMNA IHpUMED.
I[Iycth B wu3ywaemoit oOmactm S WMeEeT MECTO CMEUIaHHBIN
IyaccOHOBCKUIl mnpouecc X (4acTHbI ciydail mpouecca Kokca),
MHTEHCUBHOCTh KOTOPOIO — Ciyd4ailHas BEJIMYMHA, paclpeesieHHas
[0 3KCIOHEHLHUAIbHOMY 3akoHy ¢ mnapamerpoM a=0.01. ITycte nms
TpeX peanu3alyii 3TOro IpoLecca HHTEHCUBHOCTb CIy4YalHBIM
00pa3oMm MpuHsIa 3HaUEHUs A, paBHBIC 5, 3 U 2, COOTBETCTBEHHO.

PaccmoTtpuMm momo6nacTs B, MpUHAIEKALTYIO S U UMEIOILYIO
wiomans 4 enuHuibl. B kaxaoi U3 peannzanuii X npouecca X 4uciio
coObiTuil Nx(B) B monobnactu B sBiseTcss peanusanueil ciydaiiHOU
BenuuuHbl Nx(B), umeromiei 3akoH pacnpenenenus Ilyaccona c
MaTOXXKUJaHUeM uucna coObItuit w(B) = A-Ap. JIns paccmarpuBaeMbIx
Tpex peanusanuii 3HaueHue w(B) B Hamel mogobnactu B Oyner paBHO
20, 12 u 8 coorBerctBeHHO. Ha puc. 12 mnokaszaHel 3T TpuU
peanu3aly CMELIAHHOTO IIyaCCOHOBCKOTO IIpoLecca, TAE YHCIO
coObITHIl Nx(B) cityuaitHeiM 00pa3zom mpuHsiio 3Hauenus 23, 11 u 10.
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a=0.01,1=5 a=0.01,1=3 a=0.01,1=2
u(B)=20 u(B)=12 u(B)-8
Nx«(B)=23 N«(B)=11 N«(B)=10
Puc. 12. IIpumep Tpex peanmzanuii CMEMIAHHOTO ITyacCOHOBCKOTO
mpolecca.
Ecnu nana TonbpKO OJIHA peanu3anusi, TO HEBO3MOKHO OTJIMYUTh
CMEILIaHHBII I1yaCCOHOBCKHI rporecc OT OZHOPOIHOTO

MyaCCOHOBCKOTO Tpoiiecca. AHAJIOTHYHAs CUTyalusl U AJisl POLECCOB
Kokca B oOmem ciydae: wuMess TOJIBKO OJHY peallu3alluio,
HEBO3MOXKHO OTJIMYHUTh €ro OT HEOAHOPOJHOrO0 ITyaCCOHOBCKOTO
npoiiecca. Pemienne o TOM, Kakas U3 JBYX MOJENEU SIBISETCS
HaubOoJee TMOIXOASINEH, 3aBUCHT OT AaNpHOPHBIX 3HAHUK 00
nzyuaemMoMm siBiienuu. lIpoueccel Kokca mo3BosisitoT MoaenupoBaTh
arperanuio WiH KIaCTepU3alUI0 COOBITHH, CBSI3aHHYIO C BIIUSHHUEM
BHEITHUX ()aKTOPOB, HO MPHU 3TOM BHEIIHUE (PAKTOPHI, BIUSIIONINE HA
MHTEHCUBHOCThH Mpoliecca, MPEIIoIaraloTcsl CmoxXacmuyecKumu 10
CBOEH MpHUPOJIE.

st 6onpmmHCTBAa MoAeNel kiacca mnporeccoB Kokca mapHas
KoppesiiuoHHas GyHKIus g > 1.
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Knacmepnuwie npoueccwoi: npoyeccot Heiimana-Cxomma

KnactepHbie nporeccsl - OAUH U3 Hanbosiee BaXKHBIX U IIUPOKO
NPUMEHSEMbIX KJIacCOB MOJENEH TOYEYHBIX TMPOIECCOB. 31eCh
coObITHS B 00J1aCTH S TOABIIAIOTCS B arperaiusix, CKOIICHUSX.

OcHoBHasl uaest 3TUX MOJEJIel COCTOUT B TOM, UYTO CYIIECTBYET
HEKOTOPBIA  CIy4YallHBI  TOYEYHBIM MpolLEecC, MOPOKIAIOITUN
pa3MeNIeHHE «POIUTEILCKUX)» COOBITHH (IIEHTPOB KIACTEPOB), BOKPYT
KOTOpBIX COIJIACHO CBOMM HE3aBHCHMBIM TOYEUYHBIM IpolieccaM
CIIy4aifHO pa3MelIaloTCs TaK Ha3bIBa€MbIE «JJOUEPHHE» COOBITUS (MU
COOBITHS-CTIOTOMKH»), 00pa3ys  kiacTepbl. Takum  oOpazom,
KJIACTEPHBIM TOYEUHBIM TMpolecC €CTh CYNEPHO3UIMS TOYEUHBIX
MIPOLIECCOB IIOTOMKOBY.

B kauectBe mpuMepa MpHUPOTHOTO MPOLECCa, KOTOPBIM MOXKET
ObITh OMHMCAaH C TIOMOMIbIO JaHHONW MOJENH, MOXXHO Ha3BaTh
pasmMenieHue aepeBbeB B Jecy. [loberm MoryT co3nmaBaTh BHIMMBIE
arperaiyu, pa3Meniasicb BOKpYT MOTHOLINX POAUTEILCKUX OCOOCH.

[Ipoueccel Heiimana-CkoTra (MX ONpeeseHUE BIIEPBBIE aHO
Heiimanom (1939)) sdBisAroTCS YacTHBIM  ClIlydaeM KJIACTEPHBIX
nporeccoB. VX MHOTIa Ha3bIBalOT KIACTEPHBIMH ITyaCCOHOBCKUMHU
nporeccamu (Poisson cluster process). 3aech:

e «Pomutennckue» coObITHS pa3MmemamTcs B oOmacth S B
COOTBETCTBUM C OJHOPOAHBIM IIyaCCOHOBCKMM IIPOLIECCOM C
WHTEHCUBHOCTHIO /.

e Kaxnoe «poauTenbckoe COOBITHE» TEHEPUPYET CIydaiHOE YHCIO
K coObITHI-«TTOTOMKOBY. Bee nuckpeTHble ciay4aiHble BETUYUHBI

K (4ucmo TOTOMKOB KaXIOTO «POAMTEIHCKOT0» COOBITHS)
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HE3aBHCHMbI ¥ HUMEIOT OJMHAKOBBIH 3aKOH pachpeiesieHus
BeposiTHocTe? P(K=k), k=0, 1, 2, ....

e [Jlo3unuu «HIOTOMKOBY» OTHOCHUTEIBHO HUX «POJUTEIBCKUX)»
coObITHH  (IICHTPOB  KJIACTEPOB) HE3aBUCHMBI M  HMMEIOT
OJIMHAKOBBIM 3aKOH paclpelesieHus] C HEKOTOPOW JIBYMEPHOM
GyHKIHMEH MITOTHOCTH BEPOSTHOCTH f{ ).

e Pe3ynbTUPYIOMIUIA TOYEYHBIM MPOILECC COCTOUT TOJIBKO U3
COOBITHI-CITIOTOMKOBY. «PoauTenbckue» COOBITUS OTCYTCTBYIOT

00 HEOTIMYUMBI OT COOBITUH-«ITOTOMKOBY (pHcC. 13).

«Poaurensckue» cobbitust  OOpasoBanue arperanuii  Pesynerupytommuii oopas

o) 3.4 o® \
0 ° .g. ‘:O.; o? .‘: .:.: ° J
® ° ° °
°
o © © %.. e Q :.. ) a°
) 0o 0 3 WO Pe PR
o (2. o..
° °
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o ® \d «® L4
Q ° o q Q .Cz q ’ L} Se '.

Puc. 13. PesynbTupyromuii TOYEYHBIH 00pa3 COCTOMT TOJBKO W3
COOBITHH-KITOTOMKOBY, TTOSIBUBIIINXCSI BOKPYT COOBITHH-
«ponuTENEH.

OTOT KJacc MPOLECCOB HCHOIb3YEeTCs s MOJEIHPOBAHUS
OTKJIOHEHHS OT TOJIHOW MPOCTPAHCTBEHHOM CITyYailHOCTH, CBSI3AHHOTO
C TO3UTHBHBIM IPOCTPAHCTBEHHBIM B3aUMOJEHCTBUEM COOBITUI
(@ddextsr BTOpOoro moOpsiaka). OHO TPOABISIETCS 00pa3oBaHUEM
arperanuii COOBITUI: BEPOSTHOCTb BCTPETUTH OJJHO COOBITHE PSIIOM C
JPYTUM TOBBIIIAETCS, TaK KaK MPEINOoIaraercs, 4To «POAUTEIHCKOE
COOBITHE «JaJl0 JKU3HB» HECKOJIBKHUM  COOBITUSM-«IIOTOMKaM.

2 B aHIMIOA3KLIMHON JUTEpaType YHOTPEONSAIOT COKpalleHHe W TepMHH iid,

independently and identically distributed.
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IIpoueccet  Helimana-CkoTTta  SBISIOTCS  OAHOPOJHBIMH 10
OTIpe/ieNIEHUIO, a MapHas KoppensunoHHas QyHkuus g > 1.

Onpenenenne nporecca Heitmana-CkoTra HE KOHKPETU3UPYET
3akOH oOpa3oBaHus arperauuii. Hiske npuBeneHbl IpuMepbl (YaCTHBIE
CJIy4au) 3THX MPOIIECCOB.

Kuaacrepnsblii nponecc MarepHa

B aToif Mmomenu (puc. 14 A) kaxmoe «poIUTEITHCKOE» COOBITHE
co3maer K «IOTOMKOBY», YHCJIO KOTOPBIX CIyYaiHO W TOJYUHSETCS
e ut

k!

«IToToOMKM» pa3MemarTcss HE3aBUCUMO JpYyr OT Jpyra B Kpyre

pacnpenenenuto Ilyaccona ¢ maroxupganuem u: P(K =k)=

paguyca R BOKPYT «pPOJIUTENBCKOI» OCOOM B COOTBETCTBUU C
JIBYMEPHBIM PAaBHOMEpPHBIM 3aKOHOM paclpeleneHus, (QyHKIH
IUIOTHOCTH BEPOATHOCTH KOTOPOT'O paBHA:

1
f(X,Y)=7[R2

IIpouecc Tomaca

B sto0if Mmonemu (puc. 14 b) kaxmoe «poIUTENBCKOE» COOBITHE
TaKKe CO3/aeT ciaydailHoe 4YHucio K  «IOTOMKOB»  COIJIACHO
pacnpenenennto Ilyaccona ¢ MaroxumanueM p. M «moToMkm»
pa3MeNIanTcss HE3aBUCUMO JPYT OT JIpyra BOKPYT «POAUTEIILCKOTOY
COOBITHS, HO B COOTBETCTBUU C JABYMEPHBIM TayCCOBBIM 3aKOHOM

pacnpenenenuss ¢ maroxuaaHueM 0 M KOBapUAlMOHHOM MaTpuIel

o’ , yHKIMSA IITOTHOCTH BEPOATHOCTH KOTOPOTO PaBHA!

_(X2412)
202

1
2

JXY)= 2o

e
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Puc. 14. MmmrocTpaniui KJIaCTEPHBIX ITyaCCOHOBCKHX TporieccoB. Obe
3aKapTUPOBaHHBIE  00JaCTH  UMCIOT  CIWHUYHYI  IUIOIIA[b.
«PonuTensckoe» cOOBITHE MOKA3aHO TONOH TOYKOW, BOKPYT KOTOpPOU
odepucHa OKPYKHOCTE pamuyca R=0.07.

A: Peammsanms mnporecca MarepHa; YHCIO «HOYEPHUX» COOBITHI
(uepHBIC TOYKHM) MOAUMHSIETCS pachpexaeneHuto llyaccona ¢ y=35;
pamuyc Kpyra, B KOTOPOM TOSIBIISIIOTCS «IIOTOMKI», R=0.07.

b: Peammzanmus mnpomecca Tomaca; YHCIO <«JIOYEPHUX» COOBITHI
(uepHBIE TOYKM) TakXKe MOTUMHSETCS pacmpexaeneHuro Ilyaccona c
[U=15; «1oduepHHE»  COOBITHSI  PACCEMBAIOTCA  OTHOCHUTENHEHO
«POIIUTENIBCKOTO» B COOTBETCTBHUHM C JBYMEPHOW HOPMAJIbHOM
(rayccoBoif) ¢pynkumeit pactpenenenus ¢ ¢ =0.07, ueHTpUpOBaHHON B
«POAUTEITECKOM» COOBITHH.

B nureparype omnucaHbl paciiupeHus: 3TOro Kijiacca MpoleccoB,
a MMEHHO, HeoJHOpoaHble mporecchl Heitmana-CkoTTta, Hampumep,

Koraga B Ka4€CTBE «POAUTECIILCKOI'0» pacCMaTpruBaCTCA HGOI[HOpO,I[HBII;'I

IIyaCCOHOBCKHI MPOIECC C HHTEHCUBHOCTBIO A(X).
3aMeTUM, YTO HET CTPOroW TIpaHMIbl MEXAY KIaCTEPHBIMHU
nporeccaMu U Tiporieccamu Kokca, TouHee, CymecTByeT OOJbIION

KJIaCC TOYCYHBIX HNPOHECCOB, KOTOPBIEC OJHOBPEMCHHO ABJIAIOTCA U

KJIACTEPHBIMU TIponieccamu, U mporeccamu Kokca. Eciou cimydaitHoe
YUCJIO TOYEK B KiacTepe umeeT pacnpenenenue lIlyaccona (kak,

HanpuMep, B ciaydasx Moaenu MarepHa uinu moaenu Tomaca), Toraa

KJIACTEPHBIN mporiecc OyaeT Takxke mporeccom Kokca.
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Ilpoueccot uncuouposanus (yecnemenusi)

Kak roBopuioch BbIlIe, APYrMM OTKJIOHEHHEM OT TIOJHOM
MPOCTPAHCTBEHHON CIIy4YalHOCTH SIBJIAETCS HAJIM4YHUE HEKOTOPOH
peryisipHOCTH B pa3MmeleHuu coobituii. [logo6HOe moBeaeHne MOXKET
OBITH CBSI3aHO C HEraTUBHBIM MPOCTPAHCTBEHHBIM B3aUMOJIEHCTBUEM
COOBITHI, C HaJMYWEM MEXaHU3MOB, MEIIAIONUX TOSBICHUIO
CcOOBITHI BOMHM3M APYyTHX COOBITHH. [ omucaHus TaKMX TOYCUYHBIX
MPOLIECCOB MOXET MPUMEHAThCA Kiacc Mojeniell MHrMOMpOBaHUSA,
KOTOpBIE IUMUTUPYIOT MUHUMAJIbHOE PACCTOSIHUE MEXKIY COOBITUIMU
HEKOTOPOW KOHCTAHTOM («TBEPAOE SIAPO»). DTH MOAEIU MOTYT OBITh
UCIIOJIb30BaHbl, HAmpuMep, s ONUCAaHUS IPOCTPAHCTBEHHOI'O
pa3MelIeHus] JIEPEeBbEB B CTAapOBO3PACTHOM JIeCy, TJI€ pPACCTOSHUE
MEXIy NE€pEeBbSIMU OTPaHMYEHO WX KPOHAMHU, WU JAJis ONHCAHUS
JIPYTUX KOHKYPEHTHBIX B3aUMOJICCTBHUIA.

PaccmoTpum fABe Mojenu HMHTUOMPOBAHUS, NPEIIOKEHHbBIE
Martepaom (1960) m wucnosp3yromue MNpouUeNypy NPOPEKUBAHUS
(thinning).

IIpouecc Marepna I

DTOT mporiece 3a1aeTcsl CICAYIOMUM 00pa3oM: Ipernoaaraercs,
yTo B oOmacté S eCcTh HEKOTOPBIA OJHOPOJHBIA ITyaCCOHOBCKHIA
IPOLECC C UHTEHCUBHOCTBIO O, B peaM3alUsiX KOTOPOIO yIasOTCs
BCE Mapbl COOBITUN, HAXOASIIMXCS APYr OT JApyra Ha pacCTOSHUU
MEHee 3aJJaHHOTO Mmopora ¢ (MUHUMAJIBHOE JIOMyCTHMOE PACCTOSHUE).
OcraBmvecs Tociae MPOPEKHUBAHUS COOBITHSI U COCTaBJISIOT
peamuzauuio  mporecca Mareppa I ¢ pesyapTHpyOLIEH
WHTEHCUBHOCTBIO A, KOTOpas 3aBUCUT OT 3HA4YeHHs © M Iopora

WHTUOMPOBAHHUS O:
A=2p,8)=p-e ™.
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IIpouecc Marepna 11

Mogenp  Takke  3aJaeTcsi HAa  OCHOBE  OJHOPOJHOIO
MyacCOHOBCKOTO TMpoIiecca B o0mactu S ¢ WHTEHCHUBHOCTHIO .
KaxgoMmy i-ToMy CcOOBITHIO B €ro peaju3aldd [PUCBAUBAETCS
Clly4aifHas MeTKa - «MOMEHT HACTyIUICHUS» 1, KOTOpas MOKET
OpPUHUMATh 3HAYEHHUS B HEKOM YHCJIOBOM HWHTEpBalle, Cieays,
O0OBIYHO, PABHOMEPHOMY 3aKOHY paclpe/eseHUs] BEpOSTHOCTEH.
Janee B kaxa01 mape COOBITHI, HAXOIAIINUXCS IPYT OT JIpyra OivxKe,
YeM MOPOT UHTUOWPOBAHUS 0, YIATSETCS TO COOBITHE, KOTOPOE UMEET
OoJjiee TO3MHUNA «MOMEHT HACTYIUICHHs». Tak Kak B ATOH MOJAENIH
YAQISIOTCS HE 00a COOBITHSA B IMape, TO MHTCHCHBHOCTH TMpolecca
Marepna Il Bblllle MO CpPaBHEHHUIO C HMHTEHCUBHOCTHIO B MOJIEIHU
Martepna [ (puc. 15) npu oamHakoBBIX ©. B KadectBe mnpumepa
MPUPOIHOTO MPOIECCa, KOTOPBI MOXKET ObITh ONMKCAH ATONW MOJEIBIO,
MOKHO TIPUBECTH B3aUMOOTHOILIEHHS JI€peBhEB B JieCy, KOTIa
KPYIIHbIE I€PEBbSl YTHETAIOT POCT 00Jiee MOJIOBIX IEPEBLEB.

A Bo. .' :

Puc. 15. Mnmoctpanuu npoueccoB uHruOupoBanus. O6e oOmactu
MMEIOT eIMHUYHYIO Tuiomans. [lopor uarnouposanus d = 0. 1.

A: Peammzamus mpouecca Matepna . b: Peanmuzanus  mpounecca
Marepna II. HcxogHble  UHTEHCHBHOCTH O OJMHAKOBBI,
pe3yIbTUPYIOIINE HMHTEHCUBHOCTH A  pas3iuyaroTcs; B KaKIOH
peanuzalMd  OTCYTCTBYIOT Iapbl OOBEKTOB, HaxOJISIIUXCA Ha
pacCcTOSTHUU MEHbIIeM, deM 0. /.
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Ilpoueccot I'ubodca, maprosckue moueunvie nPoyeccol

[IpocTpaHCTBEHHYIO PETYJISAPHOCTh B Pa3MEUICHUU COOBITUI
(perynbCUBHOE TOBEICHHE, «OTTAJKUBAaHUE» COOBITHH) YacTO
MOJIETIUPYIOT C MOMOIIBI0O MapKOBCKUX TOYEYHBIX MPOIECCOB (MU
nporieccoB  ['mb6ca). Ito  OonplIoe  CEMEHCTBO  MoOJENeH,
MO3BOJIAIOIINX OIKCHIBATh BCEBO3MOKHBIE B3aUMOJICHCTBUS MEXKIY
COOBITHSIMH (HE TOJIbKO HEraTUBHBIE W HE TOJIBKO TapHBIC),
MOJICTIMPYIOIINX HE TOJBKO PEryJspHbIE TOYEUHblE O00pasbl WU
TOYEUHbIE 00pasbl C arperanuei COOBITHIA, HO U KOMOWHAIIMHM J3THX
TUIOB Pa3MEIICHUH.

[Tponeccsl I'mbOca ObLTM BBEJACHBI B CTAaTHUCTHUECKOW (DU3HKE
JUUISL ONTMCAHMSI CUCTEM B3aMMOJECHCTBYIONIMX YacTUI. AMEPUKAHCKUN
yuensid M. Yumnapn I'm66c (1839-1903), 3amoxuBmIMiA  OCHOBBI
CTaTHUCTUYECKON MEXaHWKHU, M3ydal TePMOJMHAMUKY XUMUYECKUX U
bu3nYeCKuX MPOIECCOB B CHCTEMAaX, COCTOALIMX M3 YacTULl. MOKHO
NpeICTaBUTh, YTO KaXJdas 4YacTWIla HeceT HEeKWd 3apsan, u
B3aMIMOJICHICTBHE MEXIy YaCTHIIAMH SIBISIETCS CHJIOW, KOTOpas
OTTaJKUBAET UX JAPYT OT Apyra. YeM OJMKe JIBE YaCTUIIBI HAXOJSATCS
Opyr K Jpyry, TE€M BBIIIE TOTEHIMANT OTTAJIKUBAHUS. YacTHUIIbI
CTPEeMATCS  PACHOJOXKUTHCA B  TPOCTPAHCTBE  TaK,  YTOOBI
MUHUMHU3HAPOBATh JTOT MOTEHIMAN. B COOTBETCTBUM C Teopuei
I'mbbca, dYeM MeHBIIMM IMOTEHIHAJIOM  OOJNIagaeT CHCTEMA
(xoH(pUTypanys, MPOCTPAHCTBEHHOE Pa3MEIICHNUE YACTHII), TEM BBIIIE
BEPOSATHOCTH €€ CYIIECTBOBAHMUS.

Teopust [M66ca onuceIBaeT MOJIsI MAPHBIX MOTEHIMAIIOB, OJTHAKO
C ee TMOMOIIbI0 MOXHO (opMann30BaTh W JIPYrHe MPOIECCHI,
HanpUMep, MPOCTPAHCTBEHHOE pa3MElICHHE JIEPEBhEB B JieCy. 31eCh
AQHAJIOTOM  «MOTEHIMaJa  OTTAJKUBAHHUS»  MOXET  SIBISATHCSA

KOHKYpEHLIUs 3a pecypchl. JIOTMYHO MpEeArnosoXuTb, 4YTO O3TOT
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KOHKYPEHTHBIH NoTeHIuan OyAeT yMEHBIIAThCs TI0 MEpe yBEIMYEHUS
pPacCTOSIHUSA MEXIy JepeBbsIMU. Takke MOXKHO JOMYCTHTb, YTO YeM
JepeBbsi 0OJIbIIE, TEM CUJIbHEEe MOTEHLHUAN: Yallle MOYXHO BCTPETUTH
pacTyuige psaoM MajeHbKHE JepeBlia, 4YeM OOJbIINe JepeBbsl.
B3aumoneicTBus Mexay COOBITHSIMU MOTYT ObITh CAMMETPUYHBIMU U
HecuMMeTpuuHbIMU. K mpuMepy, B3aMOJEHCTBHE JIEPEBHEB B JIeCy
MOJKET paccMaTpPUBAThCS KAaK HECUMMETPUYHOE: OOJIbILINE JEepPEeBbs
CHWJIbHEE BO3JIEHUCTBYIOT Ha IOHBIE JIepeBlla, HE HCIBITHIBAS
3HAYUTEJIILHOTO KOHKYPEHTHOTO JJABJICHUSI C UX CTOPOHBI.

[Tponeccrl 'mbGOCa 3aMar0TCs ¢ TOMOIIBIO QYHKYUU NAOMHOCTIU
OTHOCHUTEJIbHO ITyaCCOHOBCKOT'O IpoIiecca.

Ilyctb Y1 — OIHOpPOAHBIM IMyacCOHOBCKHMM MpolEecC C
WHTEHCUBHOCTBIO A =1 B oOmactu S. M3 ero cBOWMCTB ciemyeT, 4To
JUIst JTF000T0 MHOKECTBA £, COCTOAIIETO U3 KOHEUYHBIX KOHPUTYpalui
TOYEK B S, BEPOSTHOCTh TOTO, YTO O3TOT MPOLECC MOPOIUT
KoH(puryparuio u3 F, papHa:

4
P(Y, eF):Z:—'II...II[xeF]dxldxz...dxn,
©SsS

n>0 S
rae As — momanb oonactu S, 1[.] — unauKaTOpHAs QYyHKIHS, KOTOpas
paBHa 1, ecnin KoHUTypanusi X TPUHAIJICKAT MHOXKECTBY F, nHaue
paBHa 0.

['oBOpAT, 4TO KOHEYHBIA TOUYEUHBIM mMporecc X B obmactu S
uMeeT (DYHKITUIO TUIOTHOCTH f OTHOCUTEIBHO mporecca Y1, €CIH s
HEro MoJ00Hast BEPOSTHOCTh MOXKET OBITh OTPEICIICHA KaK:

P(XeF)=),

n=0

e

f:s IJ.,,,J.I[XeF]f(x)dxldxz...dxn .
nl % %

OyHKIUS IOTHOCTH f 3a1aeTcs A1 JII000i KOHEUHOU KOH(HUTyparuu

TOYEK X = (X,,X,,...,X, ) U3 S.

45



st OJTHOPOIHOTO ITyacCOHOBCKOTO mporecca c
WHTEHCUBHOCTBIO A:

f(x)= f(x,,%,,...,x,) = A", Tje koHcranTa o = e %,

JIn1s1 HEOJTHOPOTHOTO ITyacCOHOBCKOTO MpoIiecca:

f(x):f(xl,xz,...,xn)zall[/?,(xi),rne a=e

Af‘[s/l(u)d(u)

[Tponeccr ['mO66ca B orpannueHHO o6sacTtu S B 00IIeM ciydae
OTIPENENSIOT Yepe3 PYHKINIO TUIOTHOCTH BU/IA:

f)=1et,
C

rae X = (xz, X2, ..., X») - J00asg KOH(GUTypalust # TOYEK B 001acTH S,
byakuuss U B TepMHUHAX CTaTUCTUYECKOW (U3MKKM 0003HAYaAET
SHEPTHI0 CUCTEMBI - TMOTEHIMAJ IMPOCTPAHCTBEHHOTO Pa3MEUICHHUS
COOBITHI X, ¢ — HOpPMaIHM3yIomas KOHCTaHTa («CTaTHCTUYECKas
cymma» B (¢uU3HMKe, OHa O0ECleuyrnBaeT HY>KHBIE CBOWCTBA (DyHKITUH
JX)).

B GonpmmHCTBE ciydaeB GyHKIUS f HE BBIpaXaeTCsl B SIBHOM
BUJIC U3-32 CJIOXKHOCTH OIPE/ICICHUs HOPMaIH3YIOe KOHCTaHThI, U

1
€€ 3aJ1al0T BIUIOTH JIO0 MPOMOPIHOHANBHOCTH - f(X) =—-h(X), rne / -
c

u3BecTHast PyHKIUs. [l03TOMY OCHOBHBIM HHCTPYMEHTOM Tipu pabote
¢ mporieccamu ['n60ca sBasieTcst ycrosHas unmencusHocmo A(u, X) (B
aHTJIOS3BIYHON JuTepatype - Papangelou conditional intensity),
KOTOpast He 3aBHUCHT OT HOPMAJHM3YIOIIEH KOHCTAHTHI U OTpeAeIseTCS
KakK:
) L)
J(x)

b
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r7e X - 1t00asi KOHeuHass KOH(UTypaluu COOBITUH, U - TOUKa U3 S, HE
npUHaAIexKamas 3Toil koupurypauuu X (u € S,u & X ). A(u, X) MOXer
UHTEPIPETHPOBATECS KaK  yCJIOBHAs BEPOSTHOCTh  HAOIIOIATh
coObITHE B OECKOHEUHO MaJIOM OKPECTHOCTH TOYKH U TIPH 3aJlaHHOU
KoH(purypamuu Touek X (06osee TOUYHO, YCIOBHAsE BEPOSITHOCTh — 3TO
Mu, X) du). O4eBUAHO, YTO YCIOBHAsS WHTEHCUBHOCTH A(u, X) HE
3aBUCUT OT KOHCTaHTBI ¢, a JJIs ITyaCCOHOBCKOTO Ipollecca paBHA
MpOCTO  HMHTEHCHBHOCTH: A(u, X)=A(4), W HE 3aBUCUT OT
koH(puryparuu X. Ecim (yHKIHS TUIOTHOCTH 00J1alaeT CBOMCTBOM
HacnenoBanus ( f(x) > 0 Brneuer fy) > 0 mist 001X y C X ), TO f(X)

1 A(u, X) B3aUMHO-OJTHO3HaYHO COOTBETCTBYIOT JIPYT APYTY.
IIponecc X 4yacTo Ha3bIBAIOT MPOLECCOM:
* ¢ TpUTSHKEHHEM  (arperammeii,  KiIacTepu3alueil),  eciu
A(u,x) < A(u,y) BCSKHMII pa3, Korga X C Yy ;
* ¢ oTrragkuBaHueM (perynspuzauuert), ecian  A(u,X) > A(u,y)
BCSIKM pa3, KOrjJa X C Y .

BooOmie roBops, Bce mpolecchl, A KOTOPBIX CYIIECTBYET
GyHKIHS TIOTHOCTH f(X) M yCIIOBHAss MHTEHCUBHOCTH A(u, X), MOTYT
OBITH OTHECEHBI K mporeccamM [m66ca. B wactHOCTH, ¢ MOMOIIBIO
9TOr0 MaTeMaTHYecKOoro ammapara MOryT ObITh (hOpMaaTu30BaHbl U
IyacCOHOBCKHE MpoIiecchl, U mpouecchl Kokca.

[Iponecc ['mb66ca mMeeT KOHEUHBI paHr R, eciaW yCJIOBHas
MHTEHCUBHOCTD yJIOBJIETBOPSIET YCIOBUIO

A(u,x) = A(u,x " B(u,R)),
rae B(u,R) - kpyr paaumyca R ¢ LEHTpOM B TOuke u. TO ecTb,

BEPOSATHOCTh «BCTaBUTH» TOYKY # B TOYEUHYIO KOH(UTrypauuio X
3aBUCHUT TOJIBKO OT HEKOTOPBIX coOceled 3ToM Touku. Jlpyrumu
CIIOBaMH, BepOSMHOCMb NPOU3BONbHOU KOHEYHOU KoHpueypayuu
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mouex onpeoensemcsi TOKANTbHbIM 83AUMOOEUCmEUeM — 3aBHCUT OT
B3aUMOJICHCTBHS C COCEISIMH, IPHYEM 3TO «COCEICTBO» MOXKET
OTIPENIETATHCS PA3IMYHBIMU CIIOCO0aMH, YTO B OoJiee 00IIeM ciydae
BEJICT K OIPEIIEIICHUIO MAPKOBCKUX TOUCUHBIX TOJICH.

Ecnmu paccMmarpuBaeTcsi TOJNBKO OIUH COCEH, TO MBI HMEEM
nojakjacc TmporeccoB ['mbOOca, Ha3bIBAEMBIX MOOeIIMU NAPHO2O
s3aumooeticmsusi  (pairwise interaction model), 1Is1  KOTOPBIX
(GyHKIHS TUIOTHOCTH MOYKET OBITh 3aIMcaHa Kak:

1.
S(x) :_Ha(xi)Hb(xi7xj) .
Cia i<j

To ects, aHeprus U(x) paBHa
U(x) ==Y log a(x)~ Y log b(x,,,),

a YCIIOBHYI0 HHTEHCUBHOCTH IpoOllecca MapHOIr0 B3aUMOJEHCTBUS
MO>KHO BBIITUCATh KaK:

Au,x)=a(u) ﬁb(u,xl.) .

3neck pyHKIMsS a(u) OTpaXkaeT CBOWCTBA MEPBOTO MOPSAIKA (OOBIYHO
9TO MHTEHCHUBHOCTH) MPOIIECCa; €CIM 3TO KOHCTaHTa (HE 3aBHCUT OT
u), To mpormecc Oynmer omHopomHbiM. DyHkuus b(u,v) oTpaxkaer
CBOMCTBA BTOPOTO TOpPSIAKA W HA3BIBACTCA (DYHKYUel NAPHO20
e3aumoodelicmeus. Jlis  Mozenel mapHOro B3aWMOJEHCTBHA 3Ta

(GyHKLIMS TpeanoiaraeTcs CUMMETPHUUYHON, T.e. b(u, v) = b(v, u), n
OOBIYHO M3OTPOMHOM - b(u,Vv) = b(”u — v||) . B mpunmune Bua pyHkoui
a u b Moxer ObITh BBIOpaH JIOOBIM, HO TIPH 3TOM OHH JIOJDKHBI
o0ecreynBaTh HHTETPUPYEMOCTh PYHKIIUH TIOTHOCTH.

Ecmm b(v,u) <1, TOT/1a poIiecc X SIBJISICTCS
peryJspu30BaHHBIM (COOBITHS «OTTAJIKUBAIOTCS» APYr OT Jpyra).
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Ecmm b(v, u)>1, torma mpomecc X B 0OmeM ciaydae HE BIIOJHE
ompeesneH (MOXKET He CyIIeCTBOBATH).

IIpouecc TBepaOro siApa

B npocrteiimem ciyyae, ecima a(u) =a >0, a GyHKIIUS MTAPHOTO
B3aUMO/JICHCTBUSI UMEET CIETYIOINUI BUT:
I, ecmu |ju—v|>o

b(u,v)= )
@) 0, ecmu |lu—vl|l<o

rIe ||u —v|| - paccTosiHHe MEXIy COOBITUSAMH (TOYKaMH) u U v, TOTJa

IIJIOTHOCTh NIPUMET BU:

c-a"™, ecnm ||x,—x,|[> S, ansgBeex i # j
J(x)= ’ L :

0, B HMHBIX CIIy4asx

rzae n(X) =n — 4uciIo TOYeK B 00pas3e X, a YCIOBHYIO HHTEHCHBHOCTb
npoliecca MOKHO 3aucaTh Kak:
a, ecnu |ju—x,|[> O nns Beex i

A(u,x) =
0, B MHBIX CITydasx

To ecTh, BEpOATHOCTH TOSBICHHUS COOBITUS B OKPECTHOCTH
TOYKH 1 HE paBHA HYJIIO (paBHA a du), €CJIM Ha PACCTOSTHUM O OT 3TOU
TOYKH HET HU OJHOTO Apyroro coObiTus. Eciu ke He manblie, 4em Ha
3TOM PACCTOSIHUU OT U, €CTh XOTs OBl OJTHO COOBITHE, TO BEPOATHOCTH
MOSIBJICHHUSI B 9TOM MECTOIIOJIOKEHHH HOBOT'O COOBITHSI paBHA HYJIIO.

OTa MOJEeNb U3BECTHA KaK Mpouecc TBepaoro sapa. OHa co3maet
peryJisipHbIe, pa3peKEHHBIE TOYE€YHbIE OO0pa3bl, B KOTOPBIX BCE
HaOII0aeMbIe COOBITHS HAXOATCS APYT OT Apyra Ha PACCTOSTHUSAX HE
Omke 3alaHHOTO o. MOXHO TMPEeJACTaBUTh, YTO KaXJA0€ COOBITHE
HaxOJIUTCSI B IIEHTPE sApa, B KOTOPOM IKECTKO HWHTHOMPYETCS
MosIBJIEHWE Jpyrux coOwitmii. Ha pwuc. 16 mnpuBeneH mnpumep
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peanu3anuu mpolecca TBEPAOro spa U MPOWUIIOCTPUPOBAHBI
HEKOTOpbIE €ro CBOMCTBA.

0.8

g(r)
0.6

000 005 0410 015 020 0.2¢
r

=4 2
S | S | r
[Te} [Te}
o o 4
S S
=8| =8|
X o -4 o
1o} e}
S S |
S S
=4 =
S | 3 |
000 005 010 015 020 025 000 005 010 015 020 025

r r

Puc. 16. UnmocTpanus npoiiecca TBEpAOTO A11pa.

A: Kapra peanmzamuu npouecca; BOKPYT KaXIOTO COOBITHS OUepUeHa
OKpYKHOCTh panmyca o =0.1— «rBepmoe simpo». b: Bua mnapHoit
KoppemsinronHoi ¢yHkuuu. B: Bun K-pyskmumm Pummm. It Bun
¢yuakoum  L(r). CroomHod nuHHEH TOKa3aH NpHUMEpP IOBEICHHS
(dhyHKIIUI B cimydae mporiecca TBepAoro saapa. [IyHKTHpoM mokazaHo
nmoBeicHUe PYHKITHH, cooTBeTCTBYIOMmee CSR.
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IIpouecc IlITpayca

[Iporeccbl MpocTOro MHrUOMPOBAHUSA U TBEPJOTO SAPA HKECTKO
JUMUTUPYIOT MUHHMAJIBHOE PACCTOSIHUE MEXIY COOBITHSIMH. OHAKO
B peaJbHOM MHpE MHTMOMpPOBAaHUE HE BCErJa SIBISAETCS CTPOTUM, U
XOTSl BEPOSATHOCTh BCTPEUM OJHM3KUX COOBITHH MOXET OBITh HH3Ka,
OHa He sBIISETCS HyJIeBOH. Takoe mMOBeAEHHE YYTEHO B MOJEIHU
[HTpayca (Strauss process).

OTOT mpornecc, Kak U MPEAbIAYIIHNNA, SBISETCS OJHOPOIHBIM -
a(u) = a, HO (PyHKIUSA TApHOTO B3aMMOJACHUCTBUS, KpOME MapaMeTpa o,
3aBHCHUT €Ille OT OJHOTO MapaMeTpa y:

I, ecnmut |ju—vi|}>od

b(u,v) = ,
y, ecid |[u—v|<o

0TCIO/1a TUIOTHOCTbD:

S =c-a" Oy,
rae s(X, 0) — 4MCio map TOYEK M3 X, KOTOpbIE HAXOAATCS APYT OT
Jpyra Ha paccTosiHuM He Ooiiee J, T.€. TakuX, 4uto |ix,—x,[|<J,i# j.
VYcnoBHas MHTEHCUBHOCTS Iporiecca llITpayca paBHa:

A, x)=a -y,
rae t(u, X, 0) — YUCIIO TOYEK U3 X, KOTOPBIC HAXOIATCS OT TOYKHU U Ha

paccTosiHMM He Oosee J, T.€. TaKuX, 4uTo |u—x,|[< 5.

[TapameTp y oOmNUCBHIBaET B3aUMOJCHCTBUE COOBITUH U
npuHuMaer 3HadyeHus B wuHTepBasie [0; 1]. Ecim y=1, Torma
UHTUOMPOBAHUE TIOJHOCTHIO OTCYTCTBYET, M IIPOLIECC CTAHOBHTCS
nyaccoHoBckuM. Ecmu  y=0, TO  Halmomaercs  CTporoe
UHruOMpOBaHUE, KaK B CIydae MPOLECCOB TBepAoro siapa. Hectporoe
UHTUOMpOBaHUE COOTBETCTBYET 3HaueHuto 0 <y <1 (puc. 17). B atom
ciydae, 4eM OoJibIIe COOBITHI HAOMI0aeTCs B OKPECTHOCTH TOUYKH U,
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TEM MCHBIIC BEPOATHOCTH TOI'0, YTO TaM MOXKET IMOABHUTHCA C€IIEC OAHO

cobsiTue. [Tapamerp 0 — paHr mporecca Wik paanyc B3auMOICHCTBUS

MEXIY COOBITHSIMH, TO

€CTh PacCTOSIHWE, Ha KOTOPOM MPOSBIISIETCS

WHTUOMPOBAHHE.
.o . AC
s ° ° hd
e
° . e ° ® o
L[]
o« ° ® s ° ° ° ® °
L] ° L] ®
° ° d hd °
® o ® ® °..
L] ® ® ® L]
| :
06

g(r)

0.05 010 015 020 0.2f

r

000 005 0.10 0.15 0.20
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I
|
I
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r

0.00

0.05 010 0.15 020 0.25
r

0.00

Puc. 17. WnmrocTpanust  mporecca
lITtpayca; paauyc B3aMMOJAEUCTBUSA
0=0.1.

A: Peanuzamuu nporeccoB  (cieBa
HampaBo): y=0.05, y=04, y=0.7.
b: Bun napHoOM KOpPEISIIUOHHON
¢yuakoum. B: Bun K-pyaknwm  Puromm.
I': Bug gynxoun L(7).

Toueunass nmuHUsA cooTBeTcTByeT CSR,

NYHKTUPHAs JIMHUS C  KOPOTKUMH
mrpuxamu — mponeccy Llrpayca ¢
y=0.05, mOyHKTHpHas  JUHUI C
JUIMHHBIMHA ~ IITPUXaMU —  TPOIECCy

IHTpayca ¢ y=0.4, crutomHas JIUHUS -
nporeccy lrpayca ¢ y = 0.7.
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JApyrue moaesiv MapHOro B3aUMOAeHCTBUSA

[lepeuncauM  HEKOTOpBIE  JpyrHe  MOAETH  MApHOTO
B3aUMOJICHCTBHSA, TMIOJIyYaeMble C IOMOIIBIO PA3IUYHOTO BHUAA
(GyHKUIMN B3auUMOJCHCTBUSI.

Kombunayus npoyecca meepoozo sopa u npoyecca Lllmpayca.
[lycte pagmyc ctpororo mHrubupoBaHus (TBepmoro siapa) h>0, a
paanyc B3auMOACUCTBUS O > h. DyHKIUS MApPHOTO B3aUMOACHCTBUS
UMeeT BUJIL:

I, ecnmut |ju—v|>o
b(u,v)=1y, ecmu h<|u—v||<o .

0, ecmu |lu—vl|[<h

To ecTh, mpu OGOJBIIUX PACCTOSTHHUAX MEXKITY COOBITUAMH (> 0)
BJIIMSIHAE UX JIPYT Ha Jpyra OTCYTCTBYeT. Ha MEHBIIHMX pacCTOSHHIX
UMEEeT MECTO HETaTHMBHOE B3aUMOJICHCTBUE COOBITHI, MpHYEM Ha
MajbIX PACCTOSHHUAX (< /) MPOUCXOAUT TIOJHOE HWHTHOWPOBAHUE
(puc.18).

@
s g | YZO.S
3 <
h=0.5 o=1
34 J {
C>Mo‘o ‘ 10 15
[lu, vi|

Puc. 18. ®OyHKIMA TapHOTO B3aUMOACHCTBUS I KOMOWHAIIUN
nporeccoB  TBepaoro sapa u llrpayca. Pammyc crpororo
uHruoupoBanus (TBepaoro siapa) 4 =0.5, paanyc B3auMOJCHCTBUS
0 =1.0, crenens narubupoBanus y = 0.5.
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IIpoyecc msaekoeo sopa (soft core model). Jlns Hero dyHKIMs
MapHOTO B3aWMOJICHCTBHS COOBITHI, 3aBUCSIIAS OT JIBYX HapaMeTpOB
0 ¥ k, UMeeT BUL;

2
b(u,v)=1-exp| - _||u—v|| ‘ ,
o
rnie 0>0 — wmacmrad B3aumoxeiictBus (scale), 0<k<l1l -
KOX(P(UIIMEHT, KOTOPBI OIMpeAesieT CKOPOCTh 3aTyXaHUs BIUSHUS
coOBITHII APYT HA ApPyra ¢ BO3PACTAHHUEM PACCTOSIHHSI MEXKIYy HUMHU.
[Ipu k=0 mMomenb CBOJUTCS K MPOIECCY TBEPAOTO sapa C PaInycoM

0; npu k=1 Habmogaercss HauboJee TIABHBIA Tepexol OT CHIBHOTO
UHTUOMPOBaHUSL K OTCYTCTBHIO BO3JeiicTBus (very soft core model)

(puc. 19).

| Q]
[ce] [ee]
o o
© [{e]
2 o] SN
Q Y | Q |
o o
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o A o b
O‘ 1 T T T T T T o 1 T T T T T T
0.0 0.5 1.0 1.5 2.0 25 0.0 0.5 1.0 1.5 2.0 2.5
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Puc. 19. ®ynkuus napHOro B3aUMOACHCTBHS Mpollecca MSTKOro sapa.
[To ropu3oHTamu OTKIAABIBAETCA PACCTOSHUE MEXIY TOUYKaAMU ||u —v”.

A: macmrad 0 =0.5; b: macmrad ¢ = 1.0. Crutomnas nuausg — k= 0.9,
MYHKTUpHAs TUHUA — k = 0.5, mTpux-nmyHKkTupHas auaust — k = 0.1.
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Ilpoyecc /luena-I'evimca-Cmubbapoa (Diggle-Gates-Stibbard).
MapHOTO  B3aWMOJICHCTBHS ~ 3aBUCUT  OT  paauyca

DyHKIUSA
B3auMoIecTBUs o (puc. 20):
1, ecliu ||u - v|| >0
b = - .
) sin’ w , ecmn [u-v|<S

b(u,v)

Puc. 20. ®dynkums mnapHOro B3auMoAeHcTBHUS mporecca Jurria-
leiirca-Ctnb6apna  (Diggle-Gates-Stibbard). [lo  ropuzonTamu

OTKJIAJABIBACTCA PpPACCTOAHUC MCXKAY TOYKaMH ||M—V||. CruronHast

JWHUS — PaAnyC B3aWMOJCHCTBUSA O = 1, MyHKTHpHAS JIMHAA — 0 = 2,
LITPUX-ITyHKTUPHAS JIUHHA - 0 = 2.5.

Ilpoyecc  Juena-I pammona  (Diggle-Gratton).  ®yHKus
MapHOTO B3aMMOJACWCTBUS MMEET TPU TMapaMeTpa: pPaguyc TBEPIOTO
sanpa h >0, paauyc B3auMMOJEHUCTBHS 0 > h W uHICKC k>0, u

3aIlIMChIBACTCA KaK:
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b(u,v) =

1, eclit ||u - v|| >0

k

”u;ﬂ , €CIH h<||u - v|| <o
0, eciau ||u — v|| <h

I[Ipu k=0 momenb CTaHOBUTCS MOJETBIO TBEPAOTO siipa C

paauycoM HMHTHOHMpPOBaHUS,

paBHBIM /.

I[lpu k—oo wMozpenn

npuOIIMKAETCS K MOAETH TBEPIOTO Apa C painycoM MHTHOMPOBaHMUS,

paBHbBIM O (puc. 21).
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Puc. 21. ®dynkums mnapHOro B3auMoAeucTBUs mporecca Jurria-

I'patTona

(Diggle-Gratton).

Ilo

TOPHU30HTAIH

OTKJIaJAbIBaCTCA

paccTOsHUE MEXAY TOYKaMU ||u—v|| A: xoapdumment k£=0.1;

b: k="7. Cronommuas nuaus — h=0.5, 6 = 1.0; myHKTUpHAS JTUHUSA —
h=1.0, 6 = 1.5; mrpux-myHKkTupHas juaus i = 2.0, 6 = 2.5.
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AHAJIN3 TOYEYHbBIX OBPA30OB

B nmanHOM paznene paccMaTpuBalOTCS METOAbI, IPUMEHSEMBbIE

JJIs1  aHaJIn3a TOYCYHBIX O6p330B U MOACITUPOBAHHUA TOYCUHBIX

MPOIIECCOB, CITOCOOHBIX MOPOXKAATh HaOII0aeMble 00pa3sl. B obmiem

Ccydae HCCIIEIOBaHME TOYEYHOTOo oOOpa3a BKIOYaeT B ceds
CJICYIOIIHE ITAITBI:

l.
2.

Busyanu3zanus Toueunoro odpasa - mOCTpOCHUE KapT.

Omnenka 1o HaOIIOJAEMOMY TOYEYHOMY oOOpa3y CBOKMCTB
MIPOCTPAHCTBEHHOTO TOYEUHOTO MPOIiecca, MOPOXKIAIOLIET0 3TOT
o0pas3:

-  OIIeHKa MHTEHCHBHOCTH Ipoliecca,

OLIEHKA MapHON KOPPEISAIMOHHON QyHKIUH g(7),

- oueHka K-pyunkiuu u L-QyHKIuM,

- ouenka ¢bynkuuii G(r), F(r), J(r).

[IpoBepka runoressl 0 MOJHOW MPOCTPAHCTBEHHOW CIIyYaHOCTH
(CSR) mpomecca, Jexarero B OCHOBE HaOIIOIaeMOro
ToueuHoro obpasza. Kimaccuueckuii aHamm3 TOYEUYHBIX 00pa3oB
BCErJa BKJIIOYAET TMPOBEPKY OTOM THUNOTE3bl. MHoOrHE
UCCJIEIOBaHMSI CPOKYCHPOBAHbl HAa YCTaHOBJIEHHH TOTrO, 4YTO
JNaHHble He coryacyroTcsi ¢ monenbto CSR. Jloruka 3mech
CJIETYIOIast: €CJIM TOYEYHBIH 00pa3 MOJHOCTHIO CIydyaeH, TO OH
MPEACTABISIET CO0OM «HEMHTEPECHBIM» CiIy4dad, TaK Kak
MECTOIIOJIOKEHHSI COOBITUN COBEpPIIEHHO HE MPOTHO3HPYEMBI,
HE MMEIOT TPEHJOB WM CBS3€H, CONPSIKEHHOCTH € 4eM-THO0O0.
Hano 3ameTuth, UTO MOJIHAS MPOCTPAHCTBEHHAS! CIy4ailHOCTh
pa3MenieHus COOBITHI HAOJIF0IaeTCs HE TaK YacTo.
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4.  Ecmu uccrnenyembiii o0pa3 MOKa3bIBa€T 3HAYMMOE OTKIOHEHHWE
OT TIOJIHOM MpOCTpaHCcTBeHHOU cirydaitHocT (oT CSR), TO must
JAIbHENIIET0 MCCIIEeIOBaHMs MPUBJIEKAIOT PA3JIMYHBbIE MOJAEITU
TOYEYHBIX IMpoleccoB. DOpMyIHUPYIOTCS THUIOTE3bl O BHIE
MPOCTPAHCTBEHHOTO TOYEYHOTO IMPOLIecca, CIIOCOOHOTO CO31aTh
HaOMIOAaeMBbI TOYEYHBIH 00pa3; OLEHMBAIOTCSA TMapaMeTpPhl
MOJIEJIM; TPOBEPSiETCSI COOTBETCTBHE TOYEUHOTro oOpasa
TUIOTETUYECKOMY MpOIIecCy.

Jlis mpOBEPKH THUIOTE3 IPUMEHSIOT CTAaTUCTUUECKUE Kpumepuu,
COIOCTABJISIIOIIME OLIEHKH CBOMCTB NEPBOIO WM BTOPOTO MOPSIKa,
NOJy4YeHHbIE 10 HaONI0JaeMOMYy TOYEYHOMY OOpa3y, M CBOMCTBa
THIIOTETUYECKOTO Tpouecca. PaccumTaHHOe 3HAYCHHE KPHUTEPHS
CpPaBHUBACTCA C KPUTUYECKUM 3HAYCHHEM IPU 33JaHHOM YpPOBHE
3HAYUMOCTH (BEPOATHOCTH OIIMOKH 1-ro poja - OTKJIOHUTH BEPHYIO
HYJIEBYIO THUIOTE3y; OOBIYHO McHoib3yioT ypoBHu 0.01, 0.05). Dto
CpaBHEHHE TIO3BOJIIET NPUHATH WJIM OTBEPTHYTh THUIOTE3Y.
Kputnueckue 3HaueHNs MOKHO HAMTH ABYMS CIIOCOOAMHU:

1). Ecnn u3BecTeH 3aKOH pacrnpeiesieHusi, KOTOPOMY CIEeayeT
KPUTEPH B CiIydae THIIOTETUYECKOrO IpOIecca, W H3BECTHBI €ro
napameTpsl (0ObIYHO: MaTOXHMIAHHE, JUCIEPCHs, YHUCIO CTEHNeHen
CBOOOJBI), TO, 3aJaBIIMCh YPOBHEM 3HAUYUMOCTH, HAXOMST
COOTBETCTBYIOIIUI KBAHTUIIb 3TOTO PACIIPECIICHHS.

2). C nomoupto cuMmyssinuii meronoM Mounre-Kapio. Kpurepuit
BBIUUCIIAIOT ~ Ha  OONBIIOM  YHCIE  TOYEYHBIX  00pa3os,
CHUMYJIMPOBAHHBIX B COOTBETCTBUH C THUIOTETHUYECKUM IPOIIECCOM.
KBaHTUIIb MOJTy4E€HHOTO AIMIIUPHUUECKOTO PACIIPE/ICICHUS] CTATUCTHKH,
Opy 3aJaHHOM YpOBHE 3HAYUMOCTH, JACT KPUTHYECKOE 3HAuCHHE.
3aMeTHM, YTO CaMH METOJAbl CUMYJISIMHM TOYEYHBIX MPOIIECCOB B

JaHHOM II0COOUHU HE paccMaTpruBarOTCA.
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AHamM3 TOYEUYHBIX OOpa30B MOXET OBITh BBINOJIHEH C
uCronb30BaHueM maketa spatstat (Baddeley, Turner, 2005) cpenbl
cratuctudeckoro nporpammupoBanus R (R Core Team, 2014). Otot
NaKeT COJCPXKHUT (YHKIUHU, PEATH3YIONIUe OONBIIMHCTBO METOOB
aHaJM3a  TOYEYHBIX O0pa3oB, M  TOCTOSHHO  OOHOBIISETCS.
3auHTepecOBaHHBIC YHUTATENM TAaKKE MOTYT CaMOCTOSITEIBHO
O3HAKOMHUTBCSI C JIPYTMMH TAKETaMH, KOTOPBIE TIOJE3HBI MpHU
U3yYeHUH TPOCTPAHCTBEHHBIX TOUYEYHBIX MPOIECCOB:  spatial,
MarkedPointProcess, spatgraphs, splancs, ecespa, ads, spatialkernel,
Dspat, spatialsegregation. bonee MONMHBIA CHUCOK TAaKETOB MOXKHO
Haiitu B o030ope CRAN “Analysis of Spatial Data” mo aapecy
http://cran.r-project.org/web/views/Spatial.html.

Jist yaeOHBIX IPUMEPOB B ATOM paszielie UCIOIb3YIOTCS:

- JlaHHbIE O TIPOCTPAHCTBEHHOM pa3MeUIeHWu CTBONOB Tilia
cordata L. (nmumel  cepALENMCTHONW) Ha IUIOIIAAKE pPa3MepoM
50 % 50 M, pacmon0oXeHHOM Ha [0KHOW rpanune Paudcekoro ydactka
Bomxkcko-KaMckoro rocynapcTBEHHOTO MPUPOIHOTO OHOChHEepHOTro
3anoBenHuka, PecnyOmmka Tarapcran (Ymxukosa, 2008). [lnsa
Ka)JIOTO CTBOJIA YKa3aHbl KOOPJMHATHI Ha TTOMIAAKe (KOJOHKH X U Y)
U IuaMeTp cTBoJIA (KOJIOHKA diameter).

- JlanHple O TPOCTPAHCTBEHHOM pa3MeIleHHuH ocobeil Adonis
vernalis L. (agoHHCa BeCEHHETO0) Ha muiomaake pazmepom 10 X 10 m B
OKpecTHOCTH  jaepeBHM  HuxomamkuHo  baBiauHCkOro — paiiona
Pecriyonuku Tatapcran (®apnmeeBa, Caumona, 2010). Jlns xaxmou
0co0M yKa3aHbl KOOPJMHATHI Ha TUIOmaake (KoJoHKU X u Y), ykazaH
Ko/, 00OO3HAuaIOIUN €€ OHTOICHETHYECKOE COCTOSIHHE (BO3pacT,
KOJIOHKA age), a TAK)KE YKa3aHO YUCIIO LIBETKOB (KOJIIOHKA blossoms).
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Ycemanoeka npocpammot R
SI3BIK ¥ cpelly CTaTHCTUYECKOTO MPOrpaMMHUpPOBaHMS R MOxHO
YCTAaHOBUTh C caiTa paspaborumkoB http://cran.r-project.org/ (The

Comprehensive R Archive Network). R — s3to mporpammuas cpena
BBIUMCJICHUM C OTKPBITBIM HCXOAHBIM KOJIOM, pa3pabaTbiBaeMas B
pamkax npoekta GNU u pacnpoctpansiemMasi cBo6oaHo. bubnnorekn
R mnoanepkuBaroT MIUPOKHI CHEKTP METOJOB MAaTeMaTUYeCKON
CTaTHCTUKH, a TAKXKE YUCICHHBIX METOJIOB.

Jlnst KOMIBIOTEpOB C omepanuoHHOW cuctemorr Windows
BeIOepuTe cchuiky «Download R for Windows» u mamee ccwliky
«base». Brioepute myHkT «Download R 3.1.0 for Windows» — Ha Bam
KOMIThIOTEp OyJIeT 3arpyKeH HCIIOTHSEMbIN yCTaHOBOUYHBIN (aitn R-
3.1.0-win.exe. Ilocne 3arpy3ku (aiiia 3amycTUTe €ro U yCTaHOBUTE
nporpaMmy. 3aMeTUM, YTO Ha MOMEHT HalMCaHUsl Y4eOHOTo Mocoous
Ha CTpaHMIIE 3arpy3Kd JOCTYIMHOM ObuIa 3Ta Bepcusi MPOrpamMMbl,
TOTJ]a KaK ceifiuac MOTyT OBITh JOCTYITHBI O0JIee HOBBIE.

[locne ycraHOBKM mporpaMMbl HOTpeOyeTcss — 3arpy3uTh
JIONIOJTHUTENbHBIE TaKeTbl. VX MOYKHO HaWTH, NMPOMAA IO CCHUIKE
«Packages» (pasmen «Software» B J€BOHl YacTH CTpaHUIIBI).
Bribepure ccpuiky «Table of available packages, sorted by namey,
€ClIi HeOOXOIUMO YCTAaHOBUTBH MAKEThI, aKTyallbHbIE AJS TEKyIIen
Bepcuu R. Ecnn HeoOXoauMmel makeTsl uiss Oojiee CTapbiX BEPCHIA,
BbIOEpUTE CCBHUIKY «bin/windows/contrib» u nanpine nepeiinure B
Narnky, COOTBETCTBYIOLIYIO TpeOyeMol Bepcuu mporpammsl R.

B namewm ciryuae TpeOyercst 3arpy3uTh maker spatstat, a Taxxe
BCrioMoraTenbHble makeTsl mgev, deldir. [TakeTsr OynyT coxpaHeHbI B
BUJIC ZIp apXMBOB Ha BallleM KoMIbloTepe. V3Biekarb U3 apXuBOB UX
HE HYXHO.
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3anyctute nporpamMy R. YcraHoBuTEe makeThl ¢ MOMOIIBIO
nyHkTa MeHI0 «[lakeTb» — «YCTaHOBUTH MAaKeThl U3 JOKAJIBHBIX Zip-
baimoBy.

IloozomoeumenvHulit yman
B cpene R Bce neiicTBUS HaJ AaHHBIMU BBIMOJHSIOTCS C
MOMOIIIbI0 Habopa KOMaH/ B KOHCOIbHOM OKHe «R consolex» (puc. 22).
C OCHOBHBIMH TIPUHIMITAMH paboTHI B cpesie R 1 koMaHIaMu MOYKHO
03HAKOMHTHCS B MeToanueckoM rnmocooun (CasenwseB u ap., 2007).

R R Console =]

-

R version 3.1.0 (2014-04-10) -- "Spring Dance”
Copyright (C) 2014 The R Foundation for Statistical Computing Il
Platform: x86_64-wé4-mingw32/x64 (64-bit)

R -- @ro ceobBonuoe [0, M oHo nocraenaercA Ge30 BCAKMX IapasHTMit.
Bu BOJBHH PacHpOCTPaHATL €ro npu cobipOeHMM HEeKOTOPHX YCJOBMIA.
BeemuTe 'license()' mna nonydeHua Bosee nompoBHOM MHOOpMALMM.

R -- 3TO NpoeKT, B KOTOPOM COTPYAHMYaeT MHOEECTBO paspaborTumxos.
BeemuTe 'contributors()' OnA NnosAydyeHMA HNONONHMTENBHOM MHQOpMAUMM M
'citation()' nnAa O3HaKOMNEHMA C NpaBuNaMM ynoMMHaHMA R M ero naxeTos
B nybamxaumax.

m

Beemure 'demo()' ana 3anycka OeMOHCTDAUMOHHHX nporpamd, 'help()' -- ona
nosy4eHMa cnpasxu, 'help.start()' -- onAa mocTyna k cnpasxke 4depes Gpaysep.
Beemure 'q()', 4TOoOH BEIATM M3 R.

> | -

4

< | " »

Puc. 22. Bun koHcoabsHOr0 OKHa B R.

Ilepen wavanmom pa®OTHl HEOOXOAMMO 3arpy3uTh B IaMSTh
IakeT spatstat KoMaH0M:
library (spatstat)
JlonoTHUTENbHBIE MTAKEThI, KOTOPBIE TPEOYIOTCs A7 paboThI spatstat,
3arpy34arcsd aBTOMaTUYECKH.

[Ipy HEoO0XOAMMOCTHM C TMOMOIIBIO KOMAaHIBI «?» MOXHO

BBIBECTH CIIPAaBOYHYIO JOKYMEHTanuioo o moboil ¢yHkmun. K
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npuMepy, KOMaH/a:
?library
BBI30BET CIIPABOYHYIO CTpAHHULY s PyHKIMH library.

Hanee nnst paboTel mOTpedyeTes yka3aTh MyTh K paboueit mamnke,
I/ XpaHATCS JaHHble 00 M3ydyaeMOM TouedHOM oOpaze. [lomycTum,
JlaHHBIE HAaXOATCs B qupekTopuu D:\spatstat course:
setwd ("D:/spatstat_course")

3arpy3uM U3 paboyeil mamkyd TEeKCTOBBIM (ailin ¢ JaHHBIMU O
pa3MELIEHUH CTBOJIOB JIMIBl CEPALEINCTHOM Ha HCCIeNyeMOU
wiomazake. Jomyctum, oH HasbiBaerca plot 4.txt.  Cosnagum
TaOJMMYHYI0 TIEpPEeMEHHYI0O ¢ uMeHeM plot 4, Kyna MOMECTUM
CUUTaHHBIC JIAHHBIE:

plot 4 <- read.table(file="plot 4.txt",
header = T, sep = "\t", dec = ".")

3Hak <— O3HAyaeT IepechUIKY pe3ynbTata (QyHKIUH
read. table (), 3alIUCAaHHON CIpaBa OT 3TOr0 3HaKa, B MEPEMEHHYIO
plot 4, 3amMCaHHyl OT Hero cieBa. DyHKIUSA read.table()
CUMTHIBAaeT HaHHBbIe u3 (aiima. Jlormueckomy mnapamerpy header
3amano 3HadyeHne T (TRUE, uctuna), 370 03HA4aeT, 4TO B MEPBOM
cTpoke daia comepkaTcs 3aroJIoBKu cTosIOnoB. [lapameTtp sep="\t"
O3HAYaeT, YTO B KauecTBE pa3JeNuTeNel Mexay KOJIOHKaMu
ucnoineidyercs tadynsarop. Ilapamerp dec = "." o3Hayaer, 4To B
Ka4yecTBE pa3JeNIUTeNIs 1eoi U APOOHON YacTH YMCE UCIONb3yeTCs
3HAK «.» — TOUKA.

[IpocMoTpuM comep:kUMOe CO3IaHHOM TaOIMYHON mepeMeHHOU
plot 4 BO BCTPOCHHOM TEKCTOBOM pelakTope, yOeaumcs, YTO
CUUTHIBAHHUE JAHHBIX TPOILIO yCTenHo (puc. 23):
fix (plot_4)
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IR Penarrop aannenc

X ¥ diameter|var4d var5 varé var’l
0.12 49.9 21 3
7.02 49.53 |1
9.99 49.2 4
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Puc. 23. 3nauenus TabIMYHON NEpEMEHHON plot 4 B OKHE BCTPOEHHOI'O
penakTopa cpensl R.

[Ipexxne uem HauaTh aHAIU3 TOYEYHOTO 0OOpasza CpencTBAMH
nakeTa spatstat, Hy)KHO KOHBEPTHPOBaTh TaOJUIly C JaHHBIMH B
HOBBIH THI JaHHBIX - OOBEKT TOYEYHOTO oOpasza ppp.object, ¢
KOTOPBIM pPaboTaloT mporenypsl M (yHknuu spatstat. Jlns storo
NpeaHa3HayeHa KOMaHJa ppp(), KOTOpasd WMEET ClICAYIoLIUe

rnapameTphbl:
X Bekrop xoopauHaT coOBITHIA TT0 ocH X.
y BexTop koopauHAT COOBITHIA 11O OCH Y.
marks Bekrop wimm Ttabmumma (0O6BeKT THMA data.frame),

collep)Kalue MeTKH O0BeKkToB. B Hamem ciydae 31O
Ta0IMITA M3 OJTHOM KOJIOHKU: THAMETp CTBOJA diameter.
window OxHo HabOnroeHu (00sacTh uccneaoBanus). OObEKT THTIA
owin (observation window). B Hamem ciydae 3To KBaapar
¢ KoopauHaTaMu JieBoro HikHero yria (0; 0), mpaBoro
BepxHero - (50; 50).

unitname | ExuHUIBI H3MEPEHUS KOOPIUHAT, B IPUMEPE — METPBL
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JlanuM 00beKTy MPOU3BOJILHOE Ha3BAaHUE ppp objectl:

ppp_objectl <- ppp(x=plot_4%$x, y=plot_ 4%y,
marks= plot_4$diameter,
window=owin(c(0,50), <(0,50),
unitname=c ("metre", "metres")))

OOpatreare K CO3IaHHOMY OOBEKTY TOKaXKET €ro OCHOBHBIC
CBOICTBA:

ppp_objectl

marked planar point pattern: 306 points
marks are numeric, of type ‘double’
window: rectangle = [0, 50] x [0, 50] metres

MoxHo BHIETh, UTO O0BEKT ppp objectl cocTtouT u3 306
coObITHIi (CTBOJIOB). Y KaXIOTO COOBITHS TOMHUMO KOOPAHUHAT
UMEeTCsl 4HCIoBasg «MeTKay. M3ydaemas o0jacTh NpsSMOYTroJibHas,
pasmepom 50 M x 50 M. OTa uHOPMAIMS COACPKUTCS B PA3THMUHBIX
3lIeMEeHTax 00BEKTa, U K He MOKHO OOpaTUTHCS, UCTIONB3Ys 3HAK $.
Hanpumep, xomanza:
pPpPpP_objectl$window
window: rectangle = [0, 50] x [0, 50] metres
BBIBEJICT COOOIIEHHE, B KOTOPOM YyKa3aHbl pa3Mepbl H3ydaeMou
obmactn (okHa HaOmronenuil). IlonHBIM TlepedeHb 3JIEMEHTOB,
COJEpKALINXCS B THIIE JAaHHBIX ppp.object, MOXHO MONYy4UTH C
MOMOIIBIO CIIPABKU:

?ppp.object

3arpy3um daiin (plot 13.txt) ¢ JTaHHBIMU O pa3MeNIEHHH 0CO0eH
aJIOHMCa BECEHHEr0 Ha HCCIeIyeMOH IUIomanKke, HCIONb3Yys
TaOJIMYHYIO IEpeMEeHHYI0 ¢ uMeHeM plot 13:

plot_13 <- read.table(file="plot 13.txt",
header = T, sep = "\t", dec = ".")

KonBeptupyem ee B 00BEKT TouedHOro oOpasa ppp.object ¢
UMEHEM ppp object2 M MOKAXKEM €r0 OCHOBHBIE CBOHCTBA:
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ppPp_object2 <- ppp(x=plot_13$x, y=plot 138y,
marks=data.frame (age=plot_l3$age,
blossoms=plot_13$blossoms),
window=owin (c(0,10), <(0,10),
unitname=c ("metre", "'metres")))

ppp_object2
marked planar point pattern: 147 points

Mark variables: age, blossoms
window: rectangle = [0, 10] x [0, 10] metres
Buszyanuzauus moueunozo oopasa
Ha HavasbHOM 3Tame uccneqOBaHHMS HW3Y4aeMblii TOYEYHBIN
o0pa3 Busyanm3upyeTrcs B BUae KapThl. Kapra sBisiercs yaoOHBIM
CPEACTBOM  IIPEABAPUTEIIBHOTO  aHAIW3a  IPOCTPAHCTBEHHOTO
pa3MenieHnsl COOBITHH, BBISBICHHS OCHOBHBIX 4epT HaOII0JaeMOro
MPOCTPAHCTBEHHOTO pUCYHKA. C MOMOIIBIO KapT MOKHO OTBETUThH Ha
BOIIpOC: HaOdrofaeTcst M Tae-Tubo Ha M3ydyaeMmoil Teppuropuu (U
€CJIM J1a, TO T/Ie IMEHHO) TIOBBIIICHHAS] KOHIICHTPAIUsI COOBITUH, WIIH,
HA00OpOT, HAOMIONAIOTCS pa3pekeHHble ydacTku. OOHapyKeHHe
TaKHX MIPOCTPAHCTBEHHBIX 0COOEHHOCTEH, MpeBapsoliee
MPOBEJICHNE CTATUCTUYECKOTO aHann3a, 0a3upyeTcss Ha BU3YAIbHOM
BOCTIPUSATUN ONU30CTH COOBITHI, WX KOHIIEHTPALUU, JAUCKPETHOCTU

YYacCTKOB MOBBIIIEHHOW WJIM TTOHM)KEHHOW TNIOTHOCTU COOBITHIA.
Ilpumep 1
[TocTpoum kapTy ToueuHoro odpasa pasMelieHus: cTBoyioB 7ilia
cordata L. nnst mepBoit uccneayeMoit miomaaku (puc. 24).
plot.ppp(x = ppp_objectl, main = "Tilia cordata L.")
QyHKIUA plot.ppp () UMEET CIEAYIOLUE TapaMeTpPhl:

X OOmBexT Tuna ppp.object, conepKaiuii ToueyHbIi 00pas.

main 3aroI0BOK OKHA KapThI.

Jlo6aBuM K KapTe OCH:
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axis(side=1, pos
axis(side=2, pos
axis(side=3, pos
axis(side=4, pos

= 0, at = seq(0, 50, 5), las = 1)
= 0, at = seq(0, 50, 5), las = 1)
= 50,at = seq(0, 50, 5),labels = F)
= 50,at = seq(0, 50, 5),labels = F)

[TapameTps! GyHKIINM axis () :

CropoHa 00JacTH TOCTPOCHHS, TNIE€ PHUCOBATH OCh. | —

OTKJIIOYEHEI, labels

side HWDKHSA, 2 — eBasi, 3 — BepxHsis, 4 — npaasi.
Koopannara nmosunuu, rae HyHO HapucoBaTh ock. Ocu

pos JIOJDKHBI OTPaHUYUBaTh rpauK, HOITOMY HIDKHSASA U JIeBas
OCHU IIPOXOJAT 4epe3 HyJieBble KOOPAUHATHI, a BEPXHsA U
npaBas ocu — yepe3 X=50 u Y=50, COOTBETCTBEHHO.

at OTMETKH OCH, I'/Ie¢ Hy’KHO HAaHOCUTb JICIECHNUS.

1as Kox, o6o3Hauaromuii OpueHTAlMI0 MOANHCEH OTMETOK
ocu. 1 — Bceria napajuieNbHO HallpaBICHUIO YTEHUS.
Jlornueckmii mapamerp, 0003HAUYAIOMINN, HAHOCUTH JIH

labels | moamucu oTMeTOK. Jlsl BEpXHEHW M MpaBod oced OTMETKH

= F.

Tilia colrdatal L.
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Puc. 24. Kapra Toueunoro oOpasa: pasmemieHue cTtBosioB Tilia
cordata L. Pa3mep 3HaYKOB NPOMOPLHOHATICH JUAMETPY CTBOJIOB.
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Ilpumep 2

[Toctpoum kapTy ToueuHOro OOpaza [uis BTOPOH HCCIenyeMoil
IUIOINAAKH. DTH JaHHbIE O MPOCTPAHCTBEHHOM pa3MeEIleHUH 0cobei
Adonis vernalis L. SBISIOTCS MapKHpPOBaHHBIM TOYEYHBIM 0Opa3oM.
[loaToMy mpu NOCTPOEHMM KapThl MOXHO BHU3YyaJIU3UpPOBaTb HE
TOJIKO MECTOIIOJIOKEHHE O0COo0el, HO MX TeMaTUYeCKHe METKH -
HanpuMep, TUIIOM MJIM pa3MEPOM 3HAuKoB (puc. 25).

plot.ppp(x = ppp_object2, use.marks = T,
which.marks ="age", chars = c (19, 24),
cols = c("black", " grey"),
cex = 1.5, main = "Adonis vernalis L.")

Ador?is vernaPis L.
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Puc. 25. Kapra MapkupoBaHHOTO TOYEHHOTO 00pasa: pa3MeIICHHE
ocobeit Adonis vernalis L. UepHble Kpyrul — TeHEpaTHBHBIE 0COOU
(xom gene), TONIbIC TPEYTOJBHUKU — IPEreHepaTUBHBIC OCOOU

(xon pre).
JIOOTHUTENPHO  UCIOJB30BAaHbl  CIEAYIONIME  MapaMeTphl

dynKImMH plot.ppp () :

67



Jlormdeckuii  mapameTp, KOTOpBIA  yKa3bIBaeT,
OTOOpaXaTh WM HET TEMaTHYECKYI0 HH(POPMAIIHIO
(MeTkn) Ha KapTe. B maHHOM cilydae use .marks=T —
0TOOpaXKaTh.

use.marks

M3  xakoii  KkoJOHKM  OpaTh  TEMAaTHYECKYIO
which.marks | uapopmanmo. B  nmamHOM  ciydae age -
KaTeropuaabHbII BO3pacT 0co0eil.

BekTop, conepkaluii KOsl CUMBOJIOB JIJIsi Pa3HBIX
Kareropuid. J[1s TeHepaTWBHBIX oco0cit (gene)

chars
yKazaH kox 19 — Kpyru, Ans mpereHepaTUBHBIX
ocobeit (pre) xoa 24 — noJble TPEYTOJbHHUKH.

cex Pazmep cumMBOIIOB 111 0003HAYCHUS COOBITHI.

Todeunsle o00pa3pl YacTo SABISIOTCS CYNEPHO3ULUEH WM
HAJIO)KEHHUEM HECKOJIBKUX TOUYEYHBIX 00pa30B, KaXIbIH U3 KOTOPBIX
ObuT cOPMHUPOBAH TOJ BO3ACHCTBHEM pa3HBIX MPOCTPAHCTBEHHBIX
OpOIECCOB. OTH NPOLECChl MOTYT XapaKTepU30BaThbCs pa3HOU
UHTCHCUBHOCTBIO, PAa3HbBIMM THIIAMH  B3aHMOJCHCTBHM  MEXIY
coObiTusiMU. Hampumep, npu u3yueHHM JPEBOCTOEB HAOJIOJANIOCh,
YTO 7151 TOYEYHOTO 00pasa, MPeACTaBIAIONIETO pa3MeIIeHUE IePEBbEB
BEPXHETO spyca, XapakTepHa PeryJsipHOCTh KaK CJIEJICTBHE CHUIBHBIX
KOHKYPEHTHBIX OTHOILICHHUU. B TO ke BpeMs Ui MOJIOJIBIX JIEPEBLIEB
MOXET HaOmojgaTbes o00pa3oBaHWE TpYII, arperupoanue. B
KayecTBE IMPUMEPOB MOXKHO TaKXKe IPHUBECTH TOUYEUHbIE O0Opasbl
pasMmelneHus: 0co0eil monmyssiui pasHbIX BHIOB WM O0COOEH pa3HBIX
BO3PACTHBIX TPYHI OJHOTO BHJA B JIOKAJIHHOM ISTHE MOMyJsiIuU. B
NOJOOHBIX CIIy4asX MOMKET OKa3aThCsl IOJIE3HBIM IOCTPOCHHE

OTICIILHBIX KapT JUISI K&KIOTO THIa 00BbEKTOB.

Ilpumep 3

[Moctpoum oOTAEIBHBIC KapThl JUISI JBYX BO3PACTHBIX TPYIII
ocobeit Adonis vernalis L. (puc. 26).
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plot.ppp (x

which.marks
main

plot.ppp (x

which.marks

ppPpP_object2 [ppp_object2$marks=="gene"],

n age n ,

chars=c (19, 24),

"Adonis vernalis L.")
pPpPpP_object2 [ppp_object2$marks=="pre"],

" age "w ,

chars=c (19, 24),

cex=1.5,

cex=1.5,

main = "Adonis vernalis L.")
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Puc. 26. KapTel ToueuHbIX 00pa3oB:
A: pa3mMelnieHue TeHepaTUBHBIX 0cobeit Adonis vernalis L.;

b: pa3memienune nperenepatuBHBIX ocobeit Adonis vernalis L.

Pa3mermenne kaxaoi BO3pacTHOM TpyHIbl 0COOCH MOXET OBITh BBI3BAHO
MpoleccamMy pa3HO HHTEHCHBHOCTH.

OneHka MHTEHCUBHOCTH TOYEYHOT'O IPOLiEcca U BU3yaIM3aLUs]
(B BHIE KapThl) €€ IMPOCTPAHCTBEHHBIX BapUalil JTOJHKHBI OBITH
NepBbIM [IaroM aHajlu3a H3ydaeMoro TodeyHoro oOpasa. Kapra
OLICHKM HMHTEHCHUBHOCTH,
COOBITHI, MOKET NOMOYb IPH BHIOOPE MOJETH TOUEHYHOTO IpoLecca,
nopoxjatoniero Hadmonaemsiii 00pa3. Cama oOlLleHKa HCIONb3yeTCs
KaK JUIsl MPOBEPKU pA3JIMYHBIX TUINOTE3, TaK M IPU AHAIU3E U

Ouenxa U anaiu3 uHmeHcuenocmu

oTpaxaromas JIOKaJIbHYKO IINIOTHOCTb
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MOJIEJIMPOBAaHUM  3aBUCHUMOCTHM  HMHTEHCHUBHOCTHM  Mpoliecca  OT
MPOCTPAHCTBEHHBIX KOOPJUHAT W/UJIH OT (DAKTOPOB CPEJIbI.

B npocreiiieMm ciny4yae, e€cau  a priory W3BECTHO WU
npeJoiaraeTcs, YT0 MHTEHCUBHOCTD IMpoliecca SBISETCS KOHCTAaHTON
(A(x) = 1), ee MOKHO OLICHUTH KaK YHCIIO COOBITUH TOYEUHOTO 00pa3a
(n), meneHHoOe Ha TUIOMIAAb U3y4yaeMoin obnactu S (4s):

A=n/ 4.
B oOmewm ciydae mig TMOJNy4eHHS OLICHKM HWHTEHCHUBHOCTH

MOTYT TIPHUMEHSTHCS pacCMaTpUBaeMble HHKE METOJbI: METO/I
KBaJPaTOB U METOJI SIICPHOM anmpoOKCUMAIIUH.

MeToa KBaApaToB

OT0 OIMH W3 TMEPBBIX METOJO0B, pPa3pabOTaHHBIX IS
UCCJIEIOBAaHMSI TOUYEYHBIX PUCYHKOB M OLEHKH MHTEHCUBHOCTH. OH
paccMmaTpuBaeT B M3y4yaeMoi 00JacTH Henepekpvlealoujuecs Y4acTKH
(buKCUpPOBaHHOTO pa3Mepa, I/e MOACYUTHIBACTCS YHUCIO COOBITHH.
«KBagpate»y MoryT umers opMy He TOJNBKO KBajparta, HO U Kpyra,
MOTYT OBITh TPEYTOJIbHBIMU, T'€KCArOHAIBHBIMH WJIH TPOU3BOIHHOU
dopmbl. Kakast 661 hopma HH ObuTa BBIOpaHA, «KBAAPATHD JTOJIKHBI
UMEThb OOUHAKOBYIO NIOWAOb. DTH YUaCTKH MOTYT OBITh 3aJI0’KCHBI
ciayyaiiHo (torga ¢opma ydacTka OOBIYHO KPYT) W HE 0053aTelbHO
JOJKHBl TPAaHUYUTH JIPYr C JIPYrOM; YacTO OHM O0O0pa3yloT CETKy
KBaJpaToB. MeToJl O4YeHb UyBCTBUTENIEH K pa3Mepy Y4acTKOB M MX
pacrnonioxeHuto. Pasmep nomwkeH OBITH TakuM, YTOOBI 00ECIIeYUTH
MOMaJaHue  JIOCTATOYHOTO 4YHWCiIa COOBITMH B  y4YacTKH  JJs
pEenpe3eHTaTUBHOCTH BBIOOPOK.

CaMpIii TIPOCTOM MyTh ONPEIEITUTh YYaCTKH M PACCMOTPETh
MPOCTPAaHCTBEHHBII acleKT MOBEACHUSI MHTEHCUBHOCTH — 3TO MOJENIUTh
HU3y4aeMylo 00JIaCTh CETKOW MPSMOYTONBHBIX (WM KBaJAPATHBIX)

70



sueek oauHakoBoW Twiomaan. CeTka W3 HENPSMOYTOJBHBIX SYCCK
TaK)K€ UCTIOJIB3YETCs, HO 3HAYUTEIBHO PEXKE.

HNHTEHCUBHOCTE OIIEHUBAETCI B KaXXIOW [-OM SAYEHKe Kak
JIOKaJbHAs IJIOTHOCTH COOBITHIA:

A=mfdy,
IJ€ n, - YUCIO COOBITHH TOUEUHOro oOpa3a, MOMABIIMX B i-YIO
AYEHKY, A, — WIOm@nh SYEHKU. ITOT MOAXOA MO3BOJSET MOIYIHTH

npocreiyo (TpyOyr0) OIEHKY pachnpeeicHUus] MHTEHCUBHOCTH B
uccieayeMoi o0IacTu.

Paszmep sdeek ceTKM BbIOMpaeTcs HUCClIEAOBaTeNeM Kak
KOMIIPOMHCC MEXITY TOYHOCTBIO u IIPOCTPAHCTBEHHOU
HEOIPEICICHHOCThIO OICHKH. S4yeiiku OoiblIIoro pasMepa AagyT
0000IIEHHYI0O KapTUHY, XapaKTepU3yIOIIyl0 MIMpOKOMaciTaOHbIe
BapHallMi HHTCHCUBHOCTH, TOTIa KaK MaJIBIN pa3Mep sueeK MPUBOIUT
K (ISITHUCTBIM KapTam» (puc. 27).

CymiecTByeT 3SMMIHPUYECKOE TMPaBUiIO (MPaBUIO «OOJBIIOTO
nanbiiay, rule of thumb), ocHoBaHHOE Ha CBOWCTBAX IMyacCOHOBCKOTO
npoliecca M IMoMorarolee BeIOpaTh mapamMeTpsl ceTku. Pa3mep siueex
CETKM BBIOMPAETCS TaKUM, YTOOBI g - CPEJHEE YHCIO COOBITHH,
NOMABIIMX B  sUelKy, paBHagoch 1.6. Jlng  OXHOPOAHOrO
IIyaCCOHOBCKOI'O TPOIIecca 3TO COOTBETCTBYET TOMY, YTO MPUMEPHO
20% sgeex OymyTt mycthiMu (pu ¢ =1.6 cormacHo dopmyne (1)
BEPOSATHOCTh BCTPETUTH B TakodW mojoOmactu O coObITH paBHA
P(Nx(Q)=0)~0.20). MoXXHO HCNOJB30BATb CETKU CO CPEIHUM
YHCIIOM COOBITHH B sueiikax, paBHbIM 1 (40% mycThIX siueek), wium 4

(2% myctbix siueex) u 1.1. Toraa miomanb AQ STIEMKU MOXKHO HaWTH

no cuexayowmen popmyne: A, = - Ag /n. Ecnu ceTka COCTOUT U3
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KBaJIpaTHBIX s[U€EK, TO pa3Mep CTOPOHbI Lo OAHOU sueliku Oyner
paBeH:

2

0 2 4 6 8 10 0 2 4 6 8 10

Puc.27. OneHka WHTCHCHBHOCTH METOJOM KBAJPaTOB:  KapThl
JIOKAJIBHBIX IUIOTHOCTEH, TOJydeHHBIE C IMOMOINBIO CETOK KBaJpaTOB
pas3HoOro pazmepa.

A: ceTka 2X2, pa3Mep 4eeK 5 M X5 M;

B: ceTka 5x5, pa3mep staeek 2 M X2 M;

B: cerka 10x10, pa3mep stueek 1 M X1 Mm;

I': cerxa 20%20, pazmep staeek 0.5 m x0.5 m.
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Ilpumep 4

C moMmompi0 MeTo/a KBAJpaToB Ha OCHOBE TOUYEHHOTo oOpasa
pasmenienus: ocobeit Adonis vernalis L. OlleHUM HWHTEHCUBHOCTH
npoliecca, MOPOXKIAIONIET0 3TOT 00pas.

1) 3amagum mapamMeTpbl CETKM: IYCTh 4 =2; OIpEeAeIuM
pPEKOMEHAYEMBIN pa3mep sueku 1mo Qopmyrne (2), a TakkKe YUCIO
CTPOK U CTOJIOIIOB CETKHU:

A <- area.owin(ppp_object2$window)

n <- ppp_object2$n

L <- sqgrt(2*A/n)

quadnum x <-
round(as.numeric(dist(ppp_object2$window$xrange))/L)
quadnum_y <-

round (as.numeric(dist (ppp_object2$window$yrange)) /L)
quadnum_x

9

quadnum_y

9

L <- as.numeric(dist (ppp_object2$window$xrange))/
quadnum_x

L

1.111111

OyHKIUSI area.owin() BBIYKCIAET IUIOLIAJb KOMIIOHEHTBI
window 00BEKTa ppp.object.

KoMnoHeHTa ppp object2$n COAEPKUT 3HAYCHHE YHCIA
cOOBITHI TOUYeUHOTO 00Opa3a (B HAIIEM CITydae - YUCII0 0co0ei).

[lepemeHHbIE quadnum x M quadnum y — YHCJIO CTPOK U
YHUCIIO CTOJIOIOB CETKH, BBIYMCICHHBbIE KaK OTHOLIEHUE JJIMHBI
COOTBETCTBYIOLIEH CTOPOHBI HccieryeMon IJTONIA KA K
PEKOMEHlyeMOW JUIMHE CTOPOHBI sf4elku. C y4eToM TOro, 4To B
HallleM cJydae HCClenyeTcss KBaJpaTHas IUIOMIAJKa pa3MepoM
10 x 10, 9uCIO CTPOK M CTOJOIIOB CETKH OJTMHAKOBO.
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[lepemeHnHass I COAEPKUT BBIUYMCICHHYIO JJIMHY CTOPOHBI
STUEUKU CETKH.

2) Beluncnum A, - jg0KaiabHbIE IJIOTHOCTH COOBITUI B sueiikax

CETKH, U BU3yaIIM3UPYEM MPOCTPAHCTBEHHOE MOBEJCHUE ITON OIEHKU
MHTEHCUBHOCTHU, ITOCTPOUB KapTy (puc. 28):

quadcount <- quadratcount (ppp_object2, nx=quadnum x,
ny=quadnum y)/L/L
xgrid <- quadrats(ppp_object2,nx = quadnum x,
ny quadnum_y) $xgrid
ygrid <- quadrats(ppp_object2,nx = quadnum x,
ny quadnum_y) $ygrid

image (xgrid, ygrid, axes=F,
t (quadcount[order (1:quadnum x,decreasing=T),]),
col=colorRampPalette(c("white", "grey20")) (15))

OyHKIUA quadratcount() BBIYUCISIET YHCJIO COOBITHHA,
MOMAaBIIMX B SYeMkH ceTku (kBaapaTel). Ee mapamerpsl nx U ny
3aJ1al0T pa3Mep CETKH (UHCIIO0 CTOJIOOB U CTPOK).

@yHKIMS image () CTPOUT PaCTPOBBIM PUCYHOK (KapTy), rie
BIIEMEHTAMHU PACTpa SIBISIOTCS SYEHKH CETKHM O00BEKTa quadcount .
(DyHKHHH colorRampPalette () CO31aCT MIKaly OBETOBOIO
nepexoja ot 6eoro mBeTa K CEpoMy, COCTOAILYIO U3 15 rpanaruii.

3) JlobaBuM Ha KapTy OCH U TOJIUCH, 00O03HAYAIOIIUE

3HaueHus A, B f4eikax:

axis (2, las=1, pos=0, at seq(0,10,2), cex.axis=1.5)
axis(l, las=1, pos=0, at = seq(0,10,2), cex.axis=1.5)
axis (3, pos=10,at=seq(0,10,2), labels=F,cex.axis=1.5)
axis (4, pos=10,at=seq(0,10,2), labels=F,cex.axis=1.5)
plot (round (quadcount,1l) , add=T, cex=1.5)
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Puc. 28. OrieHka HWHTEHCHBHOCTH METOJOM KBaApPAaTOB:
KapTa JIOKaJILHON TUIOTHOCTH 0coOeit Adonis vernalis L.,
MOJTy4eHHas Ha ceTke 9%9.

SlnepHasi annmpoKkcUMANUSA

J151s1 TOro, 9YTOOBI OIEHUTh MHTEHCUBHOCTD TOUEYHOTO MpoIiiecca
MOKHO BOCIIOJIB30BaThCS HEMAPAMETPUUECCKUM MemoOoM s0epHOU
annpoxcumayuu (kernel method). B obmem cirydae 3ToT MeToa HOCUT
Ha3BaHMe MeToja okHa [lap3ena (mnu merona [lapzena-Po3enbnarra).
C moMoOIIpI0 SACPHOM anmpoKCHUMAIlM MOXKHO TIONY4YuTh Ooiee
CTJIQ)KCHHYIO OILIGHKY HHTEHCHUBHOCTH (TI0 CPaBHEHUIO C OIICHKOM,
JlaBaeMOM METOJOM KBaJ[paToOB).

IMyctp x = (x1, X2, ..., X») — HAOJIOaEMBI TOYEUHBIH 00pa3. B
MIPOU3BOJBHON TOYKE X € .S aHAM3UPyEeMOi 00JacTH (0OBIYHO B y3J1ax
JIOCTaTOYHO qacToi CETKH) OIICHKA WHTCHCUBHOCTH

MMPOCTPAHCTBCHHOI'O TOYCYHOI'O NPOICCCAa BBITUCIIACTCA KaK:

A0 =Yk, (x=x,).
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3nech k,(.) - cneuuanvHas Adepnas @ynkyus (GYHKIUS sapa WU

okHa; kernel function), /# — macmraGHbII apaMeTp, ONpeaeISIONINN
pa3mep siapa (OKHa ¢ IIEHTPOM B TOUKE X). BKiaa Kakaoro coObITHS X;
TOYEYHOro 00pa3a B OLIEHKY MHTEHCHBHOCTH B TOYKE X 3aBUCUT OT
paccTosiHUA MEXIY TOYKOW X W 3TUM coObitueM (puc. 29). Kak
NpaBUJIO, YEM PACCTOSHUE MEHbIIe, TeM BKJaJa OoJblie, 1 Ha000poT.
Kakass mMeHHO OyZeT 3aBUCHMOCTb - OIPEIEINSeTCS] BUAOM SICpHON
(GyHKLIMU ¥ 3HAYCHUEM ee rapameTpa /.

IlenTp OKHa

| / Snepunas ¢pyHkuus.
Bxuiaz i-0ro coObITHS | O6bem durypei,

OrpaHUYMBAEMbIN
¢dyHKmeH, paBeH 1

B OIIGHKY MHTEHCUBHOCT
onpeesseTcs A1epHON
byHKuneit

Ckob3s111ee 0KHO
Co0ObITHE

Puc. 29. Unmoctpanus saaepHoit pyHKUuU. B xakaom ysne ceTtku
paccuuThIBaeTCs OLIEHKAa MHTEHCUBHOCTH A(X) : LIEHTp OKHA (A1pa)

MOMEIIaeTcss B TEKYIIUH y3ell CeTKH (TOYKa Xx); BKJIal B OICHKY
(BeC) KaXxaoro COOBITHS OTIpEIEIACTCS SAePHON GyHKITHEH ki(x— X;).
OOBIYHO, YeM JTANbIIE j-0¢ COOBITHE OT IICHTPa OKHA, TEM MEHBIIHI
BKJIaJI OHO BHOCHUT B OIICHKY HHTEHCHBHOCTHU B 3TOU TOYKE.
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Jlis  OIEeHKM MHTEHCHBHOCTH MOTYT OBITh HCIIOJIb30BaHbI
pasznuuHble snaepHble QyHKuMU. ONTUMaIbHOW CUMTAaeTCs sAepHas
¢bynkuus Enaneunuxona (puc. 30 A):

2

2 _lx=x]

— 2
kh('x_xi)_ T h

0, BO BCCX OCTAJIBHBIX ClIy4dasX

),ecnu || x—x, [|<h

[[Iupoko  paclHpOCTPaHEHHBIM  SIBISIETCA  UCIIOJIL30BaHUE
sanepHoit pyHkIMK Ha ocHoBe ['ayccoBa pacnpenenenus (puc. 30 b):
1 el

207
e s

kh(x_xi) =

270°

I7le ¢ — 3TO CPEIHEKBAIPATUYECKOE OTKJIOHEHHE, BBICTYTMAIOLIee B
KadgecTBe MaciutabHoro mnapamerpa k. ComocTtaBUMBIE 3HAYCHUS
MacITaOHBIX MapaMeTPOB UL 3TUX JBYX (DYHKIHUH, ONpenensionme
pa3Mep CKOJB3SIIEr0 OKHA, KOTOPOE YCTaHABIMBAET, KAKUE COOBITHS
OyAyT BHOCHUTH BKJIQJ (MM OCHOBHOM BKJIAQJ) IpPH BBIYHCICHUU

OIICHKH, JAIOTCS COOTHOILICHUEM /A ~ 20 .
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Puc. 30. SInepabie QyHKIMH «B pa3pe3er.
A: epanechnikov — sinepnas ¢pynkuust Enaneunukosa (A=1);
b: gaussian — ['ayccoBa sinepras ¢pyHkuus (o=1).

CymecTByloT W Jpyrue siaepHble (YHKIMM, OJHAKO BBIOOD
¢ynkuuu k(-) He cromp BaxkeH. Ha puc. 31 mpencraBieHbl OLIEHKU
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WHTCHCUBHOCTH, IIOJyYE€HHBIE C TOMOIIBIO SACPHBIX (QYyHKUIUN
EnaneunukoBa u ['aycca ¢ connoctaBUMbIMU pazMepamu siaep. BunHo,
YTO T KapThl IOBOJIBHO CXOXKHU.

Puc. 31. Onenka WHTEHCHBHOCTH C ITOMOIINBIO SIIEPHBIX (DYHKITHH.
A: Emaneunukosa (h=1.6 m); b: 'ayccoBoii (6=0.8 m). Mcmoins30BaHbI
IaHHEIE 0 TIpopocTKax exeBuku (Hutchings, 1979; Diggle 1983).

OrneHka MHTEHCHUBHOCTH TOpPAa3[0 YyBCTBHUTEIbHEE K BBHIOOPY
pasmepa szapa A, ONPEAETSIONIEr0 CTENEHb NPOCTPAHCTBEHHOMN

CIUIAKEHHOCTH TMOJydaeMoil ouneHku A(x). Sapo manoro pasmepa

OyZeT NpUBOAUTH K 3aHIDKECHHUIO OI[CHKH BO MHOTHX TOYKax 00JacTu
UCCIICIOBaHMUSA, M  KapTa HHTEHCUBHOCTH OyJeT  BBITJIAACTH
«MATHUCTOI», M3-32 YEro CIIOKHO YBHJIETh OOIIME 3aKOHOMEPHOCTU
(puc. 32 A). Snpo Gombioro pazMepa, Ha000POT, NACT CTIKEHHYIO
OLIEHKY HMHTEHCHBHOCTH, TJe OyIyT HHMBEIUPOBAHBI €€ MEJIKHE
NPOCTPAHCTBEHHBIE BapHallMM, KOTOpPBIE MOTYT NPEACTaBIAThH
unrepec (puc. 32 b). Takum o0Opazom, pasmep sapa TOJDKEH
BBIOMPATHCS TaK, YTOOBI COOIIOCTH KOMIPOMHCC MEXKY TOUHOCTBIO U
reHepalu3alyei, TMO3BOJIAS YBHIETh KaK TIJIOOANbHBIM TpeHA
MHTEHCUBHOCTH, TaK M €€ JIOKAJIbHbIE BapUaIIH.
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Puc. 32. Onenka MHTEHCHMBHOCTH C MOMOIIBI0 ['ayccoBoit snepHON
¢yakun.  Mcnonp3oBaHbl  JaHHBIE O TMPOPOCTKAX — €KEBHKHU
(Hutchings, 1979; Diggle 1983).

A: BbIOpaH HEIOCTATOYHO OONBLIION MaciuTaOHBIA MapaMeTp
0=0.2 M, CIIO)KHO YBHACTH OOIIYIO0 3aKOHOMEPHOCTbD.

b: BeiOpanHplli  MacmTaOHBIE — mapaMeTp o0=2M  TIO3BOJISET
MPOCIIEANTH TIIO0ANBHBIA TPEHA WHTEHCHBHOCTH, HO €€ JIOKAJIbHBIC
BapHalli OTCYTCTBYIOT B OOIIEH KapTHHE.

CymiecTByeT HECKOIBKO TPaBHI «OOJBIIOTO Talbla» s
ompesieNieHus] ONTUMAIBHOTO pasmepa [ayccoBa szipa, OCHOBAaHHBIX
Ha TIPEIIOJIOKEHUN O XapaKTepe pachlpeesieHuss WHTEHCUBHOCTU U

0OBIYHO MPUMCHACMBIX IUIA TJIAAKOTO IMMOBCACHU S

O-OrrmM = 106 .o n*0-2 WiIn O-OHTHM — 079 IQR X n—0.2 WITH
) IOR
O-OHTI/[M = 0.9 -min O—’L . n—0.2 , (3)
1.34
A€ n — 4YUCIO COOBITUH TOUYeYHOro o0pasza; ¢ — BBHIOOPOYHOE

CPEIHEKBAIPaTUYECKOE OTKJIOHEHHE KOOpAMHAT coObITuil, /IOR —
MEXKBApTHJIBHBIA ~ pa3max (interquartile range); o wu IQOR
BBIYUCIISIOTCS C YYETOM U3MEHUYUBOCTH 00€HX KOOpAMHAT, X U Y:

o(X )+o(Y,

Koopounama 00pouHama )

O = 5

2
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[QR _ [QR(XKuopdunama ) + ]QR(YKUOPOW‘J’"“ ) .
2

IIpu sTOM pa3smep sdnpa, OCHOBaHHBIA Ha o, B Cllydyae HaJIU4us

BBIOPOCOB MOJKET OBITh 3aBBIINICH, IO3TOMY Oo0Jiee HaJeKHBIM
ABJsIeTCS ucnoyib3oBanue IQR.

B Takom e mpennosioKeHuu TIaJKoro pacipeieeHus MOXKET
OBITH OTpeecH MacITAOHBIA TapameTp /4 s siAepHOW (PyHKIUU

Emaneunnkosa:
1

h,. =176-c-n°¢.

Taxoke st JaHHOTO sIpa CYIIECTBYET BapUaHT, IPUBEICHHBIN B
kaure Cressie (1993):

h =0.68-n"7.

o

Kpome yka3zaHHBIX OSMIMPUYECKUX TMpaBWi s BbIOOpa
ONTUMAJILHOTO pa3Mepa sipa MOKET OBITh HCIOIb30BaH METO]
MEepEeKpeCTHOM  TpoBepku. Hampumep, cormacHo OJHOW W3
MoM(UKAIHI 3TOr0 MeTo/1a B TOYKE KaXKJIOTO i-Oro COOBITUS OI[CHKA
WHTCHCUBHOCTH ¢ ToMoIlIbio ['ayccoBoit  simepHOM  (PyHKIMHU
BBIUMCIISIETCSl JIBYMSI CIOCOOAMM: C Y4YETOM STOTO COOBITHUS U 3a
UCKJTIIOYEHHEeM 3Toro coObITus. Pa3smep siapa ¢ moadOupaetcst Takum,
YTOOBl MUHUMH3UPOBATh CPEIHUN KBAApPaT Pa3HOCTU 3TUX OLIEHOK 10
BCEM COOBITHSIM.

Eme ogHa 0co6eHHOCTh, KOTOPYIO HEOOXOAMMO YUUTHIBAThH MPU
OLICHKE MHTEHCHUBHOCTH TOYEYHOI'O MPOLIECCa, 3TO HMCKaKEHUE WU
CMEIlIEHWE OLEHKM Ha TpaHHULaX H3y4yaeMOW TEepPUTOPHUU, TaK
Ha3bIBaeMbIl epanuunsiii 3¢pgexm (edge effect). Korma touka x
(LEHTP CKOJB3SIIETO OKHA) HAXOIUTCS OJIM3KO K TPAHHUIIE W3ydaeMOM
o0jacTd, 3TO OKHO YAaCTUYHO TIOKPBHIBA€T MPOCTPAHCTBO, TJ€
UCCJIEIOBaHUSI HE MPOBOJUIINCH, U TJ€ OTCYTCTBYET OOBEKTHUBHAS
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UHOpPMAIUS O HAIMYHN COOBITHIA, N3-3a YEro OIleHKa HHTEHCHBHOCTH
3aHW)KaeTcs. PaccMOTpUM HEKOTOpBIE M3 CYHIECTBYIOIIMX IOIXOI0B
TPAaHUYHON KOPPEKIIUU OIeHKH (puc. 33):

- Hcnonb3oBaHue KOPPEKTUPYIOMIETO MHOXHTENIA p(X) TMpu
BBIYUCIICHUH OIICHKH:

- 1
z(x)—m-zkhu—x,-),
Tae

p(x) = Lk(x —uw)du .

3HaueHUe KOPPEKTHPYIOMIETO MHOXHUTEIS p(X) paBHO o00beMy
¢urypel, orpaHMYeHHON sAepHON (YHKIHMEW M IUIOmAnbIo spa,
NOMAJAOLIEN Ha aHanu3upyemyro tepputoputo S (puc. 33 A). Eciu
SIIPO TIOJIHOCTBIO HAXOJUTCSI BHYTPHU S, TO p(X) = 1 — KOPPEKIMU HET.
WNHaye, koraa a1po nepecekaercs ¢ rpaHulel, p(x) < 1, 9ro npusener
K KOPPEKLMH OLIEHKHU — €€ TOBBIIIECHHUIO.

- ITloctpoenue OydepHON 30HBI BHOIH TPAHUIBI H3y4aeMOM
001acTH, B KOTOPYIO HE JIOJDKEH IMOMAagaTh IEHTP CKOJIB3SIIETO OKHA.

Hlupuna 3TOH 30HBI OMpPENENsSeTCs B COOTBETCTBUU C MAacIITaOHBIM
napamerpoM siiepHoi ¢yHkuuu. OrneHka /{(x) OyZeT BBIYHCIATHCS
TOJILKO JJIsl TOYEK, He MoMajaroimux B OydepHyio 30HY (IpH 3TOM
HaxonsIMecs B HEW COOBITUS HCHOJB3YIOTCS MPH BBIYMCICHUU
OLIEHOK JUIS TOYeK LIeHTpanbHOM nmogodnactu). [loHsTHO, YTO pazmep
3pPEKTUBHON MJIOMIANM, TJ€ BBIYUCISICTCS /{(x), YMEHBLIAeTCs
(puc. 33 Bb). OTOT NMOIX0/1 PKCTEHCUBEH M PEIKO MCIOJIb3YETCs, Tak
KaK MpUeMJIeM JUIIb MpH padoTe ¢ OOJBIIMMH IUIOIAASIMHU, KOTAa

noreps 0ydepHoil TeppuUTOpUN HE CTOJb OIyTHMA.
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- Topounanvnas permkanus. HaOmrogaemass peanmuzarus

npoliecca - TOYeUHbI 00pa3 - peruMuupyeTcs B TOPU3OHTAIBHOM U

BEpTUKAIIbHOM  HampaBieHusix (puc. 33 B). Ouenka

BBIYUCTIACTCA TOJBKO JJIA TOYUCK X H3yqaeM01‘/'1 O6HaCTI/I, OJHAaKO B

pacuderax UCIMONb3YIOTCS U PETUTUIUPOBAHHBIE COOBITHSI.
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Puc. 33. Meronsl rpaHU4YHO
MHTEHCHBHOCTH.

A: OneHka MHTEHCHBHOCTH B Y3J1aX CETKH JENUTCS Ha 00beM
¢Gurypel, OrpaHHYCHHOW sACPHOM (QYHKIMEH W YacTblo V)
CKOJIB3SIIIET0 OKHA, ITONAAAI0NIeH B 00J1aCTh UCCIIEIOBaHUSL.

b: Ouenka Berumcnsiercss ¢ yuerom OydepHOil 30HBI (cepas
3aymBKa). CoOBITHS, TIOTIaBIINE B Oy(DepHYIO 30HY, YIaCTBYIOT B
OIIEHKE MHTEHCHBHOCTU. VIHTEHCHUBHOCTH OIIEHWBAETCS TOJBKO B
y3JIaX CETKH, HE IMONaJarouX B 0ypepHyIo 30HY.

B: TopounanbHas perukainus. YepHble TOUKH COOTBETCTBYIOT
HaOMOJaeMoOl  peanu3alliil  TpoIecca,  IOoJble  TOYKH
COOTBETCTBYIOT  perumkanuaM. OIlleHKa  UHTEHCHBHOCTH
BBIUMCISIETCA TOJNBKO /IS TOYEK MCXOAHOM 00JacTd, MpH 3TOM
YUUTBIBAIOTCA U PEIUTULHMPOBAHHBIE COOBITHS.

KOppCKIIMKn 1OpHU  OICHKC
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Ha puc. 34 npuBeneHbl OIIECHKW MHTEHCUBHOCTH 0€3 TpaHUYHOU
KOPpPEKIIMM MU C TPaHUYHOM KOppeKuueil. MOoXHO BHUIEThb, YTO

KOPPEKIMS U3MEHUJIa OLIEHKY BOJIM3HM TPAHUI] U3y9aeMOM TUTOIIAIKH.

Puc. 34. Ouenka HMHTEHCHMBHOCTH Ha OCHOBE l'ayccoBoil snepHOU
dbynkiun, 6=0.8 M.
A: 6e3 rpaHMYHOI KOppEeKIHUHY,
b: ¢ rpaHrYHON KOppeKITHeH.
Ucnons3oBanbel maHHbIe O mpopoctkax exeBukd (Hutchings, 1979;
Diggle 1983).
Ilpumep 5
C nomompio ['ayccoBoii  simepHON  (YHKIMH  OLIEHHM
WHTEHCUBHOCTD MPOCTPAHCTBEHHOTO TOYEYHOT'O nporecca,
MOPOKIAIONIETO TOUYCUHBINA 00pa3 pa3Mmerienus cTBolioB 7ilia cordata
L. bynmem wcnonb3oBaTh TpPAHUYHYI0 KOPPEKUMIO C MOMOILIBIO
KOPPEKTUPYIOLIETO MHOXKHUTES.
1) OnpepenuM  onTUMalbHOE  3HAUYEHHE  MAacCIITaOHOTO
napamerpa o, 1o Gpopmyie (3):
sigma <- (sd(ppp_objectl$x) + sd(ppp_objectl$y)) / 2

igr <- (IQR(ppp_objectl$x) + IQR(ppp_objectl$y)) / 2
sigma_optiml<-0.9*min(sigma,iqr) *ppp_objectl$n” (-1/5)

HOJIqu/IM: sigma optiml = 4.20 M.
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2) Beranciaum O1ieHKY MHTEHCUBHOCTH:

ppp_densityl <- density.ppp(ppp_objectl,sigma_optiml,
edge=TRUE)

[TapameTps! QyHKINY density.ppp () :

ppp_objectl OO0BeKT TOUeYHOTO 00pasa Tuma ppp.object.

3HadeHne mapamerpa o B ¢opmyne ['ayccoBa

sigma optiml
- saapa.

TRUE — ¢ TPaHUYHON KOppekuuei, FALSE -

edge N
0e3 TpaHMYHON KOPPEKITUH.

Ora QyHKIMA co3maer oOBEKT Kiacca im.object (pixel image),
KOTOPBIN (DaKTUYECKU TMPENCTaBIseT COO0OW OOJBIIYI0 MaTpHILy,
COJIePKALIYI0 3HAYCHUS MOJTyYCHHON OLIEHKHM MHTEHCHUBHOCTH B Y3JIaX
PETYISIPHOM CeTKH, TOKPHIBAIOIIEH 00J1aCTh UCCIICIOBAHHUS.

3) Busyanusupyem MNpOCTPAHCTBEHHOE MOBEJACHUE OLIEHKU
WHTEHCUBHOCTHU, TOCTPOUB KapTy:

image_color <- colorRampPalette(c("white", "grey",
"grey20")) (15)

image (ppp_densityl, col = image_color)

plot(ppp_objectl, cex=1, add=T, use.marks =F)

axis(2, las=1, pos=0, at=seq(0, 50, 5))

axis(l, las=1, pos=0, at=seq(0, 50, 5))

axis (3, pos=50, at=seq(0, 50, 5), labels=F)

axis (4, pos=50, at=seq(0, 50, 5), labels=F)

Cuauana C IIOMOIIBIO @yHKHHH colorRampPalette ()
CO37aeTCs IIKaJia IBETOBOT'O TEpexojaa OT OeJoro IBeTa K CEepoMy,
coctosmass u3 15 rpamamuii. 3aTteM (QYHKIUA image() CTPOUT
KapTy, UCIOJIb3YS CO3JaHHBIH OOBEKT ppp densityl, COAEpIKAIIUN
OIIEHKY MHTEHCUBHOCTHU. Pe3ynbTar npeacrabieH Ha puc. 35.
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Puc. 35. OrmeHka WHTEHCHBHOCTH TIPOIECCA, ITOPOIKIAIOIETO

HabmronaemMoe pasMmenieHue cTBonoB 7Tilia cordata L. Tlomyuena c

romMotbio I'ayccoBoit simepHoit hyHKInM; pasMep sapa 6—=4.20 M.

Ilpumep 6

OueHUM HMHTEHCUBHOCTh TOUYEYHOTO TMpoliecca € IMOMOIIbIO
layccoBoii simepHOt (yHKIMM AN MpUMEpa pa3MelIeHus ocoOei
Adonis vernalis L.

1) OmnpenenuM  ONTUMAIBHOE 3HAYCHHE  MAcCIITa0HOTO
apaMeTpa Conmmm 110 opmyite (3):

sigma <- (sd(ppp_object2$x) + sd(ppp_object2$y)) / 2
igr <- (IQR(ppp_object2$x) + IQR(ppp_object28y)) / 2
sigma_optim2<-0.9*min(sigma,iqr) *ppp_object2$n” (-1/5)

[Tonyynm: sigma_optim2 = 0.86 wm.

2) BerunciauM O1ieHKY HHTEHCUBHOCTH:

ppp_density2 <-density.ppp (ppp_object2, sigma_optim2,
edge=TRUE)

3) [TocTpouM KapTy OIIEHKHA MHTEHCUBHOCTH (pHC. 36):

image (ppp_density2, col = image_color)
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plot(ppp_object2, which.marks="age",
chars=c (19, 24), cex=1.5, add=T)

axis (2, las=1, pos=0, at=seq(0, 10, 2))

axis(l, las=1, pos=0, at=seq(0, 10, 2))

axis (3, pos=10, at=seq(0, 10, 2), labels=F)

axis (4, pos=10, at=seq(0, 10, 2), labels=F)
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Puc. 36. OrmeHka WHTEHCHBHOCTH TIPOIECCA, ITOPOIKIAIOIIETO
HaOmojaeMoe pasMmerenue ocoberr Adonis vernalis L. Ornenka
ToJTydeHa C TIOMOIIBbIO ["ayccoBo# simepHO#t GYHKITHHN; pa3Mep sSapa
0=0.86 M. UepHble Kpyr# — TreHEpaTHBHBIE 0coOM (Koi gene),
TIOJTBIE TPEYTOIBLHUKH — TIPETeHEPATUBHBIC 0COOH (KO pre).

IIposepka runore3bl 0 CSR

Kax yxe rosopmiiocs, IepBOi INPOBEPSEMOI THIIOTE30M NpU
UCCIIC/IOBAHUM TOYEYHBIX PHCYHKOB SIBJISIETCS THIIOTE€3a O IOJHOU
npoctpancTBeHHOW ciyuyaiiHocTH (CSR) mpomecca, nexaiiero B
OCHOBe HaOJI0aeMOro TOYEYHOTO oOpa3a. Mopenbio MOJHOU
IIPOCTPAHCTBEHHOMN CIIy4aliHOCTH CITYKUT 0O0HOPOOHDI
IIyaCCOHOBCKHMH Ipolecc (MHTEHCHBHOCTh MpoIlecca IMOCTOSHHA BO
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Bced  00JacTM  HWCCIAEAOBAHHWS, W  MEXIy COOBITUAMH  HET
B3aMMOJICHCTBUN).
Otknonenue oT CSR MOXeT nposiBISATHCS:

-  HaIW4YueM aepeeayuti (CKOTUICHHI) COOBITHH B KaKUX-THOO
Mo00IacTsIX M3y4aeMo 00JIacTH, YTO B CBOKO OYEpPEIh MOXKET
OBIThH CJIEACTBUEM:

O HEOJHOPOAHOCTHM  TOYEHYHOIro  Ipoliecca, Korma  ero
MHTEHCUBHOCTh U3MEHSETCS B IPOCTPAHCTBE,

O MO3UTUBHOIO B3aUMOJICUCTBUS COOBITH, KOTOpoe
«TIPUTATUBAET» COOBITUS APYT K IPYTY;

-~ HaJM4YMeM  HEKOTOpOW  MPOCTPAHCTBEHHOW  pe2yrapHocmu
pasmereHusi  CoOBITUI KaKk  CIEACTBUS HETaTUBHOT'O
B3aUMOJICHCTBUSA COOBITHI (COOBITHS «U30eraloT» ApYyr Ipyra,
«OTTAJIKUBAKOTCS» APYr OT Apyra; KpauHUN clly4ail — IIOJHas
PETYJISIPHOCTb, PETYJIIpHAs CETKA).

3aMeTHM, 4TO €CIHM aHaJIM3HpPOBATh TOYEYHBIH 00pa3 TOJBKO

BU3yaJIbHO, TO JaXX€ CIIy4alHbIi PHUCYHOK, COOTBETCTBYIOLIUN

OJIHOPOJIHOMY  IyaCCOHOBCKOMY  Tporeccy (puc. 7 A), MOXeT

NOKa3bIBaTh JIOKAJIbHYIO H3MEHUHMBOCTb CO  CIYIIEHUSIMH U

paspexeHusAMU COOBITHH. [l HaJeKHBIX CTAaTHCTUYECKHUX BBIBOJIOB

npu mposepke Tunoressl 0 CSR  NpUMEHSAIOT CTaTHCTUYECKUE

KpUTEpUH (TECTbI), OCHOBAaHHBIE Ha CBOMCTBaX OJHOPOJHOTO

IIyaCCOHOBCKOTO ITpoLiecca.

[lonyuyeHHass oOlLeHKa MHTEHCUBHOCTH TOYEYHOIO IIpolecca

MO3BOJIIET MPOBECTH OJUH M3 MPOCTHIX CTATUCTUYECKMX TECTOB Ha

CSR, ucnonb3yromuii METo1 KBaJIpaToB.
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Kpumepuii xu-xkeaopam na ocnoge «Keaopamaoe»

Ilyctb m — uMcno KBaApaToB (sU€EK) pETyJSPHOW CETKH,
NOKPBIBAIOLIEH H3yyaeMmylo 001acTh, #7; — YHUCIO COOBITHH B i-OM
kBaapare (i=1,...,m), NOACYUTAHHOE IJisi U3YyYAEMOTO TOUYEYHOTO
oOpa3sa.

B npennonoxxennn o CSR, yncna coObITHI B KaXIOM KBaJpaTe
— OTO HE3aBUCUMBIC CIIy4ailHbIE BEJIMYUHBI, PACHPEICICHHBIE TIO0
3akoHy IlyaccoHa ¢ OIUMHAKOBBIM MAaTOXUJAHUEM, KOTOPOE
OIICHUBAETCS KaK

pa=n-A,/ A;=nlm,
IIe n — YUCJIO BCEX COOBITHII TOYeYyHOro oOpa3a, AQ — IUIOINAJb
sIYeiKku, As — IJI0IAaab BCeH 00JIaCTH MCCICI0BAHNS.

PaccmaTpuBaemblii  kpuTepuid mpoBepkd rumnore3sl o CSR
UCTIOJNIb3YET CPaBHEHUE HAOIIOICHHOTO (71;) U okugaemoro ( /) yucina

COOBITUH B KaXJOW SUCHKE, I 4Yero INMPUMEHSETCS CTaTHCTHKA,
pacripeielieHHasl 110 3aKOHY XH-KBaJpar:

m A2 2

n. - s

Xzzz—(l Aﬂ) =(m—=1)—.

i=1 H

rae s° - BBIOOpOYHAs JUCIIEpCHs YuclIa COOBITHH B sueiikaX, OHa

paBHa:
1 m
2 ~AN2
§T=—=> (n,— )" .

Ecau mojlydeHHOE 3HA4YeHHE )~ IIPEBOCXOJUT KPUTHUECKYIO

TOYKY paclpeneeHuss Xu-kBaapar ¢ (m-I) cTeneHblo CBOOOABI Ha
33JIJaHHOM YpPOBHE 3HAUUMOCTH 0, TO runoresa o CSR jns
Ha0JI0/ITaeMOT0 TOYEUHOTO 00pa3a oTBepraercs. B mpoTUBHOM citydae

THUIIOTE3a IIPUHUMACTCA Ha YPOBHC 3HAYUMOCTHU Q.
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MomHOoCcTh TecTa (BEpOATHOCTh OIIMOKHM BTOPOTO poja —
NPUHITH HENpPaBUIbHYIO HYJIEBYIO THIIOTE3y) 3aBUCUT OT pa3Mepa
KBaJIpaToB, W MPHUOJIKAETCS K HYJIIO B CIIy4ae CIMIIKOM OOJIBIIMX
WM CIIMIIKOM MajbIX KBaJApaToB (BEPOSATHOCTH OLUIMOKH BTOPOTO poja
BBICOKA). MOIIHOCTh TaK)Ke 3aBUCHUT OT aJIbTEPHATUBHOMN TMIOTE3bI, B
YaCTHOCTH, OT TPOCTPAHCTBEHHOTO0 MacmiTaba OTKJIOHEHHH OT
MpeoJiaraéMbIX IMOCTOSHCTBA HHTEHCHUBHOCTH M HE3aBUCHUMOCTHU
cobpiTuii.  BpIOOp  pasmepa  KBaapatoB  OOYCIIOBJIEH  ATUM
POCTPAHCTBEHHBIM MacIITaboM.

Heobxogumo 3aMeTuTh, YTO paccMaTpPUBAEMbI KpUTEpUU
OCHOBaH Ha  CBOMCTBaxX TMEpPBOTO  MOpPSJKA  OJHOPOJHOIO
MyacCOHOBCKOTO Tpoliecca U (PaKTUYECKH MPOBEPSIET MOCTOSIHCTBO
MHTEHCUBHOCTU B MPENINOJIOKEHUN HE3aBUCUMOCTU coObITHil. Eciun
COTJIACHO JaHHOMY Kpurtepuro rumore3a o CSR mnpunumaercs, To
nanee HEoOXOJUMO HCCIeNOBaTh CBOMCTBA BTOPOrO  MOPSIIKa,
OTpaXKaroIue MPOCTPAHCTBEHHBIC B3aUMOJICHCTBUS COOBITHM.

Ecnu panueiii kpurepuii otBepraer runotesy o CSR, To 31O
MOKET CBUJETENbCTBOBATh KaK O HEOJHOPOJHOCTH Ipoliecca
(MHTEHCUBHOCTb HEIMOCTOSIHHA), TaK U O HAJIWYUHM B3aHUMOJCHCTBUS
MEXIy COOBITUSIMU, MPUBOMSAIIETO K HEPaBHOMEPHOW IUIOTHOCTU
coObITHH B TOUEeYHOM oOpase. B 3ToM cilydae mpu MpOIOIKEHUHU
UCCJIEIOBAaHUM TPUBJIEKAIOTCS MOJEIH JIPYIMX MPOCTPAHCTBEHHBIX
TOUYEYHBIX MPOLIECCOB.

Ilpumep 7
[Tpoepum runote3y o CSR pasmenienust crBoyioB 7ilia cordata

L. ¢ momompro KpUTepusi XU-KBaJpaT Ha OCHOBE «KBAaAPaTOB». JTOT
TECT peain30BaH B (PYHKINHU quadrat. test () Takera spatstat.
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[TapameTps! QyHKIIUN quadrat. test():

opp object OO0BexT THIma ppp.object, comepKamuii TOYCUHBIHN
- o0pas3.

nx Pa3mep ceTku kBapaToB 10 ocH X.

ny Pa3mep ceTku KBapaToB IO OcH Y.

BezoBute «CropaBKy», YTOOBI Y3HaTh O JPYTUX BO3MOXKHBIX
napameTpax QyHKIHIH.
Bynem ncnonb30BaTh CETKY 5X5 KBaIpaToB.

quadtest <- quadrat.test(ppp_objectl, nx=5, ny=5)
quadtest

Chi-squared test of CSR using quadrat counts
Pearson X2 statistic

data: ppp objectl

X2 = 20.634, df = 24, p-value = 0.6796

alternative hypothesis: two.sided

Quadrats: 5 by 5 grid of tiles

Hocturaempiii ypoBeHb 3HauuMOCTH (p-value) Oosbme 0.05
(0ObIYHO  3a7aBaeMbIii  YPOBEHb 3HAYUMOCTH), CJIEIOBATEILHO,
HyJieBas THUIIOTE3a O COOTBETCTBUU AaHAIU3UPYEMOI'O TOYEUHOTO
obpaza  monmHOW  mpocTpaHCTBeHHOW  ciydaiiHoctH  (CSR)
npuHuUMaercsa. To ecTh, JaHHBIM KpUTEpUH HE OOHAPYKHI
MPOTUBOPEUMS] TOMY, 4YTO pa3MelieHue ctBosioB Tilia cordata L. Ha
HCCIIelyeMOM  IUIOMIAJKE SIBIISIETCS  peaju3aluel  OJIHOPOIAHOTO
MyacCOHOBCKOro mporecca. W mpocTpaHCTBEHHOE BapbUPOBAHUE
OLICHKM MHTEHCHUBHOCTH, KOTOPOE MOKHO BHJETh Ha pHC. 35, nubdo
HE3HAYMMO M  OTpakaeT BBIOOPOYHYIO  CIy4allHOCTh, JIHOO
obbsacusercss dddexkramu BTOporo mopsaka. McciaemoBanue 3TOTO
TOYEYHOTro 00pa3a JAOHKHO OBITh MPOJIOJIKEHO C MOMOIIbIO METOIOB,
AHATTM3UPYIOLIUX OTKJIOHEHHE oT CSR, CBSI3aHHOE c
MPOCTPAHCTBEHHBIM B3aUMOICHCTBHEM COOBITHH.
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Ilpumep 8

C momoupl0 KpUTEpUs XHM-KBAaApaT HAa OCHOBE «KBAJPATOB
npoBepuM runore3y o CSR 11 mporiecca, mopoxAatonero TO4eHbIi
o0pa3 pazmerenust ocodeit Adonis vernalis L.

Bocnonb3yemess cetkoii  9x9  kBaapaToB, TOCTPOEHHOM B
npumepe 4.

quadtest <- quadrat.test(ppp_object2, nx=quadnum x,
ny=quadnum_y)
quadtest

Chi-squared test of CSR using quadrat counts
data: ppp object2
X2 = 127.9592, df = 80, p-value = 0.001064
Quadrats: 9 by 9 grid of tiles

[TocMoTpuM, Kak HM3MEHHUTCS Pe3yJIbTaT, €CIU HCIOIb30BaTh
CETKYy 5X5 KBaJIpaToB.

quadtest <- quadrat.test(ppp_object2, nx=5, ny=5)
quadtest

Chi-squared test of CSR using quadrat counts
data: ppp object2
X2 = 65.0748, df = 24, p-value = 2.374e-05
Quadrats: 5 by 5 grid of tiles

B o0oux ciy4asx DOCTUTaeMBbIi YpPOBEHb 3HAYUMOCTH MEHBIIE
0.01, cnemoBartenbHO, HyJeBas THUIOTE€3a O  COOTBETCTBHH
aHAJM3UPYEMOTO TOYEYHOro oOpa3a TOJHOW MPOCTPAaHCTBEHHOMN
ciyvaitHocTH (CSR) oTBepraercs ¢ HaJie)KHOCThIO HE MeHee 99%.

JI71st HaTJISITHOCTH TTOCTPOUM KapTy OTKJIOHEHWH HaOJI0/1aeMOoro
guciaa coObTHii  oT oxumgaemoro B ciaydae CSR  Ha cetke
5x5 kBagparos (puc. 37 b).

5) $xgrid
5) $ygrid

xgrid <- quadrats(ppp_object2, nx 5,ny
ygrid <- quadrats(ppp_object2, nx = 5,ny
ressiduals2plot<-matrix (quadtest$residuals,
ncol=5,nrow=5)
image (xgrid, ygrid, ressiduals2plot[,5:1],
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col= colorRampPalette(c("white",6 "grey20")) (15),
axes=F, asp=1)
plot (quadtest, add=T)
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Puc. 37. A: Kapra Toueunoro o0pasa pasMmernieHus ocooeit Adonis
vernalis L. ¢ ceTkoit 5X5 KBagpaToB.

b: B meBoM yrily KBaapaTOB IOKa3aHO HAOIIOJAEMOE YHCIIO
coOBITHI (0c00€H) 72, B IPAaBOM YTIIy — OKHIAEMOE YUCIIO COOBITHIH
B cinydae CSR 4 (=5.9). Bo BrOopoil cTpoke TOKa3aHO

«IHUPCOHOBCKOE» OTKJIIOHCHWE HAOI0IaeMOro YHciIa COOBITHH OT
0XXHJIAEMOI0 (1 ;- i) / \/; (cyMmMa KBagpaTOB JTHX 3HAYCHHU
paBHa CTAaTHUCTHUKC Xz) NHTEeHCUBHOCTL  3aJIMBKH KBaaApaToB
COOTBETCTBYET OTKJIOHCHHIO.

Takum oOpaszoMm, pasmenieHue ocoberr Adonis vernalis L. Ha
HCCIIElyeMOM  IUIOIIAJKE HE MOXET CUUTAThCS pealn3aiuei
OJIHOPOJIHOTO ITyaCCOHOBCKOro mpouecca. IIpuanHOi 3TOro Moxer
OBITh KaK HaJIM4KE 3HAUMMBIX arperanuii ocodeil ajjoHrca BCIeCTBHE
B3aUMOJICHCTBUSA  COOBITHH, Tak M MNPOCTPAHCTBEHHBIH TpEH.
MHTEHCUBHOCTU Tpolecca (IJIOTHOCTh COOBITUH yBEIWYUBAETCS K
CEBEpHOH rpanuiie riomaaku). McecnenoBanue 3Toro oopasa J0IHKHO
OBITH IPOAOKEHO C UCIIOJIb30BAHUEM MOJIETIeH IPYTHX MPOLIECCOB.
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IIpoBepka rumoTe3bl 0 HEOTHOPOIHOM MYaCCOHOBCKOM MpoIlecce

Eciu npu npuMEHEHWH KpHUTEpHUsi XU-KBaJIparT Ha OCHOBE
«kBazaparoBy rumnore3a o CSR orTBepraercs, TO 3TO B YacCTHOCTHU
MOJKET  CBUJACTEIbCTBOBATH O  HEOJHOPOJHOCTH  Ipolecca
(MHTEHCUBHOCTh U3MEHsieTcsi 1o Tepputopuu). W crnexyromieit
TECTUPYEMOW THUMOTE30d MOXET OBITh THIOTE3a O COOTBETCTBHU
TOueYHOro o0pa3a HeoOHOpOoOHOMY TyacCOHOBCKOMY TIPOIECCY
(MHTEHCUBHOCTH ~ mpoliecca A(x) BappuUpyeT Ha  U3y4aeMoi
TEPPUTOPUH, U MEXKTY COOBITUSIMHU HET B3aMMOACHUCTBHIA).

Ota runore3a GopMyiIHpyeTcs ¢ ykazaHueM (yHKIHMU A(x). B
KayecTBe TaKOW (PYHKIMH MOXKET OBITh HWCIOJh30BaHA MOJAEIbHAsS
3aBHCUMOCTh ~ WHTEHCHBHOCTM  IIpolecca  OT  KaKux-Iubo
MPOCTPAHCTBEHHBIX TMEPEMEHHBIX (BHEIIHUX (AKTOPOB, CBOKHCTB
TEPPUTOPUH), TIOBEIEHHE KOTOPBIX JJs M3y4aeMoll obiactu
u3BecTHO. Hampumep, MHTEHCHMBHOCTh HpoOLECCa, MOPOKIAIOLIETO
pa3MelleHne JepeBbeB, MOXKET 3aBUCETh OT XapaKTePUCTHK pelbeda.
B mpocteiiniem ciyyae B KauecTBE TAaKUX IEPEMEHHBIX B MOJEIH
MOTYT y4aCTBOBATh CaMH KOOPIUHATHI.

B makere spatstat npencraBieH  METOA  ITOCTPOEHUS
napaMeTpUuecKo MOJIeIM 3aBHCUMOCTH MHTEHCHUBHOCTH TOYEYHOTO
npoliecca 0T BHEUIHUX MEPEMEHHBIX. IHTEHCUBHOCTh MOJEIUpPYeTCs
Kak jorapudMudecky TuHEHHas (QYHKIUS OTHOCUTEIBHO Mapamerpa
o:

logA(x) =0 f(x)
rae f(x) - gyHkuus ot MectononoxeHnus x. Ha mpaktuke f{x) moxer
ObITh MO0 (YHKIHMEH OT KOOpAWHAT, JUOO MPOCTPAHCTBEHHOMU
nepeMeHHo, MO0 KoMIo3uIueld Toro W apyroro. Ilapamerpsr
MOJIETH OMPENEISIIOTCS METOA0OM MaKCHMaIbHOTO MPaBAONOI00HUS.
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Ecnu mocTpoeHHass MoJielb MHTEHCUBHOCTH A(Xx) aJeKBaTHa

JaHHBIM, TO JJIS IIPOBCPKU T'MIIOTE3bI O COOTBECTCTBUHA Ha6JIIOI[aeMOFO
TOYEYHOro o00pa3za HEOJHOPOAHOMY IyaCCOHOBCKOMY MpoOIecCy
TaK)K€ MOXKET OBITh HCIIONB30BAH KPUTEPUN XU-KBAApaT HA OCHOBE
«KBaJpaToOBy, CPaBHUBAIOLIMN HAONIOJIEHHOE 4YHUCIO COOBITHII B
KBaJpaTax M OXyuaaemoe. B mpeanonokeHuu O HEOJHOPOIHOM
IyaCCOHOBCKOM IIPOILIECCE C HMHTEHCUBHOCTBIO A(X) OXKHIaeMoe

YUCIO COOBITUH B KaXJOM i(-OM KBajpare OyJeT 3aBUCETh OT
3Ha4YeHU A(Xx) B ITOM KBajpare:

4= [, A,

U KPUTEPHI XU-KBaJpaT BBIYUCIISETCS Kak:
2
XZ - i (n,' - lul)
i=1 H;

Eciu MonydeHHOe 3HaueHHe y° MPEBOCXOMUT KPUTHYECKYIO

TOUKY pachpenelieHusi Xu-kKBaapatr ¢ (m-1) CTEemneHbl0 CBOOOIBI Ha
3aJJaHHOM YpPOBHE 3HAYUMOCTH ¢, TO THUIIOTE3a JJs HalJIr0aaeMoro
TOYEYHOro oOpa3a oTBepraercs. MHade rumore3a MPUHUMAETCS Ha
YPOBHE 3HAYHMOCTH 0.

Ilpumep 9

s ToueyHoro obpasa pasmenieHus ocobdeit Adonis vernalis L.
KpUTEpUN XU-KBAJpaT Ha OCHOBE «KBAJAPaTOB» IMOKa3aJl OTKJIOHEHUE
ot CSR (npumep 8). B 1anHOM cityyae MPpUYUHOMN STOTO MOXKET OBITh
MPOCTPAHCTBEHHBIN TPEH/I WHTEHCHUBHOCTU IMIpoIecca - IUIOTHOCTh
cOOBITHI yBEIMYMBAETCS K CEBEPHOU I'paHUIle IUIOMIAKUA (CM. KapTy
OIICHKH UHTCHCUBHOCTH pHC. 36).
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1) TIloctpoum  MoOjaeNnb  3aBUCUMOCTH  WHTEHCHBHOCTH
MyacCOHOBCKOT'O Mpolecca OT KOOpAUHATHl Y ¢ TMOMOIIbIO (PyHKIHU
ppm (), pEaJTM30BaHHOM B MMakeTe spatstat.

[TapameTps! GyHKIIUU ppm () :

ppp_object | OOBEKT THIA ppp.object, comepx amuii ToueyHbIi 00pas.
trend R-¢hopmyra, 3apatomias MOAETMPYEMYIO 3aBUCHMOCTb.

Metox wucnonp3yer JorapuMUYEcCKyl0 (QYHKIHIO CBSI3U, TO €CTh
dbopmyna omnpenensier gorapudm nHTEeHCUBHOCTH. OOBIYHO, KaK yKe
TOBOPWJIOCH, OHA BKJIFOYACT B ce0sl MPOCTPAHCTBEHHBIC KOOPIUHATHI
W/WIM  TIPOCTPAHCTBEHHBIE  TIEPEMEHHBIC,  MPEAIIOIOKUTEIHHO
OOBSICHAIONINE N3MEHYHBOCTh HHTCHCUBHOCTH TIPOIIECCA.

intensity model <- ppm(unmark (ppp_object2),
trend = ~y, Poisson(),
correction="Ripley")

BriBenem pesynbrar:

intensity model

Nonstationary Poisson process

Trend formula: ~y
Fitted trend coefficients:
(Intercept) y
-0.4735872 0.1527306
Estimate S.E. CI95.10 CI95.hi Ztest Zval
(Intercept) -0.4735872 0.2055681 -0.87649339 -0.07068107 * -2.303797
y 0.1527306 0.0302542 0.09343348 0.21202779 *** 5.048245

AHanmu3 pe3ysNbTaTOB TOCTPOCHHUS MOJENIH YKa3biBaeT Ha
CTATUCTUYECKA  3HAYMMYI0  3aBUCUMOCTh  WHTEHCHUBHOCTH  OT
KOOPAUHATHI Y.

BrlinuieM mocTpoeHHyI0 MOICIb B SIBHOM BHUJIE:

—0.4736+0.1527-Y
Ax)=AY)=e . (4)
2) C noMouibl0 KpUTEpHsI XU-KBaJpaT Ha OCHOBE «KBaJPaTOB»
MPOBEPUM THUIIOTE3Y O TOM, YTO H3y4aeMbIil TOUYEYHBIM o0O0pa3
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MOPOX/IAeTCsl  HEOMHOPOJHBIM  ITYaCCOHOBCKHM  IPOIIECCOM €
MHTEHCUBHOCTBIO A(X), AaBaemoit ¢opmyioii (4). B aTom ciydae Ha

BXOA  (QYHKIMH  quadrat.test() MojaeTcsi  MepeMeHHas,
coJiepkamias MOCTPOSHHYI0 MOJIENIb MHTEHCUBHOCTH ITyaCCOHOBCKOTO
nporecca, KOTopas TaKKe XPaHUT W aHAIU3UPYEMbIH TOUYCUHBIN
obpas:

quadtest n<-quadrat.test(intensity model,nx=3,ny= 3)
quadtest _n
Chi-squared test of fitted Poisson model
‘intensity model’ using quadrat counts
Pearson X2 statistic
data: data from intensity model
X2 = 10.5148, df = 7, p-value = 0.3225
alternative hypothesis: two.sided
Quadrats: 3 by 3 grid of tiles

Jlocturaemplii  ypoBeHb 3HAUMMOCTH KpuTepusi Oosbimie 0.1,
CJIeIOBATENbHO, HyJeBasi TUIIOTe3a O COOTBETCTBUM aHAIU3UPYEMOTO
TOYEYHOr0 00pa3a HEOJHOPOJHOMY ITyaCCOHOBCKOMY TpoIleccy ¢
MHTEHCUBHOCTBIO A(X) NMPUHUMAETCA.

3) Iloctpoum kapTy, Ha KOTOpPOW OTOOpa3WM TMOJYYEHHYIO
MOJIENIb WHTCHCUBHOCTH, HAaOIJIIOJJaeMbIii TOYEYHBIH 00pa3, CeTKy
KBaJpaTOB M OTKJIOHCHHE HaOJIOaeMOro 4YHClIa COOBITHA B
«KBapaTax» OT  OXHJAEMOro B  CIlydyae  HEOIHOPOIHOTO
IIyacCOHOBCKOTO Ipoliecca C MHTEHCUBHOCTBIO A(x) (puc. 38).

image (predict(intensity model) , theta = 40, horiz = T,
col=colorRampPalette (c ("white", "grey20")) (100))

points (ppp_object2, pch = 21, col="white", cex = 1.2)

axis(2, las = 1, pos = 0, at = seq(0, 10, 2))

axis(1l, las 1, pos 0, at = seq(0, 10, 2))

axis (3, pos 10, at seq(0, 10, 2), labels = F)

axis(4, pos = 10, at = seq(0, 10, 2), labels = F)

plot(quadtest n, add=T, cex=1.3, font=2)
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Puc. 38. Kapra Toueynoro obOpasza pasmemeHus ocodeii Adonis
vernalis L. ¢ ceTkoi 3%3 kBamparoB. 3aMBKOHM mokazana A(x) -

MOJIeTTb HUHTEHCHBHOCTH Tipoliecca - ¢opmyna (4). B neBom yriy
KBaJpaToOB TOKa3aHO HAOIIOAAEMOE YHCIIO COOBITHI (0c0bei) n;, B

NpaBoM YTy — OXKHJAEMOE YHUCIO COOBITMH [ B ciyyae

HEOJJTHOPOJTHOT'O ITyaCCOHOBCKOTO TMpollecca ¢ WHTEHCHBHOCTBHIO
A(x) . Bo BTOpOIi cTpOKe TTOKa3aHbI «ITMPCOHOBCKHEY OTKIOHCHHUS.

Taxum 06pa3zoM, KpUTEpHUil He OOHAPYKUIT IPOTUBOPEYUHUS TOMY,
YTO pasMmemieHue ocobeir Adonis vernalis L. Ha wucciexyemoit
IUIOLIAJIKE SIBJISETCS pean3aleil HEOAHOPOJHOIO IIyaCCOHOBCKOIO
npouecca. Kak yxe roBopusiocs, IpMMEHEHHBII KpUTEPUN OCTaBIISAET
OTKPBITBIM BOIPOC O MPOCTPAHCTBEHHOM B3aUMOCHCTBUU COOBITHIA.
B cuy Toro, uto mpouecc, MOPOXKAAIOUIMNA pa3MelIeHne ocoOei
Adonis vernalis L. Ha u3y4aemoil miomajake, He MOXKET CUUTATHCS
CTALlMOHAPHBIM, JIJIsl TaIbHEHIIIET0 NCCIICAOBAHMS TPOCTPAHCTBEHHBIX
B3aUMOJICHCTBUN JIOJDKHBI TIPHBICKATHCS METO/BI, YYHTBHIBAIOIINE
HEOJHOPOJHOCTB IPOLIECCa.
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3ameuanue

Onenka ¥ aHanu3 MHTEHCUBHOCTH  IIPOCTPAHCTBEHHOTO
TOYEYHOT'O TIPOIECCa, TEHEPUPYIOUIETO HAOII0AaeMbIii TOYCUYHBIN
o0pa3, TMO3BOJSET cCHeNaTh BBIBOA 00 OJHOPOIHOCTH  JIHOO
HEOJTHOPOAHOCTH Tmpouecca. OT CHpaBeAIMBOCTH TaKOro BbIBOJA
3aBUCUT IPAaBOMEPHOCTb INPUMEHEHUS TE€X WIM MHBIX METO/AOB
JanbHEeHIero aHajan3a TOYeyHOro obpasza, a TakKe WHTepHpeTarys
MI0JIy4aeMBbIX pe3yJIbTaTOB.

BonbmuHCTBO 3TUX METOAOB 0a3MpyeTcss Ha MPEIOI0KEeHUH,
4TO mporecc, GOpMUPYIONUI TOUYCUHBIH 00pa3, HEM3MEHEH Ha BCel
U3y4aeMONl TEppUTOpUM (CTallMOHApEH, WIM, 10 KpalWHEHd Mepe,
onunopoaen) (Cressie, 1993). OmHako ansi TMPUPOJTHBIX TMPOIIECCOB
JAHHOE IMPEAINOJIOKEHUE PENKO BBINOJHAETCS, M WUTHOPUPOBAHUE
HEOJTHOPOJHOCTH IIpolLlecca MOXKET IPUBECTH K HEMPAaBUIBHOMY
MCTOJIKOBAHUIO IIPOCTPAHCTBEHHOM CTPYKTYPBHI.

Ecnu ycraHoBiIeHAa HEONHOPOJHOCTH TOYEYHOIO IIpoLecca, TO
HEMOCTOSHCTBO €0  HMHTEHCHBHOCTH HEOOXOAMMO  yYHUTHIBATh,
NPUCTYTIAs K UCCIIEIOBAHUIO B3aUMOICHCTBHIA MEXY COOBITUSIMH.

OmHuM W3  pemeHuid MOXKeT OBITh BBIICJICHUE BHYTPH
UCCIIelyeMOl IIomaan moao0iacTeil MEHBIIEro pasmepa, I7ie
MHTEHCUBHOCTh MOJKET CUMUTAThCA KOHCTAHTOH, C MOCIEAYIOLIUM
aHAJM30M TIPOCTPAHCTBEHHON CTPYKTYpbl B KaXJ0H MOJ00JIACTH.
Ecnu ¢axkTop, OTBETCTBEHHBIH 3a HEMOCTOSIHCTBO HWHTEHCHBHOCTHU
npolecca M3BECTEH M 3aKapTUPOBAaH, TO MPOLEAYypa BbIACICHUS
OJTHOPOJHBIX TMOAO0OIAcTel 3HAUUTENbHO ympomaercs. Vuaue, B
IIPEANOJIOKEHUH, YTO B OCHOBE HEOJAHOPOJHOCTU JIEKAT YCIOBUS
Cpelibl, BbIJIEJICHUE OJIHOPOJHBIX nojo0acTeit MOXKET
OCYILECTBIISITRCS HA OCHOBE IUIOTHOCTH COOBITHH, TIpH 3TOM

BBIAEIAIOTCS MOL00JAaCTH BBICOKOM M HHU3KOHW IuIoTHOCTH. OHAKO
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TaKOW TMOJXOJ CJIEIYyEeT MCIOJIb30BaTh C OCTOPOXKHOCTHIO, OCOOCHHO
pu paboTe ¢ OMOJOTUYECKUMHU 00BEKTaMHM, U3-3a (PyHIaMEHTAIbHON
JIBOMCTBEHHOCTH MPOCTPAHCTBEHHON HEOJHOPOJHOCTH TOMYJISIIUMI,
KOTOpasi MOXKET (hOPMHUPOBATHCS KaK TOJI BIUSHUEM YCJIOBUH CPEIbl,
Tak U OBITH CBA3aHHOIN C OMOJIOT0-dKOJIOTMYECCKUMH OCOOEHHOCTSIMU
Buna. O0a sBJICHUS TIOPOKIAIOT BapbUPOBAHUE INIOTHOCTH OCOOEH B
MPOCTPAHCTBE M MX CIOXXHO OTIMYUTH. [0 MHEHHIO OTE€YECTBEHHOTO
reo00TaHUKA B.U. Bacunesuua (1969) «KOHTarvuoO3HbIC
pacripeieieHdsi BOSHHKAIOT 3a CUET TOTO, UYTO CpPeJHEE OOWIIMe BHIA
BappUpYyeT MO IUIOINIA/IM, WHAYe TOBOPS, BEPOSTHOCTh HAUTH OCOOB
BHJIa HEOAMHAKOBA B KaXIOH TOUYKE WM MEHSETCS BEPOSTHOCTH
HallTHM BTOPOE PACTEHUE HA IUIOIIAJKE MOCJE TOro, KaK TaM HauJIeHO
nepBoe». [lo cytm nema, B TEpPBOM M3 ITHX CIy4aeB JOJKHA
AQHAJM3UPOBATHCS ~ HEOJHOPOTHOCTh  DKOJOTUYECKHX  YCIOBUH
MECTOOOWUTaHMs, a BO BTOPOM — aHAJIM3UPOBATHCS OCOOCHHOCTH
B3aUMOJICHCTBUSL 0coOel BHWJAa, BHYTPUBHJIOBAS KOHKYPEHIIHUS,
OmoJiormdyeckue  OCOOCHHOCTM BHAAa — THI  Pa3MHOXEHUS,
obcemenenus. [loneBpie TaHHBIE HE BCET/a TIO3BOJISIOT Pa3/ICIUTh B
9TH TPYIIIBI IPUYHH.

Ecnu BBIZICNIEHHE OMHOPOJHBIX TOJ00JIACTe HEBO3MOXHO, TO
JUTSL TalTbHEUIIET0 UCCIIEOBAHUS TTPUBJICKAIOTCS HEMHOTOYHCIICHHBIS
CIIeNMAIbHBIE METOJIbI, KCIOJB3YIOIINE CIMOCOOBl KOPPEKIUU U
YTOYHEHUSI WHCTPYMEHTOB aHaiu3a MIPOCTPAHCTBEHHBIX
B3aUMOJICUCTBUI 1JI1 HEOJTHOPOJAHBIX MPOIECCOB.
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Ouenka u ananusz 63aumooelicmeuil

[IpocTpaHCTBEHHBIE 3aBUCUMOCTH, B3aUMOJICUCTBUE MEXKIY
COOBITHUSIMH  OTPaXKAalOT CBOICTBa BTOPOTO TMOPSIKA TOYEUHOTO
nporiecca. 371ech MbI PACCMOTPHUM, KaK 110 HaOJII01aeMOMY TOYCYHOMY
0o0pa3y OIICHMBAIOTCS W AaHAJIM3UPYIOTCS XapaKTePHCTUKU OITUX
CBOWCTB — TapHas KoppensuuoHHas ¢yHkums g(r), ynkmun K(r),
L(r), G(r), F(r), J(r).

[Tony4nTh OICHKH OSTHUX XapaKTEPUCTHK, WMEsS TOJBKO
€IMHCTBCHHYIO  pPEAIM3alHI0  MPOCTPAHCTBEHHOTO  TOYEYHOTO
nporecca, MOXXHO JIMIIb B pPaMKax HEKOTOPBIX OTpaHWUYCHHWHA W
MPENOI0KEHUH.

Ouenkn K(r), L(r), $(r)

B  npenmonokeHWW — CTAIlMOHAPHOCTH W W3OTPOIHOCTH
TOYEYHOTO Tpolecca B m3ydaemou obOiactu S K-byHkuws Purmm
MOYET OBITh OIICHEHA 10 HAOIF01aeMbIM TaHHBIM KakK:

R(r) = /{l.n )3 I(Jx,—x]<n

i W('xi?xj)

5

IIc n - 4YHCIO COOBITMH TOoYeuyHOoro obOpasa; A - OlleHKa
WHTEHCUBHOCTH Tpoliecca (A1 CTallMOHAPHOTO IpoIecca ATy OLEHKY

MOKHO TONY4uTb Kak A=n/Ag, rne As - miomans H3y4aeMoi
tepputopun); I(Y - muaukaropHas QyHkuus (oHa paBHa 1, ecnu

paccTosHIE MEXIy COOBITHAMH X; U X; MEHbIIE 7, HHade — paBHa 0).
MOXXHO TpencTaBUTh, YTO BOKPYT KaXAOTO i-OT0  COOBITHS
OouepuyMBaeTCS KpYyr pagdycoM 7 W 3aTeM B OITOM Kpyre
NOJCUNTBIBACTCS 4HUCIO Jpyrux coobrtuii  (puc. 39). Iloxcuer
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OCYIIECTBIISACTCS C YYETOM BECOB W(X,,X ;) - MHOXKHTEICH IPaHHIHOM

©

Puc. 39. WmmrocTpanus BeMUCICHUS (QYHKITUH K (r). HAma xaxmaoro

KOPPEKILIHH.

© @

COOBITHS TOJICYUTHIBAETCS YUCIIO JPYIHX COOBITHH, IONABIIMX B KPYT
panuyca » (HUPPBI B KAXKIOM KpyTe).

3HaYeHHe MHOXHUTENS W(X,,X;) JUIsl KaKIOW Tapbl TOYEK

oTpefeNsieTcss CleaAyoUM oOpazom. PaccmarpuBaeTcst Kpyr,
OTPaHUYEHHBIH OKPY)KHOCTBIO C IIEHTPOM B TOYKE X; U MPOXOASIIEH
yepe3 TOUKY X;. ECIIU 3TOT Kpyr MOJIHOCTBIO HAXOAUTCS Ha U3y4yaeMon
TEpPUTOPUHU, TO MHOXKHUTEIL paBeH 1. MlHade ero 3HavyeHUe paBHO
OTHONICHUIO IUIOLIAJM YacTU Kpyra, HaxoislleWcs Ha H3ydaemou

TEPPUTOPHUH, K IUIOLIaK BCEro Kpyra. Bmecro MuoxuTenst W(x,, X))

MOTYT OBITh UCTIOJB30BAHBI APYTUE CITOCOOBI TPAHUYHON KOPPEKIIHH,
paccMOTpeHHbIE BbIImIEe: OydepHas 30Ha WIA TOPOHIAJIbHAS
peTuTUKaIuS.

Crnenyer OTMETUTh, 4TO XOTsA (yHKIUS K(r) MOXET OBITh

BBIUUCIICHA [UTS JIIOOBIX PaanycoB #, TPU OOJIBIIMX 7 3Ta OIICHKA
CTAHOBUTCS CMEIIEHHON (0COOCHHO, €CITM TOUYCYHBIM 00pa3 COCTOUT
13 HEOOJIBIIIOTO YKCIIa COOBITHI) U 3aBUCSIICH OT POpMBI H3ydaeMoi
obnactu S. PekoMeHIyeTcst paccMaTpuBaTh paanychl He O6omee 1/2 ot

101



HAaWMCHBIIEH CTOPOHBI HM3y4aeMOW TeppuUTOopuu (€cau  OHa

NpsAMOYTOJIBbHAA), WM MeHee /A, /2 , Tae As — IIomaas u3y4aeMon

TEPPUTOPHUH.

B ciyyae HeomHOpPOIHOTO TMpolecca, KOTAa HHTEHCHBHOCTD
BappUpyeT Ha TeppuTopur, 0000meHHyr0 (yHkuioo Pummn K(r)
MOYKHO OLIEHUThH KaK:

SRS R

rne A(x;) u A(x;) — OLEHKH MHTEHCHBHOCTH B COOTBETCTBYHOIIMX

TOYKaX, I[OJlyuYeHHbIE, HAmpUMep, C  MOMOIIBIO  SJIEPHOU
anMpOKCHUMALIUH.

Onenky L-¢pynkuunu, Oonee yaoOHOH 151 HHTEPIIPETALH, YeM
K-QyHK1us, moryyaroT Kak:

L(r)= K _,,
T

Onenka mapHOW KOPPEISLMMOHHONM (YHKIMM JAeJaeTcs B

OpPEINONI0KEeHNH, 4YTO OHAa H30TpomHa. B 3ToM ciydae, Kak

YKa3bIBAIOCh BBINIE, g(¥) BBIpaXKaeTcsi Yepe3 MPOU3BOJHYIO OT

K'(r)

K-pynxuuu: g(r) = . Ho Tak kak 1OBOJBHO 4YacTo (I MajbIX

BBIOOPOK) K (r) mpeacraBisieT co0Oil CTymeHYaTryro (QYHKIHIO, TO
BBIUMCINTH OLIEHKY K '(r) Ha ee ocHoBe Hemnpocto. Hekotopsie

UCCeOBATEeNM JJIA  TOJy4yeHuss oueHku K'(r) UCHOJIBb3YyIOT

CriakeHHoe npeacrasinenue K(r). JApyroi moaxon - oleHKa napHOu

KOPPEJSIIIMOHHON (YHKIIUU METOJIOM SIICPHOM amnmpoKCUMAIlUU ¢
TPaHUYHOU KOPPEKIUEN:
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N B o e
0= ety 22T A ) )

rae k,() - omHOMepHas siaepHas GyHkiws EnanedHukoBa:
2 t?
—(1——),ecmu |t|<h
b={ 70Tl

0, B OCTaJIBHBIX CIIydasx

Eme pa3 mnomuepkHeM, 4uto K-QyHKIMS W TapHas
KOppeysiliioHHas (YHKIMS g OTBEYAIOT Ha HECKOJIbKO pAa3IMn4yHbIC
Bonpockl. KymynsartuBHas K-QyHKIMsS MOXKET 0OHApYKUTh arperauio
WIHM PETYJISPHOCTh, HAOI0JAEMYIO BIIOTH 10 JAHHOTO PACCTOSIHUS 7,
W, CJIEIOBATEeIbHO, CMEIIMBAET CBOMCTBAa MPOCTPAHCTBEHHOMH
CTPYKTYpBbI, HaOII0AaeMble Ha OOJIBLINX 7 CO CBOMCTBAMH Ha MAJIbIX 7.
OHa mOAXOAWT JUIs aHajM3a IMPOLECCOB, KOTOPbIE MOTYT paboTarb
BILJIOTh JI0 ONIPEAEIEHHOIO PACCTOAHUS » (HapuMep, OTpULIATEIbHBIN
3 PEeKT KOHKYPEHIINN), TOTJa KaK MapHasi KOppesHoHHast (GYHKIUSA
MOXET OOHApYKUTh arperanyio Uik pa3peKeHne UMEHHO Ha JTaHHOM
paccrostauu  r. llapHyto KOppelsuMOHHYIO (pyHKIHMIO — Jierde
UHTEPIPETHPOBATh, YeM KyMYJISATHBHYIO K-(QYHKUIMIO (TaK ke Kak
Jerye WHTePIpPEeTUPOBaTh (PYHKIUIO IUIOTHOCTH BEPOSTHOCTH IIO
CpPaBHEHHMIO  C  KyMyJATHBHOM  (yHKIMEH  pacrmpenereHus
BEpOATHOCTH). [109TOMY MHCTPYMEHTHI IPOCTPAHCTBEHHOTO aHAIM3a
JOJKHBI BKITIOUATh B ce€0sl OLIEHKH HE TONbKO K- U L-QyHKIHIA, HO U
OLIEHKY MapHOH KOPPEISILUOHHON QyHKINH g.

Ipumep 10
Ouenum ¢ynkuuun  K(r), L(r), g(r) mo HabmrogaemMomy
TOYEYHOMY 00pa3y pasMmenieHuss ctBosioB Tilia cordata L. wu
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MOCTPOUM  TpauKH, TMOKA3bIBAIONIME TIOBEJCHHUE OIICHOK B
3aBUCHUMOCTH OT 7.

1) Jlna momydeHus: omneHku K(r) B ciydae CTAallHOHAPHOTO

mporecca UCroyb3yercs QyHKIUS Kest () Takera spatstat:

my Kestl <- Kest(ppp_objectl, correction = "Ripley")
plot(my Kestl, iso ~ r, main="K function", ylab="K(r)")

2) OrueHky l:(r), Oonee ymOOHYIO [UIsl aHaIW3a, MOXHO

HOJYYHTD C IIOMOUIBbIO QYHKIIUH Lest () HINM (QYHKIUH eval.fv():

my Lestl <- Lest(ppp_objectl, correction = "Ripley")
my Lestl$iso <- my Lestl$iso - my Lestl$r

N

r= my Kestl$r
my Lestl <- eval.fv(sqrt(my Kestl /pi)-r)
plot(my Lestl, iso ~ r, main="L function", ylab="L(r)")

3) Jlnst mosrydeHus oneHKu g(r) ucronb3yeTcs QyHKIus pef (),
IpUYeM €€ apryMeHTOM MOXKET ObITh WJIM caM OOBEKT TOYEHHOTO
obpa3a (ppp.object) — Torna oreHka OyJeT caeaHa METOJIOM SIACPHOM
annpoKCUMallMi, WIM TOJy4YeHHasl JJii TO4YeyHOro olpas3a OIeHKa

K(r) - Torma omeHka g(r) BBIYHCISCTCS 4Yepe3 MPOU3BOJHYIO OT

criasxkeHHON K (r):

my gestl <- pcf(ppp_objectl, correction = "Ripley")
plot(my gestl, iso ~ r, main="g function", ylim=c(0,15),
ylab="g(r)")

niIn

my gestl <- pcf(my Kestl, method="a", spar=0.55)
plot(my gestl,pcf ~ r, main="g function", ylim=c(0,15),
ylab="g(r)")
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K function L function

o
8 4
o ©
i o ]
o <
—~ O —~ ©
s <
X _ 4 N
o
S - o |
~— o ‘
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T T T T T T T T T T T T T T
0 2 4 6 8 10 12 0 2 4 6 8 10 12
r (metres) r (metres)
Puc. 40. K(r) u i(r) 1T TodewHoro obpasza crtBojioB Tilia
cordata L.
g function g function
0 _| o0
A b
o | o |
S S
(@)} (@]
0 v -
o o
T T T T T T T T T T T T T T
0 2 4 6 8 10 12 0 2 4 6 8 10 12
r (metres) r (metres)

Puc. 41. g(r) nnst roueunoro obpasza crBoinoB 7ilia cordata L.
A: montyyeHa a/IepHOH anmpoKCUMaIuei;
b: monydena xak mpow3BOAHAS OT CTIIAKEHHOM K (r).
Ilpumep 11
Ouenum ¢ynkmuun K(r), L(r), g(r) mias TouedHoro oOpasza

pasmenienust ocobeit  Adonis vernalis L., moctpouM Tpaduku
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U3MEHEHHs JTHUX OICHOK B 3aBUCHUMOCTH OT 7. [lpm 3Tom Oymem
YUUTBIBaTh HEOJHOPOIHOCTh COOTBETCTBYIOIIETO TMPOIECCA: €ro
WHTEHCUBHOCTh MEHSIETCS B U3y4aeMoi o0nactu (cM. mpumep 9).

1) Jnst momy4eHus OoleHKH K (7) B 3TOM Clydae MCIOIb3yeTCs

(GyHKIUS Kinhom () :

my Kest2 <- Kinhom(ppp_object2, lambda= ppp_density2,
correction = "Ripley")
plot(my Kest2, iso ~ r, main="K function", ylab="K(r)")

2) Ouenky [:(r) HOJYYHM C TIOMOUIBbIO (PYHKIUH eval. fv():

r= my Kest2$r
my Lest2 <- eval.fv(sqrt(my Kest2 /pi)-r)
plot(my Lest2, iso ~ r, main="L function", ylab="L(r)")

K function L function
0 _| o
~— o
=
—_~ o - —_~ 7]
= v = °
X = 5
0 i
o
N |
S S
T T T T T T T T T T T T
00 05 10 15 20 25 00 05 10 15 20 25
r (metres) r (metres)

Puc. 42. I%(r) v L(r) mis ToueuHoro obpaza ocobeit Adonis
vernalis L.

3) Ouenky g(r) moOIyYyuM C TOMOIIBIO (YHKIHH pcf (),
apryMeHTOM KOTOpOil B 3TOM ciydae 6ymzer K(r) (oueHka g(r)

BBIYHCIISIETCS Yepe3 MPOU3BOJIHYIO OT CriiaxeHHoW K (7)):

my gest2 <- pcf(my Kest2, method="a", spar=0.55)
plot(my gest2, pcf ~ r, main = "g function")
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g function

1.0 14
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0.2

00 05 10 15 20 25
r (metres)

Puc. 43. g(r) mns ToueuHoro obpasza ocobeli Adonis vernalis L.

Ouenkn G(r), F(r), J(r)

B mpenmnonoxeHWn CTAalMOHAPHOCTH TOYEYHOrO Ipolecca B
u3ydyaeMod ~ obmacth Ui ONMCAaHMA  NPOCTPAHCTBEHHBIX
3aKOHOMEPHOCTEH B JIOKAJILHOM MaciTade HCIONB3YIOT (DYyHKIHH
G(r) m F(r), OCHOBaHHBIE Ha pacHpeleNeHUHd PaCCTOSIHUU M0

OnyKalIero coObITH, a TaKXKe MOIydaeMylo U3 HUX (yHKuuio J(7).
Wx smnupuyeckne OIEHKM Ha OCHOBE HAOIIOAAEMOro TOYEYHOTO

o6pasa o6osnaunm G(r), F(r), J(r).
Ouenky G(r) C aJanTUBHOW T'PAHUYHOM KOPPEKLUEH MOKHO
HOJYYHTh KaK:

A D IW,<r,d;>r)
Gry=- S I, >r)

r7ie CyMMHPOBAHHE BBIMOJIHSICTCS MO BCEM 7 COOBITHSM TOYEYHOTO
obpa3za, W; — paccTosiHHE OT i-OT0 COOBITHS 0 OJMKANIIETro COOBITHS,
di - pacCTOsIHHE OT i-OT0 COOBITHS JIO TPaHUIIBl M3ydaeMoil 00J1acTH,
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I(Y — unpukaropHas ¢ynkuusa. To ectb, A (UKCUPOBAHHOIO 7

paccMaTpuBalOTCS TOJNBKO COOBITHUS, YIAICHHBIE OT Kpas 00JacTH Ha
paccTosiHue, He MEHBIIIEE 7, U CPEIM HUX MOJACUYUTHIBACTCS OIS TAKUX
COOBITHIA, JI1 KOTOPBIX PACCTOSTHUE 10 OJIMKalIIero coceia MEHbIIEe
r.

[Toxo6HEIM 06pa3oM, oneHka F(r) ¢ TpaHHYHOM KOPpPEKIHeH

PACCUUTBIBACTCS KaK:

DU, <r,d;>r)
D> I(d,>r)

F(r)=

3eCh CYMMHpOBaHHUE BBIMOJHSIETCS 1O m TOYKaM, CiIy4aiHo
BBIOpPAHHBIM B M3y4aeMon o0siactu; U; — pacCTOSTHUE OT i-OM TOYKH JI0
Onmxaiiiiero coObITHS.

Tak e MoryT OBITh HCHOJB30BaHBI Ooyiee 3 (eKTHBHBIC
onenkn ¢yHknud F u G, nomydaemble meroaoMm Kaplan-Meier
(Baddeley, Gill, 1997) (3nech HE IPUBOIATCS).

Ucnonw3ys G(r) u F (r) (ecnu F (r)<1), MOXHO TOJYYUTh
onieHKy pyHKIMH J(7):

1- G(r)

T = E o F(r)’

Ilpumep 12

OueHkn G(r), F (r), j(r) peanu3oBaHbl B IIakeTe spatstat

GYHKIMSIMA Gest(), Fest(), Jest(), COOTBETCTBEHHO. Bce oHH
UMCIOT OJIMHAKOBBIC mMapamMeTphl. OLEHUM Ui TOYEYHOro obOpasa
ctBonoB Tilia cordata L. dynkuuo G(r) u moctpoum rpaduk 3TOU
OLICHKH.

my Gestl<-Gest (ppp_objectl, correction="han")
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plot(my Gestl, han ~ r, main = "G function")

[TapameTps! QyHKIUH Gest (), Fest (), Jest () :

opp object OObexT THma ppp.object, comepKamui TOYCUHBIN
- obpas.
Bun rpaHMYHOW KOpPpEKIMH, MOXET MPUHUMATh
correction 3Haquim ’1,10ne — HET KOppeKuH, “rs” — 6‘}‘/(1)611}1351
30Ha, “km” — xoppekmus Kaplan-Meyer, “han
Koppekrus Hanish.
G function
w —
o
=
O 3
e
o

T T T T T
00 05 10 15 20

r (metres)
Puc. 44. G(r) JUTSL TOYEYHOTO 00pasa ctBooB 7ilia cordata L.
[TonpoOyiiTe MOBTOPUTH MPUBEACHHBIN KO/, 3aMEHUB (DYHKITHIO

Gest () Ha QYHKINH Fest () U Jest (), U IOJYyYUTh ﬁ(r) u j(r).

IIpoBepka runore3

PaccMoTpuM  KpuTepuM  MPOBEPKH  TUIOTE3 O  BHIE
MPOCTPAHCTBEHHOTO  MpOIecca, TMOPOXKIAOMIET0  HaOII0aeMbli
TOYCYHBIH 00pa3, OCHOBAHHBIC HA aHAIIN3€ CBOMCTB BTOPOTO MOPSIKA.
OTn  MeToAbl MCCIEAYIOT IPOCTPAHCTBEHHOE B3aUMOJEHCTBUE
N3y4aCMbIX C06LITI/II\/JI, MO3BOJIAA OTBCTUTHL HA BOIIPOC: CYIICCTBYCT JIN
TEHJICHIMSI BCTPEYaTh COOBITHSI B TPYIIAX, PSAOM IPYT C JAPyroM
(arperamuu), Wik COOBITHS M30ETAOT JIPYT Jpyra, BCTpEYAlOTCS Ha
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VAUICHWH OJWH OT JAPYroro (peryiaspHOCTh), WJIH KE€ COOBITHS
pa3MeIarTca He3aBUCHUMO ApYyr oT apyra. [Ipocreiine W3 TECTOB
WCIIOJIB3YIOT CTATUCTUKH (MU UHOEKCbl), paCUET KOTOPBIX 0a3upyeTcs
au00 Ha METOJIe KBAJPaTOB, JUOO HA PACCTOSHUSIX A0 OJMKAUIIEro
coObiTus. bonee HajexHble KpPUTEpUH, MO3BOJSIOLIME ITPOBECTU
CTaTHUCTUYECKYI0 TPOBEPKY THIOTE3, HCIHOIb3YIOT TOJyYeHHBIE

ouenku K(r), L(r), &(r), G(r), F(r) u J(r).
Huoexcwol na ocnose «keaopamoey
[Ipocreiimumii  uHpexkc [ = sz/ ;, Ha3bIBaEMBIH  HHIAEKCOM

pacceuBaHusi (rae #n - BBIOOPOYHOE CpeIHEE YHCia COOBITHHA B

«KBajpaTax», s~ - BHIOOPOYHAs JUCIEPCHs) OCHOBAH Ha (aKTe, YTo

i pacnpenenenust IlyaccoHa cpenHee M JuclepcHs PABHBIL.
3navenust I, Gonpmue 1, cioyXaT MpPU3HAKOM arperanuu COOBITHH,
TOTJa Kak 3HAaYeHHs MeHee | yKas3blBalOT Ha pETYJSPHOCTb B
macmTabe pasmepa «kBagparay. Iloxoxwit wunHpgexc ICS = [-1
NpUOJIM3UTENBHO PAaBEH CPEIHEMY YHMCIy COOBITUH B KJIacTepe, eCiu
pa3sMmep «KBaapara» JOCTaTOYHO BEJIMK IO OTHOIICHUIO K pasMmepy
kiacrepa. MHneke «cpennero ckorieHuid» («mean crowding» index)

n*=n+ I —1 NpUOIU3UTEILHO PaBEH YUCITY COOBITHH, MOMAAIONINX B

OIWH «KBaJpaT» ¢ HCKUM IPOU3BOJIbHBIM COGBITI/IGM; 9TOT MHACKC HEC

3aBUCUT OT IIyCTBIX «KBanparos». Jpyrou unaekc I[P =n*/ X - 970
OTHOCHTEIIbHAs Mepa «IATHUCTOCTH» (patchiness) ToueuyHoro oOpasa.
OH mnokKa3pIBa€T OO0, Ha KOTOPYKO «CpeAHEe CKOIUICHUI»
NPEBBIIIAET CPEIHIOI IUIOTHOCTh COOBITUH. OTH  CTaTUCTHUKH,
MoJlydaeMble Ha OCHOBE «KBaJpaTOB», HE 3aJCHCTBYIOT B aHau3e
MPOCTPAHCTBEHHBIN aCHEKT JaHHBIX, a TaKXKe CBOJAAT BECh aHAJIU3 K
OJIHOMY YHCITy, YTO IPHUBOJUT K motepe mHpopmanuu. K Tomy xe,
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€CIIM CMECTHUTh «KBaJpaThl» WJIM H3MEHUTh WX pa3Mep, TO MOXKHO
MOJIYYUTh YK€ UHOHW Pe3yJIbTar.

Jlnst mpeoonieHnst STUX HEIOCTATKOB UCIOJIB3YIOT PETYJISIPHYIO
CETKY KBaApaToOB (CETKy SYEEK), MOKPHIBAIOIIYIO BCIO TEPPUTOPHIO
ucciaenoBanus. Ilpuw 3TOM  TPUMEHSAETCS METOJ  B1ONHCEHHbIX
KBaJIpaToOB, WCTIOJB3Y O arJioOMepaTUBHbBIN OJIXOM:
MOCJICIOBATEILHO PACCMATPUBAIOTCS CETKH C  YBEIMYHUBAIOIIUMCS
pasmepoM siueek (puc. 45), Ha KaxI0W U3 KOTOPBIX PACCUUTHIBACTCS
TOT WJIX UHOU WHIIEKC.

= =

Puc. 45. Wnmoctpamust MeTona BIOXKEHHBIX KBaapaToB. Jlis
KaXIOH  CETKH  pPACCUUTBHIBACTCS  HMHAEGKC -  CTaTUCTHKA
MIPOCTPAHCTBEHHOU CTPYKTYPHI.

Jlnis aHanM3a MpOCTPAHCTBEHHOM CTPYKTYPBI CTPOUTCS Tpaduk
3aBUCUMOCTH 3HA4€HMM MHJIEKCa OT JIMHEMHOIo pa3Mmepa KBaJpaToB
(IIMHBI CTOPOHBI WM JAWAroHalW SYEWKH), Ha KOTOPOM MOKHO
HOMBITATHCS PA3IMYUTh MACIITaObl MPOCTPAHCTBEHHBIX 3aBUCUMOCTEN
B TOUYEYHOM oOpa3se.

Ha BnoXeHHBIX CETKax YacTO pacCUMTHIBACTCS HHIEKC
Mopucursl (Morishita):

hs= n(n D)= Zn ;=

T m — YHCIO KBaJIpaToOB B CETKE, /1, — YUCIO COOBITHHA B i-OM
KBajpare, n — 00IIee YUCI0 COOBITUH TOYEeuyHOTO oOpasa. B ciyuae
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CSR [; nmpuHuMaer 3HaueHWe, Onm3koe K 1 mpu gr000M pasMepe
kBagpatoB. OTKIOHEHHE OT | CBUAETENHCTBYET 00 OTKIIOHEHHWH OT
CSR. I5>1 yka3pIBaeT Ha arperupoBaHHOCTh COOBITHI B MaciiTade
kBagpata, Is<1 BBINONHACTCS U1 PETYISIPHBIX, Pa3peKEHHBIX

00pazoB (puc. 46).
A b B

Puc. 46. llepBwlii psia: TmoBeneHHUE WHIEKCa MOPHCHTH B
3aBUCHUMOCTH OT pa3Mepa sS4eeK CETKH AJiSl arperupoBaHHOrO (A),
ONMM3KOr0 K TOJNHOW TPOCTpaHCTBEHHOH ciydaitHoctn (B) u
peryisipHOro TodedHoro oopasa (B). Bropoii psaa: Toueunsie 00passl,
JUIs1 KOTOPBIX PACCUUTHIBANICS MHIACKC MOPHCHUTEI.

Ilpumep 13

Jns  AByX M3y4aeMbBIX TOYEYHBIX 00pa3oB  HCCIEAyeM
IIOBCACHHC HHJCKCA MOpI/ICI/ITLI C HCIIOJIB30BAHUEM MeToaa
BJIOKCHHBIX KBaJpaToB. JTOT TECT PEeaJM30BaH B (DYHKIMH miplot ()
nakeTta spatstat, a Takke MOXET OBITh BBIIIOJIHEH B R ¢ momormbio
N0JIb30BATENbCKON (PYHKIMM my miplot (). JlaHHas QyHKIus, TEKCT
KOTOPOU MPHUBEACH B NMPUJIOKEHNUU |, OKPHIBAET OKHO HAOJIOECHUIN
CEeTKON 2X2 KBaapaToB, 3aTe€M CETKoWl 3x3 kBaaparoB, U T.4. Ha
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KaXJ0M CEeTKE BBIUMUCISIETCA MHIAEKC Mopucutsl. Pe3ynbTaT BegaeTcs
B BHjIe rpaduka (puc. 47).

my miplot (ppp_objectl)
my miplot (ppp_object2)

A b

o e

™ — [lo HaGnoaeHUAM N — [lo HabnoaeHuam
3 — ---- CSR 3 o ---- CSR
E E 2
by s A
o ]
s s
Qo Q
o) 9]
= =
o o
& ¢
g g 8-
< _ s °

o | o |

© N T T T T T © T T T T T

0 10 20 30 40 50 0 2 4 6 8 10
OuvameTp (auaroHarns) kBagpaTta [vameTp (onaroHarns ) kBagpaTa

Puc. 47. Nanekc MOpHUCHUTBI B 3aBUCHMOCTH OT pa3Mepa sdeeK
CCTKH (HO TOPU3OHTAIH - JJIMHA JUArOHaJINn STYCHKH B MeTan).

A: ans ToueqHoro odpasa pasmelneHus ctBoioB Tilia cordata L.

B: nns Toueunoro o0Opasa pasmereHust ocodeit Adonis vernalis L.

Ha rpaduxke puc. 47 A nabmromaercsi CUIbHO BBIPQKEHHBINA MUK
3HaYeHUH MHAeKca MOPHCUTHI A7 KBaJIpaTOB HEOOJNBIINX pa3MepoB,
YTO TOBOPHUT 00 OTCYTCTBUH MOJIHOW MPOCTPAHCTBEHHON CITy4aitHOCTH
(CSR) B pasmemienun ctBosioB Tilia cordata L. Takoe moBeneHue
MHJIEKCa MOXKET OTpakaTh MO3UTHUBHOE B3aUMOCHCTBUE COOBITHI U
XapaKTEepHBIA paguyC UX arperanui.

I'papux puc.47 b mnoka3piBaeT, 4YTO 3HAYCHUS MHJEKCA
Mopucutel UisI BCEX pa3MEpoB KBaApaTOB MpeBblaoT 1. D10
yKa3bIBaeT Ha OTKJIOHeHHe oT CSR, a UMEHHO Ha HalIW4KMe arperauui
— nopo0biacTeil ¢ BBRICOKOM IUIOTHOCTBIO 0cobeil Adonis vernalis L.,
YTO CBA3aHO, CKOPEE BCET0, C HEOJHOPOIHOCTHIO TOYEUHOTO Mpoliecca

(MHTEHCUBHOCTh H3MEHSETCS Ha UCCIIeyEeMOH TUIOIIAIKE).
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Hnoexcol paccmoanuit 00 oauxcaiinie2o coovimus

Kpome cratuctuk, paccumThlBaéMbIX Ha OCHOBE «KBaJpaTOBy,
IPY UCCIICOBAaHUH TOUYEYHBIX 00pPa30B MOTYT MPUMEHATHCS MHIIEKCHI,
OCHOBAHHBIE Ha PACCTOSHUAX 0 Onmxkaiimiero coObitus. Hexoropsie
U3 THX WHJAEKCOB JaHbl B Tabmuie 1 (cM. HOJIHBIN CHHCOK B paborte
Cressie, 1993). HamomuuMm 0003Ha4YeHUs, BBeICHHBIC paHee (puc. 6):

W — paccTtosiHuE OT COOBITHS IO OJIKANIIIET0 COOBITHS;

U — paccTosinue oT ciy4aiiHO BHIOPAaHHOM TOUKU MPOCTPAHCTBA,

HE cojiepKaliel CoObITHE, 10 OIMKANIIIEro COOBITHS.

B cnywae ogHOpOZHOrO ITyacCCOHOBCKOIO — Ipolecca ¢
UHTCHCUBHOCTBIO A JUIA 3THX CTaTUCTHK HW3BECTHO TOYHOE WIIH
aCUMITOTUYECKOE TEOpeTHUecKoe pacnpeneneHue. llostomy oHu
MOTYT HCIIOJIb30BaTbCsl B KAdyeCTBE KPUTEPUEB i IPOBEPKU
runore3bl 0 CSR. Kputnueckue 3HaueHUs MHIEKCOB ONpPEAEIAIOTCA
Yyepe3 KBaHTUJIM U3BECTHOTO 3aKOHa pacnpeaeneHus (cM. tabmuimy 1)

1py BEIOPaHHOM ypOBHE 3HAUUMOCTH.
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Tabmuma 1. CTraTUCTUKM pacCTOSHHHA A0 OJmkaimiero coObIThsA (C
ACHMITTOTHYECKHUM 3aKOHOM paclpeNeNIeHus] Ui Cilydasl TIOJIHOU
HPOCTPAHCTBEHHOM CIIy4aiiHOCTH)"

PaccTosiHme Craructuka Pacnpenenenne| ABTOp
n Clark
4_ )
W 2\/72 Wl/n N(L ”J Evans,
i-1 n 1954
) c 2 2 Skellam,
W ﬂﬂ’;VVz /’t/Zn 1952
2m(mlog(> U2 /m) =3 logU?
, m(m og(; ; /m) Z 0gU?) 2 Pollard,
T At 1971
AU N(1L1 Piclou,
v ”Z ;fm (L1/m) 1 o5
WU Z Ul_z ZVVJZ Fomon Hopkins,
= = 1954

* B TabiMIlE MCTONB3YIOTCS CIEAYIONHE OOO3HAYEHHS: 1 — YUCIO COOBITHH B
o0pase; m — 4YUCIO TOYEK, He COJAEpN)aluX coObThil; N(a, 0°) — HOpPMaIbHOE
pacIpejieJieHie CO CPEHUM a ¥ Aucriepcueii o2; Fy k2 — pacnpenenenue dumepa ¢
k1, k2 crenensmu cBOOOIBI.

3aMeTHM, YTO COTJIaCHO TEOpPHHM BBIOOpPKA JOJDKHA OBITH
HE3aBUCHMOI (TONBKO TOrJa MO HEW MOXKHO JeJaTh BBIBOJBI O
CBOMCTBaX BCEHl I'eHepajdbHOW COBOKYHNHOCTH). OJHAKO paccTOSHUS
710 OnrKalIero coObITHs, BHIYUCICHHBIE 110 U3y4aeMOMY TOUEYHOMY
o0pa3y, 4acTo OCHOBAaHbl Ha OJHHX U T€X )K€ COOBITHUAX, TOITOMY
HA0Op TaKUX PACCTOSHUI HE SIBISICTCS HE3aBUCHUMOUN BhIOOpKOU. Jliist
TOTO 4TOOBI COOJIOCTH TPeOOBAaHHE HE3aBUCHUMOCTHU NP BBIUUCIICHUH
CTaTUCTHK,  OCHOBAaHHBIX  HA  PACCTOSHHAX,  PEKOMEHIYIOT
HCIOIB30BaTh TONBKO 1/10 Bcex coOviTHii. IloHsTHO, 4YTO 3TO

TpeOOBaHUE CIOXKHO BBINOJIHUTH JUIsI HEOONbIIMX 00pa3oB Toyek. K
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npuMepy, eciu Habmomaembiid o0pa3 coctoutT u3 100 coObITHH, mis
BBIYHMCIICHHUS] MHJIEKCOB Oy/ET MCIOJIb30BaHO TONBKO 10 paccTosHui
o Omkaitiiero coObiTus. To €cTh, BRIOOPKA CTAHOBHUTCS CIUIITKOM
MaJiol JJis TOTO 4TOOBI MO HEH nenaTh HaJleXKHbIe CTAaTHCTUYECKUE
BBIBO/IBI.

Kpome 3toro, ecnm miomaap u3ydaeMoil TeppuTopun Mana (B
MaciTabe paboT), TO TpH TOJCYETe MHACKCOB HYXKHO 0053aTeIbHO
YUYUTHIBAaTh TPAaHUYHBIA d(dekr, wuHade ux 3HA4YeHUS OyayT
3aBBIIICHBI. 371eCh MOTYT OBITh TPUMEHEHBl T€ K€ CIOCOOBI
FPaHUYHONW KOPPEKIUHU, YTO M B CIIy4ae OLIEHKH HHTEHCHUBHOCTH:
OydepHas 30Ha BIOJAb TPAHUIBI H3yYaeMOW 00JIaCTH WU
TopouaanbHas perukanusa. OJHaKO B 3TOM cllydyae TeOpeTHYeCKHe
pacripenesieHust  miepectaror paborath. UToOBI MpeomoneTh ITH
TPYOHOCTH, MAJIsi ONpeIeNieHUs KPUTHUYECKHX 3HAYCHHH HHJIIEKCOB
PEKOMEHIyeTCa HCMOJIb30BaTh cuMyisinu MonTe-Kapio.

B nenom, Bce mepedrcieHHbIE 3€Ch UHAEKCHl PACCTOSIHUM 110
Onyxaiiiiero coOBITUS MMEIOT MPEUMYLIECTBO HaJl CTaTUCTUKAMU,
MOJly4aeMbIMU C TOMOIIBIO «KBaJApPaTOB», TaK KakK HCIOJIb3YIOT
TOYHbIE KOOPJAUHATHI COOBITUN U HE 3aBUCAT OT (POpPMBI WIIK pazmepa
«xBagpatoBy. WX HEZOCTAaTKOM MOXET CYUTaTbCcsl TO, 4YTO B
pe3ynbTaTte OHU TaKXKe CBOJAT BCIO MH(OpPMAIMIO K OJHOMY YHCIY,
YTO HE IM03BOJISIET aHAJIM3UPOBATh CJIOXHBIE MPOCTPAHCTBEHHBIE
CTpykTypbl. Hampumep, myctb B TodeuHOM oOpasze Hapsaay c
rpymnmnaMu OJM3KO PaCIOJIOKEHHBIX COOBITHH (KIacTepaMH) €CTh U
00JIbIIOE YHUCIO H30JMPOBAHHBIX COOBITUH, KOTOPBIE HAaXOIATCS
JOCTaTOYHO Janeko npyr ot japyra. CpeaHee paccTOsHHE 10
Omkaiiero coOBITHS IJIsI TaKOoro o0Opa3a MOXKET ObITh OJU3KO K
CpeIHeMy [UIsl TOYEYHOro oOpas3a OIHOPOJHOTO ITyaCCOHOBCKOTO
npolecca, H03TOMY T€CThl, OCHOBaHHbIE Ha JAaHHBIX MHAEKCAX, MOTYT
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HE TOKa3aTh 3HauyuMoro oTkiIoHeHHss or CSR. B oOmem ciyuae
pPEKOMEHAYETCSl MPUMEHSITh METO/bI, UCIOJIb3YIOIINE SMIIUPUUECKHE
pacripenenieHust  (TUCTOTPAMMBI)  PAacCTOSHUM 10 OJFDKauIero
COOBITHSI, YTO TMO3BOJISIET MPEOJOJETh YKa3aHHble HEAOCTaTKU U
NpoOBOAMTH Oojiee JeTanbHbIM aHanu3. Takue MeroAbl OyayT
PaccMOTPEHBI HUXKE.

Ilpumep 14

[IpoBepum rumotesy o CSR pasmemenuss ocobeii Tilia
cordata L., wucnonp3ys wuHaekc Kimapka-OBanca (Clark-Evans). B
canydae CSR 3HaueHuwe »TOro WHAEKCa paBHO 1, IS perysipHbIX
NPOLECCOB 3HAUYEHHWE HWHJeKca Oombiie 1, Ans arperanuoHHBIX
MPOIECCOB - MEHbIIIE 1.

Tect ¢ ucnonp3zoBanneM uHACKca Kiapka-OBaHca MOXET OBITh
MPOBEICH C MOMOIIBI0 (QYHKINH clarkevans.test(). Ero moxxHo
BBITIOJIHUTH B JIBYX BapuaHTax: (a) 0e3 rpaHUYHOM KOPPEKIUU, TOTJA
KpUTHUECKHE 3HAueHUsi KpuTtepus (WM JOCTHUTAaeMbIi YpOBEHb
3HAYUMOCTH - p-value) ompenenstorcss Mo HOPMATBHOMY 3aKOHY
pactipeaenenus, W (0) ¢ TpaHUYHOM KOpPPEKIHMEH, TOrjga TecT
MPOBOJUTCS C UCIIOJIb30BaHUEM cuMyJiaiuii Mounte-Kapiio.

Cuavana npumenuMm TecT Kiapka-OBanca 0e€3 TpaHHYHON
Koppekuud. Ilpu 3TOM B KauecTBe albTEPHATUBHON BBIJBUHEM
TUIOTE3Y O TOM, YTO UMEET MECTO IMPOLIECC C arperausiMu COOBITUI
(3nauenue unaekca Kimapka-OBanca menpiie 1):

clarkevans. test (ppp_objectl, correction="none",
alternative="less")

Clark-Evans test
No edge correction
Z-test
data: ppp objectl
R = 0.8519, p-value = 3.619e-07
alternative hypothesis: clustered (R < 1)
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3HaueHue uHaekca ~ 0.85, mocTuraeMblii YpOBEHb 3HAUUMOCTH
p-value = 0. HyneBas rumore3a o CSR oTBepraeTcsi ¢ HaJle)KHOCTBIO
He MeHee 99%. 3HaueHHe HMHIEKCAa MEHBIIE C€HUHHIIBI, YTO MOJKET
CBUJETENHCTBOBaThL 00 arperMpoBaHHOCTH TOYEYHOIO IMpolecca
(Hy’)KHO TIOMHUTH, YTO 3HAYCHHE WHICKCA, pacCCUMTaHHOE 0e3
TPaHUYHONW KOPPEKLHH, HECKOJBKO 3aBBIIIEHO H3-32 T'PAaHUYHOIO
s dexra).

IIpumenenue tecta Kiapka-OBaHca ¢ TpaHUYHOUW KOPPEKUIHEH
JTaeT TaKOM ke pe3ysIbTar:

clarkevans. test (ppp_objectl, correction="Donnelly",
alternative="less")

Clark-Evans test
Donnelly correction
Monte Carlo test based on 999 simulations of CSR
with fixed n
data: ppp objectl
R = 0.8315, p-value = 0.001
alternative hypothesis: clustered (R < 1)

I'mnoreza o CSR oTBepraeTcst ¢ HaneXHOCTbIO HE MeHee 99%

(tocturaemslil ypoBeHb 3HaUuMMOCTH MeHbIe 0.01).
Kpumepuu na ocnoge G(r), F (r), J (r). Memoo «koneepmay

[ uccienoBaHus INPOCTPAHCTBEHHBIX 3aKOHOMEPHOCTEH B
JOKaJbHOM  Maciutabe (B  TPEANOJIOKEHUH  CTallMOHAPHOCTH
TOYEYHOI'0 TPOILECCa) BMECTO HMHJEKCOB, ONMCBHIBAIOIINX TOYEUYHBIN
PUCYHOK OJTHUM YHCJIOM, IIPEANOYTUTEIbHEE NCTI0Ib30BaTh (PYHKIUU

pacnpeneneHus pacCTosIHUM 10 Onrkaiero coositust G(r) u F(r),

a TaKke OCHOBaHHYIO Ha HUX (yHkuuio J(r). [IpoBepka runoressl o
CSR npoBoauTCcs ¢ MOMOLIBIO CPABHEHHS MX SMIMPUUECKUX OLIEHOK

G(r), F (r), J (r), momyyaembIX MO HaOIOIaeMOMy 00pa3y TOYEK, C
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TEOPETUUYECKUMH (PYHKLUHSAMH, COOTBETCTBYIOIIUMHU OJHOPOIHOMY
MIyacCOHOBCKOMY IPOIIECCY:
Gor)=F(r)=1-e"*" | J(r)=1.

DTO CpaBHEHHE paclpeleieHUN  M3-3a  HECOOIOACHUS
TpeOOBaHUS O  HE3aBHCHUMOCTH  BBIOOPKHM  (pacCTOSSHUM 70
OKaiIero COOBITHSI) HE MOXET OBITh BBITIOJHEHO C IMOMOIIBIO
KJIACCMYECKHUX TeCTOB, Hanpumep, Konmoroposa-CmupHosa. [Toatomy
JUIsl TIPOBEPKH THUIOTE3 PEKOMEHAYETCSl HCIOJb30BaTh MeETO[
«KkoHBepTa» (simulation-envelopes), peamuzyemplii ¢ MOMOIIBIO
cumyJtisanuii Monte-Kapiio.

CornacHO 3TOMY METONy CO3[aeTcsl kK CUMYJSLMA TOYEUHBIX
obpazoB (00blyHO k£ - Oosbmioe Yucio, Hampumep, 9999),
COOTBETCTBYIOIIMX TMIIOTETHYECKOMY Ipoleccy. B nanHom ciydae -
OJIHOPOJAHOMY ITyaCCOHOBCKOMY IPOIIECCY C UHTEHCUBHOCTBIO PaBHOM

A=n/Ag. Jns xaxnodl peanusanuu (CUMYJIHPOBAHHOTO 00pasa)

paccunThIBalOTCS (YHKIMU-OLEHKH, Hampumep G(r). 3atem mnpu

(UKCUPOBAHHOM PACCTOSHUU » 3HAUCHHS BCeX k (PyHKIMI-OIIEHOK
PaHXUPYIOTCS, ¥ BBIOMPAIOTCS JBa 3HAYEHHS: C 33aJaHHBIM DPAaHTOM
rank m ¢ panroMm k—rank+1. Hanpumep, ecnu panr paseH 1, Toraa
BBIOMpAIOTCS caMoe OOJIBIIOE W CaMO€ MaJIeHbKOE 3HAYeHHS; eCld
paHr paBeH 2, TO BBIOMpAIOTCS 3HAYEHUS BTOPOE CBEPXY M BTOPOE
CHM3Y; U T.1. B pesynbrare nomyuum nse dynkuuu: G, (r) u G, (r),
KOTOpBIE ¥ 3a/al0T TPaHHIBI «KOHBEPTa» JUIsl MPUHSTHS HYJIEBOU
runoTe3bl 0 cooTBeTcTBUU CSR (puc. 48). Brixom u3 3THX TpaHUIL

bysukun-oneHkn G(r), pacCYUTaHHON MO BHIOOPOYHBIM JaHHBIM,

TPAKTyeTCSl KaK CTaTUCTHYECKH 3HauuMoe OTkJIoHeHue ot CSR.
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YpOBeHb 3HAYMMOCTH OTKJIOHEHHWs NpH (PHUKCUPOBAHHOM 7 Oyjaer
paBeH:
2-rank
p-value=——,
k+1

re rank — paHr TPaHUYHBIX 3HAUYEHUH. AHAJIOTMYHBIM 00pa3zoM

CTPOSITCS «KOHBEPTH» U1st byHKImHA F(r) 1 J(r).

Puc. 48. UnmrocTpannsa nocTpoeHusl TpaHUL IPUHATHS TUIIOTE3BI O
CSR (MeTom «KOHBEPTA»).

A: ¢pyskumu G(r), BBIYHACICHHBIE TIO CUMYJIMPOBAHHBIM JTAHHBIM

(B3ITO 5 CHUMYIIAITHIN).
B: «xoHBEpT» NMPUHSATHS HYJICBOW THIIOTE3bI — MEXKITY (PYHKIUIMU

G, (r) m G,;(r) (moxa3zan cepoii 3anmuBkoi). IlyHKkTMpHas THHMA —
noBenenne pyakuun G(r) B cmyuae CSR.
Ecmm runote3a o CSR orBepraercs, To 3Ha4eHHUS (PYHKIUU
J (r) mpu HEOOJIBLIUX 7 MOTYT OBITH UCIIOJI30BAHBI JJISl OTPEIeIICHUS
tuna oTkiaoHeHus or CSR. A wuMeHHO, eciM Ha HEKOTOPOM

pPacCTOsSIHUU 7, TJe UMEEeT MECTO BbIXOA (GYHKIUH J(r) U3 TpaHMIl
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«xoHBepTa», J(r)<1, TO 3TO yKa3plBaeT Ha arperauuio COOBITUN

ToyeyHoro obOpasza, Torma kak J(r)>1 yka3plBaeT Ha HEKOTOPYIO

PEryJIsipHOCTb pacIpeesieHus] COOBITUI Ha TAHHOM PacCTOSIHUU.

Ha puc. 49 mnpencraBieHsl NpUMEphl TOYEYHBIX 00pPa3o0B,
paccuntanHble Mo HuM GyEKupH-onenkn G(r), F(r), J(r) u
«KOHBEPTHD NMPHUHATHS TUNoTe3bl 0 CSR, MOCTPOEHHBIE C TOMOIIBIO
cumyisauuii Monte-Kapno. MoxxHo BuzeTs, 4To B ciay4asx A u b
runore3a o CSR otBepraercs, B ciayyae B — npunumaercs. Ilpu atom
B ciyyae A B pa3MEIICHUU COOBITHH HMMEET MECTO PEryJspHOCThH

(j (r)>1 npu HeOonpmmx r), a B ciaydae b orkmonenue or CSR

OpOSIBIACTCS  HajlMyueM arperamuii  coOwsituii  (J(r)<1 mpum

HEOOJIBIINX 7).

Cnenyer oTmeTuTh, uTO Meroa Monte-Kapino wmoxer
UCIIOJIb30BaThCs IPHU MPOBEPKE M JPYIMX THMIIOTE3, HE TOJIBKO O
coorBercTBUM CSR. CumynupoBaH MoXeT OBITH J1000H Apyrou
IIPOCTPAHCTBEHHBIM TOYEYHBIA IPOLECC, K IPUMEPY, KIACTEPHBIN
IIyacCOHOBCKUI mporiecc, npouecc llTpayca, npouecc TBepaoro sapa.
OTKJIOHEHHE  AMIUPHYECKOW  (QYHKIUHM,  pacCUYMTaHHOW  TO
HaOJII01aeMbIM JTAHHBIM, OT «KOHBEPTa», MOJYYEHHOTO Ha OCHOBE
CUMYJIMPOBAaHHBIX  peanu3auuii, OyneT CBHUIETENbCTBOBATH O
HECOOTBETCTBMM  HAOJIOAaeMOro TOYEYHOro o0pas3a mpolieccy,

MOZCIIb KOTOPOTr'0 UCIIOJIB30BAIACh JJIsI CUMYJIALINHA.
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Puc. 49. A: meHTpBl KJIETOK cpe3a TKaHW, ITOJyYCHHBIC IIOI
yBenmmuerneM (Crick, Lawrence, 1975; Ripley, 1977); b: npopocTtku
exxeBuku (Hutchings, 1979; Diggle 1983); B: mpopocTku sImoHCKO#
cocHbl Pinus thunbergii (Numata, 1961; Diggle 2003).

IlepBoIii psia: TouewHble 00pasbl; BTOPOU Ps: G(r); TPETHH PSII;
F (7); 4JeTBepTHIA PsI: J (r). IlyHKTHpHBIC JIMHHH — TIOBEICHHC

¢yakmuit B cmywae CSR. Cepas 3ammBka — 2% «KOHBEPTBHDY
MPUHATUA HyNneBol rumote3sl o CSR, nonydeHHsle ¢ moMompo 99
CUMYJIALIUM OHOPOIHOTO ITyacCOHOBCKOI'O MpoLiecca.
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Ilpumep 15
IIpoBepum runorezy o CSR pasmemenuss crBonoB 7ilia
cordata L. ua ocuose anamma G(r), F(r), J(r) - oneHOK GyHKImiA

pacripeicieHusi PAacCTOSHHM 10 Omvpkaitiero coObitust. st 3Toro
TOYEUYHOTO o00pa3a aHaliW3 HWHTEHCUBHOCTH HE  OOHApYXHI
MIPOTUBOPEUHS TUIOTE3e 00 OJIHOPOJIHOCTH npolecca,
nopoxpaaromiero ero (nmpumep 7). [loaToMmy npuMeHeHHe KpUTEpUs Ha
ocrose G(r), F(r), J(r) Gyaer KOPPEKTHBIM.

1) Ouenum ¢yukmuu G(r), F(r), J(r) n moctpoum rpaduxu
OILICHOK, Ha KOTOPBIX TaKke O0TOOpa3uM MoBeAeHUE 3TUX (YHKIHMI B
ciayuyae CSR (puc. 50 A):
my Gestl<-Gest (ppp_objectl, correction="han")

plot(my Gestl, main = "G function")

my Festl<-Fest (ppp_objectl, correction="cs")
plot(my Festl, main = "F function")

my Jestl<-Jest (ppp_objectl, correction="best")
plot(my Jestl, main = "J function",ylim=c(0,2))

2) Jlnsa Toro uToOBl MPOBEPUTH, SIBISETCS JM HaOIIOIaeMoe
OTKJIOHEHHE OT TEOPETHMYECKOTO  TOBEIEHUS  CTaTHCTUYECKU
3HAYUMBIM, MOCTPOUM «KOHBEPTHD» Ha OCHOBE CUMYJSIUN MoHTe-
Kapno ¢ momomipio pyHkmu envelope () (puc. 50 b):

Gest_envelope <- envelope (unmark (ppp_objectl),
fun=Gest,correction="han" ,nsim=199)
plot(Gest_envelope)
Fest envelope <- envelope (unmark (ppp_objectl),
fun = Fest,correction="cs" ,nsim=199)
plot(Fest_envelope)
Jest_envelope <- envelope (unmark (ppp_objectl),
fun=Jest,correction="best" ,nsim=199)
plot(Jest_envelope,ylim=c(0,2))
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A b
G function Gest_envelope
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Puc. 50. CrutonHo#t nmuHuMei nmokasansl onenku G(r), F(r), J(r),
paccuuTaHHble Ui TouedHoro obOpasa ctBonoB Tilia cordata L.
[lynktupnas nuaus — noseaenue Qynkuuid G(r), F(r), J(r) B
coydae CSR. Cepoit 3ammBKOi Ha rpaduKkax crpaBa TOKa3aHbI
«KOHBEPTBD» MPUHATUS TUTIOTe3bl 0 CSR, monmy4yeHHbIe ¢ TTOMOIIBIO
199 peanuzanuii 0THOPOAHOTO MTyaCCOHOBCKOTO Tpoliecca.
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[TapameTps! QyHKIIUU envelope () :

pre_ppp OO6bekT THIA ppp.object, coaepx amuii TOYeIHBIA 00pas.
OyHKIMS, U1 KOTOPOH HY)KHO BBIYMCIMTH «KOHBEPT».
JT0 MOTYyT OBITh Gest, Fest, Jest, Kest, Lest, pcf.
correction | Bunx rpaHHgHON KOPPEKITHN.

nsim UYucno cumynsimii Monrte-Kapio.

nrank paHT rpaHUYHBIX 3HaYCHHUH (110 YMOJYaHHIO paBeH 1)

fun

B aTom npumepe ObuT0 HCTIOaB30BaHo 199 cumynsnuii, 4To npu
(GuKCUpOBaHHOM 7  COOTBETCTBYET  YpPOBHIO  3HAYMMOCTH
p-value = 2/(199+1) =0.01. Pexomenayercs yBeIMYMBATH YHUCIIO
CUMYJISIUN, 4TOOBI YMEHBIIUTh BEPOSTHOCTH COBOKYITHOW OIIMOKU
nepsoro poaa (Grabarnik et al., 2011).

Ha rpadukax puc. 50 MOXXHO BUAETH, UTO MOBEJACHHUE (DYHKIIMI

G(r) uJ (r) Ha paccrosiHusix npuMepHo oT 0.4 1o 1.5 M moka3biBaeT

3HaunMoe oTkioHeHne ot CSR. Ilpu stom J(r) <1, 4TO TOBOPUT O

TOM, YTO B TOYCYHOM 00pa3e MPUCYTCTBYIOT CKOIUICHHSI (arperaimun)
oco0Oeil, HaxoAsIIMXCS Ha TaKUX pAacCTOSHUSAX Jpyr OT JApyra.
BepositTHO, [naHHBIE CKOIUIEHUSI OOpa30BaHbl IpEreHepaTUBHBIMU
no6eramu Tilia cordata L. mopoCaeBOTO TPOUCXOXKICHHUS.

Tak kak QyHKUIHH G(r), F (r), J (r) npenocTaBIAOT
UHGOpPMALIMI0O O COCEICTBE IEPBOrO MOPSAIKA, XapaKTEPHOM IS
MaJbIX, JIOKQJIbHBIX PACCTOSHUN, WX aHAJU3 HE IMO3BOJSET CKa3aTb,
UMEIOTCSL JIM ApPYyTHEe MPOCTPAHCTBEHHBIE OCOOCHHOCTH pPa3MeIleHUs
JUMBI CePIUEIUCTHON, XapakTepusyromuecs 0osiee MPOTSKECHHBIMU

PaCCTOSTHUSMH.
3amMeTuM, 4YTO IS WCCIICIOBAHUSA TOYEYHOTO oOpasa Adonis

vernalis L. npuMeHeHne KpUTepusi Ha OCHOBe cTaTUCTUK G(r), F(r),

J(r) He SBISETCS KOPPEKTHBIM, TaK KAaK MPOLECC, MOPOXKIAFOIINAN
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ATOT TOYEYHBIH 00pa3, HE MOXET CUUTATHCSA CTAIlMOHAPHBIM B
nU3y4daeMoil 00JacTH: aHadu3 WHTEHCHBHOCTH (mpumepsl 8, 9)
MOKa3all, 9TO CBOKMCTBA MEPBOTO MOPSIKA ITOTO MPOIecca MEHSIOTCS
110 TEPPUTOPUH HCCIICIOBAHUSI.

Kpumepuu na ocnoge K (r), ]:(r), g(r)

CTaTUCTUKHU PacCTOSTHUS 10 OMMKaMIero cocea, MpUBEACHHbBIE
BBIIIIE, XapaKTEPU3YIOT JIOKATbHOE B3aMMOJCHCTBHE COOBITHH U HE
MOKa3bIBAIOT 3aKOHOMEPHOCTH TOYEYHOTO pHUCYHKa B Ooiee
OPOTSKEHHOM MPOCTPAHCTBEHHOM MaciuTtabe. Tak, Hampumep, Ijs
MPOCTPAHCTBEHHOTO PHUCYHKAa pa3MEUIeHHs] pacTeHuid B  CHIY
O0COOEHHOCTEH PAa3sMHOXKEHUS Ha MajblX PACCTOSHUSAX MOTYT OBITh
XapakTepHBI arperanuu ocobeii. A B Oosiee TiI00aIBHOM MacIiTade
noJI0OHbIE TEPBUYHBIE arperaiyd MOTYT ObITh OpPraHM30BaHbl B
HOBBIE, OoJiee MPOTSHKEHHBIE CKOIUIEHUS U3-32 HEOJAHOPOJHOCTH
pecypcoB (MsITHa BIAXKHOCTH B TOHIKEHUAX pelibeda, CBETOBBIC
nsATHa B mosore Jjeca). Ilpu 3TOM, ecnum paccMOTpPEeTb PHUCYHOK
pasMmenieHnsi ocoOel B eme OoJibIIeM TMPOCTPAHCTBE, TO OTHU
CKOIUICHHS B CBOIO OYepeIb MOTYT OBITh pa3MEIIEHBl PEryJSPHO IO
OTHOIICHUIO JPYr K Jpyry, HOTYUHSISACH MPOCTPAHCTBEHHOMY
PUCYHKY  pecypcHbIX maTeH. [IpoaHamu3upoBaTh  MOJOOHBIE
3aKOHOMEpHOCTH TTomoryT ¢yHkimu K(r), L(r), g(r).

Jnss  mpoBepkH THUIOTE3bl O TOJHOW MPOCTPAaHCTBEHHOM
cioyuyaiitnoctu  (CSR) mporecca, TEHEpUPYIOIIETO HAOI0JaeMBbIi

TOYCUHBI 00pa3, HMIUPUYECKHUE OICHKHU I%(r), ﬁ(r), g(r)

CPaBHHUBAIOTCSI C TEOPETHUCCKMMHU (PYHKIIMSIMH, COOTBETCTBYIOIIMMHU
OJTHOPOJTHOMY ITYaCCOHOBCKOMY TIPOIIECCY:
K(r)y=7zr’, L(r)=0, g(r)=1.
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Jlis OoueHKM 3HAUYMMOCTH OTKJIOHEHHH OJHHUX OT JPYrHX
MPUMEHSETCS OINMCAHHBIA BBINIE METOJ «KOHBepTay (simulation-
envelopes) Ha ocHOBe cumyJsinnii MonTe-Kapiio.

3HaunMMoOe  OTKJIOHEHHWE (PYHKIUH I%(r), i(r), g(r),
NOJYYEHHBIX 10 HAOJII0AaeMOMy TOYEUYHOMY 00pa3sy, OT MOBEICHHMS,
COOTBETCTBYIOIIETO  OJHOPOAHOMY  ITyaCCOHOBCKOMY  IIOIIECCY,
CBHUACTCIILCTBYCT O HaAJIWYUU B33HMOZ[€I>1CTBPI$I MCKOY COGBITHSIMI/I
au00 TO3UTHBHOIO, MNPUBOJSIIETO K MX AarperupoBaHHIO, JIMOO
HETraTUBHOTO, MPUBOJSILETO K PETYISIPHOCTU UX Pa3MEIICHHUS.

Ecnu mpu HEKOTOpOM 7 MMEET MECTO BBIXOJ (DYHKITUH i(r)
(v pyHKIMK K (r)) W3 rpaHul] «KOHBEpPTa», U 3HAUECHUE i(r) >0

(wm K(r)> 7r’), TO 3TO yKa3bIBa€T HA arperamuio COOBITMH Ha
paccTossHUAX MeHbMX 7». Eciau ke ©npu BBIXOAE U3 TpaHMIL
«xonBepTa» L(r)<0 (mmuK(r)<zr’), TO TOYEUHBIH mHpoLECcC

IPOSIBJISET CBOMCTBO PETYJISIPHOCTH HA PACCTOSHUSIX MEHBIIUX 7.

Kak yxe roBopmwnoch K- u L-QyHKOMH  SBISIOTCS
KyMYJSITUBHBIMM M OTPQXKAIOT arperanuio WIA PeryispHOCTb,
HaOJr0aeMyl0  BIUIOTH IO JAHHOTO pAacCTOSIHUA 7, a TapHas
KOppensuoHHas (yHKIMSA g - Ha JJaHHOM paccrostHuu r. Ecimu npu
HEKOTOpOoM 7 (YHKIMS g(7) BBIXOAWUT W3 TPAHUI] «KOHBEPTa», U

g(r)>1, To 3TO CBHUIETENBCTBYIOT 00 arperanuu (CKOTUICHHUSX)

COOBITHH, PACHOJOXKEHHBIX Ha TAKOM pPACCTOSHUU Jpyr OT Jpyra
(BecbMa BEpOSITHO, YTO B TOYEYHOM OOpa3e BCTPETATCS TOUKH,

paszneneHHble paccrosiHueM 7). Ecim ke ¢(r) BBIXOAMT M3 TPAHUI]
«KOHBepTa», ©U g(r)<1, TO 53TO TOBOPHUT O PETYIIPHOCTU
(OTTaNIKMBaHUM) COOBITUH HA PACCTOSHUU » (MAJOBEPOSTHO, YTO B

TOYEYHOM 00pa3e BCTPETATCS TOUKH, Pa3ACICHHBIC TAKUM F).
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Ha puc. 51 mpencraBieHbl pUMEpbl TOYEYHBIX 00pazoB (Tex
’Ke, 4TO W Ha puc.49), paccuuTaHHbIE MO HHUM (QYHKIUHU-OICHKH

I%(r), ﬁ(r), g(r) m «xoHBepTH» mpuHATHA TuUnore3bl o CSR,

MIOJlyYE€HHbIE IIYTEM CHMYJISIIMA OJHOPOJHOIO ITyaCCOHOBCKOI'O
npouecca. 34ech TaKXKEe MOXHO BHMJETh, 4TO B ciay4yasx A u b
runore3a o CSR orBepraercs, B cinydae B — npuHnmMaercs.

B ciydae A Bce QpyHKIMHU TOBOPAT O HAIMYUH PETYJSIPHOCTH B

pasMelreHnn cobsITHii (eHTpoB Kietok): L(r)<0, K(r)<zr’,
g(r)<1 mpu rwmenpmux ~0.1. To ecTb HEHTP KaXIOW KICTKH

OKPY’KE€H IpocTpaHCTBOM («paauyca» < 0.1), rae Mana BepOsSTHOCTh
BCTpEYM LICHTPA APYrod KIETKU. MOXKHO IPEANOIOXKUTh, YTO 3TO
3HaueHue (< 0.1) onpenensercst pazMepoM KIETKU.

B cnyuae b (mpopocTku exeBHKH) YETKO BBIACNACTCS MUK

MepBUYHBIX ~arperarmii ¢ pagmycom okono  0.02:  L(r)>0,
K(r)>zr?, $(r)>1 npu r Menpmmx ~ 0.02. Kpussie L(r) u K(r) u
Ha OOJIBIIMX PACCTOSHUSX 7 HE BXOJAAT B IPAaHUIIBI «KOHBEpTay. Takoe
NOBEJICHUE CBUACTENBCTBYET O HaJIWYMM Oojee MacIITaOHbIX
HEOJHOPOAHOCTEH (KpYNHBIE «IIATHA» 3apoCiiell  MPOPOCTKOB,
COCTOALIME W3 TEpPBUYHBIX arperanuil), CBA3aHHBIX JHOO ¢
OCOOCHHOCTSIMH ~ Pa3MHOXKEHHUS  JaHHOTO BU/IA, 1Moo c
HEOJHOPOAHOCTBIO cpeabl. DyHKIUA ¢(r) 3HauuMo Oosblre 1 mumb

npu » MeHblux <~ 0.12, 4TO naeT OIEHKY XapaKTepHOIro pa3zMepa
TaKHUX «IIATEH.

B cinyuae B Bce (yHKUMH-OIICHKM HaXOISATCS B Ipelenax
«KOHBEPTOBY», CJIEIOBATEIBHO, MOXXHO CJAeJaTh BBIBOJ, YTO 0coOu
COCHBI pa3MEIIAIOTCS B IPOCTPAHCTBE IOJHOCTBIO CIIyYailHO.
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1L(r)
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~

Puc. 51. A: meHTpBl KJIETOK cpe3a TKaHW, ITOJyYCHHBIC ITOJ
yBenmmuerneM (Crick, Lawrence, 1975; Ripley, 1977); b: npopocTtku
exxeBuku (Hutchings, 1979; Diggle 1983); B: mpopocTku sImoHCKO#
cocHbl Pinus thunbergii (Numata, 1961; Diggle 2003).

IlepBoIit psim: TodedHbIe 00pa3bl, BTOPOU PsiA: K (r), Tpetuii psm:

L(r), werBepthii psia: g(r). IlyHKTHpHBIC TUHHUA — IOBEJICHHE

¢ynkuuii B cmydae CSR. Cepas 3ammBka — 2% «KOHBEPTBI»
TMIPUHATHSA HYJIeBOU ruroTe3bl 0 CSR, momydeHHBIE ¢ TOMOIIBEI0 99
CUMYJIAINN OJHOPOAHOTO ITyaCCOHOBCKOTO ITpOoLECcca.
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Jlns mpoBepku  Apyrux TUIOTE3 O BHAE IIpoliecca,
MOPO’KIAIOLIETO U3Y4aeMbIil TOUEUHBIH 00pas3, SMIIUPUUECKHUE OLEHKU

K (r), ﬁ(r), g(r) cpaBHHBAIOTCS C KKOHBEPTAMM», IOJYYCHHBIMH Ha
OCHOBE CUMYJIMPOBAHHBIX peal3aluii THIOTETUYECKOTO TpoIiecca.
Ilpumep 16
[IpoBepum runoresy o CSR pasmemenuss crBonoB 7ilia
cordata L. ¢ momompio Kputepues Ha ocHose K (), L(r), 8(r).

OnenuM a1 HaOMIO1aEMOT0O TOYeyHOro oopasa ¢pyHkumuu K(r),
L(7), g(r). [loctpoum rpaduku OIIeHOK, Ha KOTOPBIX TaKXkKe 0TOOpa3zum
noBeneHne HTux (ynkimuit B cimydae CSR. UToObl ompenenurs,
SBISIETCA JM  HaOJoJaeMoe OTKIOHEHHE OT TEOPETHYECKOTO
NOBEJICHUS CTATUCTHYECKH 3HAYMMBIM, MOCTPOMM M OTOOpa3uM Ha
TUX K€ TpapuKax «KOHBEPTHD MpHHATUS Tunoresbl o CSR,
MOJIy4YeHHBbIE Ha OCHOBE cumyJianui Monrte-Kapino ¢ mnomolnsio
byHKIIMK envelope () (puc. 52):

Kest_envl <- envelope (ppp_objectl, fun = Kest,
correction = "Ripley", nsim = 199)

plot(Kest _envl, lwd=2)

Lest_envl <- envelope (ppp_objectl, fun = Lest,
correction = "Ripley", nsim = 199)

Lest_envl$obs <- Lest_envl$obs - Lest_envl$r

Lest_envl$lo <- Lest_envl$lo - Lest _envlS$r

Lest env1$h1 <- Lest env1$h1 - Lest env1$r

Lest env1$theo <- Lest_envl$theo - Lest_envl$r

plot(Lest_envl lwd=2)

pcf_envl <- envelope (ppp_objectl, fun = pcf,
correction = "Ripley", nsim = 199)
plot(pcf_envl, lwd=2,ylim=c(0,10))
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IIOJTY4YCHHBIC

Puic. 52. CILIOLIHOMN JIMHMUEIl TOKA3aHbI OLECHKH K (r), i(r), g(r),

paccuMTaHHBle IJIsi TOUedHOro oOpasa ctBonoB Tilia cordata L.
[TyaktupHas nuaus — noBenenne Gyukmmii B ciydae CSR. Cepoid
3aJIUBKOM TOKAa3aHbl «KOHBEPTHD» MHPHUHATHS Tunore3sl o CSR,
OTHOPOJHOTO

¢ momompio 199  peanmzanmii

IIyaCCOHOBCKOT'O ITpo1iecca.
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br1o ucnonb3oBano 199 cumyssiuit, yto npu GUKCUPOBAHHOM
r obecrieunBaeT ypoBeHb 3HaUMMocTH p-value = 0.01.

Bce dbyHkumm-oneHkn I%(r), ﬁ(r), g(r) UMEIOT TMpeBBIICHNE
HaJ «KOHBEPTOM», YTO TOBOPUT O 3HAUMMOM OTKJIOHeHHH oT CSR, a
MMEHHO, O HaJM4YMU HE COOTBETCTBYIOUIMX IIyaCCOHOBCKOMY
MPOIECCY arperamuii COOBITHIA.

L(r) -bynxuus (Gonee HarmsigHo, eM K (r)) MOKA3bIBAET, UTO

Ha H3yqaeM0i/'1 mIomaake UMCKT MCCTO CKOIIICHHA CTBOJIOB JIMUIIBI

CEpALIEIMCTHON, HAXOIAIMIMXCS Ha paccTOSHUM npumepHo oT 0.5 1o
1.5 m npyr ot npyra. IIpeBblienue i(r) HaJl TPAaHUIIAaMU «KOHBEPTa»
Ha TpoMexyTke oT 1.5 mo 3 M, roe HaOmromaercs cmaj 3HAYCHUN
L(r), 0ByCIOBIEH, MO-BUAMMOMY, €€ KyMYyJISTHBHBIM XapaKTEPOM.
Ornenka mapHOM KOppessuoHHOW (yHKIMH ¢(7) TO3BOJsEeT Oosee

TOYHO YBHUJAETh XapaKTepHbIE pa3Mepbl arperanuid, Tak Kak He
oOmamaer KyMYJIITUBHBIM s pexToM. Ee MIOBE/ICHUE
CBUJIETEJICTBYET, YTO pa3Mep arperauuii He mpesbimaer 1.5 M, 4To
COIJIaCYeTCsl C pe3yJibTaToM mpeasiaymiero mpuMepa. Ha Oonee

MPOTSKEHHBIX pPacCTOSTHUSIX aHam3 HE MOKA3bIBACT
MPOCTPAHCTBEHHBIX 3aBHCHUMOCTEH B pa3MEMICHUH HM3y4aeMBbIX
00BEKTOB.

Ilpumep 17

Tak Kak npeabIayIui IpUMEDP BBIABWI OTKIOHEHUE OT ITOJIHOU
MPOCTPAHCTBEHHOM  CIIyYalHOCTH, MPOSBISIIOIIEECS  HAIMYUEM
arperamui, MpoBEpUM THIOTE3Y O TOM, YTO Pa3MELIEHHUE CTBOJIOB
Tilia cordata L. sBnsercs peanusanueil mpoiecca MarepHa,

NPUHAJICKALIETO KJIacCy MIPOLIECCOB Hetimana-Ckortra,
MOJEIUPYIOLIUX arperaliOHHbIE TOYEUHbBIE POLECCHI.
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Ota runore3a GOpMYIUpYyeTCs ¢ YKa3aHUEM 3HaueHUU
napaMeTpoB THIOTeTHYecKoro mpoiecca. [Ipounecc MarepHa umeer
TpU TMapaMeTpa: K — HWHTEHCHUBHOCTb POJUTEIBCKOTO Mpoliecca
(OTHOPOTHOTO IMyaCCOHOBCKOTO), R — paguyc Kpyra BOKpPYT
«ponUTENS», TAE pa3MeUlaloTCsl «IOTOMKW», M — [apamerp
pacnpenenenus IlyaccoHa, onpenensoniero ciy4ailHoe 4YHUCIo
«TOTOMKOB»  K&XJIOro  «ponutensi». B kadectBe  3HaueHui
napaMeTpoB  OepyTcsi HUX  OLEHKH, [OJIy4aeMble  METOJO0M
MUHUMANbHOIO KOHTpacTa, NOPEACTABICHHBIM B MakeTre Sspatstat
bynkuuen kppm(). JlaHHas (QyHKIUS OIIEHWBAET IMapaMeTPhI
KJIACTEPHOW MOJIENIN IMyTEM «IOATOHKH» TEOpETHUYeCKOr K-pyHKIun

ATOM MOAeNH K sMmupudeckord K(7), MOJTyYEHHOW MO BHIOOPOYHBIM

ToukaM. Bwmecro K-QyHKIMHM MOXKET HCIOIB30BAThCS TapHas
KOppeIsIOHHas PYHKIUS g.
[TapameTps! GyHKIIUU kppm () :

OO0bektT THma ppp.object, coxepkamuii TOYCUHBIH
00pas3.

Mogenb THOOTETHYECKOTO KJIACTEPHOrO Mpoliecca:
clusters «Thomas» - mpouecc Tomaca, «MatClust» -—
npouecc MatepHa, u ap.

R-dopmyma, 3amaromas Moaenh, MHTEHCUBHOCTH (CM.
BEIIIC (YHKIMIO ppm()), €CIM TUINOTCTUYCCKUN
KJIACTEPHBIM TIpOLIeCC SBISIETCA HEOJAHOPOAHBIM. B
cllydae OJIHOPOIHOrO Tmpoiiecca - trend = ~1.
«Ilogronsiemasty craructuka: «K» — K-QyHKIWMs,
«pcf» — mapHas KOpPeJSIUOHHAs (YHKITHSL.

ppp_object

trend

statistic

1) Ouenum napameTpsl Mmoaenn MatepHa:

clust_model <- kppm(unmark (ppp_objectl), trend = ~1,
"MatClust", statistic="pcf")

clust_model

Stationary cluster point process model

Fitted to point pattern dataset ‘unmark (ppp objectl)’
Fitted by minimum contrast
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Summary statistic: pair correlation function
Uniform intensity: 0.1224
Cluster model: Matern Cluster process
Fitted cluster parameters:
kappa R
0.1591189 0.6132708
Mean cluster size: 0.769236 points

3/1ech kappa - HHTEHCUBHOCTb POJUTENBCKOrO mpouecca (~0.16
ocobell Ha eJMHMUILY IJIOUIAIN); R - PATHYC KPyTra BOKPYT «POAUTEIIS,
rae pazmeniarores «moToMkn» (~0.61). CpenHee 4UCI0 «ITOTOMKOBY» B

KaXJIOM KJIaCTe€pe - Mean cluster size = intensity/kappa
(~0.77).

3amMeTuM, 4YTO B JIaHHOM CJIy4ya€ HMHTEHCHUBHOCThH IIpolecca
MarepHa mnpeanonarajach IOCTOSHHOM Ha H3y4aeMOM IUIOLIAJKE.
Ecnu mMonenupyercss HEOMHOPOIHBIN mpouecc MartepHa, To cpenHee
YHCIIO TOTOMKOB B KJIACTEPE TaK:Ke OYyJET MEHSATHCS MO0 TEPPUTOPHH.

2) IloctpouM «KOHBEPTBI» MPUHATHS HYJIEBOM THIOTE3bl Ha
ocHOBe o1leHOK (pyukuuid K(r), L(r), g(r), BBIBeIeM COOTBETCTBYIOIINE
rpaduku (puc. 53):
kest model <-envelope(clust_model, fun= Kest,

correction = "Ripley", nsim = 999)
plot(kest model,main="MatClust",6xlim=c(0,2),ylim=c(0,8))
lest_model <- envelope(clust_model, fun="Lest",
correction = "Ripley", nsim

lest_model$obs<-lest model$obs-lest modelS$r
lest model$lo<-lest model$lo-lest model$Sr
lest model$h1< lest model$h1 lest model$r
lest model$mmean< lest model$mmean lest_modelS$r
plot(lest _model,main="MatClust")
pcf_model <-envelope(clust model, fun=pcf,

correction = "Ripley", nsim
plot(pcf_model, main="MatClust", ylim=c(0, 8))

999)

999)
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Puc. 53. Cromnas muems - ouenku K(r), L(r), g(r) nmus
ToueuHoro obpasa ctBonoB Tilia cordata L. IlyHKkTHpHAast TUHAS —
noBeneHue (yHKIME B ciydae mpomecca Marepra. Cepas
3aJMBKa -  «KOHBEPTBI» IPHHATUS  HYJEBOW  THMIIOTE3bI,
MOJTyYeHHBIE C MoMoIIbI0 999 peanuzanuii npouecca MartepHa.
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AHanmM3 MOJy4YeHHBIX TpadUKOB MOKa3bIBaeT (puc. 53), 4To Bce
(YHKINU-OLIEHKH HAaxOMSTCsS B TIpeAesiax «KOHBEPTOB», TO €CTh
U3ydaeMble JaHHBIC HE JAl0T OCHOBAaHUI OTBEPTHYTH BBIABHUHYTYIO
runote3y. [lpy  (UKCUpOBAaHHOM 7  YPOBEHb  3HAYUMOCTH
p-value = 0.002.

Taxum obpazom, moueunwvii 0opaz cmeonos Tilia cordata L. 6
uccnedyemou ooaacmu modxcem OblmMb ONUCAH MOOETbI0 0OHOPOOHO20
Kaacmepro2o npoyecca MamepHa.

Ilpumep 18

CorjacHO KpUTEPUIO XH-KBaJpaT Ha OCHOBE «KBaJpPaTOB)
(mpumep 9), maHHBIE O pasMmemieHun ocoderr Adonis vernalis L. He

MPOTUBOpPEYAT TUIIOTE3€ O TOM, YTO TOT TOYEUHBIM 00pa3 sBiseTcs
peanu3anyieil  HEOIHOPOJHOTO  IYyacCOHOBCKOTO  Mpoliecca ¢

MHTEHCUBHOCTBIO A(X), 3amaBaeMoi Mmojeinbto (4). IIlpoBepum 3Ty ke

TUIIOTE3y C MOMOUIBIO KPUTEPUEB HAa OCHOBE I%(r), i(r), g(r),

UCCIIEYIOIINX MMPOCTPAHCTBCHHBIC B3aUMOICHCTBHSI COOBITHH.

BbuuciuM  OIEHKH ¢ Y4YeTOM HEOJHOPOJHOCTH IIpoIiecca,
MOCTPOMM «KOHBEPTBI» MPUHSATHS HYJIEBOW THIIOTE3bI, OTOOpa3UM MX
Ha rpadukax (puc. 54):

Kest_env2 <- envelope(intensity model, fun = Kinhom,
correction = "Ripley", nsim= 199)
plot(Kest _env2, main="PoissonInhom")

Lest_env2 <- envelope(intensity model, fun = Linhom,

correction = "Ripley", nsim =199)
Lest_env2$obs <- Lest_env2$obs - Lest env2$r
Lest_env2$lo <- Lest_env2$lo - Lest_env2S$r
Lest env2$h1 <- Lest_env2$hi - Lest_env2$r

Lest env2$mmean <- Lest _env2$mmean - Lest _env2S$r
plot(Lest_env2, main="PoissonInhom")

pcf_env2 <- envelope(intensity model, fun = pcfinhom,
correction = "Ripley", nsim = 199)
plot(pcf_env2, main="PoissonInhom", ylim=c(0,10))
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Puc. 54. Cinonrnoit muauelt nokaszansl onenku K(r), L(r), g(r)
JUTSL TOYEYIHOTO 0o0pasa ocobelt Adonis vernalis L. Cepast 3anuBKa -
«KOHBEPTHD» MPUHATUS HYJICBOW TUIIOTE3bI, MOMy4eHHbIC 1Mo 199
peanu3aiisaM  HEOTHOPOMHOTO ITyaCCOHOBCKOTO IIpoIlecca
WHTEHCUBHOCTBIO A(x), maBaemout dopmymoir (4). IlyrkTupras

JIMHUA - CPCAHCC [TOBCACHHUC (bYHKI_II/Iﬁ JJIsL 9TUX peaﬂmaunﬁ.
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Yuciio ucnonb3oBaHHBIX cumyssinuid (199) obecrneunBaeT mpu
(UKCUPOBAHHOM 7 YPOBEHb 3HaUNMMOCTH p-value = 0.01.

MoskHo BuaeTh (puc. 54), uTo Bce (DYHKITMU-OLIEHKH HAXOATCS
B TIpejiesiaX «KOHBEPTOBY», CJIEIOBATENBHO, JAHHBICE O Pa3MEIICHUU
oco0ell ajoHMca HE MPOTHBOpPEYAT BBIABMHYTOH rumote3e. Ocobu
aJIOHKCAa HE IOKA3bIBAIOT CTATUCTHYECKH 3HAYMMOTO TO3HTHBHOTO
WIA HETaTHBHOTO TPOCTPAHCTBEHHOTO B3aMMOACHCTBUS (arperamuid
WIN PETYJSIPHOCTEH B Pa3MEIICHHUH).

Takum 00pazom, MoOenvbl0 NPOCMPAHCIMEEHHO20 Npoyecca,
noposicoarowe2o moueyHulll 0opaz ocodeti Adonis vernalis L. na
uccnedyemou  naowaoke, MOdfCem — CUUMAMbCs  HeOOHOPOOHbIU
nyaccoHOB8CKuUlL npoyecc c UHMEHCUBHOCBIO

~0.4736+0.1527-Y y
Ax)=AY)=e i . Tomy4eHHBI! BBIBOJ COTIIACYETCS C

anpUOPHBIMU 3HAHUSIMH 00 M3y4aeMoil TeppUTOpUH, pesbed KOTopo
NOHMKAETCS [0 HANpaBJICHUIO K IOXKHOW TpaHUIlEe TUIOMIAJKH.
CeBepHasi yacTh IUIOIIAAKH HAXOIUTCS Ha MOJIOTOM BEPIIMHE CKIIOHA,
I7Ie CKOT IOENAeT pAcTeHUs] KOHKYPHPYIOIIMX BHIOB, HE Tporas
aJIOHHC B CHJIy €r0 SIIOBUTOCTU. DTO co3jaeT Oosee OnaronpusTHbIC
HKOJIOTUYECKUE  YCIIOBHSL Ui  JAHHOTO  BHJA,  yBEIUYMBas
MHTEHCUBHOCThH MPOLIECCA B CEBEPHOM HaIlpaBJICHUH.

bonee neranbHBIM aHAIM3 TOYEYHOIO PUCYHKA pPa3MELICHUS
3TOTO BHJA MOXET OBITh MPOBEACH C Y4YeTOM TeMaTHYeCKOU
UHPOpPMALIUU — «METOK» KaxI0il oco0M (ee OHTOreHEeTHUYECKOoe
COCTOSIHME, YHUCIIO IBETKOB). i1 3TOro JOJDKHBI NPUBJIEKATHCS
METO/bl aHalM3a MAapKUPOBAaHHBIX TOYEUHBIX 00pa3oB. Teopus
MapKUpPOBAHHBIX TOYEYHBIX TPOIECCOB M  METOABl  aHaJu3a
MapKUpPOBAHHBIX TOYEYHBIX O00pa3oB B 3ITOM TIOCOOMH HE

paccMaTpuBaOTCS.
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Ilpumep 19

[IpoBepuM rumoTe3sy o TOM, YTO pa3MeIleHHE IIEHTPOB KJIETOK
cpe3a TKaHM, WJUIIOCTPUPOBAHHOTO Ha puUCyHKe S51A, sBigercs
peanmuzamei  mporecca lltpaycca, npuHaanexamero Kiaccy
nporieccoB  ['mO0ca, MOAECTUPYIOIIMX  PEryJsipHbIE  TOYCUHBIE
MPOIECChL. DTOT HAOOP NaHHBIX CONCPIKUTCA B OOBEKTE cells MaKeTa
spatstat.

Ora rumorteza (opMynHpyeTcs ¢ yKa3aHWEeM 3HaueHUH
napaMmeTpoB rumnorerndeckoro mnpouecca. Ilpouecc IlTpaycca
XapaKTepu3yeTcsl TpeMs IMapamerpamMu: [} — CBOWCTBO MEPBOTO
MOPSIIKA; Y — apaMeTp B3aUMOACHCTBHSI (OTTAIKUBAHUS) COOBITUH; R
— paccTosiHUe, Ha KOTOPOM IPOMCXOIUT B3auMozencTBre. B kauecTse
3HAUEHUHN MapaMeTpoB OepyTCs UX OICHKH, MOIyYaeMbIE METOJO0M
MaKCHMU3AIMH TICEBIOTNPABIONON00US, pPEaTH30BAaHHOM B TMaKeTe
spatstat ¢yHknueil ppm(). [dannas (yHKIMsS cocoOHa OILIEHWBATH
napameTpsl TporeccoB ['n60ca, BKIIOYAsl MyacCOHOBCKYIO MOJEIb.
Oynaknus ppm() OLEHUBAET TOJHKO MapaMeTpsl 3 U p, MPpUHUMAs Ha
BXOJIE 33aJJaHHO€ 3HAuEHUE MapaMeTpa pPacCTOSHMS B3aWMOJAECUCTBUN
R.

[TapameTps! GyHKIIUN ppm () :

OO0bektT THma ppp.object, comepxamuil TOYCUHBIH
00pas3.

OO0BeKT Kacca «interact», OMHUCHIBAIOIIMNA CTPYKTYPY
B3aMMOJECHWCTBUS TOUEYHOTO Mpolecca, uiau (yHKITHS,
co3maromas Takod O0O0BeKT, Hampumep Strauss(),
interaction | Softcore() u ap. Eciu nmapamerp He ykasaH, WIH eMy
3agano 3HaueHne NULL, To cumrTaeTcs, 4To DOIDKCH
OBITH YCTaHOBJICH ITyaCCOHOBCKHIA porecc
(cTanuoHapHBIN WM HECTAITMOHAPHBIN).

ppp_object
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R-popmyna, 3amaromias NOpPOCTPaHCTBEHHBIH TPEH[
MOJENIM  HMHTCHCUBHOCTH, €CIH  THIIOTETHYCCKUH
npolecc  SIBISETCA  HEONHOpPOAHBIM. B ciryuae
OJIHOPOJIHOTO TIpolecca - trend = ~1.

trend

1) s BeI30Ba (YHKIMHM ppm HEOOXOIUMO 3aaTh MapameTp
paanyca B3auMOACHCTBHS COOBITUN R IJIs1 OMUCaHUS B3aUMOICHCTBHS
ocobeii ¢ momoIpio GPyHKIMH Strauss (R). Camblil IpocToil cmocod
OLIEHKU PaJiyca B3aMMOJCUCTBHS — OICHKA 10 rpauKy CTaTHCTUKU
NPOCTPAaHCTBEHHOTO pasMmelieHus ocobeil. Ha pucynke S1A
npuBeeHsl rpadguku MmoauduuupoBaHHoi ¢pyHkunu Purum u napHoi
KOPPENSIMOHHON (DYHKIINH, aHAIU3 KOTOPBIX CBUICTEIBCTBYET O TOM,
4yT0o Ha paccrostHuU 70 0.1 eIuHUIl OT LEeHTpa CiIydaifHO BHIOpaHHOM
KJIETKH BCTPEYAETCSI MEHBUIE IIEHTPOB COCEIHUX KIJIETOK, YEM MOIJIO
Obl BCTPETUTHCS MPH TOJHOW MPOCTPAHCTBEHHOW CIIy4ailHOCTH.
3anagum napameTp R paanyc Bzanmopeiictsust paBHbIM 0.1 1 oLieHUM
napaMmeTpsl ogHopogHoro npouecca IItpaycca monenu pasmeleHus

LOCHTPOB KJIICTOK:

strauss_model <- ppm(unmark(cells), trend = ~1,
Strauss(r = 0.1))
strauss_model
Stationary Strauss process

First order term: Dbeta = 1138.136
Interaction distance: 0.1
Fitted interaction parameter gamma: 0.0050219

Relevant coefficients:
Interaction
-5.29395

3mech beta - XapaKTEpPUCTHKA TpOIlEcca IMEPBOTO TMOPSAKA;
Interaction distance - paauyc B3aumozeicteus (~0.1). [Tapamerp
B3auMojiecTBusl (cwiia oTTajkuBaHusl) gamma 0.0050219, ero

3HAYCHHE OJIM3KO K HYJIIO WU CBHUACTCILCTBYCT O 3HAYUTCIBHOM
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Pa3peKEHNN LEHTPOB KIETOK, MPAKTHYECKH O MOJHOM HCKIIOUYECHHUH
coceneii Ha pacctosauu 0.1, KOTOpoe NPUOTMHKACTCS K MOJIETH
TBEPJOTO AApA.

2) IlocTtpouM «KOHBEPTBD» MPUHATHS HYJICBOW THIOTE3bI Ha
OocHOBe o1eHoK ¢yHkuuid K(7), L(r), g(r), BbIBeIeM COOTBETCTBYIOIITHE
rpaduku (puc. 54):
kest model <-envelope (strauss_model, fun= Kest,

correction = "Ripley", nsim = 199)
plot(kest model, main="Strauss(r =0 0.1)")

lest_model <- envelope (strauss _model, fun="Lest",
correction = "Ripley", nsim = 199)
lest_model$obs<-lest model$obs-lest modelS$r
lest _model$lo<-lest model$lo-lest modelS$r
lest model$hi<-lest model$hi-lest model$Sr
lest model$mmean< lest model$mmean lest_modelS$r
plot(lest model, main="Strauss(r =0 0.1)",
legendpos="bottomright")
pcf_model <-envelope(strauss _model, fun=pcf,
correction = "Ripley", nsim = 199)
plot(pcf_model, main="Strauss(r =0 0.1)")

AHanM3 TOJy4YeHHBIX TpadUKOB MOKa3bIBaeT (puc. 54), 4To BCe
(GYHKIMH-OIIEHKH MPOCTPAHCTBEHHOTO Pa3MEIICHUS COOBITHI OJIU3KH
HaOJr01aeMbIM (DYHKIIHSIM, BBIYUCIICHHBIM I HCXOJIHOTO TaTTepHa,
HO HE Ha BCEX PACCTOSIHUAX HAXOJSATCS B MpeJesiaX «KOHBEPTOBY, UTO
MOXET OBITh CBSI3aHO C HEMPAaBUJIBHBIM BBIOOPOM paauyca
B3aUMOJICHCTBHS, WM HE COOTBETCTBHEM HCCIEAyeMOro Iporecca
BeIOpanHOW Mogenu Iltpaycca, uto TpeOyeT manpbHEHIIETO
YTOYHEHHUSI.
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Puc. 54. CrulomHast TMHUS - OHeHKH K (r), L(r), g(r) nns TO4EYHOrO

o0pasa IeHTpa KIETOK cpe3a TKaHW. [IyHKTHpHas TMHUS — MOBEACHHUE
¢yHkuuit B cirydae npouecca lltpaycca. Cepast 3anuBKa - «<KOHBEPTHI»
MIPUHATHS HYJIEBOW THUITOTE3bl, TIOJNYyYCHHBIE C TIOoMomblo 199
peanuzanuii npornecca Hltpaycca.
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HPUJIOKEHHUE

my miplot<-function (X, ...)

{
Xname <- deparse (substitute (X))
X <= as.ppp (X)
W <- XSwindow

N <- X$n
if (WStype != "rectangle")
stop ("lyomanka He NpaMOyT'OJibHa -  MHIEKC  He
onpenejyeH")

a <- min(diff (WSxrange), diff (WSyrange))
maxnquad <- floor (a/mean (nndist (X)))
if (maxnquad <= 1)

stop ("HemocTaTouHO Touek njsa TecTa'")
mindex <- numeric (maxnquad)
for (nquad in 1l:maxnqgquad) {

qq <- gquadratcount (X, nquad, nquad)

tt <- as.vector(as.table(gq))

mindex [nquad] <- length(tt) * sum(tt * (tt -

1))/ (N *
(N - 1))

}
quadsize <- diameter (W) / (1:maxnquad)
unitinfo <- summary (unitname (W)) Saxis

plot (quadsize, mindex, xlim = c(0, a), ylim = c(O,
max (mindex) ),
xlab = "ImameTp (mmMaroHaJb) kBazmpaTa'", ylab =
"Vunexc MopucurTe",
main = "", cex = 0.5)
lines (quadsize, mindex)
abline(h = 1, 1lty = 2, col = "red")
legend ("topright", 1ty = c(1, 2), col = c(1, 2),
legend = c("Ilo Habmopnexnmam", "CSR"))
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Yuebnoe usoanue

Teopust NpOCTPAHCTBEHHBIX TOYEYHBIX NMPOLECCOB
B 3a/1a4aX 3KO0JIOTMH M NPHPOIOI0JIb30BAHMSA
(c npuMeHeHneM nakera R):

VYuyeOHoe mmocobdue

Jn3aifH 00JI0KKH
M.A. Axmemos
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