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AHHOTaIII/Iﬂ. MCTOILOM aHaJIM3a OIrpaHUYCHHOCTH raMHUJIbTOHHMAaHa U3y4acTCsd YCTOP'I‘IHBOCTB
pemieHuit  3-MepHOro o0oOmieHHoro HeiuHelHoro ypaBHenus Illpemmnrepa (3-GNLS),
OITMCBHIBAIOILIICTO COJII/ITOHOHO[[O6HBIC BOJIHbBI B HCOJHOPOAHLIX W HCCTAIUOHAPHBIX CpCAax:
j1a3smMe (BKJ’IIO‘laH KOCMHYCCKYIO nnasMy), OIITOBOJIOKHE U IINIOCKHX OIITHYECKHUX BOJIHOBOJaX.
[Tokazano, uro ypaBHenue 3-GNLS, B 3aBUCHMOCTH OT MapaMeTpoOB CPeabl paclpoCTpaHCHUS,
Hapsaagy ¢ HCYCTOFI‘{PIBBIMH, pacceuBaromMucsa CO BPCMCHEM pPCIICHHUAMHU, MOXCET HUMCTb
YCTOMYMBBIE U KBa3WyCTOMYMBBIE HEOJAHOMEPHBIE PELICHUS THUIA COJIMTOHOB U OpHU3EpOB.
PCSYJ'IBTaTI)I AHAIIUTUYCCKOI'0 paCCMOTPCHUA OOBSICHSIIOT paHee Ha6J'IIOI[aBHII/IeC${ B YHCJICHHBIX
OKCIIEPUMCEHTaX S(b(beKTBI, IMOATBCPKAAOTCA pE3YyIbTaTaMK  BBIIIOJIHEHHOT'O YHCJIICHHOI'O
MOZACIIMPOBAHUA U MOTYT 6BITL MOJIC3HbI IIPpHU HU3YUYCHUHW AWHAMHUKHU HEJIMHENHBIX BOJHOBBIX
CTPYKTYp B (PM3UKE IUIa3Mbl, HEIMHEHHON ONTHUKE U MHOTUX JIPYTUX 00JacTAX (PU3MKH.

Abstract. Stability of solutions of the 3-dimensional generalized nonlinear Schrodinger
equation (3-GNLS), which describes the soliton-like waves in the inhomogeneous and
nonstationary media such as a plasma (including space plasma), fiber and planar optical
waveguides, is studied using the method of analysis of boundness of the Hamiltonian. It is shown
that the 3-GNLS equation, depending on the parameters of the propagation medium, can have
stable and quasi-stable multidimensional solutions of the soliton and breather types, along with
unstable solutions scattering with time. The results of analytical consideration explain the effects
previously observed in numerical experiments, are confirmed by the results of the performed
numerical simulation, and can be useful in studying the dynamics of nonlinear wave structures in

plasma physics, nonlinear optics, and many other areas of physics.

KuroueBrble cioBa: 0600uieHHOe HennHelHoe ypaBHeHue Llpeaunrepa, conuToHbl orudarome,
Opu3epsbl, B3aMMOAEHCTBHIE, HEOJHOMEPHBIE COJUTOHBI, HEOAHOPOIHAS HECTAl[OHApHAas Cpeaa,
masMa.
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BBenenne

Ecmu B cucreme BK! [Belashov, Vladimirov, 2005; Belashov et al., 2018a]

ou +Atuu="f, f=cf Audx+f, A =05+0? 1)

! Belashov-Karpman (BK) system



OIepaTrop HMMEET BUJ A(t,u) =i [y|u |2 —B@§]+(x/ 2, oHa mpejacTaBiseT coboil 3-MepHOE

o6o6mmennoe ypasuenue IlIpeaunrepa (3-GNLS) [Belashov et al., 2018b]:
f 2 . 2 X '
ou+ivy|ul u—|[38XU+(oc/2)u=0L)0Aludx+f , (2)

rae o, B, y=0(t,X,y,2), f'=1'(t,x,y,2), u (a/2)u onuceiBaeT AUCCUNIATUBHBIE Y3PPEKTHI, a U
€CTh orubaromast BOJHOBOro maketa (umiynbcea). YpaBaenne 3-GNLS (2) omuceiBaeT THHAMHKY
orubaromieil Moy IMPOBAHHBIX HETMHEWHBIX BOJIH U UMITYJIBCOB (BOJHOBBIX TAKETOB) B Cpelax ¢
JHCTIepCuell ¥ MMEeT MHOTOYHCIICHHbIE BaXKHBIC NMPHIIOKEHUS B (HU3HMKE IJIa3Mbl (Harpumep,
OIMCBIBAET PACIPOCTPAHCHHUE JICHTMIOPOBCKUX BOJH B TOpsYEH IUIa3Me), HEIMHEHHON ONTHKE
(pacmpocTpaHeHHE CBETOBBIX MMITYJILCOB B KPHCTAJIaX, ONTOBOJOKHE M TUIOCKUX OMTUYECKHX
BOJIHOBOZ[AX), OHO OITMCHIBAECT, B YaCTHOCTH TAKHE SIBJICHHSA, KaK TypOYJIEHTHOCTb, BOJHOBOM
KOJIJIarC M onTHYecKas caMO(OKyCHPOBKa. YpaBHEHHE (2) UCIONIB3YeTCs M B APYTHX O0JIACTSIX
(bU3MKN — TaKUX, HAlIPUMEDP, KaK TEOPHS CBEPXIIPOBOJAUMOCTH U (pH3HMKa HU3KUX Temiieparyp (B
gacTHOCTH, oObiuHOE ypaBHeHHE NLS ectb ympomennas 1D ¢opma ypaBHenus ['mn3Oypra-
Jlanpay [['unsz0Oypr, Jlammay, 1950], BnepBbie BBegenHoro umu B 1950 r. mpu ommcaHuu
CBEpPXIPOBOAMMOCTH ), TPABUTAIIIOHHBIC BOJIHBI MAJIOW aMIUTMTYbI Ha MTOBEPXHOCTHU TITyOOKOM
HeBsA3KOM >kuakoctd U np. Otmerum, yto 3D ypaBHenue (2) He SBISETCS MOJTHOCTBHIO
UHTCTPUPYEMBIM, W €r0 aHAJUTHYECKUE pEUICHHS B OOIINEM ciy4yae HE HW3BECTHBI (32
UCKJTIOUYEHUEM, TMOXKaIyH, TJIaJKuX pelIeHuH THMa YyeIuHeHHbIX BoyiH). OpmHako, ¢

HCII0JIb30BaHUEM TO/IX0/10B, pa3BUTHIX B [ benamios, 1991, 1999] mist apyrux ypaBHEHUM CUCTEMBI

BK [ypaBuenne GKP, xorma B (1) A(t,u) = oo, —8)2( (v—Bo, —y@f’() u ypaBHeHue 3-DNLS,
eCITH A(t,u) =3s|p| uzax —Gi (IA+V) ], MBI MOXeM HCCIIEeIOBaTh YCTOWYMBOCTH BO3MOMHBIX
pemenuii ypaBHeHus 3-GNLS, 4to u siBisieTcs 1eNbo HacTosIIEeH paboThl.

AHaJIN3 YyCTONYMBOCTH pPeLIeHU

Banumiem (2) ¢ a = 0 (ypaBaenue 3-NLS) B raMuiibToHOBO# (hopme:

o,u=0a, (5HIdu), 3)

e H=17 [4]uf+ puu'o,o+ 2o(v 0P far, oBw-u, o-arg ()

Hcnonp3ys meron, nmoapoOHo uzioxenHbiid B [Belashov, Vladimirov, 2005; benaros,

1991, 1999], uccnenyem ycroirunBocts 2D u 3D pemennit ypasuenus (2). [Ipu sTom, 3anava ans

ypaBHeHus (3) hopMmynaupyercs B BHJIe BapuanuoHHoro ypasHenus 8(H+vP,)=0, P, = %Iu 2dr



, CMBICI KOTOPOTO COCTOMT B TOM, YTO BCe (UHUTHBIE pemieHus ypaBHeHUs (3) ecTb
CTallMOHAPHbIE TOUKHU raMuiibToHHaHa H nipu prukcupoBaHHOM 3Ha4EHNU MPOEKIMH UMITyJIbca P,
. B cootBercTBUU ¢ Teopemoii JIsmyHOBa 00 YCTOMYMBOCTH, B JUHAMHUYECKONW CHCTEME TOYKH,
KOTOpPbI€ COOTBETCTBYIOT MUHUMYMY WJIM MaKCUMyMy ramuibToHUaHa H sBisitoTcs aOCOMOTHO
ycroitunBeiMU. Eciii k€ 3KCTpeMyM JIOKalbHBIM, €My OyIyT COOTBETCTBOBATH JIOKAJIBHO
YCTOWYMBBIC PEILICHUSI.

Paccmotpum nedopmaruu H, coxpansronye npoekuio ummyisca P, :

-1/2

u(xr) > ntux/g r /n),  ¢meC.

lamunsronman  mpumer Bua  H(Em)=al ™M 2 +blt—cC’®n? ¢ xoddduuuentamu
a= (y/Z)ﬂ u |4dr , b=p ju u*o,pdr, c=(oc/ Z)I(VLﬁxw)zdr . V3 HEeoOXOomMMbIX YCITOBHIA

JKCTpEMyMa 6C H=0, 6n H =0 cpasy e Hailiem ero KOOpIMHAThL:
1/2
Lo=—ac™, 1, :[—ab‘1(1+azc‘2)] ,

rne b <0, eciu m € R < C, nockonbky a > 0, ¢ > 0 no onpenenenuto, u b > 0, eciiu neC.

JloctaTouHbie yciioBus MUHUMYMa B Touke (G, 1j):

ang(Ci'nj) 5<;2n H(Civﬂj)

0, 87H(.m;)>0.
62 HGm,) o2HEGmy| > RG>

Perrast 1aHHyI0 CHCTEMY HEPaBEHCTB, MOJYYHMM, 4TO I BOJH B ciydae b < O (mosokuTenbHast

HeMHEWHOCTh) a/c<d = (2\/5)_1\/13+\/185 , oTKyma cmexyer, uto H>-3bd/(1+2d?), To
€CTh raMIJIBTOHHAH OrpaHryeH cHu3y. [Ipu b > 0 (oTpuiiaTeapHas HEIMHEWHOCTH): 3aMeHa b— —
b skBuBaneHTHa 3amene Y — —iy, Z — —iz 1 H<-3bd /(1+2d?), To ecTh raMHIbTOHHAH CHU3Y

HE OrpaHHyeH (OrPaHUYEH CBEPXY).

Wtak, Mbl 10Ka3ainyu BO3MOXKHOCTb CyIIeCTBOBaHMS ycToWumBbIX 3D pemenuit B Monenu
3-NLS wu momy4wmsiv yclmoBUS WX YCTOMYMBOCTH, TO ©CTh OINPEACTIIA O0JacTH 3HAYCHUM
K03 (HULIMEHTOB YpaBHEHHS (IIEpEMEHHBIX BO BPEMEHHU U MTPOCTPAHCTBE XapaKTEPUCTHK CPEJIbI),

korja 3D conuToHbl OyayT YCTOWYMBBIMH.

Pe3y.m>TaT1,1 YUCJICHHOI0 MOJIC/IUPOBAHUSA

Pesynbrarel unciaeHHoro MojaenupoBanus ypaBHeHus 3-GNLS s obmiero ciydas

HeOHHOpO)IHOﬁ u HeCTaHHOHapHOfI Cp€abl MOATBEPKAAKOT CACIIAHHBIC HA OCHOBC aHAJITUTHUYCCKOI'O



paccMOTpeHHs MPOOJIEMbI 3aKIIOUeHUs. B KauecTBe WILTIOCTpAIlMK Ha pHC. | U 2 MpeacTaBIeHBI
pesyabrarel, monyueHHsle nmpu o = 0 (1D cnywait) u HavanbHBIX YCIOBHSIX B BHIC

COJIMTOHOMOJOOHOTO MMITYJIbCA OrHOAIOIIeH:

u (x,0)= Aexp (-x*/1)

u (x,0)=Aexp [-(x-5)%/1]+ Aexp [-(x+5)? /1],

COOTBETCTBEHHO, B IIpocTeiineM ciydae ypaBHeHust NLS ¢ 3, y = const (ctarimonapnast cpena); o,
f’ = 0 npu orpunarensHoii HeauHerHocTH, B > 0. IIpu stom b > 0 u ramwiasToHnan H > —
3bd/(1+2d?), a 3HauMT yCiOBHE YCTOHUYMBOCTH I OTPULATENBbHON HenmHeitHocTH, H < —
3bd/(1+2d?), He BEITIONHSAETCS, U, KAK BHIHO H3 PUCYHKOB, MBI HA0TIOaEM PACCESHHE UMITYIbCOB

oru0aroiiel co BpeMeHEM.
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Puc. 1. OBomonus rayccosa Puc. 2. DBomonus rayccosa
UMIyJbca orubaroniei npu 2-UMITYJIbCHOTO BO3MYIICHHS OTHOA0IIEH
A =2,1=2; 3=0.5, y=0. npu A=1, I=4; 3=0.5, y=0.

Ha puc. 3 npencraBieHsl JBa MpuMepa pe3ylIbTaTOB JBONIOIUH TayccoBa HMITYJIbCA B
HECTallMOHAPHOM CpeJie PU OTPUIIATEIbHON HETMHEHHOCTH, KOT/1a ycloBre ycroiunBoctr H <
—3bd/(1+2d?) BemonasieTcs. B pe3ynbTarte 3BONIONMH IPU TOM HaOIIOAETCS BOSHUKHOBEHHE U3
HAYaJILHOTO YEIUHEHHOTO UMITYJIbCa MOIITHBIX YCTONYMBBIX MyJIbCAIM THIIA OPU3EPOB.

HpHMep B3aUMOJCHCTBUS COJ'II/ITOHOHO,I[06HLIX Ha4YaJIbHBIX UMITYJIBCOB BHU A

u (x,0)= A[sch (x) +sch (x—s/2) +sch (x +s/2)],

4)
u (x,0)=A[sch (x—s/2)+sch (x+5/2)]

OpU OTpULIATeNIbHOW HenuHelWHoctH B pamkax wmogenn GNLS mnpusenen na puc. 4, 5,



COOTBETCTBEHHO. B miepBoM ciydae, ycaoBHE yCTOMUMBOCTH HE BBIIOJIHAETCS, U Mbl HaOIr01aeM
Ha IEPBOM 3Tale BO3HUKHOBEHHE OJHOTO MOIIHOI'O MMITYJIbCA U3 3-MMITYJbCHOIO HAyaJlbHOI'O
BO3MYILIEHUS U JaJIee, CO BpEMEHEM, €TI0 pacla/l Ha JBa UMITyJIbCa MajJoW aMIUIMTyabl. Bo BTopom
cllydae, YCIOBHE YCTOMYMBOCTH BBIIIOJIHEHO, W HMEET MECTO YCTOMYMBAs DBOJIIOLUS 2-
UMIIYJIbCHOTO BO3MYIIEHHs. B UMCIIEHHBIX SKCIEpUMEHTAX OBLIO TaKK€ YCTaHOBIIEHO, YTO IIPU
cyaboil OTpUIaTEIbHON HEMMHEHHOCTH, KOT/Ia YCIIOBHE YCTOWYHMBOCTH BBITTOJIHSACTCS, TIEPEXOJT OT
YCTOMUMBOM SBOJIIOLMU K PEXKHUMY YCTOWYHMBBIX IMyNbcalii (OpH3epoB) MPOUCXOAUT MpU

YMEHbBIIIEHUN HA4aJIbHOTO PACCTOSHUS S B (4) MEX]ly UMITYJIbCAMHU.

Puc. 3. DBomonust rayccoBa UMITYJIbCa OrHOAaroIIei B HecTalnoHapHoi cpene mpu o, ' = 0:
a) p =0.5, y=-1+0.01sin2xnt ; b) y=-1, B(t) = - 0.5 for t <5 and B(t) = 0.5(1+0.2sin 2xt)

for t >5; ciiyuan orpuIaTeNbHON HETMHEHHOCTH.
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Puc. 4. B3aumoielicTBrUE TPEX UMITYJIbCOB Puc. 5. OtcyTcTBHE B3aNMO/ICHCTBHS

nMiysibcoB GNLS (cranmonapHas cpeza)

GNLS (cranmonapnas cpeaa) npu y = —1,

B =0.25; cyuaii cnaboif oTpunaTeIbHON mpuy =1, =0.05; cnyuaii

o OTPHULATEIILHOW HEJIMHENHOCTH.
HEJIWNHEWHOCTH.



JeTanbHOMY YHCIIEHHOMY MCCIEAOBAHUIO 33]1a4 SBOJIIOUUU U B3aumojeicTeus 2D u 3D
umnynbcoB B Mojenu 3GNLS nocesimenst padotsl [Belashov et al., 2018b, 2019a,b; Belashov,
Kharshiladze, 2019].

3akaouyeHue

Pestomupysi pe3ynbraThl, OTMETUM, YTO B pabOTe aHATUTHUYECKH IOJyYEHBI YCIOBHUS
YCTOMUMBOCTH COJIMTOHONOAOOHBIX pemeHnit ypaBHeHuss GNLS, koropbie MOATBEp>KACHBI
YHCJICHHBIM HUCCIIEZIOBAHUEM CIIY4aeB YCTOMUMBOM U HEYCTONYMBOH (¢ 0Opa3oBaHreM Opu3epoB)
SBOJIIOLIMM HMMITYJIbCOB DPA3JIMYHON (OPMBI, a TaKKe B3aUMOJEHCTBHUS 2- U 3-MMITYJIbCHBIX
CTPYKTYp, IPUBOJIAIIETO K ((OPMUPOBAHHIO YCTOMUUBBIX M HEYCTOWUYHMBBIX PELICHUN.

Paborta BbIMTOTHEHA 3a CYET CPENCTB CYOCHUINH, BBIICTICHHOW B paMKaX roCyJapCTBEHHON
nogaepxkn  Kazanckoro — ¢enepaqbHOro  yHUBEpCHUTETa B LENSIX  IOBBILIEHUS  €ro

KOHKprHTOCHOCO6HOCTI/I cpeau BEAyHIUX MHUPOBBIX Hay‘IHO'O6paSOBaTeJ'ILHI>IX LHCHTPOB.
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IMlonmucn k pucynkam k cr. B.JO. benamor «IIpobrema ycroifunBocTn pemieHuit
000011eHHOTO0 HeNMHeWHoro ypaBHeHus lllpennHrepa B HEOJHOPOAHBIX M HECTAL[MOHAPHBIX
cpenax»

Puc. 1. DBomonust rayccoBa umiyiisca orubaromeit mpu A =2, 1=2; =0.5, y=0.

Puc. 2. DBomonusi rayccoBa 2-UMITYJILCHOTO BO3MYILeHHs orubaromniei npu A=1, | =4;
B=0.5,v=0.

Puc. 3. DBomonus rayccoBa UMITYJIbCa OTHOAIONIEH B HECTallMOHAPHOU cpene npu o, f' = 0:
a) B=0.5, y=-1+0.01sin2xnt ; b) y=-1, B(t) =— 0.5 mpu t <5 u B(t) = 0.5(1+0.2sin 2nt) mpu
t>5; cnyuan oTpUaTeNTbHON HEJTMHEHHOCTH.

Puc. 4. Bzaumopeiicteue Tpex umnyinbcoB GNLS (cranmonapnas cpena) npu g = —1,
b=0.25; ciryuaii caboit OTpHUIIATEIBHOMN HETMHEHHOCTH.

Puc. 5. OrcyrerBue B3aumoeiictsust umimynscoB GNLS (crannonapnas cpena) npu g = -1,
b = 0.05; cimy4aii oTpuaTeNbHON HETMHEHHOCTH.
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