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Abstract—In the cylindrical coordinate system, we construct an exact solution of the three-
dimensional thermoelasticity problem for a tank filled with a liquid. After determining the tem-
perature field from the heat conduction equation, we solve the equations of the asymmetrical
problem of the theory of elasticity. In doing so, the system of resolving equations is reduced to four
separate equations with respect to the displacements of the construction. Several exact solutions of
boundary-value problems are found. The results are presented in the form of rather simple formulas.
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In the cylindrical coordinate system, the most compact form of the equations of the three-dimensional
elasticity theory, which are written in terms of the displacements and stresses, is given in the monographs
[1, 2]. Analogous equations with allowance for the temperature terms, which were constructed using
the Duhamel—Neumann relations, are presented in the monograph [3]. All these equations have a
common disadvantage, namely, it is not possible to obtain their integrable combinations, which leads
to insurmountable difficulties in constructing exact solutions. In the monograph [4], this problem was
solved for equations that do not contain temperature terms by means of introducing into the system
an additional equation with respect to the volume deformation. An exact solution to this equation was
already published in the work [1], but the authors of the work [4] succeeded in using the equation to solve
the entire system of resolving relations.

The aim of this work is to construct the system of equations of the elasticity theory, which are most
convenient for integration, and to find the solution of these equations.

As initial equations, we take those for a circular cylinder [3]. Without taking into account the mass
forces, they can be written with respect to the displacements as follows:
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Here «, 3, and ~ are the dimensionless cylindrical coordinates (« is scaled by the outer radius R of
the cylinder, v is scaled by the height H of the cylinder, 8 is the angular coordinate along the guide);
r is the radius of the inner lateral surface; u, v, and w are the displacements along the coordinate
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20 GUR’YANOV, TYULENEVA

a, in the circumfierential direction g and along ~, respectively; T is the body temperature; ar is
the temperature linear expansion coefficient; £ and v are the modulus of elasticity and the Poisson
coefficient, respectively; 6 is the volume deformation,
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Applying to the first, second, and third equations of system (1) the operators %%, éa%, and é%,

respectively, and summing the obtained equations, we get

1 _2(1+4v)ar _
<1+ (1_2v)>A9 =20 AT =0.

Taking into account the heat conduction equation for the unbound thermoelastic problem, we arrive
at the equation with respect to the volume deformation

A =0, (3)
which coincides with the equation presented in the work [1] without allowance for temperature terms.

Replacing the last equation of system (1) by Eq. (3) and including in the system the heat equation
equation, we arrive at the system of resolving equations for the formulated problem:

AT =0, A§ =0,
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The order of system (4) (without the heat conduction equation) is higher than that of system (1)
because the construction of Eq. (3) was carried out with additional differentiation. Obviously, the general
solution to system (4) must contain extra integration constants.

In the monograph [4], it was shown that the attraction of the relation
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as an additional condition, eliminates this deficiency, i.e., completely solves the problem.

0

(5)

An exact solution to system (4) is constructed under the assumption that the temperature and the
displacements are linear with respect to the coordinate . This version has a practical application, in
particular, in studying the deformation of tanks filled with a liquid.

The B-periodic solution we will seek in the form
T (avﬁvv) = Tm (OZ,’Y) CO8 (mﬁ) ’ 9 (avﬁv’}/) = 9m (0477) Co8 (mﬁ) ’
w(a, B,7) = wm (a,y) cos (mf), (6)
u(a, B,7) = tm (o, 7) cos (mfB) , v (a, B,7) = vm (@, 7) sin (mf3),
where m is any integer number.
Remark. a) In formula (6), it is possible to swap the cosines and sines and also to compose a
combination of these functions.

b) The solution can be chosen in the form of finite or infinite sums over m.
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CYLINDRICAL TANK FILLED WITH A LIQUID 21
The choice of one of the above forms of solutions depends only on the boundary conditions, and the
forms coinciding with those of specifying the boundary conditions.

[f the boundary conditions are given in the form of series, which often takes place under the static
conditions, for the most cases there is no need to prove the convergence of the series representing the
solution, due to the obvious convergence of the series on the boundary.

Substituting relations (6) into system (4) and calculating the sum and difference of the last two
equations, we arrive at the following system:

LoTon =0,  Lonbym =0,
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Note that at m = 0, the displacement vy = 0, and the last two equations coincide and define the
displacement wuy.

Taking into account the assumptions about the linearity of the displacements with respect to 7, we
introduce the notations

T (o, ) = Tina (@) + Tz (@) 5 Om (@, 7) = Oma (@) + Oz (@) v,
Wy (0, 7) = w1 (@) + w2 () 7,
Um (047'7) = Um1 (O‘) + Uma2 (O‘) Y, Um (Oé,")/) = Um1 (Oé) + Um2 (Od) -
As a result, each of the first two equations of system (7) leads to a pair of identical equations:
0? 10 m? 0? 190 m?
Tt | T =0, (55 + 5 — 5 | On =0 (n=1,2).
<8a2 T2 a2> <8a2 T ada a2> (n )
Their general solutions are:
Ton (@) = BL, + B2, Ina, 6y, (o) = A}, + A3, Ina,
Ty (@) = B o™+ B2,.a™™, O (o) = AL o™ + A2 o™ (m > 0),
where A¥  BE_ are the constants of integration (n, k = 1,2).
The third equation of system (7) also splits into two equations. For m = 0,
9 190 R 9 190
= ———— (L{y + Ly Ina) = 4+ = =
<6a2 - oz(?oz) wor (1-2v)e (Loy + LipIna) =0, <6a2 * oz@oz) woz =0

and form > 0,
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Here
LF =AF —2(1+v)arBk .

RUSSIAN MATHEMATICS Vol.62 No.2 2018



22 GUR’YANOV, TYULENEVA

Their general solutions are of the form:

R 1 2
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Ck  are the constants of integration.

In the case of axisymmetric deformation of the cylinder (m = 0), the equation with respect to ug leads

to:
2 190 1 R 51
- _ — = — =1,2).
(8042 T ada a2> Hon (1- 2U)L0"a (n=12)

The general solutions of the above equations are:

R
2(1—20)

1
Ugp = — [Dénoz + Dg”& + Lgnalna (n=1,2).

At m =1, from the two last equations of system (7) we get two pair of equations:

do? " ada o2 VT T (12 20) 2
LWL P 11N
do? " adal T M T T A= 20)

Their solutions at A = —R/[2(1 — 2v)] are:
uir v = A [Dhon + D%+ L%l] ,

up — vy = A {D:ﬂ +Dfjna+ L%1a2} )

w1 4 v1z = A [Diy0® + Dia ™ + L3y

Uy —vig = A {Di{’g + D%Z Ina + L%QQZ} .
Form > 1, we come to the equations

2Rm —(m
£m+1 (Umn =+ Umn) = m gnna ( +1)7
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2Rm L am-1

£m—1 (umn - Umn) = _m mn

There solutions are:
Uml +Vm1 = A [D}nloz(mﬂ) + D2, oM+ L?nla*(mfl)]

9

)

Umz + U2 = A [Dylnza(m“) + D20 (M) 4 Lgﬂa_(m—l)]
Ul — U1 = A [Dgﬂa(m—l) + Diﬂa_(m_l) + L71nla(m+1)] ’
Uma — Uma = A [D%QQ(m—l) + Diﬁof(m—l) + quma(mﬂ)] .

Here DE,, is a constant of integration.

As a result, for m = 0 we obtain

o1 (a) = Ayy + A2/ Ina, b (o) = Aby + A2 Ina,

wor (@) = 24 [ a?

Co+C3 na+ L02a + L2, 21 (lna—l)],

24
w2 (@) = 6 = (Cgp + CIna),

1
upr = A [Déloz + D(Zna + Lglalna] ,

1
upe = A [D(%Zoz + DSQE + L%, aln oz] .

Form =1 we get

011 () = Aha + A%lofl, 012 () = A%Qa + A%ZOFI,

24
wi] = ?{Cllloa—i—C%l + L Lo + L12alna}

2A 1
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A

un =5 (D1 +L1) o® + Dija™ + DiyIna + Diy + L ],
A 4 3 2
A

2 = o [(Diy + L) & + Disa™? + DiyIna + D) + Liy]
A 4 3 2

Form > 1 we have
Ot (@) = AL 0™ + A2 . a7™, O () = AL ,o™ + A2,

RUSSIAN MATHEMATICS Vol.62 No.2 2018

23



24 GUR’YANOV, TYULENEVA

Wy = é Cl o™+ C2.a ™+ Lvln2 amt2 _ L%»,,z e
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R _
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A
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2

The correctness of the obtained solutions can be easily established by their direct substitution into
equations either manually or by using any computer system.

[t remains to fulfill the additional condition (5). From this condition, there follows the pair of identities
for each m:

1 (1d(aum) m 1 1 (1d(aumz) m
oo = g (Gt o+ Zuma ) O = g (TG o).

which allow one to express the values of A = by the remainder constants:

1 Ce —4(1—v)Cj
Ay = 2(1—v)(1-2v) {(Hv) (1= 2v)arBG, + =5 552 Rl _U)Dél}’
1+v) 1 (1+0v) 1
A2:(7 B2_72 Alzi B2_7D1
01 1- U)OéT 01 2(1— U)€2002’ 02 2(1— U)QT 02 (1 - 2v) 025
2 _ (1+v) 2
AOZ (1 — U) aTBOQ?
1 2 L 1
Ay = (3—4v) (1+v)arBy 5—2012 Dy, |,
1 4
Ah = 5G40 [4(1 +v)arBf| - 5_20122 - Dillj| ;
Apy = B=10) [(1+v)arBiy — Dpp] . Al = 5G40 [4(1+v)arBi, — Diy]
1 2
An = G- i) [2 (1+v)arBy,; - 5_20’1”2 —(m+1) D%ﬂ} ;
1 2

The remaining integration constants are found as follows: BY_ are defined from the boundary
conditions of the temperature problem, C¥ ., DE _ are determined from the conditions of the elastic
problem.
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CYLINDRICAL TANK FILLED WITH A LIQUID 25

Let us consider the case of an axisymmetric deformation (m = 0) of a tank filled with a fluid. Suppose
that both its ends and the inner lateral surface are thermally insulated from the surrounding environment,
the outerlateral surface has a constant temperature ©. In this case, the higheris the thermal conductivity
of the material, the faster the temperature of the tank walls takes the value T'= Ty = ©, Ty = 0.
Obviously, B}, = ©, B}, = B}, = B3, = 0.

Then
1 C2,—4(1—-v)C}
Al — 02 02 _9(1 _ )DL
0= 51— o) (1-20) [ 2¢2 (1=v) Do |
A2 = —;C’2 Ab, = —;D1 A2, =0
01 2 (1 _ U) c2 02> 02 (1 _ 2’U) 02> 02 )
1 C3 —4(1-v)C}
1 02 02 _9(]_ 1| _9(1 1
L2, = —;C2 L} :—#D1 L2, =0
As a result
1 1 1 1
0 = —1 i, —— [ =ct + D} 8
o)== [2(1—2@ no‘] 02 71— 20) <52 02 01)’ (8)
1 R 1
fo2 (a) = _mD(IJz, wor (@) = _m [C%l + Cgl Ino — mDézaﬂ )
R R 1
wWo2 (Od) = —m (0012 + 0022 In Oé) , Up2 = —m |:D5204 + D(%Q a:| s
R 1 1
Hot 2(1—21))[ TPy T o )2 020‘”}

Let us define the stresses necessary for the fulfillment of the boundary conditions. To do so, we use
the Duhamel—Neumann relations [3]:

B E 2(1—2v) ou
_2(1—1—1))(1—21)){ N £—{—2’U9—2(1+U)01TT},

Oan

B E 2(1—2v)ow
0772(14_“)(1_21)){ e 87+2U9 2(1+U)aTT},

LB (w10
JM_Q(l—{—U)R da  €0y)’

If we assume that

Oaa = Oaal T 0aa2Y; Oyy = Oyl + 04427Y; Oay = Oayl + Tan27,
then differentiating the relations (8), we determine
E 1 1 2v
= - Dy +D}— - ———Ckh-201 B}
Tacl =50 10y (1 —21}){ o0 P+ Doz = gy zCo —2(L+v)arBy

1 1—v
51— 0y ((1 — 2U)) +(1-2v) lna} 032},

_.I_

RUSSIAN MATHEMATICS Vol.62 No.2 2018



26 GUR’YANOV, TYULENEVA

E 1 1
aa2 — - Dl D2 5
Tao2 2(1+v)(1—2v){ (I—20) 2" 02a2}’

L 2(1—v) 4 1
= — Cyp —2(1 B
o 2(1—1—1})(1—21}){ (1= a0y 2o~ 2 v)erBo
1 v 2v
—(2—0v)l 2 __ 2 pl
i [2(1—21)) ( U)no‘]c‘n 1 2v) 01}’

() E 1

=— Diy, Oay2 = — Ch—

Im? (14 v) (1 —20) 02) Ten2 2(1+v)(1-20)e 2o’

E 1 2v
= — 202 + D2%,) =~ — —Y _plat.
Tarl 4(1—1—1})(1—21})5{( 01+ 02)a (1—2v) 02&}

As examples, we define the displacements for three kinds of boundary conditions. The formulas for
displacements are the same for all three problems:

R 1
w(a,y) = T —20)e {Cél + Coov + (C§1 + Ciyy) Inav — mD52@2} ;
— R Dl Dl D2 D2 1 1 02 1
U(a>7)——m (Do1 + Do) @ + (Dgy + 027)E—m oeaina e,

which follows from (8). It remains to determine the values of the integration constants.
1) For the boundary conditions

Oaa (t,’}’) = pH (1 _’Y)a Oay (ta’Y) =0,

9
w(1,0) =u(1,0) =0, w(l,1) =0, u(l,1)=0 (9)
we obtain
t2f (202 +1 — 20) £2f
1T vy 2 _ L ) _
001_ 4(t2+1_2v)a 001 2(t2+1—2’1j) 5 002 0’ 002 O’ (10)
A S8
i B (#*+1-20) Lo 027 2y 1-20)

Here p is the density of the fluid, f = w.
2) If the boundary conditions take the form

Oaa (t,7) = pH (1 —7), 0oy (t,7) =0,
w(1,0) =u(1,0) =0, o4y (1,1) =0, u(1,1) =0,

i.e., they differ from (9) by one condition, then for the constants C&;, C3,, C3,, D},, D3,, formulas (10)
hold,

1 (1+v)(1-2v) (2 +1)
Bl N B}
22 02 2(1+v)+1— 0] arbop,
2(1+v) (1 —2v)t? (1 —2v)t2f
DY = _D2 — 1 _ = “7/R
01 0= "0 o) +1—o] TP T 211 20

3) For the boundary conditions
Oaa (t7’7) =pH (1 - ’Y) )
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CYLINDRICAL TANK FILLED WITH A LIQUID 27
w(1,0) =u(1,0) =0, w(1,1) =0, u(1,1) =0, w(¢,0) =0, w(t,1)=0
the constants CY,, C3,, C3,, D&, DZ, are determined by formulas (10),

) (2 —1)t2f (1—2v) [f+2(1+v)arBl | t?

Co = Dy = —-D}, = —
4241 —20)Int” % 01 (t2+1—2v)
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