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BBenenne

Bajaun audpaknn 3JeKTPOMArHAUTHBIX BOJH — OJWUH W3 OCHOBHBIX
pa3/1es0B BOJHOBOI aIeKTpoauHaMuKu. lpeanonaraercs, 9To 31eKTpo-
MaTrHUTHAas BOJIHA OT YJIaJeHHOIO UCTOYHMKA HaberaeT Ha, JUdJIeKTpUUe-
CKOE WJIM TTPOBOAAINee Teso. TpedyeTcs HaiTH BO3ZHUKAIOIIEE MPH 3TOM

pacCCedaHHOE JJIEKTPOMAardHuTHOE 110JIE — YXOIAIIINE OT TeJia BOJIHBI.

Maremaruieckasi 10CTaHOBKa, 3a/4a4 JIU(MPaKIMU CBOJUTCSA K CJIE/Ly-
foremy. HyxHo Haiitu pemenusi ypapHenuit Makcpesjia BHe Tejia u
BHYTPU TeJia, €CJAU OHO JUIJIEKTPUUECKOE, YIOBJIECTBOPSIONINE YCIOBH-
sIM COIPsKEeHHMsS Ha I'paHUIax pasjesa cpejl, TPAaHMIHbIM YCJIOBUIM Ha

I'paHUIIaX IIPOBOJAININX TEJ U YCJIOBUAM Ha OCCKOHEYHOCTH.

YcjioBUs CONPSIKEHHMST Ha IpaHUIAX pasjiea cpeji OObITHO CTaBAT-
Cs1 KaK yCJIOBUSI HEIIPEPBIBHOCTH KACATEIBHBIX COCTABJIAIONINX JJIEKTPHU-
YeCKOI'0 M MarHUTHOI'O BEKTOPOB IIOJIHOIO 1oJisi. Ha rpanuiax mnpoBo-
JISAIIAX TeJ JIOJKHBI 00pallaThbCsi B HYJIb KacaTe/bHbIE COCTABJISIIONIAE
9JIEKTprUIeckKoro Bekropa. Popma ycjaoBuii Ha OECKOHEUHOCTH 3aBUCHUT

oT KOHerTHOfI CUTyalluun.

Crporoe obocHOBaHUE METOJOB pelleHus 3aj4ad JudpaKiu Ha, IPO-
BOJIAIIMX TOHKHUX 9KPaHax, 0COOEHHO MPOU3BOJILHONI (POPMbBI, BO3MOXK-
HO C TIPUBJIEICHUEM TEOPHH TICeB10/InbhEpeHITIAIbHBIX OepaTopos |9].
Pemenust ypapuennit MakcBeJia Hy»KHO MCKATh B CHEIUAJIBLHBIX HPO-

CTPaHCTBaX PacCHIpeaesICHU.

B jlanHoit MoHOIpaduu paccMaTpUBaIOTCs TOJLKO HEKOTOPBIE 331491
JnPAKIUU FJIEKTPOMATHUTHBIX BOJIH Ha MPOBOJISIINX TOHKUX SKPAHAX
B IIPEJIIIOJIOKEHNAN, UTO IKPAH PACIOJIOXKEH B KOOPIUHATHON IIJIOCKOCTU
JIEKAPTOBOI CUCTEMBI KOODJIMHAT. DTa IJIOCKOCTH MOXKeT OBITH B 00IIeM
caydae TpaHuIell pasjesa cpeJ.

Mb! ucnosb3yeM MeTo]l JacTHIHBIX objacTeil. BosgHoBoHasT CTPYK-

Typa JEJUTCS Ha JBE YaCTH IJIOCKOCTHIO, B KOTOPOI pasMelleH SKPaH.
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B kakj10if TaKOil 9aCcTH CTPOUTCS IpeJICTaBIeHIe PelleHnil ypaBHeHuil
Maxkcpesia (wiu ypasaerust [ebMrosibiia B JIByMEPHOM CJIydae), CO-
JleprKaliiee Hem3BeCTHBIE 3JIEMEHThI — (DYHKITUU U KOIMDMUITHEHTH UX
Pa3JIOXKEHUST B Psijl. Y PABHEHUST JIJIsl OTIPEJICJICHUsT STUX JIEMEHTOB Bbi-
BOJISITCSI M3 TPAHUIHBIX YCJIOBUI Ha dKPaHEe W YCJIOBUH CONPSIKEHUsT Ha,
OCTABITENCsST YACTU TJIOCKOCTH, Pa3JIe/diolieil 001acTn.

OcHoBHas TieJIb HAIIEro MCCjeoBaHusA — pa3paboTKa METOJIOB CBe-
JIeHNsT KOOPJAMHATHBIX 3324 Ju(PaKIuE 3JIEKTPOMArHUTHBIX BOJIH Ha,
POBOJSINNX IKPAHAX K OCCKOHEUHBIM CHCTEMaM JIMHEHHBIX aJredpan-
YeCKUX YPaBHEHUH OTHOCUTEIHHO KOIDDUITMEHTOB Pa3I0KEHN TOJIeH B
JACTUIHBIX 00JIACTSIX. DTO MOYKHO CIEIATH JTOCTATOTHO MPOCTO, €CJIN HE
3a00TUTHCSA O MaTEMATHICCKON CTPOrocTH paccy:kiennii. Takxke pocTo
MOXKHO CBECTH pacCMaTpuBaeMble 3aa49i JUQPaKIni K THTeIPAJIbHBIM
ypaBHEHUsIM, ecai (pOpMaIbHO IMPOBECTH MaTeMaTUUIECCKUE BLIKJIAIKH.

st obocHOBaHUsT METOJIa, YaCTUYHBIX 0DJIacTell B HAIlIEM CJIydae 10~
TpebOBAJIOCHh BBECTH CIIEINAIhHBIE KJIACCHI 0DODIEHHBIX PENeHnil ypaB-
HEHUIl 3JIEKTPOJMHAMUKNA — OTOOPaXKeHUii, KOTOPbIEe 3HAYCHUSIM IIpPO-
JOJIbHOM MPOCTPAHCTBEHHON MEePEeMEeHHON BOJTHOBOHON CTPYKTYPLI CTa-
BAT B cOOTBeTCTBHE 00001eHHy0 (hyHKnuio. CTanmapTHble IpOCTpaH-
CTBa paCIpe/Ie/ICHNil He BCerjia MPUTOIHbI JIJIsT JJOCTUXKEHNsT TTOCTABJICH-
HOII 11esin. B KauecTBe 000011eHHbIX (DYHKIMI pAaCCMATPUBAIOTCST JIMHET-
Hble (PYHKITMOHAJIbI Ha, MHOYXKECTBAX JIMHEHHBIX KOMOMHAIMI HEKOTOPBIX
0a3uCHBIX (PYHKIM, a TOUYHee, IIOCJeI0BATE/IbHOCTU 3HAUEHUH (DyHK-
IIIOHAJIOB Ha 3TUX (PYHKIMUIX. BuIOOp 0a3MCHBIX (DYHKIINN 3aBUCUT OT

reOMETPUN BOJHOBOJHON CTPYKTYPBHI.

Monorpadus mHammcana B OCHOBHOM IO paboTaM aBTOpa, HEKOTO-
pble pe3yJibTaThl IyOJIUKYIOTCs BliepBbie. B KOHIE KaxK [0 TyIaBbl JAHbI

CCBbIJIKMN Ha HCIIOJIb3OBaHHBIC MCTOYHUKMU.
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1. IIOIIEPEYHDBIE ITEPEI'OPO/IK B BO/JIHOBO/IAX

C METAJIJINMYECKUMU CTEHKAMUA

B neppoii riase moHorpadun paccMaTpuBaIOTCA 3aa491 JuPaKInn
9JIEKTPOMATrHATHBIX BOJIH Ha MONEPETIHBIX 9KpPaHaX B BOJHOBOJAX C Me-
TaJJIMIeCKUMH CTeHKaMu. Ha mpuMepe mpocToil 1ByMepHO# 3aj1ad JiH-
(bpakiuy Ha MOMEPETHOl IepPeropoJike B IJIOCKOM BOJHOBOJIE TIOKA3aHO,
KaK MOXKHO CBeCTH 3ajiauy Jindpakiium K OeCKOHeUHON cucreme JimHed-
Hbix ajarebpandecknx ypashenuii (BCJIAY) orrocuresnnro koabduim-
€HTOB Pa3JI0yKEHUsI HCKOMOI'O I10JIsl 10 COOCTBEHHBIM BOJIHAM C IIOMOII[bIO
MHTErPaJIbHO-CYMMATOPHBIX TOXKJIECTB. AHAJOIHIHBIM METOJOM CBeJe-
ma Kk BCJIAY sagaua nudpaknum Ha 3KpaHe B MPIMOYTOJLHOM BOJI-
Hopojie. IlokazaHo, Kak paclpoCTPaHUThL pa3pabOTaAHHYIO TEXHUKY Ha
BOJIHOBO/IbI TTPOU3BOJILHOIO TIONEPEUYHOI0 CeYeHUsl C METAJJIUICCKUMU

CTEHKaMMU.

I obocnoBanusi Meroja cBejenns 3ajad gudpakiun K BCJIAY
BBEJICHBI CIIeIUaJIbHbIE KJIACChl 000DINEHHBIX (DYHKIUN, KOTOPhIE IPe/I-
CTaBJISIIOT cO0O# MHeHHbIe (DYHKITMOHAJIBI, OIPeeJeHHbIe Ha, TOIX0IsI-
1eM 1pocTpaHcTBe OCHOBHBIX (pynKiuil. Takue obobOIeHHbIe DyHKIMY
OTOXKJIECTBJISAIOTCSI ¢ MTOCTEI0BATEILHOCTSIMIA UX 3HAUYCHIWH Ha OA3MCHDBIX
OCHOBHBIX (DYHKIMsIX. BaskHbie MOHATHsT 1 HEOOXOIMMBbIE OllePaIlii Hal
HUMU BBEJIEHBI 10 aHAJIOTUU C KJACCUIECKOU Teopueil pacupegeaeHuii.
Permrennst ypaBHeHU ¢ YJaCTHBIMU IIPOU3BOIHBIMU, OMUCHIBAIOIIIX IJIEK-
TPOMAIHUTHBIE BOJIHDBI, PACCMATPUBAIOTCS B HMJIMHAPUICCKUX 00JIACTIX
KakK (PYHKIUU [OIEPEIHON KOOPIMHATEI, 3HAYCHUSIMA KOTOPBIX SBJISTIOT-
cst 006001enHble pyHKIMU. Kak ciiejicrBue, yejaoBus 3ajiauu Judpakiinm
Ha IIOIIePEYHBbIX dKPaHaX B 3aKPbIThIX BOJHOBOJAX (POPMYIUPYIOTCS HA
sI3bIKE 0000MeHHbIX GyHKInA HemocpeacTsenno kak BCJIAY, cocros-

mue U3 HECKOJIbKUX TI'DYIIII ypaBHeHHﬁ.



1.1. IlonepeuHada meperopojika B IJIOCKOM BOJIHOBO/JIE

Bajaua qudpakiny JIEKTPOMATHUTHON BOJHBI Ha MOMEPEUHON TOH-
KOW TIPOBOJIAIIEH TIeperopojke B IJIOCKOM BOJIHOBOJIE — OJiHa U3 CaMbIX
IIPOCTHIX 38/1a49 BOJHOBOJHON 3JICKTPOUHAMUKNA.

[Iycts B momepeunoMm cedennum z = () MJIOCKOTO BOJIHOBOJA, Orpa-
HUYEHHOI'O IPOBOJAIIMMHE TJIocKOoCTsiMU = 0, £ = a ¥ 3all0JIHEHHO-
0 OJTHOPO/ITHON M30TPOIHON CpeJioil, pa3MereHa niaeaibHO TTPOBO/IAIIAsT
beckoredHo ToHKast JjeHTa (puc. 1.1). Ha senry (skpan) naberaer ciie-
Ba, COOCTBEHHAs BOJIHA, BOJIHOBO/A. Hy»KHO HalTH BOJIHBI, OTparKeHHBIE

BJIEBO M IIPOILIEAIINE BIIPaBO.

N
— Y
M —5 2
1
«— u N .
—_—
0

Puc. 1.1. ITonepeunasi neperopojika B 1JIOCKOM BOJIHOBOJIE

HpG,Z[HOJIO)KI/IM, 9TO JIEKTPOMAI'HUTHOE I10J1€ 'apMOHHUYIECKHN 3aBUCUT

OT BpeMeHU (e_“‘”j) 1 He 3aBUCHT OT KOOPJMHATHI Y. Kak m3BeCcTHO, B

9TOM cJiydae Jiroboe perieHue ypaBHenuit Makcpesuia siBiasieTcsi ¢y MMOI
perieHuit JIByX pasjindHbiX nojspusaiuit. B ciayuae TM-nossipuzanun

10JIsi HeHyJieBble KoMoHeHThl BekTopos K u H

—1 Ou 1 Ou
Ey=u, Hy=——"-, H.=-—7—-,
wwgph 0z twpp Ox

rje norennuaibias Gynknus u(x, 2) — pemenue ypapuenusi LegbMroin-

1a
*u  O0%*u

53 T g TR u(r.2) =0, K =P,



MGTO,ZLOM pasaeJiCcHuA IIEPEMEHHDBIX JIET'KO HaXOJUTCA PEIICHUE ypaB-

HeHumA FeJIbMFOJIbHa B nosioce 0 < = < a I[Ip¥ I'PaHUYHBIX YCJIOBHAX

u(0,2) =0, u(a,z) = 0:

+00 . .
w(z,2) = 3 [apsin - e 4 by sin g €],

rIe Y, = \/ k? — (mn/a)?, a, n b, — HEKOTOpBIE TTOCTOAHHDIE. Eean yemo-
BUTHCsE, 9TO Re Y, > 0 uim Im 4, > 0, TO 371eMenTapHbIe BOJHBL C AMILIK-
TYJIAMHI (;, WK TIEPEHOCAT S3HEPIUIO B HAIIPABJICHUU OCH 2, WJIN 3aTYXalOT
B 9TOM HAIIPABJICHUH (TaKUe BOJHBI OyJeM HA3BIBATH NOA0NCUMENLHO
OPUEHMUPOSAHHLMU). DIIEMEHTAPHBIE BOJHBI ¢ aMIUIUTYAaMu b, Wi
IIEPEHOCAT SHEPTUIO B IIPOTUBOIOJIOKHOM HAIIPABICHUY, UK 3aTYXAIOT
B 9TOM HAIIPABJICHUU (TaKue BOJIHBI OyJeM HA3bIBATH OMPUUATNEALHO
OPUEHTMUPOBAHHHLMU ).

I[IycThb Ha meperopojky Haberaer cjiesa cOOCTBEHHAs BOJIHA BOJHOBO-
Jla ¢ MOTeHIINAJbHON (DYHKITHe

u’(x, z) = a) sin W—Zx - e,
a

Byjem uckarh norennuaabibie (yHKIMEA BOJIH, YXOJSIINX BJIEBO 1 BIIpa-

BO OT ceuenus z = 0, B Buje

ut(z,2) = 3 apsin—ax - w ui(z,2) = Y b,sin —ax - 7
n=1 a n=1 a

(npejosiaraeTest, YTO PsiJibl CXOJATCH U UX CYMMbI MOXKHO jincdepeH-
IMPOBATH J[Ba Pa3a).

Yacrs orpeska [0, a] ocu z, 3aHATYI0 9KpaHoM, 0603HaIMM Yepe3 M,
a OcTaBlIyIoCcs YacTh orpeska — yepes N . Ha ceuennu Bosnosoja z = 0

JOJI2KHbBI BbIIIOJIHATHCA I'PaHUYIHBbIE YCJIOBUA

u’(x,0) +u(2,0) =0, u*(x,0)=0, z&M,



1 yCJIOBHZA COIIPsAXKEHHN:A Ha N

ou’ ou’ ou’
9 ($70)+§ (z,0) = % (z,0).

3 rpaHUYHBIX yCJIOBUI CJIEIyeT, UTO TEPBOE YCJIOBUE CONMPSKEHUS

u’(z,0) +u'(z,0) = u*(x,0),

JIOJKHO BbLIOJIHATHCst 1pu & € [0, a]. Torya
a?+al:bl, ap, =b,, n#l.

Mckiounm HeM3BeCTHBIE by, W TIOJYUUM NaApHOE CYMMAMOPHOE GyrKyu-

onanrvnoe ypasnernue (IICDY)

. TN . oml
3 a,sin —z = —a)sin —x, € M;
a a
aysin—x =0, zeN, nk=12...
n=1 a

IlepBoe paBeHCTBO — 3TO IIEpBOE IPAHUIHOE YCJIOBHUE, BTOPOE PABEHCTBO

cjaeayeT u3 BTOPOI'o YyCJIOBHsA COIIPAXKEHUA.

Obo3Hayum
. ™ . mk . ™ . wk
L. = /sm —x-sin—ux - dxr, Jy = /Sln —x -sin —x - dx.
iU a a i a a

DT UHTErpaJibl JIETKO BLIUUCIUTD; 3aMeTUM, UTO Jup = Opp a/2 — Iy,
371eCh U JIAJIBIIE O, — CHMBOJ Kponekepa.
Nwmeer mecro unmezpasvho-cymmamopnoe moosicdecmeso (ICT)

7 2 T 1
/ Z Ay, Y SIN —t) (= > —sin T sin @x) dt =
0 n=1 A m=1"Tm a a
+00
= > apsin @aj, z € [0,al (1.1)
n=1 a

(pu yeioBUH, pazyMeeTcs, UTO yIaCTBYIONME B HEM Dbl CXOJISATCS).

3 UCT caenyer, uro na N

Sapsin—z == a,v, >, —sin—zx- L, xeN.
n=1 a a p—= m=1"Tm a
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C apyroit cToponbl, cymma storo psya @ypwe mssectaa wa M (mep-
Bas dactb [ICOVY). Ilepeitnem k pasencrBy koadbdunuento Oypobe u

I[IOJIy9YuM
a 9 +0oo +oo ] 0
_7ak+7za’nfyn Z 7Inm<]mk:afl [lk, k:1,2, (12)
2 a p=1 m=1"Tm

[Tpubnuzkennoe perexue 3Toit 6ECKOHETHONW CUCTEMbBI JIMHEHHBIX aJire0-
pandeckux ypapuenuii (BCJIAY) MoxKHO HafiTH METOJIOM yCedeHus, ec-

JIM OCTaBUTb KOHEYHOE YMCJIO HEM3BECTHBLIX M KOHEIHOE YMUCJIO YpaBHE-

HUIA:
a 2 N M1 0
—iak—i——Zan% > —Lim e =a; Iy, k=1..N.
a p=1 m=1"Tm

3/1ech ecTh JiBa mapaMerpa ycedeHust, HarypaJbabie anciaa N u M.
Bbrancmre/bHbIf 9KCIIEPUMEHT T0Ka3aJl, 9TO UMeeT MECTO CXOJIW-
MOCTH TIOCJef0BaTebHOCTH Tpubmkenunix perennit BCJIAY k Tou-
HoMmy periernto pu N, M — 400. YcTaHOBJIEHO, YTO JOCTATOUYHBIM
YCJIOBUEM JIJIst CXOJIMMOCTH siBjisiercst yeaosue M > N [18], Ho na npax-

Tke Moxker ObiTh 1 M = N, u naxxe M < N.

st obocHOBaHUsI 11epexo/ia OT 3ajaun Judpakiny BOJHbI Ha, HIepe-
ropojike B 1ockoM BostHOBOE K BCJIAY Hy»)HO yOemuThCst B TOM, 9TO
cxogsitest psiabl Oypre B [ICOY u 8 UCT. [deso B ToMm, 9TO psijibl B
IpeJicTaBIeHnAX pemennii ypasaenuit ['enbmromnbia npu 2 < 0wm 2z > 0
COOTBETCTBEHHO CXOJIATCS B CUJTy TOTO, YTO B CYyMMAaX COJCPXKUTCA TOJIb-
KO KOHEYHOE YUCJI0 OCIUJIIMPYIONINUX CJIaraeMblX, a BCe OCTaJIbHbIE CTPe-
MsITCs K HyJIIO 1ipu 2z — £00. Ho BO3MOXKEeH Jiu 1pejiesibHbIN TIepexo/i
npu z — £0?7 B panmpreiineM Mbl MOKaXXeM, 9TO 9TOT BOMPOC CHUMAa-
eTCsI, eCJIM UCKATh PelleHnsl ypaBHeHWs [eJbMTosbla B CHeruaJbHOM

KJ1acce 0DOOIEHHBIX PEIIeHMIA.

B cnyuae TE-nongpuzanuu moJis

1 Ou —1 Ou
. a EZ = - a
wepe 0z Wwepe Ox

Hy=u, FE,=
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re u(z, z) — pelleHue ypaBHeHUs [€JIbMIoJbIa, yJA0BJETBOPSIOIIEe Ha

ou ou
rpanure mojocel 0 < & < a yCJaoBHIM 8—(0,2) = 0, a—(a, z) = 0.
T T
Torna
sy ™ - ™ »
u(z,z) = > |a,cos —x - e "% + b, cos —ux - 7],
n=0 a a

i€ TIOCTOSTHHBIE PACIPOCTPAHEHUST Y, TOYHO TaKHe Ke, KaK B Clydae
TM-nonsipuzanun.
Hrobn! yrpocTuTh hopMyJIbl, HopMupyeMm Oasucubie dpyHKImu. O60-

SHaYUM

co(x) = \}E’ co(r) = \/2/a cos Tx, n # 0.

[Tycth Ha meperopojiky HaberaeT cjeBa coOOCTBEHHAs BOJIHA BOJHOBO-

Jla, ¢ OTEeHIUAJIbHON (pyHKIMed
u(z,2) = a) ¢(x) - ™%, 1#0.

Bynem nckaTh norennuaibHble (DYHKIUN BOJH, YXOISANINX BJIEBO U BIPa-

BO OT cevenust z = 0, B Bujie
+00 ) +00 '
Ul(,’I,’, Z) = Z an, Cn(x) e tmE UQ(]?, Z) _ Z bn cn(x) . ez
n=0 n=0

['panuunbie ycioBus

ou’ ou! ou?
5r B0+ 5 (@0 =0, To(2,0)=0, zeM,
1 YyCJIOBHS COIPsAXKEHUA Ha N
0 1 2
O 0,0+ 0% ,0) = 97 ,0), u(2,0) + (2, 0) = (2, 0)

nator [ICOY (a) —a; = b, —a, =b,, n#l)

+00 T
anYn Cn(x) = a?% Cl(x)7 r e M, Z Qn Cn(x) =0, we N
n=0 n=0
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C mOMOIIbIO WHTErPaJIbHO-CyMMaTOPHOTro ToX/ecTBa (2 € [0, a))

4 400 +00 +00
/( Z() an cn(t)) ( ZO Y Cm(t) em(z)) dt = Zo Y Cn (), (1.3)
0 n— m= n=
BoiBojuTcst BCJTAY
+00 +00 0
arYe — > An > Y Ly Ik = a; i Ly, kK =0,1,..., (1.4)
n=0 m=0
rie
I = /cn(x) cp(z)dx, Jp = /cn(x) c(x)der, n,k=0,1,...
M N

BbrauciuTebHbII 9KCIIEpUMEHT [TOKA3aJI, UTO PH TeX »Ke 3HAUCHUAX
mapameTpoB ycedenus npuOsmxkenaoe pemienre BCJIAY (1.4) nmomyqa-
eTcsi HEMHOIO MeHee TovHoe, deM B ciydae BCJIAY (1.2).

Kaxk omnpejiesnThb, NpaBUabHO JIU HAWAEHO NPUOJINXKEHHOE pelleHne
zasiaun Jiudppakimu? MoKHO IPOBEPUTH, BBIIOJHEHBI JIK CJIC/IYOITHIe
YCJIOBHSI:

1) enympennan crodumocmsv: pe3ynbTaThl BBITUCICHU TOJKHBI ObITH
crabuibibl ipuy M, N — +00 ;

2) npedeavhvie CAYUAU: €CAM JIEHTa 3aHUMAET BCE CeYeHHe BOJHOBOJA
WM, HA0DOPOT, MPAKTUIECKN HE3aMETHA, ... |

3) 3aK0H COTPAMEHUA INEP2UL: CKOJTHKO SHEPTUH MPUIILIO ¢ Haberaroeit
Ha TIEePEropojiKy BOJIHOM, CTOJIBKO B CYMMe JIOJI?)KHO YHTH BIPABO U BJIe-
BO;

4) yeaosue na memanne: Ha JEHTE JIOJKHA ObITH PABHBI HYJIIO KaCATe  h-
HBIE COCTABJISIIONINE SJIEKTPUIECKOTO BEKTOPA, TOJHOIO TOJIS.

MenHO 1OC/e/iHee ycjaoBue camoe BaxXHO. Bce ocrajibHbIE YCJIOBUA
TPAHUTHON 3a1a 1 OY/IyT BBIMOJHEHDI JJIs1 JTI0O0r0 HabOpa Iuces a,, (ec-

JIM CXOJIUTCA PsAJL B IIPEACTABJICHUN peLHGHI/IH>.

OrMmernM, 9TO HHTErpaJbHO-CyMMaTOpHbIe TokaecTBa (1.1) u (1.2)

IPEJICTABIISIOT cODO0M HEOOXOIUMbBIE U JIOCTATOUHbBIE YCIOBUST Pa3peIn-
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MOCTH nepeonpedmeu%m:l: ePaHUYHBLT s3aday JAJIAd YpaBHEHN A ['esibMroJib-

IIa B IIOJIYIIOJIOCE, IIOCKOJIbKY OHH YyCTaHaBJ/IMBAIOT CBA3b JJIA IIPEICJIb-

gZ(w, 0) na

cpese I10JIOCHI. P&SYMGGTCH, I[IpH COOTBETCTBYIOIUX I'DAHWYIHbLIX YCJIOBU-

HbIX 3HadeHuit ero pemiennii ug(x) = u(x,0) u wy(z) =

gax upu ¢ = 0 u x = a. JIng opuenTupoBanHbIx perennit pynkimm ug ()

u uq () He MOryT ObITh 33JlaHbI IPOU3BOJILHO.

flcHo, 9TO B ceYeHUM BOJIHOBOJIA MOXKET OBITH pa3MeIleHO HEeCKOJILKO
TOHKIX IPOBOJIANINX JIEHT U, CJIeJ0BATEILHO, MHOroobpasue M Moxker
COCTOSTH M3 HECKOJBKUX HEIEPeCeKaIoIMXcsa OTPe3KoB. B aToM ciydae
CTAHOBATCS CJIOXKHEE BbIPaskKeHusi UHTerpasioB L, u Jyi, Ho Bujg BCJIAY

3aj1a4 JuppaKkIn He MEHsIeTCH.

1.2. O60011eHHbIe (DYHKIINN HA OTPE3KE

[t 060CHOBaHMST TEXHUKH, C TIOMOIIBIO KOTOPO# B IIPEJIBIIYIIIEM OBLIT
OCYIIECTBJIEH Tepexo oT rpanndHoil 3ajadu jgudpakiun Kk BCJIAY,
MOCTPOUM CIIeIaJIbHbIE KJIacChl 0D0DIEHHBIX (PYHKITUIA.

OyHKIIKI

sp(x) = \/2/asin7r—m, n=12...

a

00pa3yioT OPTOHOPMUPOBaHHYIO cucreMmy dyHKImi Ha orpeske [0, al.
BribepeM B KauecTBe IPOCTPAHCTBA OCHOBHBIX (DYHKIINI JTMHEHHOE IPOo-
crpancrso C3[0, a] msax bl quddepennupyeMbix ByHKIM Ha 3TOM OT-
pesKe, paBHBIX HYJIIO Ha ero Koumax. I1o reopeme Crekiiosa obast Takast
(byHKIMs pazjiaraercs B PaBHOMEDPHO CXOJANIMNACS Psiji 110 (PYHKIMSIM
sn(1). Cnegoparensho, Gynximn s,(z) — 6asuc npocrpancrsa C3[0, al.

Obobwennvie gynryuu (nanee — o.d.) onpejesnM Kak JMHEHHbIE
dbyukimonan Ha npocTpancTie ocHoHbX dynkiuit CZ[0, a]. Kaxpiit
TAKON JIMHEHHbIN (PYHKIIMOHAJ f[] OJIHO3HAYHO OIIPEJIe/IsieTCsi HabopOM
ancen fr, = flsn(+)], n = 1,2,.... TlosToMy 0.d. OTOXKIECTBISIOTCA C

MOCIEOBATEIHLHOCTSIMIA UGN fi,.
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Unrerpupyemoii wa [0, a] dyukuuu f(-) coorBercTByer mocieoBa-

TEJIbHOCTD ee K03 duiinenToB Pypbe OTHOCUTEJIBHO CUCTEMbI (DYHKITHI

sp(T):

fn=7f(x)sn(x)dx, n=12...
0

O.d. Oynem Has3bIBATHL pe2yAApHOTU, €Cin ducia f, — KOIDPUIUEHTHI
Oypbe 00bIYHOM (DYHKIUU, KOTOpas pasJjaraercs B psaji Pypbe.
IIpencrasienne o.¢d. B Buje (hopMaJbLHOTO Psijia

BCET0O JIMIIDL JIAeT CIUCOK OA3MCHLIX OCHOBHBIX (DYHKIWI U 3HAYCHUN
0.(p. Ha Hux. Eciu psiji CXOAUTCs, TO UMEEM PeryJisipHyio 0D000IIEHHYIO
byHKIMIO.

AcHo, 9T0 MHOXKECTBO 0.(h. — JIMHEHHOE IIPOCTPAHCTBO ¢ OUE€BHUIHBIMK
OIepaINsIMKI CJIOXKEHUS U YMHOXKEHUS Ha, THCJIO.

Obobuwennvie npoussodusvie 0.(p. ONMPEIETUM CIEAYIONUM 00Pa30M.
Eciu f() — apaxapl quddepeniupyemas na [0, a] dyunxius u f(0) =
0, f(a)=0, 10

/af"(a:) $p(x) doe = —(T)2/af(x) sy () d.

[Tosromy tpousso,inoit 0.d. f[-] 6mopozo nopadka nazosem rakyio o.d.
gl:], auist koropoii

NI
glsal)] = =) flsn)] Yn=1,2,...
st Hammx meseit 3Toro goctaTodHo. [Ipon3BogHbIE YETHOIO MOPSIIKA

OIIPEACJIAOTCA 110 MHAYKIINK, a BOT IIPOU3BOJHBIX HEYECTHOI'O IIOPAKaA U

HET BOBCE.

Bynem rosoputs, 1To nocnegosarebnocts 0.¢. fj[-] cxomures mpu
Jj — 400 K 0.d. f[], eciu st Kaxk10it ocHOBHO# hyHKIMN ¢(+) TUCIO-
Bast mocyenoBaTenbHocTh fi[¢(+)] exonurea x wncay flo(-)]. Ipn atom
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JIOCTATOYHO PacCMaTpUBATh TOJNLKO (DYHKIUHU Sp(+) Cpejid BCeX OCHOB-
npix bynknuit u3 CF0,a]. Eciu 3a1an0 napaMeTrpudeckoe ceMeicTBo
o0.d. fu]], a— napamerp, To npeseNbLHBII IEPEXo 10 IapaMeTpy Olpe-

JICJIAETC TAKUM K€ CIIOCOOOM.

Hee o.d. f[-] u g[-] pasubl, ecniu f[s,(-)] = g[sn(-)] mpu Bcex n =
1,2,... (wmm npocro f, =¢gn, n=1,2,...) Ho, Kak u B Kj1accuueckoii
TEOPUN PACHpelesIeHuii, 3Ha4enus 0.Q. B OTIEIbHBIX TOUYKAX OTPE3Ka,
[0, a] He onpejiesienb.

[TycTs oTpesok [0, a] cocront u3z nByx uacreit M u N. B nanbneiimem
Ba)KHYIO POJIb OyIyT UIpaTh HADOPHI HAOOPHI THCET
L = /Sn(x) sm(x) de u Jy, = /sn(x) Sm(x)dz, n,m=1,2,...,

M N
KOTOPBIE YK€ UCIOJIb30BAJIUCH PAHbIIE, TOJILKO 0e3 HOPMUPOBKHU Ha3uc-
HBIX (DYHKIMIA. DTU MHTErPaJbl JIEMKO BLIUUCINTL, OHU IIPOCTO BhIPa-
YKAIOTCsT APYT depe3 apyra: Jnm = Opm — Lum.
Bynem rosoputs, uto o.d. f[-] =0 na N, ecin

+00
> Jumfm=0 ¥Yn=1,2,...
m=1

(bostee TOUHO, €CJIM BCe AT PsiJIbl CXOJSITCA W WX CyMMbl DABHbI HYJIIO)

nJi, 9TO OJHO U TO 2Ke,
+00
m=1

[Tosichum cmbics Takoro onpejesenus. Ecau f[-] — peryusiprast 0..

u f(-) =0mna N, o
f(x) = +XO:O fm Spm(x); rae fm = /f(l’) QOm(ZC) dx.
m=1 M

Torna

Fo= [(3 fuon() 50(&) do = 3 fo o

M m=1
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Anajioruuno onpesessgerca paBencTso Apyx o.¢. na N wim ma M.

Jlerko Bupets, urto ecau f[-] = g[-] na N u ma M, to f, = gn
Vn=1,2,...

Hakouer, 6yjiem rosoputh, uro 0.¢. f[-] upunumaer na M rakue xe

3HAueHUs1, Kak U 00bluHast pyHKIMst g(-), eciiu

fn:/g(SC)Sn(LU) de, n=12,...
M

WM eClu fr, = gp, TAe g[-] — perynsipaas o.¢., KOTOpasi COOTBETCTBYET
obObraHOM dyHKIMEI ¢(+), JOONpPEIEIeHHON HyIeM J10 Bcero orpeska [0, a).

[TpocTpancTBOo 0000IIEHHBIX (DYHKIIMI 00pa3yloT Tak:Ke JIMHEHHbIe
bynxmmonans na mpocrpanctse bynxmuit C7[0, a], KoTOpoe COCTOUT
u3 JBax bl juddepennupyembix Ha orpeske [0,a] dyHkiumit, nepsbie
TPOM3BOIHBIE KOTOPHIX 00PAIIAiOTCs B HyJb Ha KOHIAX OTPe3Ka. Da-
suc B npocrpanctse C?[0, a] obpasytor dbynkmun ¢, (), onpepesennbie
B IIpEeJIbLIYINEM IIyHKTe. B 9ToM ciiydae ocHOBHBIE CBOMCTBa 0.(. Takue

Ke, KaK ¥ paHblIIe.

1.3. O60011eHHbIE pPeNIeHnusd 3aaa491 And PaKIuT

Bynem uckars perenust ypasaenust [ebMrosbiia B mosoce 0 < x < a
npu z < 0w npu z > 0 Kak QYHKIMU apryMeHTa 2, 3HAYCHUAME KOTO-
PbIX SABJISIOTCA 0000IEHHbIE (DYHKIIMKU M3 IPOCTPAHCTB, MOCTPOCHHBIX
B nm.1.2. Takue orobpasxenus u'[-](-) n w?[](-) wacro naswiaror ab-
cmparmnomu pynkyuamu (a.d.). Ux caedw (mpepenvible 3HadTeHns)
npu 2 — 0 Gyaem oboznauars ud|-] n ud[-]. Ipeaenbublii mepexos momu-
MaeTcsi B 000DIIEHHOM CMBICJIE.

st onpesenennoct paccMorpuM ciydait TM-nossipuzanum 1moJisi.
[Tpu dbukcuposantom z snavenus u'[-](z) u u?[-](2) na ocnosmoit hyHk-

nuu S,(+) ecrob u}l = ap,e'™ u u% = b, e "%, IlepeiiieM K 1pejieny

npu z — 0 u nosyuum u, = a, u ul, = b,. Takum ob6pazoM, ciiesibl

(o6obmmenmbIe mpeaes) dynxmuit ul(z, 2) 1 u?(x, 2) na cevennu z = 0
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nosiockl 0 < o < a gByArTCd 00001eHHbIMU QYyHKIUAMU. Cliejibl Ipo-
M3BOAHLIX 10 2z dbyukmuit ul(x, 2) u u*(x, 2) na cedenun z = 0 nosoCH
TaKXKe ABJSIIOTCS 0.(p. CO 3HATCHUSAMU
u%n = =iV, Gy, W u%n = 1Y, by

Sagauy mudpakiun TM-moisgpr30BaHHOM 9JIEKTPOMArHUTHO! BOJIHbI
B IIJIOCKOM BOJIHOBOJIE Ha, IOIIEPETHOM 9KPaHe IOCTaABUM CJIELYIOIIM 00-
pasom. IIyers u'(z, z) — norennuanbias GyHKINA BOJHBI OT BHENTHETO
HUCTOYHMKA. Kcim 9ra BoJIHA COCTOMT M3 KOHEUHOTO THCJIa MOJ, TO €e
cienpl Ha cedennn z = () SIBJISIOTCS OOBIYHBIME (DYHKITASIMU,

Hy»xmo maiiTu 0000IeHHbIe pellenns ypaBHenns: [ ebMroibiia,

ul[](+) m w?[-](+), ynosnersopsioniue rpaHUIHBIM YCIOBUSM U YCJIOBHSM

COTPSAKEHUST
upl] +ugl] =0, wl]+ug[] =0 ma M,
ul] =g, wl]=uil] na N

Bnech uy[-] — o.d., copnanatomast ¢ byuknueit u)(-) na M u pasuas
myso Ha N

Tax kax uj[-] = w3[-] u na N, u na M, 10, Bo-1epBLIX, @, = b, Vn =
1,2,... Bo-sropuix, ui[-] = —u?[-]. Cnenosarensuo, uil-] = u}[] = 0 na
N.

Urak, jijisi onpejeseHuss HEU3BECTHBIX KOI(DPUIMEHTOB @, UMeeM

IpaHUYIHbIE YCJIOBUS Ha SA3BbIKE 0DOOIEHHBIX (PYHKITNIA:
ugl-] = —up[] ma M, ui[]=0 ma N,
DTHU yCJIOBUS UMEIOT BHUJI

+00
ak—kug’k: > JemGm, kE=1,2,...

m=1

+00
Y Om = > L Y Gy, m=1,2,...

n=1
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Mbr nonyammun BCJIAY nis onpenenenns K03 GUINEHTOB @, KOTOPasi

COCTOUT U3 JIByX I'DYII YPABHEHUIA.

Ecte gsa npeobpazosanusi BCJIAY (1.5), koropble, Kak KayKeTcs,
"Basoe" cokparaor unciio ypapaennii. B npaBbie qacTu mepBoii Ipy b
ypaBHEHWI MOXKHO MOJCTABUTHL BBLIPAXKEHUSI d,,, KOTOPbIE HajiJleHbl U3

BTOpO#t rpytibl ypapaennii. Torjga nmeem BCJTAY

“+00 +00 1 0
—ar+ > anYn Y — Lo Jkm =ugy, k=1,2,... (1.6)
n=1 m=1 Tm

Daxruaeckn 910 To Ke camoe, uto u BCJIAY (1.2), HO TosBKO TIO-
cJie HOpMUPOBKU OaszucHbIX pyHkiuit. Ecin ke B 11paBble 4acTu BTOPOi
IPYIIbI YPABHEHUH TOJICTABUTH BBIPAXKEHUS @Gy, KOTOPbIE HaliJIeHbI U3

[IePBOI IPYNILI YPABHEHU, TO TTOJIYYIUM

+00 400 400
fymam_ Z Am Z,yn Jnm[mn — Z Jnmugh(), m = 1,2,... (17)
m=1 n=1 m=1

Ora BCJIAY noxoxa na BCJIAY (1.4), Ho 31ech Kak Obl OMEHSIIUCH
mecramu gactu M u N orpeska [0, al.

BolraucmurebHbI 9KCIIEPUMEHT MOKa3aJ/, 4TO MPUOJIMKEHHbIE perie-
nust BCJIAY (1.6) u (1.7), najijieHHBIE METOIOM YCEUEHUsI, OU€HD MOXO-
x)u. [Ipn anajquse pesyabTaToB CUeTa YCTAHOBJIEHO, UTO B TEPBOM CJTy-
gae 60J1ee TOUHO BLIIOJIHEHbI yejioBus Ha M, a BO BropoMm ciryuae boJiee

TOYHO BhINOJHeHb! yeaosus Ha N . Jajium obbscnenue aromy spdexry.

[Tycrs 6eckoneunnie marpulibl A u B cocrasiienbl U3 371eMeHTOB Iy, n
Jimn COOTBETCTBEHHO. DTU MATPHUILBI ONPEIEISIOT JIMHEHHBIE OTlepaTOpPbl
B JINHEHHOM IPOCTPAHCTBE YUCJOBBIX MOCEI0OBATEILHOCTEI].

Jlerko mpoBepuTh, UTO

+00 +00
Z Inm Imk = [nk:7 Z Jnm Jmk = Jnka vna k= 17 27 s
m=1

m=1
CuenoBarennno, A u B — nonoaHuTeabbple Ipyr K APYyry OPTOrOHA b
HBIE TPOEKTOPLI, TO ecth A2 = A, B> = Bu A+ B = I (I — ejuunanblii
omeparop), a Takxke AB =0, BA = 0.
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Bejiem obosnauenus jijisi GeCKOHEUHbIX BEKTOPOB: U = (ay, ag, - . .)

nu = (ugy, ug,, -..) Iycrs Takxke C' — qHArOHANLHAS MATDHIA U3
9JIEMEHTOB 71, Y2, - . .. LOJIa ypaBHEHUsI JIJisl ONPEJIeJICHUs] U UMEIOT B

) 725 Ha yp pas pen Al

uw=Bu— Au’, u=C1ACu. (1.8)

Bamernm, uto oneparopsl CLAC w C~1BC rtakke sBIAIOTCSA JOMOJ-
HUTEJIbHBIMU JIPYT K JPYTY OPTOTOHAJbHBIME IIPOEKTOPAMHU.

Ecnu npasyto gactb Broporo ypasraernus (1.8) mojcTaBuTh B MpaByto
9acTh MEpBOrO ypaBHeHust BMecTo u, 10 nojxyanm BCJIAY (1.6) B ome-
paTopHoit (popme

u= BC 'ACu — Au’. (1.9)

fcno, uro ecam u — perienne ypasuenuii (1.8), To u — perienue ypas-
wernus (1.9). ITycrs reneps u — pemenue ypasuenust (1.9). Ilpumenum
onepaTop A u nmoayunm Au = —Au’. Ho eciau npumenum onepartop B,
1o moyunM Bu = BO ' ACu Bmecro u = C~1ACu.

AHaJoOruuHO, ecau mpaByio YacTh mepBoro ypashenus (1.8) momcra-

BUTHb B IIPABYIO 4aCTh BTOPOI'O YpaBHEHUS BMECTO U, TO
w=C"ACBu — C*AC AW, (1.10)

[lonnoil sKBUBaJIEHTHOCTHI NCXOJHBIM JIBYM YpaBHEHUAM OIIATH HET.

Yrobw! yuecTh BCIO MH(MOPMAIINIO, COJEPKAIILYIOCT B UCXOIHBIX YPaB-
HEHUsIX, IoTpedbyeM, 4ToObl ObLiia MUHUMAJILHON HEBsI3Ka 110 BCEM STUM

ypaBHEHUSIM. 3alHIIeM 3TO yciaoBue "B KoopauHaTax':

+00, +00 0 2 +00, +00 2

|3 Tontm + 6]+ 3| 52 Jentnctn| = min.
k=1'm=1 k=1'm=1

[IpupaBusiem HyII0 IPOU3BOAHLIE 1TO a4, U moaydnm BCJIAY

—+00

400 +00 100
S S Tondin + X JemVminTa)am = = X Ity k=1,2,...
m=1"k=1 k=1 k=1
(1.11)
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[Ipubmmxennoe pemenne sroit BCJIAY npu TakoMm ke mopsijke ycede-
nus, aro u B caydae BCJIAY (1.6) u (1.7), naeT camblii TOUHBIH pe3yTh-
TAT.

Bo3MOXKHO, TOYHOCTH BBIYMCJICHUH MOXKHO YBEJUYHUTH, €CJn Oparhb
pasHoe KosimuecTBo ypaHenuii u3 jasyx rpynn BCJIAY (1.5) no anado-
TUE C TeM, KaK 9TO Jiesiaercsd B |13] mpu perennn 3a/1a4u 0 pa3BeTBICHAH
ILJIOCKOTO BOJIHOBOJIA.

1.4. 9kpaH B MIPIMOYTOJIbHOM BOJTHOBO/IE

HyCTb Hp?{MOYFOJIbeIfI BOJIHOBO/I, C ME€TAJIJIMYECCKUMHN CTCHKaMHU UME-

et ceuenne 0 < r < a, 0 < y < b. Obo3naunm, Kak paHblIIe,

st(x) = \/2/asinm;$, s’ (z) = \/2/bsin 7ﬂbm:7 n=12,...,

oo (,y) = st (@) Sh(y), @i (z,y) = () sh(y),
o (,y) = st (@) A y), o (z,y) = d(x) d(y).

3/1ecb U JaJibllle B CyMMax HHJEKCHI 1M ¥ M U3MEHSIOTCS TaK, YTOObI

y dbynxmmit ¢ (), s°(y) ungekcsl 6B HATYPATLHBIME THCIAMHE, & Y

bynkuuit ¢ (z), b (y) nonyckaiores Hynesble 3HAYCHUs] MHICKCOB, HO
HE OJIHOBPEMEHHO.

Kaxk u3BecTHO, B IPSIMOYTOJILHOM BOJIHOBO/IE JIIOOast BOJIHA IIPEJICTaB-
asieT coboii CyMMy BOJIH PasiMYHBLIX moJsipusanuii. Jlrobas HeopuenTy-

poBaHHasi TM-BoJjiHa uMeeT KOMIIOHEHTbI

E. =Y (amn €% + by e ) 055 (2,y), H, =0,

m,n
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ﬂ; z;mn ™m

mn

(€ — by =) 5 (04

VYm TN , »
Z 52mn T (amn e'mn® — bmn € Wmnz) Sosmcn(xa y)>
m,n
—zwaos ™
B n;z b (am” eWng + b mn € @’Ymnz) @iin(% y)a
WEYE ™M

Hy = 02 a
m,n mn

re 02, = (mm/a)? + (7n/b)* u amn, bpp — HEKOTODBIE MOCTOAHHLIE.

(amn e’ mn* 4 b € wng) Somn(x Y),

KowmnonenTs! HeopuenTupoBanuoii T E-BoaHbI

m,n
E, = 82 b (Con €7+ i €7777) O30 (2, 1),
m,n
w mwm
Ey = 5MOM (Cmn ewmnz + dmn € Z’Ymnz) Spffin(x7 y)7
m,n
H, nymn AL (Cmn etmn? A efi’ymnz) (lpfrfn(x7 y)’
m,n mn
—1Ymn TN ; —1
Hy Z 02 - b (Cmn et — dpp € Z’Ymnz) (pfrsm(:m y)
m,n mn

JLtst BOJTH TOJIOXKHUTEIBLHON opueHTalun by, = 0 1 711 BOJIH OTpHIa-
TeJILHON OPUEHTAINN (ypy = 0.

Paccmorpum 3aj1auy Jaudpakiiuy COOCTBEHHON BOJIHBI IPSIMOYTOJIb-
HOT'O BOJIHOBOJIA, Haberaomeil Ha s3kpan M, pa3Memennnlii B IJIOCKOCTH

= 0, u3 obsactu z < 0 (puc. 1.2). [Iycrs a1y Bosny obpasyer napa
BOJTH paziudHoii nossipusaiuu. Ha skpane M J0/KHBI OBITH paBHBI
HYJ10 (€ KaXKJI0if CTOPOHBI 9KpaHa) KacaTejbHble COCTABISIONINE BEK-
topa E nojnoro nonsd, To ectb komunonentnl I, n E,. Ha skpane n
Ha ero jonojuenun N JI0 HOJHOrO CedeHusl BOJHOBOJA JIOJKHBI OBIThH

HEeIIpEPbIBHLI KaCaTeJIbHbLIE COCTaBJIAIOININE BEKTOPA E u kacareabuble
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cocrapJigornue Bekropa H. Chopmynupyem 5Tu ycjioBus Ha A3bIKE CJie-

JIOB ODODIIEHHBIX PEIeHNI.

e

Ve

7
7

l

e —————
7

e
7
7
Ve
7

7
R R ——

7

Puc. 1.2. 9xpaH B IpsiMOyI'OJIbHOM BOJIHOBO/IE

Hy>kHo ompejesnTsh deTbipe MPOCTPAHCTBA OCHOBHBIX (DYHKIIWIA W,
CJIeJIOBATE/IbHO, YeTbipe HpocTpaHcTBa 00001eHHbIx dyHKuni. [Iycrsb

IIPOCTPAHCTBA OCHOBHBIX (DYHKIMiIT 00pa3yioT JiMHeiiHble KOMOMHAIMN

SS

bynxmmit o, (2,y), @i (@,y), e (@,y) n ep, (2, y). Tipocrpancrsa
00001menHbIX (DYHKIM, KOTOpble MBI OyneMm obosnadars S5, C'S, SC

u CC, obpasytor juHelHble (DYHKIINOHAIBI Ha COOTBETCTBYIOIIMX MPO-

cTpaHCTBaX OCHOBHBIX (hyHKIuMil, 3Hauenus Gynkuuonata f|-] € SS na

S8

byuknuu @2 (+), nanpumep, O6yjem obosuavars f57 .

Omneparun uddepeHnupoBanmst OMPEIeInM CJISAYIONIM 00PaA30OM.
IIpu nuddepennupoBanun 0.¢. MepPexosuT U3 OJHOIO IPOCTPAHCTBA, B
npyroe. uddepennupoBanne 1Mo T CBOJUTCA K IEPEBLIUNCICHAIO 3HAa-

YeHuit 0.¢p. Ha OCHOBHBIX (PYHKIIUAX 110 IIPABUILY:

Of \es _ M o gss_ T s
(%)mn - a mn’ (ax)mn - a mn’
Of e _ M o g se T ree

(%)mn - a mn? (ax)mn - a mn-*

Anajiornano BoinostageTcs quddepeHnupoBatme mo .
CunenoBarebHo, 0000IIeHHBIE TIpeiesibl pu 2z — (0 u3 obsactu z >

0 KacaTeJbHBIX COCTaBJIAIOIIUX TIOJIA IMOJO2KUTEJIBbHO OpHeHTI/IpOBaHHOﬁ
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BOJIHBI COCTOAT M3 JBYX CJIal'a€MbIX:

(E )cs _ Zf)/mn ™m a —ZW/LO/,L @

mn a mn
(E )sc — Z’Ymn @ Zwluolu’ Tm c

mn mn a

(H,)% = —UWEGE TN — Yo T
mn mn a

()= = WEGE MM —Ymn TN
mn mn

YesioBusi paBeHCTBa HYJIIO Ha 9acTsax npsmoyrodbhnka [0, al x [0, b]
JUisl 0000IIEHHON (PYHKIMHU OIpPEJIeJIMM TOYHO TaK »Ke, KaK paHbllle B
ciaydae orpeska. IlycTh mjs Kaxkaoro m3 deTbipex MpPOCTPAHCTB O.d.

(BepxHEE UHJIEKCHI HE THIIEM)

Imnpq — / @mn(xa y) @pq(xa y) dx dy7
M

Jmnpq — /Spmn(xa y) gppq(xa y) dx dya
N

3J1eCh Pmn (T, y) — GasucHble QYHKIME pacCMaTpUBAEMOTO MPOCTPaH-
cria. Ilo onpenenennio o.d. f[-] =0 na N, econ (o amajgorun ¢ oHO-

MEPHBIM CJTyIaeM)

Z Jmnpq fmn =0 vpaq njan qu - Z Imnpq fmn vp)Q

Kak un B ciiydae 3ajiaun qudpakiuu Ha SKpaHe B TJIOCKOM BOJIHOBO-
Jie, 3aga9a JUMpakIu COOCTBEHHOM BOJIHBI TPSIMOYTOJTLHOTO BOJTHOBO/IA
Ha, MTOTIEPETHOM TOHKOM TIpOBOJIsIIeM 3kpane M npu z = 0 cBomuTCs
K OJIHOCTOPOHHEH IpaHuydHON 3ajiade st obsactu 2z < 0 (uiam jist 06-
gpactu z > 0). YesaoBust 910i 3aa1m chOpPMyIUpYeM Ha sI3bIKE CJIEJI0B

00O00IIIEHHBIX PeIeHuit:
Eg,o['] - _E;,O[']u ES,OH = —E;,O[-] =0 ma M,
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H$70[.:| — 07 H?}70[' — 0 Ha N

Takum obpaszoM, nmMeeM OECKOHEUHYIO CUCTEMY JIMHEHHBIX ajrebpaunde-

CKUX ypaBHEHUI

[ Ymn TM Wit ™7

n;llﬁfnpq 52 “a Amn — W D Cmn | = _(Eg,())]c)f] Vp, q,
5 L[ o+ S5 T | < () Vi
| | (1.12)
2 Jﬁfnpq[ugg zg an (n % S | =0 Vg,
2 g {Z;: W;n (i — % an Con| =0 ¥p,4,

COCTOSIIIYIO M3 YeThbIpEeX TPYII yPaBHEHUH OTHOCHUTENHLHO JIBYX TPYIII
HeU3BECTHBIX KO3 duimeHToB. OXKUJACTCA, YTO MPH UYUCICHHBIX pac-
yeTax 11eJ1ecoo0pa3HO UCKATh MUHUMYM HEBSI3KHU 110 BCEM yPABHEHUSIM,

pomtemuM B ycedennyio CJIAY.

1.5. CobcTBEeHHBIE BOJIHBI BOJTHOBOJIA

IIPpOM3BOJIBHOI'O C€Ye€HMUA

Ec/in rpanuia BOJIHOBOJIA UJIM PE30HATOPA HE SIBJISIETCS KOOPJIMHAT-
HOI TIOBEPXHOCTHIO, TO MCKATH COOCTBEHHBIE BOJIHBI METOJIOM pa3Jiesie-
HUs IIepeMeHHbIX He mojydaeTcs. Mbl mokaxkeM, KakK 9TO MOXKHO ¢JieJIaTh
C MOMOIIBIO PA3JIOKEHUIT MCKOMBIX PEIICHUil B PsAJibl MO JIBYM CHUCTe-
MaM (PYHKIUH, OPTOrOHAJBHBIX Ha IMOIEPETHOM CeYeHUH BOJIHOBOIHOM
CTPYKTYPHI.

ByneMm uckarh HeHyIeBble pelenns ypapaennii Makcsesia, 11 KOM-
IJIEKCHBIX aMILIATY/] B IUJIAHIPUIECKON 00IaCcTH, 3aIl0JHEHHONE OJIHO-

POJTHON M3OTPOIHON Cpenoit

23



OH. OH, 0E. OE,

~ T — e B, — — = iwpop H,,
3y 9% WEYE By . Wwhopt
oH, OH, , O£, OE, .

oz @ e Ey 0z ox | HOH Hy
oOH, OH 0E, OF

I dy WWEWE L, Oz dy W

[Tyctb och 2 siBJISIETCS TPOJIOBLHON OCh IUJIMHIPUYECKOH 00J1acTh U
I'PAHUIA TOTEPETHOTO CeUeHUs ITOi 00J1aCTH OrpaHnIeHa KYyCOTHO TJI1a1-
KAM KOHTYPOM, KOTODbIii ONMUCHIBaeTCS ypaBHeHusmu © = z(t), y =
y(t). Torga kacaresibHast K KoHTYpy — 910 Bekrop (2'(t), ¥/(t)) u Hop-
MaJlb K KOHTYpY — 910 Bektop (—%'(t), 2'(t)) (B nomnepednoii riocko-
CTH).

Ha meTa/yinueckux cTeHKax BOJTHOBOJ/A JIOCTATOYHO 33/1aTh YCJIOBHUE:
KacaTeJbHbIe COCTaBJAONIne BeKTopa I paubl nymo. Ho, kak m3Bect-
HO, HOpMaJibHas cocTaBJisionias BekTopa H rakke jjo/pKHa ObITh PaBHA
HYJII0. Y100HO MCIIOJIb30BaTh BCE HEOOXO/IMMbIE IPAHUYHbBIE YCJIOBUS JIJIsT

ypaBHenuit Makcsesia B IUJIMHIPUIECKOH 00IaCTH:

E.=0, 2Z/(t)E,+y'(t)E, =0, —y'(t)H,+2'(t)H,=0.

Byjewm uconib3oBarh jiBa Habopa cOOCTBEHHBIX (PYHKIUI orepaTopa
Jlamiaca, yJIOBJIETBOPSIIONIUX PA3HbIM I'PAHUYHBIM YCJIOBUSIM U OPTOI'O-

HaJIbHBIX Ha IIOIIEPEYHOM CEYECHUU HI/IJII/IHILqueCKOﬁ obacru:

¢m($>y)7 m=0,1,... ‘ Awm‘Fmem:Oa ¢m|C: 0,
1,
om(z,y), m=0,1,... | Agn+ Anem=0, af|0: 0.

HOK&)KGM, qTO KaCaTeJIbHBIE COCTABJIAIOININE JIEKTPOMAlrHUTHOI'O 110-

Jisl B MUJINHIPUYIECKOH 00J1aCTH UMEIOT BT

+oo . .
H.(v,y,2) = > Ao, y) [am e "™ + by, e 7,

m=0
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+o00o _ ‘
B(r,y,2) = 3 X Vn(@,9) leme™™" o+ d 7],

m
rie Ym = VkZ — Ay Om = Vk? — Xon 1 1pousBosIbHbBIE KO3(MD(MUIUEHTDI
Gy Dy W Cpy,y dy, OTIPEIETISTIOT MArHUTHOE TIOJIE U JIEKTPUUECKOE IOJIe
COOTBETCTBEHHO.

Tak kak pyukims F, jo/kHa obpaliarbcsd B HYJIb HA T'DAHUIE ITU-

JINHJIPUYIECKO 0bJ1acTu, TO OyJIeM UCKATh €€ B BUJIE
E. =2 E.m(2) Xm ¥Um(7,y)
m

(311€CH MMeeT CMBIC TTOCTABUTh MHOXKHUTENb X ). PaccMoTpuM Tperbe
ypaBHeHue cucreMbl Makcresia. [Ipejnosoyxknm, 4To KacaTejbHbIe KOM-

ITIOHEHTDbI BEKTOPA H nmeror BUJ

. O,
Hy - ZW€0€ZEZ7m(Z) ;i? (xay) + P(Q?,y,Z),

H, = —iwsoe%: E.m(2) 85&37 (z,y) + Q(x,y, 2).

Jlerko Buzmern, uro dyukiuun P un () JOMKHBI YIOBIETBOPATL YCJIOBUIO

oP  0Q
or oy 0. CieoBaTesibHo, oy Q 5, e R(z,y,2)

HeKoTopast nuddeperupyemast QyHKITHSI.
Torma TpeTbe rpaHUYIHOE YCIOBUE CBOJIUTCS K PABEHCTBY

—y'(t) Hy + 2/(t) H, =

IWEQE ; E.m(2) [y (1) a(;ﬂ;n(x’ y) + /(1) 7(337 y)]—

OR . OR

1y O /

Be §m(@(t), y(t)) = 0o y (1) =5 =(2,y) +2'(t)
OR

cijleahgee cjaraeMoe €eCTb —. HOSTOMy

ov
R(SE, Y, Z) - ; Rm(z) me(*’L‘? y)

—y/(t)

O, B
87(a:,y) = 0. ITo-
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1 TOT'/a,

Ple,.2) = 5 Rul2) 22 (0), - Q) = X Re) 2 o).

m

3 deTBepToro u msToro ypaBHeHUil cjejyer, 9To

OE, OF, OV, ) 8@%
5 o wpop Hy = 3 == (Xim = K7) B — iwpiopt >~ = R,
OE, OE, OV,

5.~ ox TiwmenHy=3"5"

[TofcTaBuM 9T BbIpaXKeHUs B IIECTOE yPaBHEHHE (IPEIBAPUTETHHO PO-

i
m_kz Ezm ) JRm.
5 (x ) B +WM0M%: o

g depeHnupoBaHHOe) U MOJTY TUM

oH. O°E, O°E, (a Pm | OPom

WHH TS, 020 020y M'LLO'LLZ Oy? )
= iWhot > Am Pm R
[Tosromy
Hz = Z Hz,m(z) )\m Spm(xa y)a
riae dbynknun H, ,, TOMKHBL yI0BIETBOPATH yeaosuaMu H, , = R,,, u
OV,
kB, = a &gsm( ) ZWMOMZ O H.m,
Oy,
b, = S (2 )"’ZW,UOMZ By H, m,

m (9:6
!’ 2
HGFKO IMPOBEPUTDHL, YTO BTOPOEC I'PaHUYIHOEC YCJIOBHUE BBLIIIOJIHACTCA.

HeiicTBrUTeNIHHO,

V) B4y By = S0 B /(1) ) St

. / / a m
Hiwpop 2 (—y (t) - = +'(t) (;?y) H. .



[TojicraBuM cyMMaTOpHBIE [IPEJICTaBICHUS HCKOMbBIX (DYHKIIMI B I1ep-

BO€ 1 BTOPOE€ ypaBHCHHA CHUCTEMDI Makcsesiia u I[IOJIy9IruM

8§Dm 9 , . &pm p B
> —ay (A — k°) H.n — R, zws()e%: B [Ezm Spm] =0,
aSOm 2 / . a¢m / _
; 5 (A — K°)H.;n — R, zweos; o [, — Sm] = 0.

Orciona caenyer, uro R, + (k* = A\p) Hopy = 0 Sy, = B .- Hyxmo
s06aBuTh cioga pasencrsa H., = Ry, u Sy, + (k> — xp) E.m = 0.

B nTore mbl nmeem JABa YpaBHEHUA
" 2 " 2
Hz,m + (k T Am) Hz,m - 07 Ez,m + (k - Xm) Ez,m = 0.
o iy, 2
ODTu ypaBHeHUsi UMEIOT (PYHIAMEHTAJIbHBIE CUCTEMbI PEIeHUi €
e:l:idmz

u
. Eciu mur yenosumest, aro wim Re v, > 0, Re 6, > 0, unm
Im ~,, > 0, Im 9,, > 0, To 11T BOJH MOJOXNUTEJHHON OpUEHTAINH
HY>KHO B34Tb 3HaK IJIIOC B 9KCIOHEHTaX, & JiJI BOJH OTPHUIATEHHON

OpHEHTallu — 3HaK MHUHYC.

1.6. 9kpaH B BOJITHOBOJIE ITPON3BOJILHOTO CEYEHUSA

B ciyuae BOJIHOBOJIA ¢ MeTAJJIMYECKMMHU CTEHKAMHU MTPOU3BOJIHLHOIO
CeYEHUsI UMEeT CMbICJI U3MEHUTh (DOPMYJIMPOBKU IPAHUYHBIX YCJIOBUHA 1
YCJIOBUI CONPSI?KEHUsI HAa CEYEHUN BOJIHOBO/IA.

Onpenennm nBa npocrpancTsa 0.¢p. ® m ¥ kak MHOXKeCTBa JIMHE-
HbIX (DYHKIMOHAJOB Ha JIMHEHHBIX KOMOMHAIUAX (DYHKIWHA @y, (2, y) 1
Y (x,y). Ecim 3arem BBecTH MpoOCTpaHCTBa JJIs1 TTPOU3BOHBIX TaKUX
0.., TO OKaxkercd, 4TO KOMUOHeHThl nond b, F,, H,, H, cocro-
SIT U3 JIBYX CJaraeMbIX, KOTOPbIM COOTBETCTBYIOT O.(p. U3 Pa3HBIX IIPO-
crpaHcTB. PaccMoTpenHblit panee ciiydail MpsiMOYTOJILHOTO BOJIHOBOJL, —
ACKJIIOYUTEJIbHBII.

[Tostomy Ha cedenun z = 0 3ajaJUM HECTaHJIapPTHBIE YCJIOBHS: Ha

I'paHUIe pas3jiesia CpeJl JOJKHBI ObITh HElpPepbIBHBI KOMIOHEHTHI H,,
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E., 0H,/0z, OFE,/0z, a Ha 3KkpaHe JIOJKHbI ObITh PABHBI HYJIIO KOM-
nonentsl H, n OF,/0z.

[eslo B TOM, UTO ecJii Ha T'PaHUIE pas3jiesa Cpeji KOMIOHEHTHI F,
E,, H,, H, 10/2Kubl yJOBJIETBOPATh HEKOTOPBIM JIMHEHHDBIM YCIIOBU-
SIM, TO CYMMbI ¥ Pa3HOCTH WX MPOU3BOJHBIX JIOJYKHBI YIOBIETBOPSTH

aHaJornaHbIM yciaoBusiMm. Ho us ypasuenuit MakcBesia ciaejyer, 9To

0B, OB, _. . OE 0B _ OF.

Ox oy HOR Hz Ox oy 0z’

oM, OH, _ . . OH, 0H, _ OH.
Ox dy 0= Ox dy 0z

[TosTomy B nmajbHeiiem OyjeT JOCTATOUYHO HCIIOJH30BATh TOJBKO JIBA

IPOCTPAHCTBA 0.(.

rak, obobiennbie yeaoBus npu 2z = 0 3aa11M JIJIsI HYJIEBbIX CJIeJIOB

CJEeIYIOITUM 00Pa30oM:

ma M o HI[]+ Ho =0, H_g[]+ H[] =0,

OEF OEY. . OE; OFY. ..
( Oz )OH +( EP )OH =0, ( Oz )0[‘] +( Oz )OH =0,
_ OE; OE;
na N HZOH =H_ o], ( 92 Jol] = ( Py Jol:):
_ OH' OH -
B = Bl (Co el = (Co ol
CutejioBaTesibHO,
OE; oF;
Al = ol (550 = (52l
u na M, u na N. Torna o) = a,, = ap, u b}, = —b,, = by, a rakxke
OHF OH; _
( Bl )OH = —( Oz )0[‘]7 EzJE) = —L.
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[ToaTomy 3ajiada audpakinun Ha SKpaHe cBeJlach K OJJHOCTOPOHHEI Ipa-

HUYHOU 3ajiaye

M HE = ~HG O =~

OH '
0z

na N : (

Jol] =0, E[]=0.

[IycTs Tenmepnb

15, = [ on(z,y) gp(x,y) dz dy,
M

Jop = /som z,y) ep(z,y) dx dy,

(1.13)
Iy, = /% z,y) Vp(z,y) dz dy,

vAs —/wm 2, y) (0, y) da dy

(MHTErpaJbl 3/1eCh BYMEpHbIE, HO (DYHKIUU (© U 1) HYMEpPYIOTCsT OJTHIM
ungiekcom). Torga, kak u panbiie, o.b. f[-] =0 na N, eciu

; Jp frn =0 Vp ime fr= %: Lup f p.

B urore BCJIAY 3ajiaun audpakium Ha SKpaHe uMeer Buj (ceiivac

MHOXKHUTEJIU A\, U Xy B HPEJICTABICHUSIX B Buje psijioB jst H, u E,

OTCYTCTBYIOT)
+00 oo 0E§
Z Imp Am = _(HS,O)pa Z ]mp O by = _( ) )0729’
m=0 m=0 <

(1.14)
—+00 “+00
> T Vmm =0, > Jupbn =0, p=0,1,...
m=0

m=0
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JIerko BuIeTDH, UTO /1T HEU3BECTHBIX Oy U by, IMEEM HE3aBHCUMBIE yPaB-
HEHUSI.

Aurropurm npubszkernoro pemterust BCJIAY (1.14) nomyckaer pac-
napaJuiesnpanue. HauboJibiime BbIUMCIUTE/IbHBIE 3aTPaThl CBsI3aHbI C

BhlanciaenneM narerpaon (1.13) u ¢ BeranciaenneM 3uadennii GyHKIwii

Om (T, y) 1 (7, y).

X ok oxk

Sajgaun Judpakiuu 3JIEKTPOMArHUTHBIX BOJH Ha KOOPIUHATHBIX He-
OJTHOPOTHOCTSIX B BOJTHOBOJIAX OTHOCATCA K KJTFOUEBBIM 3a[a9aM BOJIHO-
BOJIHOI sekTpogunamuky [30], §4. Bagava mudpaknun Ha moNEpEIHOl
epPeropojike B MJIOCKOM BOJIHOBO/JIE OOBIYHO PACCMaTPUBAETCS KaK MPO-
CTOW TIPUMEP, WJLIIOCTPUPYIOMINIA CIOKHYIO TEXHUKY PEIIeHUST TAKUX
3aja4 (cMm., nanpumep, [17], §3.6).

ToHKHe 1Ieperopojiky, YaCTUIHO IIePEKPhIBAIOIIUE IOIIepeTHoe ceve-
HHUE BOJIHOBOJIA, YaCTO Ha3bIBalOT guadparmamu. OHa U3 IEePBLIX MIy0-
JIMKAIMI B 9TOM HalpasJjenun — crarbs JI.A Bajtaimreiina, [4] CnoiicTBa
WHYKTUBHBIX W €MKOCTHBIX JuadparM B MPsSMOYTOJbHOM BOJIHOBOJIE
u3ydeHbl MeroioM 3aaun Puvana-T'uinbepra B kuure [29], vacrs 11

Meroy1 iepeortpeiesiernoit rpannanoii 3agadu (uau merox UCT) cee-
JleHns 3a/1a9 A pakIiuyd Ha HEOJHOPOSHOCTAX B ILJIOCKOM BOJIHOBOJIE K
BCJIAY suepsble 6bu1 nipumenen B pabore [18], pasuen 1.1 nanucan B
OCHOBHOM 110 §8 yuebHoro nocobust [20]. Dror meros Oyjer ucnosb3o-
BaThCs M B CJIEJIyIOMINX TiaBax. Teopusi 0000IEHHBIX (DYHKINH ObLIa
ocTpoeHa o1 BausgnueM ucciegopanuii B.C. MokeiiueBa, cM., HaIpu-
mep, [14]|. B pazgenax 1.2 u 1.3 usnoxensl pe3ysabrarhl cratbu [25], a
pazmessl 1.5 n 1.6 mamucanst mo pabote [22].
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2. SAJAYN JNOPAKIIN 1 NTHTEI'PAJIbHBIE
YPABHEHUA TUITA CBEPTKU

Bropast 1ryiaBa nocssiieHa 3ajadam JudpaKiini 3JeKTPOMATrHUTHbIX
BOJIH H& TOHKUX NPOBOJSIIMX S9KPpaHAX B OTKPBLITOM IPOCTPaHCTBE. Ta-
KHUe 3aJ1a9u OObITHO CBOJISATCS K WHTErPAJIbHBIM yPaBHEHUSAM, B 00IIEeM
cJiydae CUHTYJISAPHBIM W FMIIEPCUHTYAAPHBIM, METOJAMMU TEOPUHU TOTEH-
ruaJja. Mbl HCIIOJIB3yeM METO T IepeonIpeie/IeHHOM TPAHNIHOR 33391, B
OCHOBE KOTOPOI'O JICKUT CBA3b MEXKJIy CJeJlaMd OPUEHTUPOBAHHbBIX pe-
nmeHuit ypaBuenusi LesibMrosibiia uin ypaBHenuit MakcBesia B 1oJiy-
MJIOCKOCTH WJIW B TIOJIYTTPOCTPAHCTBE. DTa CBSI3h TMOPOXK AT Maphl HHTE-
I'PaJIbHBIX IIPEOOPA30BaHUil THIIA CBEPTKHU U, KaK CJIeJICTBUE, HHTEI'PaJIb-
Hble ypaBHEeHMs 3aja4 Judpakinuu. [TonpodHo paccMoTpeH AByMepHbIi

cjydaii, a 3aTeM U TPEeXMEPHBIN.

HecmoxxHO MOMyINTh HEOOXOMMbBIE U JIOCTATOUYHBLIE YCJIOBHSI pa3pe-
IIMMOCTH [IEPEOIIPEIEICHHDBIX 38,14 JIJIsI YPABHEHUI ¢ YJaCTHLIMU 1IPOU3-
BOJIHBIMH, €CJIM He oDpalnaTh BHUMAaHUE HA CTPOrOCTh MaTeMaTHIeCKUX
npeobpazoBannii. Bo3aMoXKHBI Ba, 110J1X0/1a: WJIN C ITOMOIIBIO (DYHKITUI
['puna 3agaa JIupuxie n Hefimana, nin ¢ ToMOTIHI0 HHTErPAJILHOTO TIpe-
obpazoBanus Pypbe 10 KacaTeJbHbIM IepeMeHHbIM. [yt 000CcHOBAHMS
MeToja 1peodbpazoBanus Pypbe BHIOPAHBI €CTECTBEHHBIE KJIACCHI 0000-

IIEHHBIX peleHnii ypaBHenus [esbMroibiia u ypapienuit Makcsesiia.

2.1. /Indppaknma 3j1eKTPOMATHUTHON BOJIHBI

HA TOHKOI NPOBOALIIEN JIEHTE

[Tycth B miiockoctu 2z = (0 TpEXMEPHOT'O TPOCTPAHCTBA, PACIIOJIOKEHA,
OECKOHEYHO TOHKAs MJIeaJIbHO TIPOBOJISIIAsT JIEHTa (9KPaH), Mapasliesib-
Hasg ocu y. Ha jienTy Haberaer sjieKTpoOMarHuTHas BOJIHA, BO3OY:Kiae-
Mas yJaJeHHBIM UCTOUYHMKOM. Hy»KHO HaflTH 3JIeKTpOMarHuTHOE IOJIe,

BO3HHUKAIOIIEe TIPpHU ee JTuPaKiium.
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Paccmorpum mHanboJsiee mpocToii ciaydail 3ajaun Judpakiiuu Ha, JeH-
Te, KOTJIa IMIPOCTPAHCTBO 3aIl0JHEHO OHOPOIHON M30TPOIHON Cperoii, a
MoJIe He 3aBUCHT OT KOOPJMHATHI Y (JIBYMEpHOE T0JIe).

O6o3nauum depes M uyacrb ocu T, 3aHATYIO JenToit, u depes N —

ponosmenue M o Beeit ocu (puc. 2.1).

0 X M x
0| N N

Puc. 2.1. Toukas npoBojsias JeHTa

HYCTb QJIEKTPOMATI'HUTHOE I10JIE TapPaJlJI€JIbHO MTOJIAAPDU30BaHO, TO €CTh
€I'0 HEHYJIEBbIE KOMIIOHEHTDBI BbIPa2KarOTCA 9€pe3 IIOTEHIUAJIbHY IO (i)YHK—

nuio u(r, z) — pelienne ypapHeHus: [egbMroblia:

—1 OJu 1 Ou
Ey — U, Hx — A 77 z — A .
witopt 0z twiopt Ox

[IycTh 316KTPOMATHUTHAS BOJIHA OT BHEIIHETO MCTOYHUKA C MOTEH-

muastbhoit dyuknueit u’(x, 2) sagana u npu 2z > 0, u npu 2z < 0. Bygem

MCKATh OTPA’KEHHbIE BBEPX BOJIHBI U IPOLIC/IINE BHU3 BOJIHbI, KOTOPBIM

COOTBETCTRYIOT TOTeHIMa bubie hyukunn u' (2, 2) n u~(x, z) coorser-

crBenno. Ha M mo/mKHbBI OBITH BBIIOJHEHDI TPAHUIHLIE YCJIOBUS
wW+ut=0, W+u =0,

a Ha N JOJIZKHDI OBLITH BLIIIOJIHEHDI YCJI0BUA COIIPA2KCHN A

o o+ o — ou out o Ou
utu =u Fu o, + =

0z 0z 0z + 0z’

OJMHaKOBLIE€ CJlaT'a€MbI€ CJi€Ba U CIIPpaBa B3aMMHO YHHMYITOXKaIOTC.
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[TokaxkeMm, Kak ¢ MOMOIIBIO MPOCTHIX (HO HE BIOJHE CTPOIHX) Pac-
CY2KJICHUI BBIBOJUTCS MHTEI'PaJibHOE YpaBHEHUE 3aa49i JUPPAKINKA Ha
JIEHTE.

YpapHenue ['e1bMrosbIa

J*u  0%u

2 —
@Jr@%—ku(:c,z)—o

nMeeT oueBHnbe pemtenus u(x, z) = eI pre €2 4 (2 = k2. Tlpu-
MeM THUITOTe3Y: 00ITee perenne ypaBHeHus ['eTbMrosbia sABIseTcs: HaJlo-
YKEHMEM 3JIEMEHTAPHBIX BOJIH ¢ TAKUMU MOTEHITHAJIbHBIME (DYHKITIMHE.

[Tycrs ¢ = v(€) = \Vk? — €2 u 3nadenust y(§) BbIYUCHSIIOTCS TaK, 4TO
WJTU 9TO HEOTPHUIATEbHBIE BEIECTBEHHBIE TUCIIa, WJIM MHUMBIE THCJIa, C
noJioxkuTesbHoi MEnMOR dactbio (Rey(€) > 0 wiu Imy(€) > 0). [pu
BeIeCTBEHHBIX 3HaueHnsAX Y (£) > 0 9Heprus mepeHocuTcst BOJTHON BJOJIb
ocu 2z (WM B TPOTUBOIOJIOKHOM HAIPABJICHNHN ) B 3aBUCUMOCTH OT 3HAKA
B 9KCIIOHEHTE, npu MHUMbBIX V(&) Bosmbl 3aryxaior. Ecin snavenns &
TPOOEratoT BCIO YMCJIOBYIO OCh, TO 3HAK Tepel t£X MOXKHO B3sTh JIIOOOI,
HaM yJi00Hee 1ocTaBuTh MuHyc. [loaromy Oyjem uckarh MoTeHalbHbIe

(byHKIMKM B BUjIE

+o00
ut(z,2) = [ AM(ge O ag, >0,

400
u(z,2)= [ AT(§e 0 ag, 2 <o,

TEM CaMbIM YCJIOBH:A Ha OCCKOHEYHOCTH Y4TEHLbI.

Hamnomunm, uto mHTerpaJsibioe npeobopasosanne Oypbe ycraHaBim-

Baer coorsercrBue Mexx 1y Gynkuuamu f(x) u f(E):
1 +00

X . 1 e —i€x
1O =z [ f@)etde @)= 7 | f© de
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Cunesibl (mpesiesibible 3aavdenust) GyHKIud u(x, 2) 1 ee IPOU3BOIHOM

1o z npu z — 0 6ygem obosnauars ug(x) u uy(x). Ipu z — 040 umeem

—+00

ug(e) = [ AN©Qe " de, uf(x) = [ in(©AT(€)e " de.

—0oQ

Caeposarennno, v21 AT (€) = ug (£), V2miy(€) AT(E) = uj (€). pu
z — 0 — 0 aHajiorn4HO, HO BO BTOPOI (pOpMyJie JOJKEH ObIThH JIPpYroi

3HaK. TakuM 00pa3soM, UMeeT MECTO CJIEJIYIONIee BaXKHOE YTBEPKJICHHE.

Oynxyuu ug (x) u uf (x) aeasomesn caedamu na npamoti z = 0 no-
MENYUAAOHOT PYHKUUU NOAOHCUMENBHO OPUEHTNUPOBAHHOT BOAHYL MO-

2da u moavko moeda, Koz2da

up (§) = iv(§) ug (§) = 0. (2.1)

Qynryuu uy () uuy (x) asasromen credamu ma npamoti z = 0 nomen-
UUaAALHOT GYHKUUL OMPULETNEALHO OPUEHMUPOBAHHOT, BOAHDL M0200 U

moavko moezda, kozda

uy (&) +iv(§) ug (€§) = 0. (2.2)

SV YCJIOBUA ABJIAIOTCA H€O6XO,ZLI/IMbIMI/I " JOCTAaTOYHbLIMU YCJIOBUAMUA
pa3pelinMOCTH IIEPEOIIPEJCJICHHbIX I'DaAHUMYHbBIX 3a/Ja41 IOJId YPaBHEHU:A
FeJIbMFO.HbHa B BerHeﬁ U B HUXKHE IIOJIYIIJIOCKOCTH: CJI€JIbl OpUEHTHU-
POBaHHBIX peHleHI/IfI Ha I'paHHUIE ITOJYIIJIOCKOCTH HE MOT'YT OBITD 3a,/JaHbl

IIPOU3BOJILHO.
JIerko mosyunTh ciaeayrolnee yTBEPKICHTE.

3adava Jupparuun 2AeKMPOMAZHUMMHOT BOAHBL HA NEHIME IKGUBA-

JACHINHA O0%0C’ffLOpOHH@Ub ZPGHU’%HO’IZ 3adave c YCAO0BUAMU

ud (z) = —upg(z), reM; uf(r)=0, x€EN. (2.3)
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Heiicrurenbio, Tak Kak ug (x) = ug (x) npu Beex z, 1o ug (§) =

ug (€). Torna uf (§) = —uy (§) w uf (z) = —uy (). Hosromy uyf (v) =
ma N.
.

Oyuxiua vy (x) pasua mymo #a N, a na M oHa IOKa HEU3BECTHA.

Ho
I

ut (z _iu —iw
HOE r/() (&) e dg =

—1

~Vm e <¢12—/ uf (2)et"€ o ) €7 d =

B

—0o0

= [uf(a K—Qﬂ)%w—xM)mm

BuyTpennuit nHTErpaJs BhIuncjieH Kak ooparHoe mpeobpazopanue Oyphe
¢ momorbio Gopmyn 130 u 134 npu A = 1/2 u3 |2|. Urak, mbl npumuim
K CJEeYIONEMY 3aKJI0UYCHHUIO.
3adava dudpakyuy IAEKMPOMa2HUMMBOT BOAHDL HA AEHIME 6 CAYYUAE
NaAPasLesbHOT NOAAPUSAUUL NOAA CBOOUMCA K UHMELPAALHOMY YPAGHE-
HUN0
/uf(azl) Ki(z1,2) dzy = —up(z), =€ M, (2.4)
M
ede

i
Ki(ay,2) = = Hy (Fa — 1)), (2.5)

B ClIy4da€, KOI'la 3JIEKTPOMaI'HUTHBLIE BOJIHBI IIEPIEHANKYJIAPDHO I10-
JIAPU30BaHbl, PAaCCYy2KJICHWA aHAJIOTUYIHDBIC. Omyinyue cocrour B TOM, 94TO

TEelepb HEHYJIEBblEe KOMIIOHCHTDBI I10JIsA

1 Ou -1 Ou
H, = E, = - —, b, =- —,
y = iwepe Oz iwege Ox
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norernuaibiasg GyHKIus u(x, z) — TakKe pelieHune ypaBHeHus [ebM-

rOJIbIA, ¥ PPAHUYHBIC YCIOBUSA UMEIOT BT
w4+ uf =0, ul4+u; =0.
B 3TOM ciiydae yeJaoBHst OJHOCTOPOHHEH PPAaHUIHON 3a/[a 1 TaKKe:
uj (z) = —ul(z), ze€M; uf(r)= reN.

JokasbiBaercss 910 npocro. Tax xax uj () = wuy (z) npu Beex x, TO

ui (§) = up (§). Torma ug (§) = —ug (f) g ( ) = —ug (z). losromy
uf (x) =0 na N.

3 rparnmanbix yenosuit na M u N creyer yTBep:Kaenue.

3adava dudpakyuy sAKMPOMaHUMHOT BOAHDL HA AEHIME 6 CAYUAE
nepnenoukyAApHot NOAAPUSAUUL INEKMPOMAZHUMHOZ0 NOAL CE00UMCA

K UHME2PaNvHOMY YPAGHEHUIO

/uaL(:L‘l) Ko(z1,2) doy = —ud(z), x€ M, (2.6)
M

ede . o
1
Ko(z1,2) = =

okazaTesnbeTBo. 1lyers ud (x) — uckomas dbyukmusa na M (na N
y 0 y

sra QyHKIMs paBHa Hy.110). Tora

1
ui 27T / (¢ e de =
! oo 1 \einié —ifx g _
= 27‘__{0 Z’}/ (\/%Aéu ZCl d.’I/’l) dg =
= /uar(m)(;ﬂ 7)0@7(5) e ) d€> dr) =
M —00



ik
:/\4 U(J)r(l“l)<2|x_xl| Hl(l)(k|93 - 371|)> dxy.

BuyTpeHHuUiT mHTErpaJj U B 3TOM CJIy4ae BHIUUCISAETCS STBHO C TOMOIIHIO

dbopmy 130 u 134 ipu A = —1/2 u3z |2].

B criyuae mapasienbHOil monspusanuy mouis sapo (2.5) uHTerpasb-
HOI'O ypaBHEHUs 3aJlauu JIUPpaKIui UMeeT JIOrapudMUiecKyIo 0coOeH-
HOCTb, & B CJIy4ae MepreH [MKyJIsPHOi noJsipusaliun sapo (2.7) sBiser-
sl TUTIEPCUHTYIISIPHBIM. [IpubiinyKeHHoe perieHne MHTerpaibHbIX ypaB-
menuii (2.4) u (2.6) moxer ObiTh Haiijeno merojgom lasepkumna (mpu
OTIPEJIETIEHHOM COOTHOIIEHUH TIMTUPUHBI JIEHTDI U JITTHHBI 9JI€KTPOMATHUT-
HOit BoJTHBI). B ciyuae ypasuenns (2.4) mCmOIB3yIOTCS MOJUHOMBI Je-

oObiieBa 1-ro pojia, a B ciyudae ypasaenus (2.6) — nosuHombr Yebbiiesa
2-ro poja [9], [20], §6.

Ecim B minockoctn 2z = (0 mMeeTcsa HECKOJBbKO TOHKHMX ITPOBOJIATIMX
JIEHT, TO BCE PACCY:KJICHHsI OCTaloTCs B cujie. OTn4dre B TOM, 9TO MHO-
roobpasne M coCcTOUT U3 HECKOJBKUX OTpe3koB. CiemoBaTenbHo, CTa-
HOBUTCSI DOJIee CJIOXKHBIM AJI'OPUTM I[IOUCKA, HPUOJIMAKEHHOIO PEIeHUs

WHTErpasbHbiX ypasHenuii (2.4) u (2.6).

2.2. O600meHHbIEe pellleHnd ypaBHeHnus ['e1bMroJsibia

W MHTETPaJIbHbIE YPABHEHUS TUTA CBEPTKU

Tpebyer 0b6OCHOBaHMS B IIEPBYIO OYEPE/Ib BO3MOXKHOCTH HCIIOJIb30-
BaHus npeobpazopanusg Pypwe. Jlejgo B TOM, 9TO CJieJ] IIJIOCKON BOJIHBI

T 0_ 0 o
tksin07—ikcos07 - yanpumep, na upsamoit z = 0 ue spjiser-

u(x,2) = e
cs1 (byHKIMEH, obpalaoleiics B Hyab npu © — F00. CienoBareybHo,
Hy>kHo JleiicrBoBarh B mpocTpaHcTBe 0600IIeHHbIX (hyHKIHI (pacipeie-
JIeHuit ), JJ1st KOTOPBIX BO3MOYKHO HMCIIOJIB30BaTh peobpazoBanue Pypoe.
HauneM ¢ XOpoITio U3BECTHOTO TPOCTPAHCTBA PACIPEJICTIeHIH yMepeHHO-

ro pocra Ha Oeckonednoctn [5], §8.
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Paccmorpum mepeonpefiesieHHY0 TPAHUYHYTO 3a/1a9y JJis yPaBHEHU
['embMrosbiia B mosymiaockoetu y > 0

0%u | Ou 0%u
92 ' Oy?

ou

+ K*u(z,y) =0, u(z,0) =ug(z), —

(x,0) = uy ().

Bynem uckarh ee pererne Kak (DyHKIMIO apryMeHTa Y, 3HAUEHUST KO-
TOPOU SIBJIAIOTCS pPACHpe/leJIEHUIMU YMEPEHHOI'0 pocTa Ha OECKOHEeUHO-
ctu. B janpHeiimeM moTpedyeTcs BBIJETUTH HEKOTOPOE MOIMHOXKECTBO
B TIPOCTPAHCTBE TAKUX PACIPEJICTCHUIA.

[Tocsie npeobpaszoBanns Oypre x — £ nmeem 0ObIKHOBEHHOE T de-

peHnunaJibHOE YpaBHEHUE

0%*u

6)2+( — &) u(€y) =

ero obiiee pelieHre MeeT B/l

u(€,y) = A(§) e + B(€) e,

siech A(E), B(E) — npousBosibHbIE PACIpe/ieieHrsi YMEPEeHHOTO PoCTa,
u (&) = VEk? — & Ilycrb, Kak U B UPEJbLLYIIEM IIyHKTE, 3HAUCHMUSI
5TOi1 (DYHKIIMU MJIN BEIIECTBEHHBIC HEOTPUIATEILHbBIC YNCIa, NI TACTO

MHHUMBIE YUCJa C IMOJOXKUTEJIbHON MHUMON JaCTbIO, TO €CTh

V&) ={lE] <k k2 €% gl >k e — k2

Bajajum yeiiosue Ha 6eckonednoctu tak: B(E) = 0. CMbicsi 91010 yeiio-
BUsl B TOM, YTO B PEIICHUKA MOI'YT IPUCYTCTBOBATHL TOJHLKO IMaPMOHUKH,
YVHOCSAIIINAE SHEPTHIO Ha, OECKOHEUHOCTD MJIM 3aTYXAOIINe B 3TOM HaIPaB-
nernn. Takne pemrennst OyaeM Ha3bIBATD MOJOXKUTEILHO OPUEHTHPOBAH-

HBIMU. Torma
u(€,y) = A(§) e,

OTciofia caeyeT y»Ke U3BECTHOE YTBEP:KIeHNUE.
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Qynruuu ug(x), ur(T) AGAAOMCA CALIAMU TOAOHCUMENLHO OPUECH-
MUPOBAHHO20 Pewenus ypasnernus Lesvmeorvua 6 eprHets noaynioc-
Kocmu mozda u moavko mozda, xozda ux 0bpasv. Pypve ydosiemeops-
10M YCA0BUN

n(©) = iy(©uo(§) =0 waw —=wi() +u(€=0.  (28)
(€)

Ho dynknuu (), 1/v(§), a Tak:ke 3KCHOHEHTHI B 0OIIEM pelle-
Hun JudhepeHnnaabHOro ypaBHeHus, He SIBJISAIOTCI MYJIbTHILTHKATODA-
MH B IPOCTPAHCTBE PACIPEIEICHIH YMEePeHHOro pocra. Hy»KHO BBECTH
clelaJibHbIe TPOCTPAHCTBA OCHOBHBIX U 0000IIEHHBIX (DYHKITUI, 4TOOBI
000CHOBATDH NPOBEJIEHHDIE BBIIIE PAcCyKieHus. Bocnosib3yeMmest nocrpo-
eausamu kuuru 6], ror. 111 §3, m. 8.

[Tycts W — mpocrpancTBo OCHOBHBIX (yHKIHMI 1)(S), HEIpepbIBHBIX
BMeCTe C MepBOil TPOU3BOAHON BCIOAY Ha YUCJIOBOW MPAMOIA, KPOME TO-
4yek K, B KOTOPBIX JIONYCKAIOTCSA Pa3PbIBbI IIEPBOIO POJA, M TAKNE, UTO
npousseenus st)(s), s¥1)'(s) abeomorno mHTErpUpyeMbl Ha HPAMOii
(—00, +00). Tonosorust MoxkeT GbITH 3ajaHa TEM YKe CII0COOOM, KaK B
CcIydae MpoCTpaHcTB Ha ¢. 184 kuuru [6].

[Tycrs npocrpanctso ® = F[¥] cocrour uz dyukmmii p(x), saBis-
omuxcsa obpazamu Dypue Gynkuunit ¥(s). Ecan ¢(x) € ¥, to umeem
FIFyY(x)]] = ¥(—x) € V. ITosroMy mpocTpaHCTBO MPOCTPAHCTBO 00-
pazoB Oypre pyukunit u3 ¢ copnagaer ¢ V.

Bynem paccmarpuBaTh 3HaYeHUs] pellenns ypaBHeHus [ebMroibiia
IPU KaxKJIOM 2 KaK JIMHEeHHble HelpepbiBHbe (DYHKIMOHAJILI Ha IIPO-
crpatcrse @ (pacupesesenus). Pacupejenenne f(€) = 0 na s1000ii u3
TPexX 4JacTeil IpsSMOii, Ha KOTOPBIE ee JICIAT TOUKKM Tk, ecam paBHbI Hy-
JIIO €ro 3HaueHus Ha JII000H ocHOBHON (GyHKIuu P (s), paBHOi HyJIO Ha
JBYX JIPYTHUX 4acTax mpsMoii. s 0bpaszos Oypbe TaKuX pacipeiesie-
HUI KOPPEKTHO OIpeJIesieHa, Olepallis YMHOKEHUs Ha (DYHKIIUU, KOTO-

pble BMECTE CO CBOMMM MPOU3BOIHBIMU UMEIOT Pa3pPbIBbI B TOUKAX tKk.
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Teneps Hyx)Ho Hajitun dyukiuu (pacupesenenus), obpazamu Dypbe
KoTOpbIX stBjistiores hyuxin y(£) u 1/v(€). Ilpu npeobpaszoanuu Dy-
pbe dynknusa 1/v(&) HepeXO,ILI/IT B QYHKIMIO XAaHKeJsT IepBOro poJja
HYJIEBOI'O HOPSIJIKA 7rH0 (k|x\) dro caepyer uz dpopmys 130 u 134
u3 [2] upu A = 1/2. Tlocse eme ojHOrO npeobpaszoBaHust MOJYUUM
21 /v(—x) = 21 /v(x). Cnenosaresnbho, 1/v(§) sasasiercs obpazom Dy-
pbe QyHKIMNI %Hél)(k|x|)

Bo Bropom pasenctse (2.8) mepBoe ciraraemoe cJieBa siBJIsieTCsi po-
ussejlenuem obpaszos Dypne pacupejesenui 5 Hél)(k;|x|) v up(x). Torga

+oo

[ i) ;Hél)(k\x — o)) day + () = 0. (2.9)

—o0
AHaﬂoquO ecsin ipu ipeobpazoBannu Pypoe dyukiums y(x) nepe-
xomur Bk H (k\x|)/|::r;\ (bopmysnbr 130 u 134 u3 2] mpu A = —1/2), To
mocJie ere oJfHoro npeobpazosanus nosyaum 27 y(x). Tlosromy dbyHK-

k
uust y(x) aBasiercs obpazom Pyprue pynkuuu Q“Hl(l)(k\x\) B dop-
x

myse (2.8) muoxkurensb y(€) ug(€) sapasercs obpasom Dypbe CBepTKH
pacupejesennit. Tora

+00 ;

1k

w(x) = [ ug(xy) 5

—0o0

1

( )(k|x — 11]) dxy = 0. (2.10)

|z — ]
Hanomuum, 9ro B TEOpUM pacupejesenuii 1acTo NPUHATO 3alnChl-

BATh CBEPTKY PACIpe/IeJieHuil KAK MHTErpasl OT IPOU3BeieHust hyHKIIIA,

HO 3Ta KOHCTPYKIIUS HE BCErJa sIBJISIETCS MHTEMPAJIOM B KJIACCHUIECKOM

CMBICJIE.

Dopumyser (2.9), (2.10) TakKe MOXKHO TOJYIUTH METOIOM (BYHKITHNI
I'puna. Kak uzBecrHo, ¢pyHIaMeHTAJbHBIE pEIIeHns ypaBHeHUs [eabM-

roabia B R% umetor sug (em., nanpumep, [5], c. 206)

£x(2) = — HP(HleD), Ea(2) = ¢ HEP ()
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(3mech 2z = (x,y) — Touka mwiockoctu). [lepBoe U3 HUX yIOBIETBOpSIET
ycsioBrIO Ha 6eckonedHocTu. Torya dyukiuu ['puna 3agaun dupuxiie u

samaun Heiimana JJ1s Oy TIOCKOCTH
Go(z,zl) = —52(2—21)+52(Z—71), Gl(z,zl) = —82(2—21)—52(,2—71),

u perienns 3agaun Jdupuxie n 3agaaun Helimana nmeror Bu

+oo aG

w(@,y) = [ wole) 52w, 0,2,y) don,
e (%

ur(x,y) = — / uy(xq) Gh(1,0, 2, y) dry.

[Tocne nByx mpenenbHBIX IepexoaoB
(G
Gi(z1,0,2,0) = 5 Wkl — 21]).

Hagee, Tak Kak 1ocje jauddepeHIimpoBatus 110 Y U IPeJIeJIbHOTO I1e-
pexojia nipu y; — 0

8G1 iky (1)
z1,0, x, kv (xz — 21)? + y?),
TO ocsie auddepeHnupoBaHus 10 § U IIPeebHOTo nepexoja npu y — 0
0?G4 ik (1)
0,2,0) = ——H,; " (klz — .
ayayl(xh y Ly ) 2|5E—SL‘1| 1 ( |5C x1|)

Takum obpasom, Mbl erre pa3 npuiuim K dhopmyiaam (2.9) u (2.10).

Nnrerpasbhbie ypastenust (2.4) u (2.6) sierko nosyunts u3 hopmyl
(2.10) u (2.11).

PaccmoTpum 1iepeoripe/ie/IeHHY 0 'PAaHUYHYIO 3a/1a9y JIJIs YPaBHEHMSI

Jlamnaca
2u u ou
@4‘@:0, y >0, U(.T,O) :uO(aj)a ay(‘r O) _ul(x)
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B BepXHell MOJyIJIOCKOCTH. B 3TOM citydae ycjioBre pa3penmMOCTy nMe-

eT BUJI
w1 (&) + €] uo(§) = 0.

Orcro/ia 0JIHOBHAYHO OLPEJIEJIsIeTCsl IEPBLIA i), HO HYJIEBOH CJIe) Ha-
XOJIUTCSI ¢ TOYHOCTBIO JIO IIPOMU3BOJIBHON IOCTOsIHHON. TakK>Ke J0JI2KHO

BBITOJIHATHCsT yesiosue u1(0) = 0, 1o ecthb

+00

/ uy(z) de = 0.

— 00
YejioBre paspelriMOCTH IIepeolpeieieHHON MpaHryIHOi 3aaun 11e-
permieM cienytonmM obpazom: ui(€) + isgné - (—i€ up(§)) = 0. Bro-
poe cjiaraemMoe cjeBa rnpejicrapjser coooii npoussejienue oopaszos Oypbe
pacIpe ie/eHuii — ugy(z), To ecrh 0bpas Dypue ux ceprru. OT 06-

pazoB Qypbe nepeiijieM K Ipoodpas3aM U IOJIYIUM
1 7°ul(x ) dx
f/ wlz)de (2.11)
T —00

r— X

Ho ycyioBue paszpemmMocT MOXKHO Tak»Ke 3arncarh B Buje —isgné -

u1(§) +ug(§) = 0. Torna

1 700“1(9"1) day | up(z) = 0. (2.12)

™ r — T

st obocHoBaHus 3TUX (POPMYJ MOXKHO HCIIOJIH30BATH HEIIOCPEJICT-
BEHHO MPOCTPAHCTBA pacipejieseHnii, mocrpoennsie B kuure [6], rur. 111,
83, . 8. Ormerum, aro dopmysst (2.11) u (2.12) npesgcrasisitor coboit
npsiMoe u obparHoe npeobpazosanue ['nindepra.
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2.3. YpaBHeHue l'eibMroJsibiia B TpEXMEPHOM
MOJIYIIPOCTPAHCTBE

YCiI0BUsT pa3peninMOCTH [TePeorpee/IeHHON TPAHNTHON 3a 291 JIJIst

ypashenus Lenbumronbua B RS = {(z,y,2) |z > 0}

Pu  Pu  Pu
502t g2 T g U0
ou

u(z,y,0) = uo(z,y), @(x, y,0) = ui(x,y)

TaK>Ke MOXKHO TOJIYUNUTH OJIHAM U3 JIBYX CITOCOOOB — UJIU METOJOM WHTE-
rpaJibHOTO 11peobpazoBanus Dypbe 110 KacaTe/JbHbIM [IEPEMEHHbIM, UJIK
¢ nomolikio Gyukiuit ['puna 3ajau Jupuxse n Heiimana.
[Tpumennm npeobpazoranne Oypre £ — &, y — 1 U TOJYIUM JTUD-

(bepenmuasbHOE ypaBHEHNE

0%u

@+(l€2—£2—n2)u:0.
[Tycrh

(&) = {E P <K k2 -2 — 02 42 > K a/e 42— k2

Torma obiree pelenre 3TOro ypaBHEHUsI UMEET BHJT

U(f, n, ,Z) = A(f) 77) eiv(ﬁ,n)z 4 B(f, 77) e—iy(f,n)z.

[Tpu B(£,m) = 0 umeeM HOJOKUTEIHLHO OPUEHTUPOBAHHOE PEIIEeHKe, a
ipu A(€, 1) = 0 — orpunaTesIbHO OPUEHTUPOBAHHOE PEIIEHUE.

OpuenTrpoBanHOe PelieHre ypaBHeHus: [ eJIbMIo/Iba B MOJYTPOCT-
PAHCTBE OJIHO3HAMHO OLPEJIENSIeTCs 10 HyJIeBOMY cyieity uo(x, y) uiu 1o
nepBomy caeny uy(x,y). CienoBarenbHO, KaK ¥ B JIBYMEPHOM CJIydae,
CLIPABEJIMBO CJIC/YIONIEE YTBEPXK JICHHE.

Qynryuu ug(x,y), wi(x,y) asasomca caedamu na naockocmu z = 0

NOAOHCUMENDHO OPUEHTIUPOBAHHO20 PEULEHUA YPABGHEHUA Fe,/LfbMZOJL’bua
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6 GEPLHEM NOAYNPOCINPAHCINGE 0204 U TOoAbKO Mozda, Koz2da ux 00pa-

3v. Dypve ydosaemeoparom yciro6uro

uau (2.13)

L w(€m) + (€)= 0.

v(&,n)

st obocuosannst popmyst (2.13) HyKHO, KaK U B JIByMEPHOM CJIy-

qyae, MOCTPOUTH CIEIUAJIbHBIE ITPOCTPAHCTBA, OCHOBHBIX U OOOOITEHHBIX
dyuknuit. Ilycts npocrpancrso W cocTOUT U3 OCHOBHBIX (DYHKIIMIA, 3a-
BUCSIIIUX OT JIBYX HEPEMEHHbIX. DTH (PYHKIMU U UX [IPOUBBOJHBIE JIO-
IIYCKAIOT Pa3pbIBbl 1IEPBOIO Pojia Ha okpyKHocTn £2 +n? = k2. Kak u B
JIByMEpHOM cJiydae, mpoctpancTBo @ cocrout nz obpazoB Oyprue pyHK-
muit u3 W, a npocrpanctBo obpaszo Pypbe dynknuii uz ® copmnajiaer ¢

npoctpancTsoMm V.

Haiiiem gpa mHTErpaJbHbIX TPeodbpa30BaHuil TUIIA CBEPTKHU, TIOPOXK-
JeHHbIX paBercTBaMu (2.13). Beraucanm obpatroe npeobpasopatue Dy-
pbe dyuakipn 1/v(&,n). Uenoab3yeM XOpoIo H3BECTHYIO CBSI3b MEXKLY
UHTErpaJbHbiM 1peobpaszoBanrieM Pypbe U UHTEI'PAJILHBIM TPEOOPa30-

BaHneM XaHkesist (M., Harnpumep, [7], c. 78). B unrerpase

+00 +00
|| e+ ) e dg dy

BBITIOJIHWM 3aMeHy TepeMeHHbiXx £ = pcosy, 1 = psinp, x = rcosb,
y = rsinf. [onyunm
+00

27 / f(p) Jo(pr) pdp,

3JI6Ch UCII0JIb30BaJIaCh U3BeCTHas (POPMYJIa

2m
/eizcoso‘ da = 2w Jy(2).
0
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B namewm caydae

flp)={0<p<k: p>k

1
k2 — 2 iR — k2

+00

| Fo) Jolpr) pdp =

0

/\/k?i ,Or)pdp+/oo\/—k2 o(pr) p dp.

N3 dopmyn 11.26 u 11.27 npu v = 0, p = 1/2 xuwuru |7] caepyer, aro

k . +o00
sin kr p cos kr
/ W Jo(pr) dp = T / ﬁ Jo(pr) dp = T
0 k
[TosTomy
Y N S i e 2 | .2
47r2//'y(§77)€ dfdn:—gr, r=a?+y% (2.14)

Torga w3 Broporo yeiosust (2.13) caemyer, aro

1 oot zk\/x x1)2+(y—11)?
up(x,y) = —— uy(xq, dxq dyy.
ol 9) 277—4 —Zo 1 1) \/(x —x1)? + (y —1)? e

(2.15)

2.4. YpaBHeHusa MakcBeJijia B MOJIYIIPOCTPAHCTBE

PaccmorpuM ypashennst Makcsesia st KOMILUIEKCHBIX AMILTATY/L
JIEKTPUIECKOro U MaraiuTHoro sekropos rot H = —iwe E, rotE =
iwp H B nosynpocrpancree RS = {z > 0} (saBucumocts or Bpemenn
BhIOpana B BUe € ).

[Tocyie npeobpazopanus Pypbe M0 KacaTeJbHLIM IEPEMEHHBIM T —

&, y — 1 UMeeM ypaBHEHUS B KOODJMHATAX
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0H OF
—inH, — —Y = —iweE,, —inE, — —Y =iwuH,,
0z 0z
5, —iwel,, 5. +i§E, = wwpH,,

—iEH, +inH, = —iwel,, —i{E, + ink, = iwpuH,.
Vckiounm BejioMble HeussecTHbie (em. [24])

1

1 : .
E.=_—(i{H,—inH,), H.=-—(-{E,+inky).
WWE W

Torja Bejyine HEM3BECTHBIE JIOJIKHbBI YJIOBJIETBOPSTH YPaBHEHUSIM

oH, n*—k*

0H, 2
0z W W 0z m W
E k? — E, - 2 k2
ay: '77H+€77H 0 :.fﬁijLf‘ H,
0z twe 0z twe twe
WM B BEKTOPHO hopme
-1 1
E)=——P H)= P E™
() = —_P(e) W', (H) = - P(en) B,

e E" = (E,, E,), H = (H,, H)) n

k2_ 2
P(ﬁ,n):(ngé_nk2 _&f )

Camoe Bax<Hoe cBoficTBO 310l Marpuipl P?(E,n) = —k? (
I — euamYHAsT MATpPHUIIA.

k2 _ §2 o 772) IJ
[TycTh, kak u B ciiyuae ypaBHeHnus [ejbMrosibia,

_ \/k2—§2—772.

Tora momoXKUTETLHO OPUEHTHPOBAHHOE pelllenre ypaBHennit Makcsesi-
Jla ©UMeeT BUJL

E(¢,n,z) ="Mz a(¢n),

46



—1

7€)z p .
e € (& m) a(&,n)

H(Sa 1, Z) -

[lepeonpenenennas rpanndHasg 3aga4a I ypaBHeHnin MakcBesia B
HOJIyIPOCTPAHCTBE COCTOUT B CJIEJIYIOIIEM: HAlTu B Ri MIOJIOYKUTEJILHO

OPMEHTUPOBAHHOE PEIIeHNEe, YJIOBICTBOPAIONICe 'PAHNYHBIM YCIOBUAM

E'(z,y,2) =e(z,y), H(z,y,2)=h(zy).

Acno, uro Bekrop-pyHKIims a(&, 7)) 0JHO3HAUHO OLPEIEJIALTCst 110 OJIHO
u3 rpanndHbix yskmii e(z,y) i e(z,y). Torga jerko BbIYKCIUTE

Bropyto dyuakimio. CreoBaTe/bHO, UMEeT MECTO yTBEPXK/JICHUE.

Bexmop-gpynxuuu e(z,y), h(z,y) asasomes ciedamu na naocko-
cmu 2z = 0 nososcumesvro opueHMUPOSAHHO20 PEULEHUA YPAEHEHUT
Maxceeana 6 noaynpocmpancmee z > 0 mozda u moavko moeada, xozda
uz 06pasvi Dypve yd06.4eMEOPAIOM YCA0E8UIO

P(&,m) e(&n) +wuy(&n) h(&n) =0
uAU (2.16)

we (& m)e(€,n) —P(§n)h(E,n) =0.

OueBu/iHO, YTO jieMeHThl MaTpullbl P (&, 7)) sBJISIIOTCS MyJIbTUILIN-
KaTopaMu B MPOCTPAHCTBE PaCHpeesieHnii yMEePpeHHOro pocTa. HTo0h!
MYJIbTHIIMKATOPOM Oblia Takxke dyukuus (£, 1), Hy»KHO, Kak U B
caydae TpeXMepHOro ypaBHeHUsl [eJbMIoJiblia, CYy3UTh IIPOCTPAHCTBO
Takux pacupejieienuii. [Ipocrpancrso ocnoBubix pyHKImMn W J10J12KHO
COCTOSITh M3 (PYHKIMH JIByX MEPEMEHHBIX, KOTOPbIE BMECTE CO CBOW-
MU TTPOU3BOIHBIMI JIOTYCKAIOT PAa3pPbIBhl TIEPBOTO POJia, HA OKPYKHOCTH
£ + n? = k% Torma, Kak u paHblle, ecJl IPOCTPaHCTBO P cocrouT
3 obpazoB Dypwe pyukiuit uz W, To npocrpancrso obpazoB Dypbe
dbyuknuit 3 ¢ copnagaer ¢ mpocrpancTsoMm V.
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[lepeiimem Teneps B ypasaenusx (2.16) k mpoobpazam Oypbe u 1m0~

JIYIUM Tapy MaTPUIHBIX OIepaTOpOB THUIIA CBEpTKH. Ecn

e(ga 77) - m P(f, 77) h(ga 77)7
TO o
1 o0 +00 ‘ .
olr.y)= 15 [ [el&me ™ Wdsdn=

P(&, ) h(&,n) e " dE dn =

47r //wm P& m)x

X / / h(zy,91) e EFIN (] dyy) e~ isr—iny d§ dn.

[TpaBast yacTb 9T0r0 paBeHcrTBa PaAKTUICCKHU [IPEJICTABISIET COOOM 11CeB-
noauddepeHimaabHbIil OIepaTop.

Obo3HaYNM

(5 77) —i(z—z1)§~i(y—y1)n d¢ dn.

1 +
Q(I—xhy—yl):“/ /

(2.17)
Torna
1 +00 +00
e(z,y) = C"E—Zo _{O Q2 — 21,y — 1) h(z1, y1) doy dys. (2.18)

Bropast ¢popma ycjioBusi pa3zpernmuMoCcTy epeolpejie/IeHHON 3a1a49u

Jda€T aHaJIOTUIHOE PaBEHCTBO

1 +00 +00
h(r,y) == [ [ Q@ =2y =) e(ony) dudy. (219)
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Takum 06pa3oM, CBSI3b MEXKJy KacaTeJbHbIMU COCTABJISIONMMU 3JIEK-
TPUUECKOIO ¥ MarHUTHOIO BEKTOPA B MEPEOIPE/IeJIEHHO MpaHrnuHOl 3a-
Jade i ypaBHeHuit Makcpesia HOpoxXKIaeT mapy B3auMHO 0OPaTHLIX
BEKTOPHBIX MHTEIPAJIbHBIX PeoOpaszoBaHuii THIa CBEpTKU. B 1pasbix
qacrstx dopmyat (2.18) u (2.19) cTosiT rUNEpCHHTYIISIPHBIE HHTETrPAJIbI,
OHU TPEJICTABJSIOT cO00# cBepTKM 0000IIEHHBIX (DYHKIIWIH.

Duiementsl Marpuilbl Q(r — 1,y — Y1) MOXKHO 3aIUCATh B ABHOM
sujie. [Ipoobpas dyukiun 1/v(£,n) 6bl1 BeIUKCIEH paHblie, (hopMyJa
(2.14). Ymnoxenue sroit bynknum Ha noauHombl k2 — &2 &n u n? — k2
cBojuTCs K judbdepentiposannio Gynxiuu e’ /.

Dopmysibl (2.18) u (2.19) MOXKHO MOIYUUTH TAKXKE METOJOM (DyHK-
mun ['puna. Oyakiun ['puna g ypasuenuit MakcBesniga B MOJTyHIpo-
CTPAHCTBE BBIPaXKaloTcs yepes (pyHIaMeHTaJbHOE PEelleHre ypaBHeHni
Makecemia, a 9To QyHJIAMEHTAJILHOE PelIeHHe MOXKET OBbITh IOJIyde-
HO € HOMOIIBIO (PYH/JIAMEHTAJIBHOIO PELIEHUs] TPEXMEPHOI'O yPaBHEHMUsI

Tesapmronbiia (oM., Hanpumep, (8], ri. 2).

2.5. YpaBHeHusa MakcBeJijia B aHU30TPOITHBIX Cpeax

Meros nnrerpajinbaoro npeodpaszopanusi Pypbe 10 KacaTeJabHBIM T1e-
PEMEHHBLIM MOYXKHO TIPHMEHUTDL IPH HMCCIEJOBAHUN IepeolpeaeeHnon
IPaHUYIHON 3aJIa9m JIJId ypaBHeHnit Maxcpesa B aHU30TPOIMHOM TIOJIY-
LPOCTPAHCTBE. Y KarKeM HECKOJIbKO YaCTHBIX CJydaeB aHU30TPOIMK, KO-
IJ1a YCJIOBUsI Pa3PEIIMMOCTHU IIEPEOIPE/IeJICHHON 3a/1a9i MOXKHO BbIIIH-
caTh B SIBHOM BH/IE.

[IycTh TeH30p AMIEKTPUYIECKON TPOHUIIAEMOCTH CPEJIbI

Exe Exy 0
E=c | €yr Eyy O
0 0 1

(paccMaTpuBaeTcst Caydaii aHH30TPONUY 10 IEPEMEHHBIM T U YY), & Mar-

HUTHAsT TPOHUIIAEMOCTD I = [t — CKaJsp. 3anuiieM ypaBHeHus Makc-
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BeJIJIA JIJIsT KOMILJIEKCHBIX aMIIATY/ 3JIEKTPOMATHUTHOTO MOJIS
rotH = —iwéE, rotE=1iwuH

B KOOpJAHHaTax

0H oF
—inH, — 3—;’ = —iwe(ep By + ey By), —inE, — a—zy = dwu H,,
0H,

0z

oE, . .
+i€ H, = —iwe(ey, By + ey By), 5, +i€ B, =iwp Hy,

—i§Hy+wmH, = —iweE,, —i{E,+imk,=1iwpH,

¥ PUMEHUM WHTErpajbHoe mpeobpaszoBanue Oypbe MO nepeMeHHbIM
(x,y) — (&,n). Uckmounm kommnorentsl F,, H, n nojaydum cucremy
JuddepeHnuajbHbIX YpaBHEHMH 1-T0 IOpsiIKa

OF — 2 _ |2
0z IWe TWe

Hy,

0B, _¥p L &g

0z iwe iwe
5 5 5 (2.20)
OH, &n+key, koeyy — €
= : E, + ; E,,
0z Wi Wi
OH, _ n? - k%e.s B — £n + ke B,
0z W 1w
UM B BEKTOPHO hopme
1 1
E=—-—PH H=—PE—-iwsQE,
we W
e
]_:):]_:)(5= 77) _ 577 k2_€2 Q: Eyx Eyy—l
) n2 . k2 _577 ) 1— o €xy .



B usorpomnoii cpege Q = 0.

Cobcrrernble 3HATEHWST MATPUITHl KOIMDMUIMEHTOB CHCTEMBI yPaB-
menuii (2.20) sBJISIOTCS KOPHSMHE TOJMHOMA UETBEPTOil CTENEHU BHJIA
M4+ pA2+q, rae

b= ]{2(53” + 5yy) - (&Ey + 5y$)€77 - (1 + 5953:)52 - (1 + 5yy)7727

q= (52+772_k2) S, §= k2(51‘y5y$_Emgyy)+(5xy+5yx)€77+5m52+5yy772'

Kopsu 3Toro nojimaoma obpasyroT Iapbl, B KaXK0i Iape 110 JiBa KOPH:
Pa3HbIX 3HAKOB.
BorgenuM dacTHbIE cIydad aHU30TPOINNM, KOIJIa MOXKHO IOJIYUHUTD

BbIparkKeHusi COOCTBEHHBIX 3HAaUEHMI HauboJjiee mpocToro Buja. IIycrsb

a=r(@ P k), r#0,
s 1

b= r - ; [k2(5xy5yx - gl,xgyy) + (gxy + 5y:c)§77 + 5zx§2 + 5yy772]'
Torna ab = q, a paBeHcTBO @ + b = —p OyJET BHIIOJIHEHO, €CJIN
1

1 1
7“—|—;5m:1—|—6m, 7“+;5yy:1—|—gyy.

[Ipn 7 = 1 ocraercs TOABKO OHO ypaBHEHHUE (£, — 1)(gyy — 1) =
EryEyr. TOTNA TPU €4y = €, = 0 UMeeM nepevit sapuanm 0dnoocesol
AHUBOMPONUY: WIN Eyp = Q — JII0DOE UUCIO, €y = 1, min g, = 1,
Eyy = B — 0boe anco.

IIpu €., # 1, €y # 1 anusorponnas cpejia spisiercst deyocrot, Tax
KaK U €4y 7 0, 1 €5 # 0. DTH BeJIMUNHBI MOIYT ObITH KaK BEIIECTBEHHbI-
MU, TaK 1 MHUMBIMHI C pa3HBIME 3HaKaMu. Bo BropoM ciydae MaTpuria
£ SIBJISIETCST SPMUTOBOI, a cpejia Ha3biBaeTcs eupomponnot [16], ¢. 529

(em. Takwxe [13], 3amaun 2.11, 2.12).
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Ecnu ke 1 # 1, 10 €44 = €yy = T U TOINIA €4y = €y = 0. DTO 6MOPOTL

6APUAH, odnoocesot aruzomponuu.

Mycth €40 = @, gy = 1, €4y = €y = 0. Tosmnom A + p A% + ¢
nMeeT KOpHH Fi71, Fi7Ye, T/Ie

n=mEn) = VE2 =2 =2, v =m(En) = Jak? — a2 — 2.

yCJIOBI/IMCH, YTO y 9TUX 4YUCEJI NJIM BEIIECTBEHHbIC YaCTHU HEOTPUIIATEJIb-

HbBIC, MJIM MHUMBIC YACTH MOJOKUTEILHBIE.
CobCTBEHHBIM 3HAUEHUSAM +47] COOTBETCTBYIOT COOCTBEHHBIE BEKTO-
pet (0, Fwpyr, €2 — k%, €n) u cobcTBeHHBIM 3HAMCHEAM iy COOTBET-
cTByIOT BeKTOpnl (k2 — &2, —£n, 0, fwe ).
CuiesioBaresibio, obiee perienue cucreMbl ypashenuii (2.20) nmeer

BU /L

E, = Cemzz(k2 _ 52) + de—mgz(kQ . 52)’
E,=ae™wuy —be Mwuy — ce P én — de ",
Ha: — aei’hz(gQ o k2> 4+ be—i’ylz(€2 . k2),

H, = ae™€n+be My + ceMweyg — de” " we vy,
snech a = a(§,m), b = b(§,n), ¢ = cn), d = d(mn) — uexo-

Topble (bYHKIUKA. Y pEIeHnii moJoKuTebHoil opuentaiuu b(£,n) =

0, d(&,mn) = 0, a dbyukuuu a(§,n), c(&,n) oupejpessirorcs 1o CJjie-
JaM Ha IUIocKocTH 2z = (0 3JIeKTPUYECKOr'o W MarHUTHOIO BEKTOPOB

e(x,y), h(z,y), a Tounee no obpazam Dypbe ux kKomnouent e,(&,n),

ey(£7 77)> hx(€7 77)7 hl/(fa 77)

c(&n) (K =&)=e(&n), al&n)wun —c(&n)én=ey (& n),
a(&,n) (€ — k) = ho(&,m),  al&n)&n+ (& n)weye = hy(&,n).

Hckmounm KoapDUIMEHTDI @, ¢ 1 MOJYIUM CIeYIONee YTBep:KIeHne.,
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Oynryuu ex(r,y), ,ey(x,y), ha(z,y), hy(x,y) acamomca caeda-
MU NONOAHCUMENDHO OPUCHMUPOBAHHO20 PEULCHUA CUCTIEMDBL YPAEHEHUT
Maxcsenanra 6 seprrem nosYNPOCMPAHCMEE NPU Cyy = O, €yy = 1, €4y =
eyr = 0 mozda u moavko mozda, xoeda ux obpasv. Pypve ydosaemeo-

PAOM, YCAOBUAM

wity he+éne,+ (K =€) e, =0, —weye+Enhy+ (k2 =& h, = 0.

Y10o6bI 000CHOBATH MOJIYYEHHBIE BBIIIE (POPMYJIbI, HYKHO YTOUYHUTD,
B KaKOM KJacCe PacCMaTpPHUBAIOTCS MCKOMbBbIe (GyHKIHU. B obmeMm pe-
menun ypasrenuit (2.20) kosdduipentor a, b, ¢, d 10XKHbI ObITH Pac-
pejieJIeHusIMIA yMEPEeHHOTo pocTa Ha, beckonedaroctn. Ho st Hux Kop-
PEKTHO OIIpe/Ie/IeHa Olepaliisa YMHOXKEHUA TOJbKO Ha OECKOHEUHO Jiud-
dbepennupyemble GyHKIUH, a GYHKIUT €77° 1 7y; He IPUHAJITIe’KAT STOMY
Kjaccy. [ToaToMy HY>KHO CY3UTH KJIACC PACIPEICICHII MeIJIeHHOTO pO-
cTa TakK, 9To0ObI Onepanust yMHOXKeHUs craja KoppekTHoit. [loctynum
TOYHO TaK Ke, KaK PaHbIEe B U30TPOITHOM CJIyUae.

II1ockocTb &, ) pazfensdercsd Ha 9acTH OKPYKHOCTbIo k2 — &2 —n? = 0
1 ssumancoM a k? — aé? —n? = 0. Ilycrs B npocrpancTse W OCHOBHBIX
byuKIMit conep:kaTcs GYHKIUA JBYX [IePEMEHHBIX, HEIIPEPLIBHLIE BMe-
CTE€ C TEePBbIMU TTPOU3BOJIHBIMKU B KaXKJIOH 4aCTU IJIOCKOCTH, JOIYCKa-
[OIIEe PA3PBIBHI MIEPBOIO POJIa HA OKPYYKHOCTH W IJIINIICE W WMEOIINe
MeJIeHHBIE pocT Ha bGeckoneunocru. Ilycrsh npocrpancrso & = F[U]
cocroutT u3 PpyHKIU, gpisdomuxca obpazamu Pypbe dynknumii uz W.
Torna mpocrpancTBo obpaszoB Pypre dbyHkiumii n3 P copnagaer ¢ W.
Taxum 06pa30oM, 1P KaxK0M (PUKCUPOBAHHOM Z BCE KOMIIOHEHTbI HCKO-
MOTO TIOJIsT JIOJIPKHBI ObITH JTMHEHHBIMEI HENPEPbIBHBIME (DYHKITHOHAJIAMN
Ha npocTpaHcTBe P.

B jajbHeiileM B KaKJIOM KOHKPETHOM CJydae HY»KHO pacCMaTpH-
BaTh OCHOBHBIE (DYHKITUH, JOIYCKAIOIINE Pa3pbIBbI IEPBOIO POJIa, Ha, CO-

OTBETCTBYIOIIIUX CUTYyallMM OKPY2KHOCTAX HJIN SJIJIUIICaX.
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Ecm ey = 1, eyy = B, €2y = €y = 0, TO MOXKHO HE HOBTOPATD
IpeJIbLIYIIIe paccyKaeHus. J[ocTaTouHO IepecTaBUTh T- U Y-KOMIIOHEH-
TBI 3JEKTPUIECKOIO ¥ MAHUTHOI'O BEKTOPOB U BMECTO (v Hamucarsb 3. B

9TOM CJlydae

m=mEn) = V2 - -2 v =& n) = VB2 — €2 — 2.

CobCTBeHHBIM 3HAYEHUsIM +4y] COOTBETCTBYIOT COOCTBEHHBLIE BEKTODDI
(Fwpryt, 0, €n, n*—k?) 1 cobeTBeHHbIM 3HaUEHIAM 19 COOTBETCTBYIOT
cobeTBernbie BeKTOpHI (—&n, k? — 1, Fwerys, 0). Torma mooKuTe nHo
OPMEHTHPOBAHHOE PEIICHHEe CHCTEeMBI AU(PepeHInaIbHbIX YpABHCHI

nMeeT BUJL

E, = —ac™wpy — cen, By =ce" (K —n?),

H, = ae"én — ceMweyy, H, =ac™(n* —k?).
Caeapl 3TUX KOMIIOHEHT 1o npu 2 = 0
— _ ]432 2
er = —awuyn —c€n, ey = c(k”—n"),

hy = aén — cweya, hy, = a(n® — k?).

HOE)TOMy NMeeT MECTO YTBEP2KAECHUE, aHAJIOI'NYHOE IIOJIYyY€EHHOMY BbIIIE.

Oynryuu ex(x,y), ey(r,y), hi(z,y), hy(r,y) asiaomca creda-
MU TONOHCUMENDHO OPUEHMUPOBAHHO20 PEWLEHUA CUCTNEMDL YPAEHEHUT
Maxceeana 6 seprrem noAYnNpoOCMPaHCMEe NP €z = 1, €yy = B, €4y =
eyz = 0 mozda u moavko mozda, xoeda ux obpasv. Pypve ydosaremeo-

pArwm ycaosuAmM

—wpy hy+(k2=n*) e +Ene, =0, weype,+(k*—n*) hp+Enh, = 0.
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PaccmorpuM Bropoii BapuaiT 01H00ceBol anu3zorponu. Ilyers e, =
eyy =T # 1, €py = €42 = 0. Torna

n=mnn) = \/Tk’Q—?fQ—W, Yo =1(&,n) = \/Tk2 —n?

M COOCTBEHHBIM 3HAYEHUSIM +17] COOTBETCTBYIOT COOCTBEHHBIE BEKTO-
pbl (FEv1, Fny1, wern, —weré) u cobCTBEHHBIM 3HAYECHUSM 1179 COOT-
BETCTBYIOT COOCTBEHHBIE BEKTOPBI (wiun, —wué, +&v2, +17y2). lonoxn-
TeJLHO OPUEHTHPOBAHHOE pellieHne cucTeMbl Tnd epeHInaaIbHbIX yPaB-

nenuii (*) nmeer Buj

17y22 1’722

E, = —ae" ¢y + ce™wun, E, = —ce WHé,

ny —

Hx = aGWIZWETn _|_ 0617225,72’ Hx - —a 61712(,(}87“5 _|_ 06272277’)/2.

Yeii0BUs Pa3peliMMOCTH IIEPEOIPEJIC/ICHHON IPAHUYHOM 3a/1a41 JlaeT

cJiejiytoliee yTBepKieHue.

Oynryuu ex(x,y), ey(x,y), hy(z,y), hy(x,y) asaimomes caeda-
MU NONOACUMENDHO OPUCHMUPOSAHHO20 DEULCHUA CUCTIEMDBL YPAGHEHUT
Maxceeana 6 seprrem NoOAYNPOCMPaAHCMEE NPU €yp = €y = T F# 1,
Exy = gz = 0 mo2da u moavko mozda, Kozda ux obpasv. Pypve ydos.ae-

MBOPAIM. YCAOBUAM

wer (Eeq+ney)+y1 (mhe—Ehy) =0, Y2 (ne.—Eey)—wp (§he+nhy) = 0.

X ko

Bajaun Judpakiuy 3JIeKTPOMArHUTHBIX BOJIH Ha [POBOJIAIIMX TOH-
KX 9KpaHaX JOCTATOYHO XOPOIIH M3YYEeHBI B TEOPETHIECKOM ILIAHE.
OjpHo u3 HamboJiee QyHIaMEHTAJbHBIX HCCJIEJIOBAaHUN B 9TOH 00JacTh
— monorpabust A.C. Unbunckoro u FO.I. Cmupuosa |9]. B s10ii kHu-

re HO,I[pO6HO paCCMOTPEHLI BOIIPOCHI CYIIECTBOBaHUA N €JUHCTBEHHOCTH
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peleHnii IpaHnIHbIX 3324 Jjs ypaBHeHuii Makcsesia U ypaBHEHHsI
['esibmrombia. CoBpeMenHass MaTeMaTHIECKast TeOpUst JUPAKIUN BOJIH
Ha CHUCTeMe 3KpaHoB m3yoxkena B monorpadun FO.I'. Cuupnosa n A A.
Hynaka [27].

11 9MCJIEHHOrO peIreHnsl WHTErPAJIbHBIX YPaBHEHUH, K KOTOPbIM
MPUBOJSTCS 38491 JUMPAKIK, MHPOKO UCIOJb3yeTcss MeTo, [aaep-
KuHa. B 1ByMepHBIX 3aj1auax U, COOTBETCTBEHHO, JIJIsI OJHOMEDPHBIX HH-
TEerpaJibHLIX yPABHEHWH MOAXOSIIIMEI OA3UCHLIMU (DYHKITUSIMHI SIBJISI-
forest nosimHoMbl ebbiinesa (¢ Becom) [11], rut. IV, nockosibKy ouu siBiisi-
I0TCsT COOCTBEHHBIMK (DYHKIIMSIMU TVIABHBIX YacTell MHTEerpabHbIX OIle-
paTopoB. Texnnka npeoOpa3oBaHnst THTEIPAJIBLHOTO YPABHEHUS C SIPOM
B Buje dyHknun XaHkesas mogpobHo mokasana B [20], §6. B Tpexmep-
HOM CJTydae (Jisi IByMEPHbBIX HHTETPATbHBIX YPABHEHU ) HCIIOTB3YIOTCS
creruaJbHble 0a3ucHbIe (DYHKITUH.

Paszjen 2.1 wamucan B coorBercruu ¢ §6 yuebHoro nocobust [20]. B
JaJThHEHTIIeM, J1JIsT CTPOroro 0DOCHOBAHUST METO/Ia, KaK y»Ke ObLIO yKa3a-
HO, OBLIM MCIIOJIb30BaHbl aHAJOIM CIEIUAJIbHBIX KJAaCCOB ODOOICHHBIX
dbyukumit B gyxe kauru [6]. B pazzgene 2.4 ucnosib30BaHbl HEKOTOPBIE
pesynbTarhl pador [19], [23] u [24], B KOTOPBIX MCCIETOBAHBI PA3INY-
HbIE KJIACCHI MEPEONPeIeJeHHbIX IPAHUIHBIX 3a/a4 JIJIsl yPaBHEHUN C
YACTHBIMU ITPOM3BOJAHBIMU. B pasjesne 2.5 npojoKeHbl UCCIe0BaHNS
IepeoIpeiesIeHHbIX 331849 JIJIsl ypaBHeHuil MakcBesia B aHH30TPOITHBIX

cpejiax, HadaTeie B pabore [3].
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3. OBOBIIEHHDBIE PEIITEHWN
YPABHEHUN SJIEKTPOJIMHAMUKN
B OTKPBITOM ITPOCTPAHCTBE

B mpeapiyineit riaBe ObLIO MOKa3aHO, KaK CBOJATCS K WHTETPAJIb-
HBIM YpPaBHEHUSM THITa CBEPTKU HEKOTOPbIE KOOP/IMHATHBIC 33 a4U JTH-
(bpakiuu 3JIEKTPOMATHUTHBIX BOJIH Ha MPOBOJSAIMX TOHKUX dKPaAHAX.
Unrerpasbubie ypaBaerust MoxxHO nipespatuth B BCJIAY, ecim nckarh
X pelleHusl B BUJIE PA3JIOXKEHUN B PsJIbl MO TOJXOMANUM CHCTEMaM
dynkiuit. Meroy ['aslepknna, MUPOKO UCITOIb3YEMbIil IPU TPUOJINKEH-
HOM peIIeHUN MHTErPaJIbHbIX YPaBHEHUI 3a/1a4 JUQPAKITUH, TaeT CUCTe-
MbI JIMHEHHBIX aJreOpandecKux ypaBHEHWH, KOTOPhIE MMOJIYyJIal0TCs 1PH
yceuennn tTakux BCJIAY.

B 3T0it riiaBe MBI pacCMOTPUM TEXHUKY CBEJIEHUST KOOPIANHATHBIX 3a-
Jad TupakIuy Ha MPOBOJAIIMX TOHKUX YKpaHaX B OTKPLITOM IIPO-
crpancrse Hemocpencrserno K BCJIAY. st aToro mocrpoera Teopust
00001eHHBbIX (DYHKIMIT HA IMCJIOBO# IPsAMOT (1 B JlasibHEIIeM Ha 11J10C-
KOCTH ), KOTOPbIE PACCMATPUBAIOTCS KaK TOCJIEI0BATEILHOCTH 3HAYCH U
JIMHEHHBIX (DYHKIMOHAJIOB Ha MHOXKECTBE JIMHEHHBIX KOMOWHaIWil Oa-
3ucHBbIX (PyHKIMIA. B KavecrBe Takux PpyHKIMI yI00HO B3ATh (PYHKIUH
DpMUTa, MOCKOJILKY OHH SIBJISIOTCS COOCTBEHHBIMHU (DYHKIMSIMHU HHTE-
rpaJibHOro npeobpazoatnsi Pypoe. Criel0BaTE/IBHO, KaK U B CJIydae 3a-
Jad audpakiuy Ha [eperopojikax B BOJIHOBOAaX (riasa 1), rpaHudHbIe
yCJIOBUSI JIjisT ypaBHenus [eabMrosbiia nin st ypasaeauit Makcsesia
MOTYT OBITH C(HOPMYTUPOBAHBI KaK CyMMATOpPHbBIE YpaBHEHUsI, COCTaB-

nstromnue uroropyio BCJIAY.

3.1. ITonmuaOMBI dpMuTa U (PYHKIIUU DPMUTA

Ioauromor Ipmuma TPOITE BCETO OMPEIETUTD CIAEYOMIM 00PA3OM:
Hy(z) =1, H(x)=2z, Hy(x)=42>—-2, Hs(x)=_8x>— 12z,
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Hyi1(x) =22 Hy(x) —2m Hpq(z), m=3,4,...
MoxHo Tak:ke cjiejiaTh 1O ¢ IOMOIILIO (POPMYJIbI

22 d™ 2

H,(z)=(=1)"e T (™), m=0,1,...

Kax u3BecTHO, NOJMHOMBI DPMUTA, SBJIAIOTCA PELICHUSIMU OOBIKHOBEH-
noro guddepennuanpaoro ypasuenus iy’ — 2xy + 2my = 0.
13 CBOMCTB MOJMHOMOB DPMUTA BBIJCJNUM J[BA: OHU OPTOrOHAJLHBI C

BECOM Ha BCEl YMCJIOBOI OCH, TO €CTh

+00
/ e Hy(z) Hp(z)dr = {k #m : 0; k=m: hy}, hy,=2"ml\/7,

—00

M UX POUBBOJIHBIE BHIYUCIISIOTCSI 110 peKyppenTHOi (popmysie H) () =
2m Hm—l (:13)
Qynryuu Ipmuma ONpelessoTCs TaK:

hon(%) = ¢ *?Hy(z), m=0,1,...

OTu QYHKIMHE TaKxKe UMEIOT PsJi 3aMedaTe/IbHbIX cBoiicTB. [Ipex e Bce-

ro, OHm OpTOIOHaJIbHDBI:
[ hi@) hon(2) dw = {k #m : 05 k=m : hyp}.

3ech ¥ JaJibiie OymeM Mpuaep>KuBaThCs coryamienns: h,, co ckoOkaMn

— 9T0 (PYHKIHUU DpMUTa, a h,;, 6e3 CKOOOK — KBaJpaThbl UX HOPM.
[Ipoussoabie pyHKIME DpMUTa, KAK U IOJUHOMOB DPMUTA, BHITHC-

JISIIOTCA 10 PEKYPPEHTHBIM (popMysiaM. YeaoBuMcst, 9To hy,(z) = 0 upn

m < 0. Torga ipu sobom m = 0,1,2, ...
W) = M1 () = o by (),

T b (2) = m b1 (2) + o Ry (),
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JlaJiee,
hi () = m(m — 1) hyp—a (@) = (m A+ 2) B (2) + /o hina (),

2% hp(2) = m(m — 1) hyp_a(x) + (m + Y/2) b (2) + Y4 hynga(2), . ...

Orciojia, 3aMeThM, JIEFKO TOJIyUUTh TaKKe U3BecTHOoe g depenimalib-
noe ypasnenue h! (z) + (2m + 1 — 2%) hy,(z) = 0.

B gactaom ciaydae, mpu m = 0 u m = 1 uMmeem
ho(x) = =2 ha(x),  who(x) = /2 ha(x),

hy(z) = ho(x) = Yo ha(z), xhy(x) = ho(x) + /2 ho(),
ho(z) = ='f2ho(x) + /aha(z), B(x) = =2 ha(x) + /s hs(x),
$2h0($) = 1/2 ho(l’) + 1/4 hQ(I), $2h1($) = 3/2 hl(.’t) + 1/4 hg(l’)

Haxkowren, GyHKINN DPMUTA SIBIAIOTCST COOCTBEHHBIMU (DYHKITUSIMU

UHTErpaJjbHoro npeobpazopannst Pypbe F:

+00
\/127 [ @) €7 da = i™ by (€)

i KopoTko: (Fhy,) (&) =i hpy,(€).

Eciu dyHKun pmMura IpoOHOPMUPOBATH, TO HEKOTOpPbIe (DOPMYJIbI
CTaHyT He OYeHb KpacHBBIMH. [l09TOMY OnHOBpeMEeHHO ¢ (DYHKIUSIMU
Ao () yr06HO Benons30oBath GYRKIUN My (2) = Ay (2) /By, (1x TaKKe
OyseM HasbiBarh dyHKiusiMu Dpmuta). Jlerko Bujerb, 1ro DyHkiwun
hon(x) 1 hyp(x) 0Gpasyor GHOPTOHOPMEpPOBAHHBIE CHCTEMbI (DYHKIH
Ha YUCJIOBOH OCH.

[Tpu nucbdepeniupoBanuu GyHKITH ﬁm(x) 1 YMHOXKEHUU KX Ha, CTe-

MeHU T MOJIYYar0TCs TaKyKe IPOCThIe (DOPMYIIbL:
ho(2) = —hi(2),
B;n(x) :1/2ﬁm_1(ac)—(m—|—1) Bm-l-l(x)? m = 1727"'
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xfzo(x) = 711(:1:),

T P () = Yo b1 (z) + (m + Dhpa(z), m=1,2,...

ho(z) = ='/2 ho(z) + 2ha(x), B (x) = =*/2 () + 6 hs(x),

hi () = Ya hina (@) — (m+Y2) hyn () + (m 4+ 1) (M + 2) hya (),
m=2,3,...
:172 710(5[7) = 1/2 7‘&0(.@) + QBQ(ZE), $2 711(:6) = 3/2 }Nll(.fb) + 6713(.17),
2% hn () = s hn2(2) + (m 4 /2) B (2) + (m+ 1) (m + 2) hipa(2),
m=23,...

u Tak jasee. 3jech Takke by, (z) = 0 npu m < 0.

3.2. O6006menHbpIe (DYHKIINM HA YUCJIOBOI OCH

B kauecrse o606wennvir gynryud (0.d.) byaem paccMaTpuBaTh -
netinole GYHKYUOHaAb, Ha MHOYKECTBE JIMHEHHBIX KOMOMHAIUH (DyHKIHN
Dpwmura hy,(-). Jlobyo takyo o.d. f[-] MOXKHO 0TOXKIECTBUTHL ¢ Ha-
6opoM (TIOCTIEIOBATEILHOCTRIO) ee 3HaueHuii fo, f1, ... Ha GyHKIUAX
ho(+), ha(v), ...

3/1eCh, KaK U paHblllie, Mbl HCIOIb3YEeM YHUBEPCAJIbHBINA (hOPMATbHBIII
napamerp ("mxokep") - — "rouka". IlojpasymeBaercs, 4To aprymeHt
byHKIMi Dpmura — BelecTBeHHAs TepeMenHasi (rmmeM (-)), a apry-
MeHT 06001eHHbIX QyHKImil — QyHKms (mumem [-]).

Oyuknun dpMuTa siBJIAIOTCA PYHKIUSIMA, OBICTPO yOBIBAIOIIMMHI Ha,
6eckonedHoCTH. MHOXKECTBO UX JIMHEHHBIX KOMOMHAIINH — TOJIITPOCTPaH-
CTBO IIPOCTPAHCTBa ObICTPO yObIBatoImux Gpyukimid. [IosTroMmy Juneitnoe
ITPOCTPAHCTBO 0.(. CONEPKUT B cebe MPOCTPAHCTBO YMEPEHHBIX PaCIIpe-

nenennit HIBapra.
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Nnrerpupyemoii dynkuuu f(+) craBurcsa B coorBercrBue (yHKIMO-

fU] 2 hn(s) = fn = /Oof(sc)izm(:c) de, m=0,1,...

(31ech © — nepemennast uHTerpupoBanus "B jokasabHoM Osioke"). Ero
3HavdeHusT Ha QyHKIMsIx Ipmuta — kodpduimentor Oypbe GyHKINN
f(+) o dyuxusivm dpmura by, (+). Eciu psag @ypbe ¢ koaddunmenta-
MU fp, cxonuTces u ero cymma pasia Gyukiwn f(-) (Ipu Bcex 3HaAYEHUsIX
ApryMeHTa WJIH ¢ HEKOTOPBIMU UCKJTIOYEHUSIMHA), TO ecTh (yHKIws f(-)
pazjiaraercs B psiji Pypbe 110 GyHKIKUAM IPMUTA, TO COOTBETCTBYIOILY O
eit 0.¢. OyjieM Ha3bIBATH peayaApHot. Fcium Hy>KHO yTOUHUTH, 9TO 0.(.
noJiydena u3 oobraHoi (yHkIiwu, Hanuiem f[z].

YeoBusi, Ipu KOTOPBIX (DYHKIUS pasjaraeTcs B psij 110 (DyHKIHAM

OpwmuTa, MOXKHO Hajith B KHure [12], c. 100).

B obmem caydae 3amuch
400
f() - Z—:O Jm hm()

OyeM paccMaTrpuBaTh PopMa.abHo, STO TOJBKO YKa3aHUe, UTO COOTBET-
CTBYHONTH (DYHKITMOHAJ MTPUHUMAET 3HAUCHUST [, Ha DYHKIUAX Ay (+).
Eciu ke psij 10 QyHKIMAM DPMUTA CXOAUTCS, TO UMEEM 0DbITHOE Pa-

BEHCTBO (DYHKIIUIA.

JIerko BUIETh, UTO MHOXKECTBO 0.(). — JITHEHHOE TTPOCTPAHCTBO C Ove-
BUJIHBIMU OIE€PAIMSIME CJIOXKEHHUST U YMHOYKEHUST HA TNCJIO.

JInneitHbie onepanyy HaJ| 0.. OMPECJUM 110 aHAJOTHH C Ollepaliusi-
MU Ha/J PaCIpeeIeHISIMHY.

Ymmootcenue o.¢p. na obvunyro gynryuro (MMEeHHO Ha (DYHKIHIO, & He

Ha IUCJIa — 3HAUEHUsT 9TOi (DYHKIINK) OMPEIETUM CIEYONHIM 00pa3oM:

a(-) fI-] = A () = fla) h(-)],
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eciu a(+) hy,(+) — nuneiinas kombunanus dbyuknuii dpmura. Ciegosa-
TEJIBbHO, YMHOKATH Ha MOJUHOMBI JIEFKO U TIPOCTO.

Hampumep, Tax Kax @ Ny, (z) = m hy_1(2)+Y/2 b1 () 1 22 by () =
m(m—1) hy,_o(x)+(m~+12) hy(2)+Y/4 hins2(2), 10 (2 fm = m frn1+
Yo fnir v (2% i =m(m — 1) fra + (m +15) fin + Y4 frns2 (BmMecro
a(z) = z wim a(z) = 2* numem z wim z?).

B 6ostee ob1mieM ciydae mMyCcTh

+00
a(x) hy(z) = > amphp(z), m=0,1,...,
n=0

—0oQ

Torpma mo onpeaeaeHuIo
+00
CL() fH : hm() = ZO Amn fn

(ecam TOJIBKO BCE ITH PsIfIbI CXOMSATCS). SICHO, UTO eCim CyMMBbI TIOJTY-
4aI0TCA KOHEYHbIMU, TO TAKOE OlLIPEJCJCHUE COBIIAIACT C HPEJIbILY UM

oTpeJIeJIeHUEM.

YuMuoxkeHne Ha (PyHKIUIO "aCCOIUATUBHO U KOMMYTATUBHO'" B TOM

CMbICJIE, YTO

Omnpenenum nepsyro npouseoduyro o.d. f|-] kak o.d. f'[-] co s3nave-
HUAMU

(f)m = _1/2 fo1+(m4+1) frs.

[Touemy Tak? A moromy, aTo jijist 0ObIdHOM Jnuddeperupyemoit ¢pyHK-

L
(Fw = [ F @) h(z) dz =~ [ f(z) b, (x) dz =



—/f ) Yo 1 (2) = (04 1) oy ()] die =

=~ fno1 + (m+1) frir.

B dopmynax npu m = 0 u m = 1 HY>KHO II0JIOXKUTH flm(x) = 0 opu
m < 0.
Bmopas npouszsodnas o.d. f[-] — nuueiinniii Gynkiunonas co 3naue-

HUAMU

(Vo = Ya frnea — (M A4 Ya) fon + (m 4 1) (m + 2) frnso:

JIerko BUIeThL Tak»Ke, UTO BTOPAas MPOU3BOIHAs 0.(). €CThL MPOU3BOIHA
OT 1IePBOI IPOM3BOIHOM. JI100as ciieyolias NPOU3BOJIHA BbITUC/ISIET-

CdA KakK MTPOM3BOJHadA OT TPEAbIAYIIEH TTPOU3BOHONA.

Obpas Qypve F o.p. — TakKe JUHEHHBIN (DYHKIMOHAJ, 3HAUCHUS
KoToporo (F f)m, = i fn. Takoe onpejesienne coBnajaer ¢ MpUHITHIM

B TEOPUU PaCIIPe/ICJIeHNt:
FIE 2 () = FIF b ()] = 0" flhun ()]
Haiijiem obpas @ypbe 1epBoii Ipou3BOHON 0.(. :
(Ff/)m = Z.m(f/)m =" [_1/2 fm—l + (m + 1) fm+1] =
_1/2 )" fmfl + (m + 1) )" fm+1 -
= 2@ (Fflmo1 — (m+1)i(F 1 = (—i& (Ff))m.
Ananornano, obpas @ypbe BTOPOii MpOu3BOLHOM 0.(. :
(ff”>m =" (f”)m -
= [1/4 fm—2 - (m + 1/2) fm + (m + 1)(m + 2) fm+2] =
= =107 finez = (m A2 i fr — (M4 1) (m +2) ™ i =
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= Y1 (FPmz = (m+/2) (Fm = (m +1)(m + 2) (F sz =
- (_52(ff))m

371eCh B KadecTBe MHOKuTeneil mpu F f Mbl cTaBuM crenern &, 9ToObI
HOJYEPKHYTh, YTO BTOPOI COMHOXKUTEJIL — uMenHo 0bpas3 Pypbe. Takoe
corJiallienue 4acto ucnosibdyercs. Hanpumep, B kuure [5], ¢. 164, ecrb
ase dopmyib: O°F[f] = F|(iz)*f] (3aech crouT & moTomy, 9T0 B HH-
rerpaiie Oypbe unrerpuposanue wier no ) u F[0*f] = (—i&)*F[f]
(3mech croutr € moromy, uto B uHTerpase @ypne £ — mapamerp).

[Tocaenoparenbrocts 0.d. fj[-] cxodumes x o.b. f[-] npu j — +oo,
ecitd fim = (fj)m — fm mpu j — 400 Vm =0,1,... [lapamerp, BbI-
Jleqsronmii 0., B mapaMeTpuuecKoM CeMeiicTBe, He 00a3aTeabHO J10J1-
el ObITh 1esiouncsentbiM. Hanpumep, nociegosarenbnocts 0.¢. f,[]
exopurest K 0.. fol-] npu z — 0, ecoin (f,)m — (fo)m upu z — 0 st

Bcex m = 0,1,...

Scno, uro 3Hadenus 0.¢. B OTJCJIbHBIX TOUYKAX YMCJIOBOI OCH He Olpe-
nesenbl. Ho o onpejesienunto o.¢. f[-] u g[-] pasusl, eciu f, = g Vm.

[TycTs Teneph 4ucIOBasg OCh T COCTOMT W3 AByX uacreit: M u N

Bynem rosoputs, uro f[-] =0 na M wmm na N, ecin
+00 +00
> Linfm=0n=0,1,... wm > Jupfm=0n=0,1,...,
m=0 m=0

371€Ch

Ln = [ h(@) B(@) d, T = [ B (3) () dl.
M N

Jlerko Bugerhb, 90 Joyn = Omp — L. Hosromy f[-] = 0 na M unu na

N Torna u TOJIBKO TOrMA, KOTJA

+0o0o 400
o= Jonfm, n=0,1,... wm fr,=> Lupfm, n=0,1,...
m=0

m=0
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Eciu ke o.d. f[-] couayaer ¢ obbranoit pynxiwmeit g(-) na M, to

+00 "
S I frn = /g(m) hp(x) dz, n=0,1,...
m=0 M

3.3. Ab6crpakTHble (byHKIIUKU. Y paBHeHNE ['eTbMroJsbIia

[Iycrs z — umnciio, npuHajJIeKaee HEKOTOPOMY IIPOMEXKYTKY BEILe-
cTBeHHO# ocu. Orobparkerust 2 — 0.¢. OyieM Ha3bIBaTh A0CTPAKTHBIMI
byukuusamu (a.d.). Torpa a.d. u(z)[] oroxmecrsisiercst ¢ nocseoBa-
TEJILHOCTBLIO (DYHKIMUI Uy, (2), X 3HAUEHUs TPU GUKCUPOBAHHOM Z — 3TO
sHavenust 0.¢. Ha by, (+).

CaoiicTBa a.d. 10 apryMEeHTY 2z OIPEJIE/IsIIOTCA Yepe3 CBOCTBa (PYyHK-
nuit u,(2). Hanpumep, ecin Bece dyukunu uy,(2) auddepernupyemsr,
10 u aberpakrayo Gynkuuo u(z)[-] nazosem juddepennupyemoit 1o
z. Torga u'(z)[-] — roxe a.d. co snadenusvu u,(z) Ha by, (-).

Kak pemarb qud. ypasHeHnusi, B KOTOPbIX y4aCTBYIOT IIPOU3BOJHDIE
a.p. no z? Ecom u/(2)[-] = 0[], uro paBHocmibHo u,(2) = 0, m =
0,1,..., 10 up(2) = ¢y wim u(2)[-] = c[-], rae ¢[-] — mpousBosbHast 0.¢.

Ecin 3a/1aH0 JinHEHOE OJ{HOPO/IHOE YpaBHEHUE MOPsJiKa 1, KO3 Pu-
IIMEHTHI KOTOPOTIO He 3aBUCAT OT 2 (TO €CTh ABJISAIOTC (DYHKIUSIMUA OT
T, a yMHOXKeHue Ha (DYHKIMU OT T BBIIOJHAETCS 110 HPABUILY YMHOXKE-
HUst 0., Ha OOBITHYIO (DYHKITHIO), TO PACCYKIAEM CIEIYIONMM 00pa3oM
(ucnosbzyem Meroy Ditsiepa). CrporM XapakTepUCTUUECKUT 10JMHOM
OT A, HAXOJIUM €ro KOpHU ... Keiu A\(x) — npocroit KopeHb xapakrepu-

CTHUECKOrO HonHOMa, T0 eMP)?

— 4YacTHOE perlieHne Jud. ypaBHEHHUs,
ero MOXKHO YMHOXKHUTH Ha TPOU3BOJIBHYIO 0.¢. (TOUHee, Ha HEro, Kak
Ha OOBITHYI0 (DYHKIIUIO OT T, YMHOXKUTH Mpou3BosibHYIO 0.¢.). Torma B
0BIIeM PeleHnn ypaBHEeHus ecTh caaraemoe eM®? ] .

Hanpumep, ypasuenue u'(2)[-] — a(z)u(z)[] = 0 umeer pemenue

u(2)[] = "=l ].
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Bynaem uckars a.d. u(z)[-], yaosnersopsitomue ypasaenuto [esbm-

roJibIla, ) ,
0 o ou
a— 9T + k7 u(x, z) = 0.

Ypapuenne ['eapMrosibia B 0000IIEHHOM CMBICIE TOHUMAETCS KaK Oec-

KOHeYHas CHCTeMa ypaBHeHHUil
u (2) + k2w (2) + Yatm_o(2) — (m + o) up(2)+
+(m+1)(m~+2)upia(z) =0, m=0,1,...

YMHOXKUM 9TH ypaBHEHUs Ha ¢, 9TO PABHOCUIBHO MPEOOPA3OBAHUIO
Dypbe 1o nonepeunoii nepementoii x. Ilepes uy,(z) nogBuTcs MHOXKY-
Tesib i) & epeJt Uy, —o(2) U Up,o(2) MuOKUTE M —i" . [lnst (Fu),(z) =
i" up(z) umeem ypasuenust (m =0,1,...)

(Fu)p(2) + B (Fu)m(2) = a (Fu)m-a(2) = (m +/2) (Fu)m(z)-
—(m 4+ 1)(m + 2) (Fu)mia(z) = 0.
YT0, KK U CJI€J0BATO0 OKIIATD, PABHOCHIBLIO YPABHEHHIO
(Fu)"(2)[€] + (K =€) (Fu)(2)[¢] = 0,
0bIee peleHne KOToporo
(Fu)(2)[¢] = €70 ale] + e 197 blg].

3ech Mbl tiuiiem € BMecto "todaku' Jjist TOro, 9TOOBI MMO/ICKA3aTh, UTO
sta popmyIia 3amnucana st oopaszos Oypwe 0.¢., mpu npeodbpazoBaHnN
Dypbe nepeMeHHas X Tepelia B mepeMeHnyto &.

Ha a3bike (hbopMaIbHBIX PsAJIOB

mziﬁM@,mzi%M@

1 TOT1a
)z al€] + e~ ()2 blé] = i::o[ 4 bye e Z] hun ().
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Takxke dpopmasbho (obparTHoe peobpazoBanne Oypbe 3aMUCAHO KAK WH-

Terpad)

u(z)|x] \/% / €] + e 17 plg]) e de.

Ho ecin al€], b[¢] — peryasipubie 0.d., TO TO

oo 1 TR0 .
u(@,2) = 3 = [ (am €1 4 by, e 7O Dy (€) €7 dE.
m=0 27T—oo

Bynem HaznBaTh permenust ypaBHeHUs1 [eIbMIOIbIa noA0HCUMEAbHO
opuenmuposarnvLmu upu bl-] = 0 u ompuyamesvro opueHMuUPOSAHHbI-
mu mipu af-] = 0.

Yenoumcst Jiisi oOpazoB Pypbe 0.¢. HE cTaBUTh CHMBOJI IIPE0OPa30-
Banust Oypbe, OyemM yka3biBaTh B KBaJIpaATHBIX CKOOKAX COOTBETCTBYIO-
nyto nepementyio: ruieM g(€] Bmecto Fg|-]. Torma ayist mosoxurebHo

OPUEHTUPOBAHHBIX pPEIIeHUi ypaBHEeHHd [eabMroibia

uol¢] = w(0)[§] = al¢], wl[¢] = u'(0)[¢] = iv(€) alg]

1 ycJIOBUE
ur[§] = iy(§) uol¢] = 0

ABJISIETCST HEOOXOJUMBIM U JIOCTATOYHBIM YCJIOBHEM TOTO, 9TO 0.(. Ug-]
v U] ABISIOTCS colejiaMu Ha IpAMOil 2 = 0 1OJOXKUTEIHHO OPUEHTH-
POBAHHOIO perriernst ypasuenust Lesbmrosibia (ipu 2z > 0).

Anajiornaso, ycjioBue

u1[€] + i7(€) uol€] = 0

SBJISIETCST HEOOXOJUMMbIM U JIOCTATOYHBIM YCJIOBHEM TOIO, 9TO 0.(. U]
1 U1 [-] sIBIISIIOTCA coielaMu Ha npsiMoii 2 = 0 oTpuIaTesbHo OpUEHTHPO-

BAHHOTO perienusi ypasuenusi [eapmronbia (mpu z < 0).
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3aMeTuM, 4TO 3HAUYCHHS pelleHuil ypaBHeHus ['eibMrosibiia mpu 2 >
0 u npu z < 0 6ynyr perynspabiMu 0.¢b. B pamkax teopun o.d. Beerja
cymectBytor ux ciaenbl ("mymesoit" u "mepsoiit") ma mpsmoit z = 0,
KOTOPbIE B ODIIEM CJlydae PeryjsipHbIMEU ObITh HE 0Osi3aHbI.

Kpowme Toro, npejen npu z — 0 obpasa Pypwe a.d. u obpasz Pypbe

ee mipeaena npu 2 — 0 — OqHO U TO Ke.

3.4. Ilndppaknug 3/1eKTPOMArHATHON BOJIHBI
HA TOHKOI NPOBOALIIEN JIEHTE

Bepuemcs K iByMepHOi 3a1ade TudpakIiiny NapasiebHO TOJIsIpUu30-
BaHHOI 9JIEKTPOMArHUTHOH BOJIHBI Ha TOHKOMI ITPOBOJIAIIEH OECKOHEUHOM
senre (pasgen 2.1). HamomMuuM, 4mo Hy2KHO HafiTH pelleHnst ypaBHeHus
lesibmrodibia ipu 2 > 0 nipu 2 < 0, y/10BJIETBOPSIIOIINE YCIOBUSIM Ha,
OECKOHETHOCTH W TPAHUYIHBIM ycaoBusiM mipu 2 = (.

ByneMm nckath 00600ITeHHBIE pellenns ypaBHeHus [elbMroJibiia
ul(2)[] m w?(2)[-] npu z > 0 u 2z < 0 COOTBETCTBEHHO KaK abCTPaKT-
Hble (DYHKIMKH, TO €CTh OTODPaXKEHMs, CTABSIIUE KaXKJOMY 3HAYEHUIO
nepeMeHHo# z 006001eHHY 0 (DYHKIUIO — I10CJI€I0BATEIbHOCTD 3HAYEHU
JINHEHHOTO (DYHKIIMOHAJIA Ha, MHOYXKECTBE JIMHEHHBIX KOMOUHAIMi DyHK-
Uit dpMuTa.

Iycrs u’(x, 2) — norenmuannaas GYHKIES BOIHBI OT BHEIIHETO HC-
Tounuka, ee nyJjesoi cie uf(r) = u’(x,0) na ocu x — obbrunas GyHk-
must. Obo3HauMM, Kak W panbIie, depe3 M gacTb ocu , COOTBETCTBY-
rortyto Jenre, u depes N — gonosnenue M 10 Beeit ocu. I'pannanbie

YCJIOBYSI M YCJIOBUS CONPSIKEHUsI B 3a/1a4e U PaKIuy TaKue:
ugl] +upl] =0, upl] +ugl] =0 ma M,
wl] =wugl], wl]=uil] m N
Baaua qudpaKInE CBOJIUTC K OJHOCTOPOHHEH TPaHUIHON 3a1a1e
ugl] = —u(-) ma M; ui[] =0 ma N,
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DTO JTIOKA3BIBAETCSI TOYHO TAKUMU K€ PACCYKICHUAME, 9TO 1 B pa3iesie
2.1. Jleiicrsurensio, up[x] = ui[x] na seeit ocu. Crenosarensno, ub[é] =
u3le], wlle] = —2[€] u ubfa] = —dfe]. Ho rorsa vife] = udla] = 0 na
N.

CnenoBarebHO, Ha sI3bIKEe 0OODIEHHBIX (DYHKITUI YCJIOBHUS T'PAHUY-

HOW 3a/1a4W UMEIOT BUJ

+00
S Ln Uom = —up,, n=0,1,..., (3.1)
m=0

400

Z_:O Jonttiy, =0, n=0,1,..., (32)

371€Ch Ugy U Uiy, — 3Hauenns dyHKimonanos uy[-] u ui[-] na Gasucupix
(pyHKIMAX DpMUTa, STU XKe 3HaAUCHUSI SBJIAI0TCS Koaddunuentamu Dy-
phe CIeJ0B Ha OCH X pellenus ypasuenns [eanpMromnia npu z > 0. Kak

u B pazjiesie 3.1, uHTerpaJibl
Ton = [ ha(@)hn (@) dv, Ty = [ B (@) P () d = Sy = Ly
M N

Ecan Bosna ot YAaJIEHHOI'O NCTOYHHUKA ITJIOCKas,

i 90 g .00,
UO(SU,Z) — e ik sin 6%-x—ik cos z’

TO UME€EM

u) = /ug(az) hy(x) doe = /e‘i“smeo'a’fzn(a:) dx.
M M

Hobasum k ypasuerusM (3.1) u (3.2) ¢BA3b MEXK/Ty CIaMU HCKOMO-

ro pelleHust ypaBHeHMsI [enbMrobiia, 3anucaniyio B obpasax Dypbe:
ul[€] — i(€) ubl€] = 0, 10 cor

+00
(ful)m —1 Z ’Ymn(qu)n = 07

n=0
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Yo = [ AHEhm()hn(€) dE, () = VK — €

Tak kak (Fuy)m = 1" U, (Fug)n = 1" gy, TO

+00
U+ S " o =0, n=0,1,... (3.3)

m=0

Urax, ycrosust 3amaau gudppakmunm mpejgcranisiior coboit BCJTAY,
COCTOSIIYT0 U3 Tpex Tpymn ypasuenuii (3.1), (3.2), (3.3).

Ecin ke ycjaoBusi pa3perimMoCcTy Mepeorpe/ie/IeHHON 3aa4un 3aliv-

catb B Buje uj[é] + - ui€] = 0, To Bmecto (3.3) Gyzem umers

7(€)
+00 1

+00
un + > T A i =0, A = [ =
n = mn m mn _ZO ’7(6)

Kak u B ciaydae 3ajaun Jupakiiuy 3JEeKTPOMAIHUTHON BOJHBI Ha,

T (€)ha(€) dE. (3.4)

IIePEropojiKe B IJIOCKOM BOJHOBOE, MoxKHo B ntoropoir BCJIAY ocra-
BUTb TOJIbKO OJIHY IPYIILY HEU3BECTHBIX: JIJIs 9TOr0 HY>KHO U3 PABEHCTBA,
(3.3) BBIpA3UTH Uy, YEPE3 Ugy, W TOACTABUTH pe3yJibrar B (3.2) win us
paBeHcTBa (3.4) BHIPA3UTh Ug, Yepe3 Ui, u nojgcrasuth B (3.1). Tlomy-
GUTCS CJIeIyIoTIee:

+oo +00 +00
Z (Z im_n_lfymnjnk) Uom = O: Z Imk Uom = —ng, k= 07 17 cee
m=0 n=0 m=0
nJjin
+00 400

+00
Z ( Z.minJrl’%/nnInk) Ulm = u8k7 Z JmkUim = 0, k= 0,1,...
m=0

m=0 n=0

Gopmasbblilt BeBog, BCJIAY 3amaun mudpakiiun Ha JIEHTE MOXKHO
IIPOBECTHU CJIEJYIONIUM 0Opa3oM. Byjem nckaTh HyJIeBOI U IepBbIi cjie-

JIbI B BUAJIE
1 & 1 =
uo(x) = > Uom hin(z), u(x) = > Uiy hin().
m=0 m=0
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YeioBus OJITHOCTOPOHHEH TpaHmIHOMN 3a/1a4n
ug(x) = —ud(xz) wa M; uj(r) =0 na N,

YMHOKHIM Ha Ay () B IPOUHTErPEPYEM IO COOTBETCTBYIONEMY YIACTKY
ocu x. [omyaum dopmyner (3.1) u (3.2).

B yciioBue pazpernMocTy epeornpeieieHHOM 3a/1a491 IOICTaBUM 00-
pas3bl Dyphe CJIeI0B peleHnst ypaBHeHust [ ebMrosbia (B CyMMax MOsiB-
JISOTCS. MEOXKUTENH ™), YMHOKIM 00€ YaCTH yCeioBrs Takxe Ha hy, (1)

u npounTerpupyem 1o Beeit ocu . Torma nosyaum dbopmydy (3.3) (usm
(3.4)).

Ormerum erre ot nHTEpecHblil hakT: hopmyiis (3.3) u (3.4) MOKHO
paccMaTpuBaTh Kak B3amMuo obparnyio napy BCJIAY: ecin

+00 1
-m—n
[ YmnUom = Uln, n:0717"'7
m=0
TO
+00 1 4
-m—n— _ _
i Vo Ulm = Uon, 1 =0,1,...
m=0

1 HA0OOPOT.

3.5. InTerpajbHble ypaBHeHHusd 4-ro poaa

Ceiiyac Mbl BepHEMCsI K HTHTErPaJIbHBIM YPaBHEHUAM 33,7291 TP PaK-
[[MU JICKTPOMArdinuTHON BOJIHBI Ha TOHKOMW HPOBOJIMAIIECH JIEHTE (pa3ﬂeﬂ
2.1) " YCTAHOBUM CBsA3b MEXKJIY PEMICHUsIMU ITUX YPaBHEHUI U Pa3JI0xKe-
HUSIMU CJIEJIOB PeIlleHKs YpaBHEHHs ['eIbMIoJIbIla B PSbI 110 (DYHKIIHASAM
dpMmura.

B ciygae nmapaJsuiesibHOR MOJIsIpU3aliU T0JIsT 3a4a49a Juppakinm Ha

JeHTe ObLIA CBEJICHA K WHTErPATbHOMY ypaBHEHHIO 1-T0 poja (2.4):

/uf(ml) Ki(z1,2) dry = —ub(z), 2 € M
M
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¢ storapuMIIECKOil 0COOEHHOCTHIO B siyipe (2.5)

— 1 i€ —ix
Kl(xl,x):% / @e 16 e e,

Paccy»xjienusi MOryT ObITh TAaKMMU: CHAYAJIa BbIPA3UM HYJIEBOI CJiej] de-

pe3 mepBbIid

+00
= / ”LLT(SUl) K1<£171,33‘) dﬂjl,
—0o0
a ToTOM BocHob3yeMcs TeM, uto uy (z) = 0 na N u ug (z) = —ud(z)

na M. Takum o6pasoM, eciu nepsblit ciaey uy (T) pemenus ypasnenns
[ebMrosbia SBIseTCs HEM3BECTHLIM OOBEKTOM, TO JIJIs OIPECJCHUs
5TOI (PYHKIMKM MMEEM ypaBHEHME, COCTOAIICE U3 JBYX HacTeil: oHa 3a-

nana Ha M, npyras — na N.

uTerpanbioe ypaBHEHUE BHUA

oo
a(x) p(z) + / o(r1) K(r1,2) dry = f(x), x € (—o0,+00),
~o0
OyJjleM Ha3bIBATH UHMEZPAALHLIM YPaGHEHUEM 4-20 poda, ecim K (t, x) =
0 npu x, IpUHAJJIEKAIIUX HEKOTOPOMY IIOJMHOXKECTBY (—00, +00).
I[Tycrb, Kak B Haliem ciydae, (—oo, +o0) = MUN, K(t,2) =0 u
a(z) # 0 npu x € N. Torna dyukus p(x) cpasy naxogurcs na N u
ypaBHenue 4-ro pojia npeBpalaeTcs B ypaBHEHUE BUJIA

a(x) p(x) + / o(x1) K(x1,2) dey = g(x), =€ M.
M
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B ero npasyto 4acTb IHepeHOCHTCS yzKe M3BecTHbI unTerpas mo N or
byuxmun ¢(z). ObparHas mpoleypa Tak:Ke BO3MOXKHA: HHTErpajbHoe
ypaBHenue Ha M Jerko pacnpocTpaHuTh Ha N, ecid J00NpeesnThb
MCKOMYIO (DYHKIMIO 33JJaHHbIMU 3HaueHnsaMu na N

Takum oOpa3oM, OT 3ajiaun JUMPaKIUA Mbl IEPeILId K HHTer'PaJib-

HOMY ypaBHEHHIO 4-TO pojia

+00
/ ui(xy) Ky(x1,2) doy = —ud(z), v €M, ul(zx)=0, z€N.

—00

Byjnem nckaTh ero pemieHue B BHJIE PA3JIOXKEHUS B Psiji 10 PYHKITUIM

DpPMUTA
400
ul(xl) = Z Uim hm(l'l).
m=0
Torna
+00
/ uy(zq) K(x1,z) dey =
+00 ", 400 1 . +00 )
— v - —ikx h z{zld d¢ =
S st [ eevamimn, (@
= Uim— | ——e w1 h,y, .
m=0 ! 2”—00 /7(5)

[IppMmeM BO BHUMaHME pas3JIOKEHUE

e = B Y i () b,
k=0

CuieioBaTesibHO,
+00
/ uy(zq) K(x1, ) dxy =
400 400 . +00 1 _
_ _n;oulmg()z k1 hk(x)lo i) B (€) T (€) dE.
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Obo3HauMM, KaK 1 paHblile,

, +00 1 N
vmeZo gy () hul©) d

Urax,

—+00 +oo' kil 0
Zoulmkz g Yoo () = ug(x), x € M.
m= =0

TTocie npoekTnposanus na hy, () umeem BCJIAY

+00 “+00 bl 0
o —
> Uy 0 Yok Lin = Ug,, n=0,1,...
m=0 k=0

+00
uln_zulmlmm n=0,1,...
m=0
3J1ech, TaK»Ke KaK U paHblIle,

Iip = /hk(x) ho(2) do, ), = /ug(w) ho(z) da.
M M

Anasoruynbie pacCyKJA€HNA MO2>KHO ITPOBECTHU B CJIy4da€ IEPIICH/IN-

KYJAPHON MOJAPU3AINAN SJEKTPOMATHUTHOTO TOJIS.

3.6. Yceuenue BCJIAY

PaccmoTprm HEKOTOpbIe 0COOEHHOCTH MPAKTUIECKON peasin3alum aJi-
ropurMa ducjaerroro pemrenns BCJIAY, K KOTOpbIM IPUBOIUTCS 325294,

JuPaKIUU JEKTPOMATHUTHON BOJIHBI Ha JIEHTE.

st npubJIM2KEeHHOI'O BbIYUC/ICHIS MHTEIPAJIOB YA00HO UCIIOJIb30BATD

kBaJIpaTyphyio (Gopmysty tuma Laycca ([15], nononnenune B):

1 . 1
I, = " / e Hpy(x) Hy(x) de ~ . Z Aj Hi(x5) Ho(),
n iy n j=1

/\jefin sin G(ﬂIJ)Hn(\/ZxJ%
1

, V2

U ~ —
On
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B 9TUX CyMMaX y4aCTBYIOT TOJBKO cjaraeMble, B KOTOPBIX j € M,

1 J
Ymn hig Ajv(@g) Hin () Hp().

3€ech T — HyJIM HOJIMHOMOB OpMuTa u \; — uucia Kpucrobdess. Bax-
HO CJICJINTD 32 TeM, 9TOOBI HE BCE TOYKM Xj HONAJN B MHOXKeCTBO M —

uHTerpabl I, u J,, He paBHbI IpYT JAPYTY.

Yeeuenune BCJIAY (3.1), (3.2), (3.3) B 0b1iem caydae 1poBejieM Tak.
OcraBum My HEM3BECTHBIX Uy, M7 HEM3BECTHBIX Ui, a Takxke Ny
ypapuennii B nieppoit vactu BCJIAY, Ny ypaBuenuit Bo BTOpOit dacTn
BCJIAY u M, ypaBuennii B Tperneii wactu BCJIAY:

My—1
S L wom = —ugn, n=0..Nyg—1,

m=0

M;—1
Z Jmnulm:(), n:O..Nl—l,

m=0
My—1
Uy, + Y, " Lyntiom =0, n=0..M; —1.

m=0

D1y CJIAY MOXKHO KOMIIAKTHO 3aIicaTh B BU/JIE

P
> GpmUm =by,, n=0..0Q,

m=0

rne P = My+ M; —1, Q = Noy+ Ny + M; — 1. B sroit CJIAY B
KadeCTBE HEU3BECTHBIX U, PACCMATPUBACTCS TOJHBIH HAOOD MCXOTHBIX
HEU3BECTHBIX: U0, - - -, U0 My—1, U105 - - - 5 UL M,—1. DJIEMEHTbl MaTPUIIbI
KO (DUIIMEHTOB U BEKTOPA MPABbIX YaCTEHl TaKue:

mpun=0..Ny—1

m=0..My—1: app=1In,; m=0..M—1: aymir, =0;
bn:_ugn;
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mpun=0..N; —1
m=0..My—1: apingm =0; m=0..Mi—1: aninNgm+My = Jnm;

anrNo:O;
nmpun=0..M; —1

Z'm

. . —n—1 .
m=0..My—1: aping+N.m = Ymn;

m=20.. M1 —1: Qp+Ny+Ny,m+My = 0, HO Qp+Ny+Nyn+My, = 1;
bn+N0+N1 — 0
Tak Kak 9ucjI0 ypaBHEHU MOXKET ObITH OOJIBITE YUCIa HEM3BECTHBIX
(mampumep, eciu My = My = Ny = Ny = M), 1o OGyJem HCKaTh Mu-
HIMYyM HeBst3kn 110 BeeM ypasaenust CJIAY. Torma monyuanm CJIAY c

KBa/IPATHON MaTpuiei

P Q Q
SO ar anm) U = >, ar; by, k=0..P. (3.6)
m=0 n=0 n=0

MOKHO MCKIIOYNUTH HEU3BECTHBIC Ui, W COKPATUTHL BJIBOE pasMep-
Hocth uroropoit CJIAY. Ilycre My = My = Ny = Ny = M. Torna

nMmeemM

M-1
S L tiom = —u),, n=0..M—1, (3.7)
m=0

M-1

ZJmkulm:Q k=0..M—1.

m=0

[TojicraBum BO BTOPYIO I'PYIIILY ypaBHEHUI

! +1
‘N—mM
Urm = Z ? YnmUon
n=0
W TIOJTy UM
M-1 M-1 "
“N—mMm

> (X T tion) =0, k=0 M — 1
m=0 n=0
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nJin
M-1 ,M-1

> (X " S Juom =0, n=0..M—-1.  (38)
m=0 " k=0

Urak, mbr nostyann gpoitayto CJIAY (2.7), (3.8). Samnuiiem ee B Bujie
M-1
> apmUom =b,, n=0..2M — 1.
m=0
Specb ipun=0.. M —1

M—1
_ . _ _ -m—k+1 .
m=0..M—-1: aym=">Lnun, Girtm= D 1 JknYmk:
k=0

0
bn — _u0n7 bn+M — 0.

YenoBue MuHnMyMa HeBsizku 110 Bcem ypapaerusim CJIAY paer Ho-

Byio CJIAY

M-1 2M-1 2M—1
S (Xt )um = X alby, k=0..M-1. (3.9)
m=0 * n=0 n=0

Hpyrue Bapuantsr BCJIAY paccMaTpuBaioTCst aHAJIOIMYHO.

3.7. Indpakmnuga 3/71eKTPOMATrHUTHON BOJIHBI

Ha HpﬂMO}’I‘OJILHOfI IIJIaCTHUHE

Ob6cyuM KpaTKO, HACKOJIBKO YCJIOXKHSIETCS aJITOPUTM PEITeHWs 3a-
Jladn Judpakiul 3JeKTPOMAIHUTHON BOJIHBI Ha, SKpaHe B TPEXMEPHOM
cirydae.

Ilycrs ma mpoBopgmuii TOHKU 9kpan M, paciooKeHHbI B ILJI0C-
kKoctr 2z = 0, Haberaer ajeKTpoMarauTHas BojHa. Hy»kHo HaliTu 1mose,
BO3HHUKAOIIEe Ipu ee JTupaKiinm.

O6o3nauum 4yepes N jonosnenue skpaHa Jio Beeil miockoet z = 0.

[Tycrs eY(z,y) — cies na 9TO# TMIOCKOCTH KACATEIBLHON COCTABIIAIONIEH
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9JEKTPUIECKOIO0 BEKTOpPA BOJIHBI OT BHENIHETO WCTOYHWKA. B Tpexmep-
HOM CJIydae KacaTeJbHbIE COCTABJISIONINE JJTEKTPUIECKOTO W MATHUT-
HOTO BEKTOPOB — JIByMepHble BeKTODHL: e(x,y) = (ex(x,y), ey(x,y)),
h(:l?, y) - (hﬂC('ra y)? hy(x7 y))

[TycTh mipocTpaHCTBO 3aMOJIHEHO OJITHOPOJIHONW M30TPOITHON cpejioit n
BHeIIHee 1oJie 3ajano u npu 2 > 0, mw npu z < 0. [n1g xKacaTeJbHbIX
COCTABJIAIONINX JEKTPUIECKOTO U MATHUTHOTO BEKTOPOB UMEEM TIPU 2 =

0 rpaHuyHbIE YCJIOBUS
e(z,y) +et(z,y) =0, e (z,y)+e (z,y)=0 na M,
1 yCJIOBUA COLPAXKCHUA
e(z,y) =e (v,9), h'(z,y)=h (z,y) na N

+
B paziesie 2.4 66110 110Ka3aHo, uTo sekrop-pyukiuu et (z,y), h™(z,y)
SBJIAIOTCS CJI€JJaMU OPUEHTHPOBAHHBIX pelienuii ypapnennii Makcses-
JIa B BEPXHEM ¥ HUXKHEM TIOJIyIPOCTPAHCTBAX COOTBETCTBEHHO TOTJIA U

TOJIBKO TOTJIa, KOrjia uxX 0bpasbl Oypbe yI0BIECTBOPAIOT YCIOBUAM

weeey(€,m) e (& n) —P(&,n)h'(&,n) =0, (3.10)
weoey(§,m) e (§,m) +P(§,n)h™(§,n) =0, (3.11)
rie
P = (. ) e = E
X T NGV n>.

TouHo TAKUMU Ke paccyxKIeHUsIME, KaK ¥ B JBYMEPHOii 3aj1aue, J10-
Ka3bIBAETCsl, YTO TPeXMepHas 3ajada JUuMPakiny BOJIHbLL Ha IIPOBO/IsI-
IIeM TOHKOM 3Kpatne M CBOIUTCsT K OJHOCTOPOHHEH 3a/a19€e B HMOJIYIIPO-

crpancTie 2 > 0 ¢ rPaHUYHBIMU YCJIOBUAMH
e (z,y) = —e’(z,y) va M; h'(z,y)=0 na N. (3.12).
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Crofa Hy»kHO 7100aBUTh CBsi3b (3.10) MexkIy CIeaMu MOJOKUTETHHO

OPUEHTHPOBAHHOTO perieHust ypasuenuit Makcsemra (B obpasax Dy-
pbe).

Pacnipocrpanum meros ceesenust 3ajaaun (3.10), (3.12) k BCJIAY ¢
OMOIIBIO 0000IEHHBIX (DYHKINN CHeraJIbHOT0 Kiacca. O0oOIeHHbIe

(byHKIUU B JAHHOM CJydae — 3TO JIMHeHHble (PYHKIIMOHAJDbI Ha JIUHEH-

HBIX KOMOMHAIMAX JBYMEpHbIX (GyHKIWHA Dpmuta hy,(x) h,(y). O.d.

fl, -] oroxpecrBisiercs ¢ HabopoM unces
+00 +00
fran = / / f(£777) hm(m) hn(y) dx dy.

JIuHeitHble onepanuy HaJI 0000IEHHBIMU (DYHKIMSIMU BBOJISTCS 110 aHAa-
JIOTMH C OJJHOMEPHBIM cJiyuaeM. Tak»Ke 110 aHaJoruud (hOpMyJIUpPYeTCs
yCJIOBHE TOTO, UTO 0.(h. paBHA, HYJIIO Ha HEKOTOPOM MHOTO0Opasuu. Ciie-

JloBaTesbHO, yeaosus (3.12) 3amensiorces Ha

oo +00
Z Ipqmn €mn = — Z ]pqmn e?fm) p,q = 07 17 R (313)
m,n=0 m,n=0
+00
> Jpgmn b =0, p,g=0,1,..., (3.14)
m,n=0

rje

Tpgmn = [ [ hp(@) By ) hon (%) hn () dlz dly,
M
Jpqmn = 5pm 5qn hm hn _ Ipqmn-

[Ipu ymuoxenue o.d. f(£,n)[, -] na dbyukuuo v(£,n) (kax u Ha Jjo-
Oyto pyryto (HYHKIWO) obpasyercst 0.¢., 3HAYEHUSIMUA KOTOPOii Ha 6a-

sucHoit dyukin hy(§) hy(n) sBiasiercst (ecam psiji CXOANTCH)

Y g ]
i 3
m,n=0 hm hn pami
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ruae
“+00 +00

Yogmn = [ [ 7(&1) hp(€) g(n) Ban () B () d el

—00 —00
YMHOXKATH HA MOJTXHOMBI (B TOM YHCJIE Ha 97eMeHThl MaTputbl P (€, 7))

emie npoie. Hanpumep,

EnFEmL-] - hp(€) he(n) =

P(fp—1,4-1+ 1/2 Jo—14+1) + 1/2 (q for1,9-1 + 1/2 To+1.g41),
(K2 =) FEm] = hyp(€) hy(n) —
K foa = Ip(P—1) fp2q+ (p+ 1/2) Jpq + 1/4 for2.4-

CrepoBaresibHO, K JIByM rpymmam ypasaenuii utoropoit BCJIAY (3.13)
u (3.14) no6aBiseTCST TPEThST TPYIITIA

+00 +00
weope Z Oim—i—n Tpgmn €mn — Z Oim+n qumn hypn =0, p,q=0,1,...,
| | (3.15)
r7e MaTPUIILI
+00 +00
Pogn = [ [ 7p(€) hy(1) hun (&) b () P(€, ) dE .

Ypagsuenust (3.13)—(3.15) MoxkHO TOJYIUTH (HOPMAJLHO, ECIIH PABEH-
crBa (3.12) u (3.10) ymuOXKuUTH Ha hy(-)he(-) ¥ TpOMHTErpUPOBATH MO

BCEN MJIOCKOCTH.

X ko

B pazgnesie 3.1 cobpaHbl U3BeCTHbBIE CBOWCTBA, MTOJIMHOMOB U (DYHKIU
Opmura (cm. |11], §63; [1], 10.13]), KoTOPBIE HYXKHBI IPU MOCTPOCHUH
Teopun 006001eHHbIX (PYHKIMI Ha psiMoit. Ciiesiytommue pa3/ie/ibl Hallu-

CAHBI B OCHOBHOM IO pe3ysbraTaM paboTs [26].
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4. IT®PAKITAS SJIEKTPOMATHUTHON BOJIHBI
HA TOHKOM TIPOBOJIAIIEM JINCKE

YeTBepTas riaBa MOCBIIIEHA €ITe OJTHOM KJIOUEBOi 3a/1ade 3JIeKTpo-
JIMHAMUKH — 33Jj1a9€e JuPPaKiny 3JIeKTPOMATHUTHOW BOJIHBI Ha KPYTJIOM
nucke. Ipemraraercst ipu csejiennn 51oit 3ajaan k BCJIAY nepeiitn
IUJIMHJIPUIECKUM KOOPJIMHATAM M WCII0JIb30BaTh ClielralibHbie Oa3uc-
Hble (DYHKIMH, IIOCTPOCHHBIE Ha ocHoBe (pyHKmuit Jlareppa. [isa oboc-
HOBAHMS TAKOI'O IIepexo/ia MOCTPOEeHa Teopus 00OOIEHHBIX (DYHKIIMHI Ha
noJsiyocu. B kadecrse 00001I€HHBIX (DYHKIMI paccMaTpUBAIOTCS JIMHEH-
Hble (DYHKIMOHAJIbI HA MHOXKECTBE JIMHEHHbIX KOMOWHAIMN Oa3UCHBIX
dbyuknuit. Meroj; npubJinkeHHOro perieHnst MHTErpaJbHOTO YpaBHEHUS
4-ro pojia 3aj1aun JudpaKIiuu Ha JUCKe OCHOBAH Ha PA3JIOXKEHUU MCKO-

MO (DYHKIIUU B PsIJI.

4.1. YpaBHeHusda MakcBesjia B MUJIMHAPUYIECKUX

KoopamnmHaTaXx

[Ipu nccaepobanun 3ajaun JUQPaKIUU JEKTPOMAIHUTHON BOJIHbI
Ha JIMCKe YJI00HO MepeiTh K IUJIMHPUIECKUM KoopuHaram (T, a, z).
Ypapuenus Makcpesuia Jijisi KOMIUIEKCHBIX aAMILIUTYJ, 3JEKTPUIECKOIO

1 MarHUTHOI'O BEKTOPOB B CKAJIAPHON (pOpMe UMEIOT BH]

laHz_ﬁHa__,ggE lﬁEZ_ﬁEa_, o
r o 52 U U ha 5z CHOR
0OH, OH, , oE, OFE. .
- = - Eom - — Hom
0z or 1e0s 0z or WHof
10 1 0H, 10 10E, .
- HO& —_ — = —7 EZ) —_ - EOL —_ — — HZ
r (97“(T ) r Oo twe0s r (97"(T ) r O« Batatly

[Tpu r = 0 sra cucrema ypaBHEHUI TePsieT CMbICII.

B omHOpOHOIT M30TPOIHOI cpejie Bce NCKOMbIE BEJTMUNHBI SIBJSIOT-

cd 2M-TIepruoInIecKuMu (PYHKIUSIME TIepeMeHHOi v, TT0aToMy OyneMm uc-
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KaTb UX B BHU/JIe pas3JioxKeHuil B psjibl Pypbe BUIA

+00 )
Alrya,z) = > Au(r,z)e™™

n=—oo

(npejosiarast, YT0 B PsAJIbI CXOJAATCA U MX CYMMbI MOXKHO jincdepeH-
nuposarh). Koaddurmentor Dypre uckoMbix GYHKIHH ¢ HOMEPOM 7

JOJI2KHbBI YJIOBJIETBOPATDL CUCTEME ypaBHeHI/IfI

m 0H, m OE,

- Hz’n - — —ngof Er’n, - Ez,n - — ZW//LO/JJ Hr’n,
r 0z r 0z
aHr’n aHZ7n . 6 5 E aEr’n aEZ7 . H
— = —ww an - = W a,n;
0z or 0 ’ 0z or Hott Ha,
0H, 1 '
S + - Han - @ Hrn — —iW€0€ Ez )
or ’ ro ’
0F 1 mn .
aaﬁ + — Ea,n - Er,n = Who b Hz,n-
T T T

HYCTI) QJIEKTPOMAI'HUTHOE II0OJIE€ HE 3aBHCHUT OT KOOPJMHATDLI (X (OCQ—
CUMMETPHUYIHOE HOHG). B sTom CJIyda€ OCTalOTCAd TOJIbKO YpaBHEHUS IIDU

=0:
" OH, ., OF,

- = —1 Ern; — 2 = Hrna
9 iweoe B, 9 iwpop Hy,
oH,, O0H., . oE,, OE.,
— — — = — Ea ny — — — = Ha ny
0z or HIEOE e 0z or HOHOR He,
aHan ]_ . 8Ean ]- .
~+-H,p = _ngogEzm —+ — FEan :ZWMO,LLHzn-
or ’ ’ or ro ’

JIerko BbIJICJUTH JIBE TMOJISIPUBAIUU 110JIs — HEPHEHJIUKYISAPHYIO 1

napaJiiesbHyIo (110 OTHOIIEHHIO K Koop/uHare «v). B mepsom ciyvae

1 Ou -1 Ou 1
b, = —, FE,=- —+-u), H,=u,
twepe 0z TWEQE (87" + r u) “

noreHIuabuas PyHKIMs U — pelleHue ypapHeHusi [ejibMroibiia

Py  10u O*u

1
- (B2 Yu=0. k=2 .
or? + r Or + 022 +( Ju W Hop=os

r2
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Bo BTopom ciydae

—1 Ou 1 Ou 1
. 77 z — . (7 + - u).
wpgp 0z wpogp - Or T

MGTO,Z[OM pa3jaesieHndg ImepeMenHbIX MO2XKHO HalTU YaCTHBIE pelenna

E,=u, H,=

ypaBHeHus: ['ejibMroJibiia Buia

uw=Zi(Er) O () = ViR - ¢

rie Z1(-) — ofHa u3 NUIMHApuIecKuX ByHKIMA 1-ro nopsiaka. 13 nux

TOJIbKO (byHKINgA Beccens naer pernenusi, orpanndeHubie mpu r — 0.

IIpn ncenenoBanun ypaBuenus ['ebMrosbiia B MUIRNHAPAIECKIX KO-
opJinHATaX yJI0OHO MCIIOJB30BaTh MHTEIrpaJibHOE Ipeodpas3oBaHne XaH-

KeJid

(Huf)p) = [ f(r) J(rp)rdr, (H,'g)r) = [ g(p) Ju(pr) pdp.

o +
\8

Camoe BaxKHOE Jijist HAC ero cBOHCTBO (PopMysia KOMMYTAIIUHN )

d? 1 d V2
Ho(—5+ - — ) =—p"Huf.

dr?  rdr r?
PaccmoTrpum ypaBuenne I'etbMTosbIia,

Pu  10u O s 1
w‘f’;a—kﬁ—f—(k —*)U—O.

r2
B yerBepTH 1ockoctu 7 > 0, z > 0. [Ipumenum npeodbpazopanmne Hp K

9TOMY YPaBHEHHUIO U MOJIYIUM

[Tycrs v(p) = Vk? — p?. Yeaosumcest, 4ro 3Ha4eHus 3TOH (DYHKIUYE UK
HEOTPUIATE/IbHDBIE BEIECTBEHHbIE YUCIa, I MHUMbBIE YUCIa C TO0JIOMKI-

TeJIbHOW MHUMOI JacTbio. Torma
u(p, z) = alp) €)% 4 b(p) e 2
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+00
u(r,2) = [ la(p) €7 + b(p) e %) Sy (pr) p dp.
0
[lepBoe ciaraemoe omnpeaessier BOJHBI IMOJOXUTEILHON OpUEHTAINH, a

BTOPOE — BOJIHBI OTPUIATEJILHON OpHeHTaInK (110 OTHOIIEHUIO K OCH Z).

BoJiHbl 1OJIOXKUTEJILHOW OPUEHTALIUT, HALIPUMED, IEPEHOCST IHEPIUIO
TOJILKO B HAIIPABJIEHUYM OCU Z UJIM 3aTyXalOT B 9TOM HallpaBjieHuu. 1To-
Obl yOEIMTHCsI B 9TOM, BLIYUCUM CpejiHee 3HavdeHne BekTopa [oitnTiHra
IT = { Re [E, H*] (* — 3HaK KOMIUIEKCHOTO colpsikennust). B ciyuae na-
paJITIETbHON TTONAPUIATIAN OIS

-1 ou*
EH], = 0"
w0z
i
—1 ou*
E H*T: - *7
[E, H'] iwuwﬂ(ar +ou)

Mycrs u = Z1(pr) €)% Torpa
— 1 I
.= —— |Zi(pr) 2 e 2702 Re ().

s |2 )
Ciie0BaTesIbHO, TOJLKO IIPU BEIECTBEHHbIX 3HadYeHusx y(p) sHeprus

epeHoCuTCdA B HallpaBjennu ocu z. lasee,

@ 1 *) — % 1 * —2Im7(p)z
()= Zulpr) (5 = (or) + — Zi(pr)) e -

Torya II, = 0 upu Z,(-) = Ji(+). Taxum obpasom, npu u = J;(pr) "1(P)?
MMEEM 3JIEKTPOMATHUTHBIE BOJIHbBI, MEPEHOCSIINE SHEPIUIO MPU BElle-
cTBenHbIX () TOIBKO B Hanpasiennn ocn z. Bean u = Jy(pr) e 102,
TO SHEPIHsl IEPEHOCUTCST B IIPOTUBOIIOJIOAKHOM HAIIPABJICHUH,
1 2
Bamerum, uro Ji(-) = %[Hf )() + H| )()] [TosTomy BoJiHy, B TO-

TEeHIMAJTBHOM (DYHKITUU KOTOPOH ydacTByeT (DyHKIUS Beccesss, MOXKHO
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paccMaTpuBaTh KaK HaJIOYKEHHE JBYX BOJIH, ¥ KOTOPBIX 7"-KOMIIOHEHTDI
BekTopa [lofiHTHHIra NMeoT pa3Hble 3HaKK. Tak Kax Jjisd PyHKITUN XaH-

KeJIsl TIEPBOrO POJia,
(Ji(pr) +iYi(pr)) (Ji(pr) —iY{(pr)) =

= Ji(pr) Ji(pr) + Ya(pr) Y{(pr) + i (Ji(pr) Yi(pr) — Ji(pr) Y{(pr)),

TO TOJILKO MHUMaAA 9aCThb 9TOI'O BbIPazKEHUA OIIPEJACJIACT ITOTOK SHEPTUN

B HallpaBJICHUN OCH T. Kak N3BECTHO, BPOHCKHAH

2

Ji(pr) Yi(or) — Ju(pr) Y (pr) = o

SJIGKTpOMaFHI/ITHbIe BOJIHDbI C d)yHKLLI/IHMI/I XaHKeJisd B IIoTeHI naJb-
HbIX d)YHKU;I/IHX [IOABJIAIOTCA B ClIy4dae, KOI'/la UMEIOTCA NCTOIYHUKHA I10JIf

Ha OCH Z.

Hrak, B ciiyuae MOJOXKUATEILHO OPUEHTHPOBAHHOIO PEIeHusI B 0071~

cru 2 > 0 nupu 2 — 0+ 0 umeem

uo(r) = u(r,0) = [ alp) Ji(pr) pdp,

() = 2(r.0) = O/Ooam) #1(0) Ji(pr) p do.

Ot HYHKIMU OyJeM Ha3bIBATH CJICJaMU pelleHus ypaBHeHusa [eabM-

roJibia. Cijie1oBaresibHoO,

u(p) — iv(p) uo(p) = 0. (4.1)

JlaHHOE paBeHCTBO IpejicTaBisieT coboit HeoOXOoJMMOe U JIOCTATOUYHOE
YCJIOBUE Pa3peNInMOCTH MTepPeoTIpe/ie/IeHHON I'PAHUIHOM 3a/1a91, B KOTO-
poit pu z = 0 3aJaHbl OJIHOBPEMEHHO JIBa CJIeJIa MOJOKUTETHHO OPH-

CEHTHUPOBaHHOT'O pEIIECHUA YPpaBHEHU A FG.HBMFOIII)H&.
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AHaJIOrUYHO, JUI OTPUIATE]bHO OPHEHTHPOBAHHOTO PEIIeHHS IIPH

z < 0 cBa3b Mexay ciaegamu npu 2 — 0 — 0 umeeT BH

ui(p) +iv(p) uo(p) = 0. (4.2)

4.2. Ilonnaombl Jlareppa n dbysknum Jlareppa

[Tonuuomnr Jlareppa 0OBIYHO OLPEAESIOTCS CJEAYIONIAM 00Pa3oM
(mpum A > —1):

L) =1, LP@)=-2+Ar+1,

LY@ =22 =20+ 2z + A+ 1)(A+2),...

WJIn g
LWV (z) =z 2" —(a™M"e™), n=0,1,...
dz™
[Tomunowmebr Jlareppa sBJISIFOTCS pereHusiMiu 0OLIKHOBEHHOTO Jindpde-

PEHIMAILHOIO YPABHEHUS
vy + A +1—2)y +ny=0

U NUMEIOT PsAJl 3aMeYdaTeJbHbIX CBOICTB. O,H;HO N3 CaMbIX BaKHBIX — OHU

OpPTOI'OHAJIbHbBI Ha 1IOJIYOCH C BECOM

+00

/ e IV LY (@) de ={m£n : 0; m=n: nTA+n+1).
0

Hanomunm, aro I'(A +n + 1) = (A 4+ n)! npn nemom A. Kpowme Toro,

nmMeeTr MeCToO paBEHCTBO

+00

. n 1 _
M P LW (z) = (-1) / 2 I(vzy) y?e v LM (y) dy,
0

KOTOpPOE 4aCTO PACCMATPUBAIOT KaK MHTErpaJbHOE YpaBHEHHUE, KOTOPO-

MY YJIOBJIETBOPAIOT MOJUHOMEI JIareppa.

86



PekyppenTtuble (hopMysIbl YyCTAHABIMBAIOT CBA3U MEXKJTY OJUHOMA-
mu Jlareppa pasubix creneneit. Hanbosee BaXKHBIMY JIJIsI HAC SABJISIOTCS

CJEeIYIONINEe IBE:
L (@) + (@ = A =20 = 1) LY (@) + n(A +n) LY, (2) = 0,
v LY () = n LY (@) + n(A +n) LY, (z) = 0
nJjin

2 IV (2) = —n(A +n) LY () + (A + 20+ 1) LV (@) — LY, (2),

2 LV (2) = —n(X +n) LY, (z) + n LW (2).

[Tepsasi ¢popMmyJia 03BOJISIET HAXOJAUTH 3HAYCHUsI OJTMHOMa Yepes3 3Ha-
JeHUSs [OJTMHOMOB MEHbBINEH CTeIeHH, ¢ TIOMOIILIO BTOPOi (DOPMYIIbI Bbi-
YUCIAIOTCA POU3BOJIHBIE TOJMHOMOB Jlareppa.

Bamerum, uro B cipasodnuke [1], n. 12.10, nosmnomsr Jlareppa ompe-
JICJICHBI HEMHOTO MHAYe, TaM OHM OTIMYaloTea Muoxkureaem n!. Ilostomy

peKyppeHTHbIe (POPMYJIbI B 3TOI KHUI'€ TaKKe He TaKue.

Oyuknnu Jlareppa

l()‘)(:r) _ g;/\/Qe—x/Z Lgb)\)(x)

n

YJIOBJIETBOPAIOT JudpepeHnualbHOMY yPaBHEHUIO

r  A+1 A2
:z:y”+y'+(—1+?+n—@)y:0.

MurerpajibHoe ypaBHenue jjs pyHkuii Jlareppa nmeer BuI

—|—ool

W)= (1" [ 5 WVam) P (y) dy

0

HJIH, TIOCJIC 3aMEHBI IePEMEHHbIX T = 12, y = T2,

IN(#?) = (—=1)" 7mJA(Tt) IN (7)1 dr.
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Oboznaunm
pn(z) = 1M (2?) = 2 e 2 LY (2?),

BepxHuil uHEKC (A) (A — HATypaJbHOE YUCJIO) B JlasibHEIIeM yKasbl-
BaTh He OyjeM. YCI0BUE OPTOrOHAILHOCTH JJIst HOBBIX (DYHKIMI MMeeT

BUJ],
+00

1
/ Om() op(x) x de = 6pp by, 1, = En'(n + A)!
0

(Opn — cumBosr Kponekepa). Ecin dyuknus f(x) pasmaraercs B psj

Dypbe 1o Gyukuusm @, (),

fngm%m,

Ymuoxkenue (yHKIuii gon( ) Ha crenenn T 1 jguddepeHnupoBanue
9TuX (PYyHKIUI He Bcerja JaeT ux JimHeiinbie KoMOunanuu. B janbHedi-
mem OyJ1yT Hy»KHBbI JiBe (popMmysibl. VI3 niepBoii pekyppeHTHON (hpOpMYyJIh
JIUTsl ToJimHoMoB Jlareppa ciemyert, 9To

vipn(@) = —n(n + ) en-1(2) + (20 + 1+ A) 0u(7) — gnra(@). (4.3)

Eie ojina dhopmyiia nokasbiBaer, Kak Ha QyHKIUU @, () jJeidcrByer jin-

HeltHbIil Juddepennnaababil onepaTop

£+ gula) = @) + - gl a) — 2y pula) (4.4)

Tox ectBo

(Lon)(x) = =n(n +A) pn1(x) = (20 + 1+ A) pn(2) = Pnia(z) (4.5)

BBIBOJIUTCSI CJIEJIyIOM 0Opa3oMm. JIerko Bujierb, 4To
ph(x) = 2x (%),  @h(x) = 21, (2°) + 42” I (2?).
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Uz nuddepennuanbiaoro ypaBHenus jjs GpyHkmuil Jlareppa ciejyer,
qTO

2
21, 2 2 2 2
4o IN(x*) + 41 (2°) = (2° = 2N+ 1) — 4n + a:?)l”(x ).

Torna
(Ln)(x) = 2% gn(x) = 2(2n+ L+ A) ¢ (z).
[lepBoe craraemoe crpaBa yKe OBLITO BHIYUCTCHO BbIMe (4.3).

Jluneiinbie kombunanuu GyHKIMI @, (T) HOABJISIOTCA ¥ B HEKOTOPHIX

Jipyrux ciaydasix. Hanpuwmep,

zpy(x) = —n(n+ A) en-1(x) = on(2) + ni1 (@)

nJjim

T (@) + on(z) = —n(n 4+ X) en_1(x) + Py ().

WurerpasibHoe ypaBuenue Jijisi (pynknuit Jlareppa MOXKHO TTOHUMATH
Tak: PYHKIWUN ©p,(T) SIBISIIOTCS COOCTBEHHBIMU (DYHKIUSIMU UHTETPAJIb-

HOTI'O IIpeodpa3oBaHust XaHKeJsl, TO eCTh

+00

| enly) W)y dy = (=1)"eu(z), n=0,1,...  (46)

Ecmu npumenutsh npeobpasoBanue XaHkesas K Bbipakenuio (Lp;,)(x),

TO 110JIYYUM
(=D)"[n(n +A) ena(2) + 20+ 14 A) 9u(2) + (7)) =

= (=1)" (=2%) pu().

Nubivu ciioBamu, npuMenenue oneparopa L kK dynknun @, (x) pasHo-
CHJIBHO YMHOXKEHMIO ee obpaza XaHKellst Ha —T°.
B nanpHeiimem OyieM UCIOJb30BaTh MOJUHOMBI U (pyHKIuu Jlareppa

TOJILKO 1Ipu A = 1.
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4.3. OcecummMmeTpudHad 3aaa4a Jupakiyum Ha JUCKe

Byjiem nckaTh 3JIeKTPOMArHuTHOE 110J1€, BO3SHUKAIOIIEE MPU 11aJIeHUN
BOJIHBI OT BHEITHErO0 MCTOYHWKA Ha TOHKWI MPOBOASAIINAIN JIMCK, Pa3Me-
meHHblil B iockoctr 2 = 0. OrpaHnunMcsd 0CeCUMMETPUIHBIM CJTyUa-
eMm. [Tycrs B mostymiockoern (7, z), r > 0 TOHKOMY MPOBOJISIIEMY JTIACKY
COOTBeTCTBYET y4acToK M 1ojiyocu 7, ocTajbHy 0 9acTh HOJIyocH 000-

snaunm uepes N

A\ 4

Puc. 4.1. Tonkuit npoBojisIuii JucK (B MOJIYIJIOCKOCTH (v = const)

[IycTh BOJIHA OT BHEHIHErO MCTOYHUKA C IIOTEHIMAJIbHOM (DyHKIMed
u®(r, 2) sajana npu z > 0 u npu 2z < 0. B caydae mapasienbHoit mos-
PU3AIUN TI0JIs1 YCJIOBUS CONPSYKEHUs] U TPaHUYHBIC yeaoBus npn z = 0

UMECIOT BUJ
ug (r) =ug (r), uf(r)=ui(r) na N,
ud(r) +ud (r) =0, ul(r)+uy(r) =0 na M.
Jlerko moxkazaThb, 9TO 3aja4a JUPPAKIUNA CBOIUTCSA K T'PAHUIHOIN 3a-

Jlage Juist ypaBHenusi ['ejibMroJibiia B BEpXHE 110JIOBUHE [10J1YILJIOCKOCTH

C YCJIOBUSAMU
ud (r) = —uy(r) ma M, uf(r)=0 naN. (4.7)

HeiicTBuTenbHo, u3 yeaosuit npu 2z = 0 cienyer, uro ug (r) = uq ()

npu Beex r > 0. Torya nocie mpeobpazosanus Xankens ug (p) = uq (p).
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U3 yenosuit paspemuvoctr (4.1), (4.2) mepeonpeieleHHbIX 3a/1ad CJie-
ayer, uto ui (p) = —uy (p) u ui (r) = —uy (r). Hosromy na N josKuo

6L1Th Ui (1) = 0.

Tenepb ¢ MOMOINIBIO MMPOCTBIX PACCYKIEHUI, KaK U B paHee PaccMOT-
PEHHBIX 3aJ1auaX, MOXKHO CBECTH 3aJa4y AU(PaKINKA K HHTErPaJbHOMY

ypaHeHuio 1-ro poga Ha M. Tak kax
+00 +00

—1
uif(r) = [ ug(p) hilpr)pdp = | ——uf(p) Ji(pr) pdp
J 5 (p)
u
+00
/ uf (ry) Ji(rip)ry dry = /uf(rl) Ji(rip) ry dry,
0 M
to dbynxuua vy (x) na M 0J1KHa, yI0BIETBOPSATL HHTETrPAILHOMY YPaB-
HEHUTO
/uf(rl) K(ry,r)dr = —ug(r), reM, (4.8)
M
ede
+00 —q
K(ri,r) =n / —— Ji(r1p) Ji(pr) p dp. (4.9)
5 v(p)

ITpu jonosnnurensiom yeaosun uy(r) = 0 na N rakoe ypasuenue Ha

MOJIYOCH TIPEJICTaBJIsieT coOOi MHTErpajbHOe ypaBHenue 4-ro pojia.

[Tepeitjiem o1 nHTEIPAJILHOIO ypaBHEHUs 3a1a4K JIUPPAKIIMU H1apaJi-
JIEJIbHO TOJISIPUB0BAHHON 3JIEKTPOMAIrHUTHON BOJIHBI Ha JIUCKE K OECKO-
HEYHO crucTeme JIMHEHHbIX aJredpandeckux ypaBHEHU.

meer MecTo pazyioKenune

Ji(rp) = g (_li) wr(1) wi(p)- (4.10)

[Tostyuntsb 310 0venn Jjerko. [Ipegcrasum pynkuuio Ji(rp) B Buje psja
110 dyHkusiM @, (p). Torga koadduipenTbl pasiokeHust B psi/

nr) = [ eule) hrw) pdo = (<1 ()
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Cymecrsenno, uro B 3agade gudpaxmuu ui(r) = 0 ma N. [Tostomy
MOXKHO CYMTATh, YTO B MHTEIPAJILHOM YPABHEHUN MHTETpaJl Oepercs 110
nostyocu (0, 400).

Byjem uckarb

400
uy(r) = ZO Ut Pm(T)-
e

Torma
uy(ry) K(ry,r)ry dry =

O\-gi—

400 +00 —3 +00
= 3w [ —— Jilpr)( [ (1) J(rip) i dry) pdp =
m=0 0 f}/(p) 0
Jtee TR .
= =i Y wim [ —— Alor) (=) om(p) pdp.
m=0 0 ( )
B cuity npejicraBiienus sjipa MHTEI'PAJIbHOI'O YpaBHEHUs
+00 1
——Ji(pr) om(p) pdp =
0/ v(p)
T 1 400 (_1)k +oo (_1)k ,
= [ (= - n(r) ei(p)) pmlp) pdp = 3. = @i(r) Yo
0 v(p) =0 k=0 'k

CrpoekTupyem paBeHCTBO

= m—i—oo(_l)k / 0
S w0 S E ) = i), re M,

Ha DYHKIUE @y, (7) 1 MOy TiM

. w m > (_1)k / 0
P> Uy (1) > l Yo lkn = wy, n=1,2,...

Cro/1a Hy?»KHO JIOOABUTH ypPaBHEHWST

+00
Z Uim Jmn = 07

m=0
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KOTOpBIE cyieytor u3 yejosust uq(r) = 0 na N.

[TpubnuskeHnble 3HAUEHWST MHTEIPAJIOB YIO0OHO HCKATH C ITOMOIIBIO
dopmyiibr [aycca

+00 n
[ e fa)drm Y N flay),

0 j=1

3aech A; — ancia Kpucrobdess, x; — nymu nommunoma Ly (x).

Ecau unTerpas 6epercs 1Mo 4acTw TOJYOCH, TO B CYMME OCTAalOTCs
TOJIBKO T€ CJIaraeMble, B KOTOPbIX T IIPUHAJJICIKUT IIPOMEXKYTKY MHTE-
rpupoBanust. Hy»>KHO 1103a00TUTHCS O TOM, YTOOBI y3JI0B KBaApaTypHOi
(bOpPMyJILI XBATUIIO M HA MHOXKECTBO M, 1 Ha MHOXKeCTBO N .

Tak Kak

Anajornaso,

—+00

Yam = | ¥(p) emp) enlp) pdp =~ ; ZnI A f (),
0 j=1

f(x) =aVk? —x Ly (z) L,(x).
nTerpanl

IS
/ug(r) on(r)rdr = /ug(r) e 2y Ln(r®)rdr =
M «
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32/2
= / ug(vV2z) e " 2z L,(2x) dw
a?/2
BBIUMCJISTIOTC Takxke 110 (opmyse [aycca (mocse 3aMenbl epeMeHHof

uHTerpupoBanus T = r2/2).

4.4. BeckOHeYHbBIE€ CHUCTEMbI JUHEMHBIX aJirebpamdecKnx
YPaBHEHU

Paccmorpum npyrue BapuanTsl BCJIAY, K KOTOPBIX IPUBOIUTCS 3a-
Jgada Judpakiui 3JeKTPOMAarHUTHOM BOJIHBI HA TOHKOM IPOBOJISIIEM
JICKE.

Kaxk 6b110 noka3ano Bblie, 3aa4a JuPakiuy CBEJIaCh K TPEM yCJI0-
BUSIM JIJIsi CJIEJIOB periiernst ypaBHerust Lesqbmronbiia (dbopmyiibt (4.7) u

(4.1)). Eme pa3 BoimmmmeM stu ycioBusi:

up(r) = —uh(r) ma M, (4.11)
u(r)=0 mna N, (4.12)
u1(p) —iy(p) up(p) =0 (B obpasax Xankesst). (4.13)

ByneMm nckaTh 0OTHOBpeMEHHO HYJIEBOI W MEPBBIH CIe/T B BUIE pas3fio-

xkennit B psajibl Dypbe mo GyHKIEAM @y, (+)

() = 3 tomem(™) W) = 3 Ui om(r).

Torna : :
up(p) = +Zozu()m(—1)m em(p),  wl(p) = guw (—1)" ¢r(p).

Crpoekrtupyem pasercrsa (4.11)) u (4.12) wa dyukuum ¢, (r), 10
eCTh YMHOXKUM HA ¢y, (1) 7 dr 1 IPOUHTErpUPYEM 110 COOTBETCTBYIONIEMY

yaacTky nosayocu (no M umm no N). Tlomyaum

n’

“+00
S wgm Ly = =1, n=0,1,..., (4.14)
m=0
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400
S Ut Jum =0, n=0,1,..., (4.15)
m=0

3J1€Ch

Cupoekrupyem pagercrsa (4.13) wa @,(p), TO ecTh yMHOXKUM Ha
©n(p) p dp m npounrerpupyem or 0 0 +00 (310 — nepswuii sapuanm

BOBMOXKHBIX paccyzkjiennii). CHadasia 3amuiineM paBeHCTBO

:g“;um(— " on(p) — i1(p) z tom (—1)™ (p) = 0,
ln U, (—1)" — Jif;u@m (=)™ vpm = 0, (4.16)

riae
“+00

Yom = | 1(0) om(p) enlp) p dp.
0

[Ipubmmxkennoe pemernne BCJIAY (4.14)-(4.16) OGymem nckarb MeTo-
qoMm ycedenns. [locne yceuenust umeem CJIAY

My—1
S Luntiom = —ud, n=0..Ny—1, (4.17)
m=0
Mi—1
Z Jnmulm:O, n:O..Nl—l, (418)
m=0
M()—l
Lo, +1 Y (=)™ "My ugm =0, n=0..M;—1. (4.19)
m=0

OTu TpU TPYIIbI yPaBHEHUI OOBHEIMHUM B OJHY CHCTEMY ypaBHEHUIA
BUJIA

P-1
Zanmum:bn, nZOQ—l, P:M0+M1, Q:N0+N1—|—M1

m=0
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Tak Kak ypaBHeHUil O0JIbllle, UeM HEHM3BECTHbBIX, 3aIIUIIEM YCJIOBUE MU-

HHMYMa HEBA3KHU

P-1 Q-1 Q-1
Z(Za;kanm)umzza;kbn, kZOP—l,
m=0 n=0 n=0

(311ech * — 3HAK KOMILIEKCHOTO COIDSIYKEHUS ).

Moxkno COKPaTUTh KOJIMYECTBO HEN3BECTHDBIX. BblpaSI/IM HEn3BECTHLIC

U1y, 3 paBencts (4.19) u mogcrasum B (4.18). Ilomyunm ypasuemnus

My—1 M;—1 1

Z ( Z f (_1)m—k Jnk ’Ykm) Uom — 0. (420)
m=0 k=0 'k

Torya ycjaoBue MUHUMYMa, HEBS3KK 110 BceM ypaBHerustm HoBoit CJIAY

nMeeT BUJL

Mo—1
> Apm Uom =bp, n=0..Nyg+ Ny — 1,

m=0

(P =My, Q= No+ N1),rne

Crm = Lom, bn:—ug npu n=0..Ny—1,
Ml—l 1 i
At Nojm = D (=)™ " Jok Yems  buin, =0 mpu n=0..N; — 1.

k=0 Uk

Bmopot eapuanm BCJIAY zamgaun nudpakiun CTPOUTCS CJIEIYIO-
M obpazom. [lepermmenm (4.13) tax:

Zgozu()k (1) pulp) + M ;z:ulm (1) m(p) = 0,

1 TI0CJIE IIPOEKTUPOBAHUSA Ha @y, (p) moydum

+00
Ly uon (—1)" +4 3 uim (=1)",,, =0, n=0,1,...

m=0
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+00
1
/
Tnm = N (pm(p) Son(p) p dp.
0/ V(p)
[Tocne ycedenunsa nmeem
M;—1
lnugn +1 >, (1) " upm =0, n=0..My—1. (4.21)
m=0

Urak, ectb BoiOOp: wiu perraem CJIAY, cocrosiiiyio u3 Tpex rpyi
ypasrenwuit (4.17)—(4.19) orHOCHTEIBHO JIBYX DY HEU3BECTHBIX (Q) =
No + Ny + My), nnn pemmaem CJIAY (4.17), (4.20) orHOCHTENBEHO HEW3-
BECTHBIX Uy, wiau pemaem CJIAY, Koropast 1mosydaercs: 1mocje UCKJIo-

9eHUsT HEU3BECTHBIX g, — 9T0 ypaBHenus (4.18) u To, uro cienyer u3

(4.21) u (4.17):

Mi—1 My—1 1

> (X

I (=)™ " Ly )t =du), n=0..Ny—1. (4.22)
m=0 k=0

IToka me sicro, Kakoit u3 BapuantoB BCJIAY umeer npemmymiecTso

Ha IIpaKTHKE.

4.5. O6001mennbie PYHKIIUN HA MOJYOCH

1 abcTpaKTHbIE PYHKIINNI

Ju1st 000CHOBaHUST U3JI0XKEHHBIX BBINIE PACCYKJIECHU, TOCTPOUM TEO-
PUIO CHEIUaIbHBIX 0000IEHHBIX (DYHKINI — JIMHEHHBIX (DYHKIIMOHAJIOB
Ha MHOXKECTBE JIMHeHHbIX KoMOuHalmii hyukimit ¢, (). Kak u B ciyuae
byuknumit dpmura, OyjgeMm obozHadaTh uepes f, smadenus o.d. f[-] na
byukiuax ¢, (-). Hanomunm, aro A = 1.

Kpowme dyuxiwmii ¢, (+) 6yaeMm uemnoabp3oBaTh GHOPTOrOHATIBHbIE ¢ HE-

mn dbynxnun Gn(+) = @n(+)/ln,
400
/ Om () @n(x) x dr = dpp.
0
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Torya unrerpupyemoii Ha nosyocu dpyaxiuu f(+) craBuTcs B COOTBET-

cTBUE (DYHKITMOHAJ

Il en() = fu= | f@)pu(z)xde, n=0,1,...

o =+
\8

OmnpeseuM HEKOTOpBIE JIMHEHHbIE onieparun HaJ 0.¢. [To ctanmapt-
HOM CXeMe 3TO BO3MOXKHO TOTJIa, KOIJIa aHAJOIUYHas Oleparust HaJl OC-
HOBHBIMU (DYHKIUSIMU () Jlaer ux JIMHEHY10 KOMOUHAIIUO.

Jlerko BujieTh, 9TO NMpu npeodpazoBaHnn XaHKessT 3HAYEHUsT f;, 1pe-
obpazytorest B (—1)" f, B cuity dopmyibr (4.6).

IIpasuio ymHoxkenns o.¢d. Ha 2 Taxoe:

x2fH Don() = —n(n+ 1) faor +2(n+ 1) fr = farr

Ho camast Baxknast onepanusi — jeficrsue oneparopa L (4.4) na 0606-
IeHHbIe (PYHKIUN:

LA = 11+ F1) = 5 [l =l 1) fu =200+ 1) fo = fur
[Touemy nmenno tak? IToromy, aro mmeer mecto dpopmyia

+00 +00

[ (LN@) en@)zde = [ (@) (Len)(x)z de.

0 0

OHa BBIBOJIUTCS C TOMOIIBIO HHTEIPUPOBAHMS 110 YacTsaM. JleiicTBUTE /b

HO, TYCTh
e 1 1 / 1
A= [ [f(z)+ = f(z) = = f(@)] on(z) z dz.
Taxk Kak
[ F@eu@)zde=— [ f(@)(pale)a) do =



[ F@)uayad =~ [ @) (pula)a) do.

TO

= [ 1@ i) + 5 o) - - gula)lw de

Boipaxenue (L ¢,,)(x) 66110 Buidmrcsieno panbiie, dopmyra (4.5).

st Boipakenuii x f[-] u f'[-] xopommx dbopmyit (kak B ciyuae hyHK-
nuii DpMuTa) HET, HO HETPY/IHO MOJYIUTh, ITO

zf'1+ fI] : en() = 40+ 1) foa = farr.

st 0ObIuHbIX yHKIU

“+00 —+00

[ [ef (@) + f@)] gn(w) v de = = [ f(2) [26,(@) + gn(2)] 2 da.

0 0

Byjem nasbiBarh abcmpakmuvimu GyHEUUAMYU OTOOparKeHust z €
(0, +00) — 0..

Ecin uckars perienue ypaBHenust ['ejibMrosbiia,

@+1@—lu+@+k2u—0
or:  ror r? 022 -

Kak a.(., 10 Jist ee 3HaueHuil Ha DyHKIMU P, (+) uMeem
—n(n+ D, 1(2) — 2(n + 1) un(2) — upy1(2) +ul(2) + k2 u,(2) = 0.

[Ipumenum npeobpasoBatue Xaukesist 1 Oy duM (QYHKIAT Uy, (2) HY K-

HO YMHOXKUTH BCEro Jmiib Ha (—1)")
n(n+ 1) u,1(2) — 2(n + 1) up(2) + tpy1(2) +u(2) + k* u,(2) = 0.
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CpasuuM 210 Bhipazkenue ¢ o.¢. £ f[-]. Jlerko Buaers, uTo msa obpasa
Xankejisi 0 epeMeHHoil © — &, Koropblit oboznaunm v(&, z), uMeem,
KaK U OXKUJIaJ0Ch, YpaBHEHHE

v

@4‘(1{32—&“2)1}:0.

X ok ok

Sajagam Judpakiun Ha, KPYTJIOM JIMCKEe W Ha KPYTJIOM OTBEPCTUH B
AKYCTUIECKOM (CKAJSPHOM) U B 9J€KTPOMAIHUTHOM (BEKTOPHOM) CJTy-
qasx mocssmmen §3 rasel 1V Monorpadun [28]. B pasmese a) obeyx ma-
eTcsl UX CTPOroe pellieHue; B pasjiesie 6) — IpUOINKEHHOe PellieHue Jist
ciydast OOJIBIIMX JIMH BOJIH; B pasjieie B) — IPUOJIMKEHHOE PellleHre
JIUTsT MAJIBIX JIJIWH BOJIH.

Kitaccuaeckoe periienrie 3aga4qu JudpaKkiuu Ha JIUCKE TTOJIYUEHO Me-
TOJIOM pa3jieJIeHIs ePEMEHHBIX B BUJIE Psijia 10 cheponaaibHbIM (DyHK-
nusim [10]. IIpesBapuresibHO HYKHO MepeiiTi B ypaBHEHUHN [ eJIbMToJIhIIa
K BBIPOXKJICHHBIM SJIIMIITHIECKAM KoopnHaTaM. Toria moJyiockocTh
C pa3pe3oM Mpeodpas3yerTcst B MOJYIHOJ0CY. YCTAHOBJIEHO, UTO ITOT Psil
CXOJIUTCSI TIPU BCEX 3HAUCHUSIX MMapaMeTpa € = K@, K — BOJHOBOE UUCJIO,
a — pajguyc gucka (K = 27\, A — jaymHa BoJiHbl). KosmaectBo wjieHOB
psiJia, KOTOPBbIe HY>KHO YUUTHIBATD, 3aBUCUT OT £. Ho BhIuncienne cob-
CTBEHHbIX 3HaUeHU ceponjiajibibiX (PYyHKIUE 1 KOIPDUIUEHTOB pa3-
JIOXKEHUsI UX 10 ToJmHOMaM JIexkaH/ipa — JIOCTaTOUHO CJIOXKHAST 3a/1a9a.

Ceroiicta nosimaomos Jlareppa u dyakmuit Jlareppa w310KeHbI 110
kuure [11], §61. Teopust 06001IeHHBIX (DYHKIHIT HA TOJYOCH TTyOIHKYyeT-

Cs BIIE€PBDLIE.
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