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Óñòàíîâëåíû íîâûå ñâîéñòâà (êîììóòàòîðîâ) èçîêëèííûõ ïðîåêòîðîâ
â ãèëüáåðòîâîì ïðîñòðàíñòâå. Íàéäåíû çíà÷åíèÿ îïðåäåëèòåëåé íåêî-
òîðûõ êëàññîâ ìàòðèö.
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Commutators and isoclinic projections on a Hilbert space

Some new properties of commutators of isoclinic projections on a Hilbert
space are established. Values of certain classes of matrices are found.
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Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî íàä ïîëåì C, B(H) � ∗-àëãåáðà
âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ â H, I � òîæäåñòâåííûé îïåðàòîð
â H. Îïåðàòîð X ∈ B(H) ÿâëÿåòñÿ êîììóòàòîðîì, åñëè X = AB − BA äëÿ
íåêîòîðûõ A,B ∈ B(H). Ïðîåêòîðû P,Q ∈ B(H) íàçûâàþòñÿ èçîêëèííûìè

(ñ óãëîì θ ∈ (0, π/2), ïèøåì P
θ
≈ Q), åñëè PQP = cos2 θ P è QPQ = cos2 θ Q,

ñì. [1]. Åñëè P,Q ∈ B(H)pr, òî P⊥ = I − P , ïðîåêòîð P ∧ Q îïðåäåëÿåòñÿ
ðàâåíñòâîì (P ∧ Q)H = PH ∩ QH, à P ∨ Q = (P⊥ ∧ Q⊥)⊥ ïðîåêòèðóåò íà
lin(PH ∪QH). Ïðîåêòîðû P è Q íàõîäÿòñÿ â îáùåì ïîëîæåíèè â H, åñëè
P ∧ Q = P ∧ Q⊥ = P⊥ ∧ Q = P⊥ ∧ Q⊥ = 0, ñì. [2]. Ïðè dimH = n < ∞
àëãåáðà B(H) îòîæäåñòâëÿåòñÿ ñ ïîëíîé ìàòðè÷íîé àëãåáðîéMn.

Òåîðåìà 1. Ïóñòü P,Q ∈ B(H)pr è P
θ
≈ Q ñ íåêîòîðûì óãëîì θ ∈

(0, π/2). Òîãäà ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

(i) |PQ+QP | = cos θ (P +Q);
(ii) |PQ| = cos θ Q;
(iii) |PQ+QP | = |PQ|+ |QP |;
(iv) |PQ−QP | = cos θ |P −Q|;
(v) |SPSQ − SQSP | = 2 cos θ |SP − SQ|;
(vi) ‖PQ−QP‖ = sin θ cos θ;

(vii) P ∨Q− P
π/2−θ
≈ Q;

(viii) P ∨Q− P
θ
≈ P ∨Q−Q.

Ñëåäñòâèå 1. Ïóñòü P,Q ∈ B(H)pr è P
θ
≈ Q ñ íåêîòîðûì óãëîì θ ∈

(0, π/2), X = P ∨Q− P −Q. Òîãäà
(i) ‖X‖ = cos θ è tr(P ∨Q) = tr(P +Q);
(ii) åñëè dimH <∞, òî X ÿâëÿåòñÿ êîììóòàòîðîì.
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Òåîðåìà 2. Ïóñòü P,Q ∈ B(H)pr è P
θ
≈ Q ñ íåêîòîðûì óãëîì θ ∈

(0, π/2). Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) P
π/2−θ
≈ Q⊥;

(ii) P⊥
θ
≈ Q⊥;

(iii) |P −Q| = sin θ I;
(iv) |PQ−QP | = sin θ cos θ I;
(v) P ∨Q = I;
(vi) X = P ∨Q− P −Q îáðàòèì.

Ñëåäñòâèå 2. Ïóñòü P,Q ∈ B(H)pr è P
θ
≈ Q ñ íåêîòîðûì óãëîì θ ∈

(0, π/2). Åñëè |P −Q| = sin θ I, òî P è Q íàõîäÿòñÿ â îáùåì ïîëîæåíèè â

H.
Ñëåäñòâèå 3. Ïóñòü P,Q ∈ Mpr

n è P
θ
≈ Q ñ íåêîòîðûì óãëîì θ ∈

(0, π/2). Åñëè n íå÷åòíî, òî P ∨Q 6= I è ñîîòíîøåíèÿ (i), (ii) òåîðåìû 2
íå âûïîëíåíû.
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