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ÑÕÎÄÈÌÎÑÒÜ ÏÎ ÌÅÐÅ È τ -ÊÎÌÏÀÊÒÍÎÑÒÜ τ -ÈÇÌÅÐÈÌÛÕ
ÎÏÅÐÀÒÎÐÎÂ, ÀÑÑÎÖÈÈÐÎÂÀÍÍÛÕ Ñ ÏÎËÓÊÎÍÅ×ÍÎÉ ÀËÃÅÁÐÎÉ

ÔÎÍ ÍÅÉÌÀÍÀ

Àííîòàöèÿ.Ïóñòü τ � òî÷íûé íîðìàëüíûé ïîëóêîíå÷íûé ñëåä íà àëãåáðå ôîí Íåéìàíà. Óñòà-
íîâëåí ïðèçíàê Ëåéáíèöà äëÿ çíàêî÷åðåäóþùèõñÿ ðÿäîâ τ -èçìåðèìûõ îïåðàòîðîâ. Ïîëó÷åí
àíàëîã ïðèçíàêà �çàæàòîé� ñõîäèìîñòè ðÿäîâ äëÿ τ -èçìåðèìûõ îïåðàòîðîâ. Äëÿ τ -êîìïàêò-
íîãî ñëó÷àÿ äîêàçàíî ñîîòâåòñòâóþùåå óòî÷íåíèå ýòîãî ïðèçíàêà. Â òåðìèíàõ òîïîëîãèè ñõî-
äèìîñòè ïî ìåðå τ óñòàíîâëåí êðèòåðèé τ -êîìïàêòíîñòè ïðîèçâîëüíîãî τ -èçìåðèìîãî îïåðà-
òîðà. Íàéäåíî äîñòàòî÷íîå óñëîâèå 1) τ -êîìïàêòíîñòè êîììóòàòîðà τ -èçìåðèìîãî îïåðàòîðà
è ïðîåêòîðà, 2) ñõîäèìîñòè ïî ìåðå τ ê íóëåâîìó îïåðàòîðó ïîñëåäîâàòåëüíîñòè êîììóòàòî-
ðîâ τ -èçìåðèìûõ îïåðàòîðîâ è ïðîåêòîðîâ.
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Ââåäåíèå. Ïóñòü τ � òî÷íûé íîðìàëüíûé ïîëóêîíå÷íûé ñëåä íà àëãåáðå ôîí Íåéìàíà
M. Â òåîðèè íåêîììóòàòèâíîãî èíòåãðèðîâàíèÿ È.Ñèãàëà [1], [2] âàæíóþ ðîëü èãðàåò òîïî-
ëîãèÿ tτ ñõîäèìîñòè ïî ìåðå íà ∗-àëãåáðå τ -èçìåðèìûõ îïåðàòîðîâ S(M, τ) [3]. Â òåðìèíàõ
òîïîëîãèé tτ è tτl áûëè ïîëó÷åíû õàðàêòåðèçàöèè ðàçëè÷íûõ êëàññîâ àëãåáð ôîí Íåéìà-
íà [4]; îïèñàíû îïåðàòîðíûå �èíòåðâàëû� IB = {A : −B ≤ A ≤ B}, ãäå A ∈ S(M, τ)sa è
B ∈ S(M, τ)+ ([5]). Â [6], [7] â ñâÿçè ñ òîïîëîãèåé tτ áûëè èññëåäîâàíû âûïóêëûå ìíîæåñòâà
KB = {A ∈ S(M, τ) : A∗A ≤ B}.
Îïåðàòîð A ∈ S(M, τ) íàçûâàåòñÿ τ -ñóùåñòâåííî îáðàòèìûì ñëåâà, åñëè ñóùåñòâóåò

òàêîé B ∈ S(M, τ), ÷òî îïåðàòîð I − AB ÿâëÿåòñÿ τ -êîìïàêòíûì. Åñëè äëÿ îïåðàòîðà
A ∈ S(M, τ) íàéäåòñÿ òàêàÿ tτ -îãðàíè÷åííàÿ ïîñëåäîâàòåëüíîñòü {Xn}∞n=1 ⊂ S(M, τ), ÷òî

X∗n
τl−→ 0, Xn 6

τ−→ 0, AXn
τ−→ 0 (n→∞),

òî A íå áóäåò τ -ñóùåñòâåííî îáðàòèìûì ñëåâà ([8], òåîðåìà 3.4). Î τ -êîìïàêòíîñòè τ -èç-
ìåðèìûõ îïåðàòîðîâ ñì. â [9], [10].
1. Îáîçíà÷åíèÿ è îïðåäåëåíèÿ. ÏóñòüM � àëãåáðà ôîí Íåéìàíà îïåðàòîðîâ â ãèëü-

áåðòîâîì ïðîñòðàíñòâåH,Mpr � ðåøåòêà ïðîåêòîðîâ âM, I � åäèíèöàM, P⊥ = I−P äëÿ

Ïîñòóïèëà â ðåäàêöèþ 15.11.2019, ïîñëå äîðàáîòêè 15.11.2019. Ïðèíÿòà ê ïóáëèêàöèè 18.12.2019.

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà çà ñ÷åò ñðåäñòâ ñóáñèäèè, âûäåëåííîé Êàçàíñêîìó ôåäåðàëü-
íîìó óíèâåðñèòåòó äëÿ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè, ïðî-
åêò � 1.13556.2019/13.1.
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P ∈ Mpr, M+ � êîíóñ ïîëîæèòåëüíûõ ýëåìåíòîâ èç M. Îòîáðàæåíèå ϕ :M+ → [0,+∞]
íàçûâàåòñÿ ñëåäîì, åñëè ϕ(X + Y ) = ϕ(X) + ϕ(Y ), ϕ(λX) = λϕ(X) äëÿ âñåõ X,Y ∈ M+,
λ ≥ 0 (ïðè ýòîì 0 · (+∞) ≡ 0) è ϕ(Z∗Z) = ϕ(ZZ∗) äëÿ âñåõ Z ∈M. Ñëåä ϕ íàçûâàåòñÿ òî÷-
íûì, åñëè ϕ(X) > 0 äëÿ âñåõ X ∈M+, X 6= 0; íîðìàëüíûì, åñëè Xi ↗ X (Xi, X ∈M+)⇒
ϕ(X) = supϕ(Xi); ïîëóêîíå÷íûì, åñëè ϕ(X) = sup{ϕ(Y ) : Y ∈ M+, Y ≤ X, ϕ(Y ) < +∞}
äëÿ êàæäîãî X ∈M+.
Îïåðàòîð â H (íå îáÿçàòåëüíî îãðàíè÷åííûé èëè ïëîòíî îïðåäåëåííûé) íàçûâàåòñÿ ïðè-

ñîåäèíåííûì ê àëãåáðå ôîí ÍåéìàíàM, åñëè îí ïåðåñòàíîâî÷åí ñ ëþáûì óíèòàðíûì îïå-
ðàòîðîì èç êîììóòàíòà M′ àëãåáðû M. Ïóñòü τ � òî÷íûé íîðìàëüíûé ïîëóêîíå÷íûé
ñëåä íà M. Çàìêíóòûé îïåðàòîð X, ïðèñîåäèíåííûé ê M, èìåþùèé âñþäó ïëîòíóþ â H
îáëàñòü îïðåäåëåíèÿ D(X), íàçûâàåòñÿ τ -èçìåðèìûì, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
òàêîé P ∈ Mpr, ÷òî PH ⊂ D(X) è τ(P⊥) < ε. Ìíîæåñòâî S(M, τ) âñåõ τ -èçìåðèìûõ
îïåðàòîðîâ ÿâëÿåòñÿ ∗-àëãåáðîé îòíîñèòåëüíî ïåðåõîäà ê ñîïðÿæåííîìó îïåðàòîðó, óìíî-
æåíèÿ íà ñêàëÿð è îïåðàöèé ñèëüíîãî ñëîæåíèÿ è óìíîæåíèÿ, ïîëó÷àåìûõ çàìûêàíèåì
îáû÷íûõ îïåðàöèé [1], [3]. Äëÿ ñåìåéñòâà L ⊂ S(M, τ) ÷åðåç L+ è Lsa îáîçíà÷èì åãî ïî-
ëîæèòåëüíóþ è ýðìèòîâó ÷àñòè ñîîòâåòñòâåííî. ×àñòè÷íûé ïîðÿäîê â S(M, τ)sa, ïîðîæ-
äåííûé ñîáñòâåííûì êîíóñîì S(M, τ)+, áóäåì îáîçíà÷àòü ÷åðåç ≤. Åñëè X ∈ S(M, τ), òî

|X| =
√
X∗X ∈ S(M, τ)+.

×åðåç µ(X) îáîçíà÷èì ïåðåñòàíîâêó îïåðàòîðàX ∈ S(M, τ), ò.å. íåâîçðàñòàþùóþ íåïðå-
ðûâíóþ ñïðàâà ôóíêöèþ µ(X) : (0,∞)→ [0,∞), çàäàííóþ ôîðìóëîé

µt(X) = inf{‖XP‖ : P ∈Mpr, τ(P⊥) ≤ t}, t > 0.

Ìíîæåñòâî τ -êîìïàêòíûõ îïåðàòîðîâ S0(M, τ) = {X ∈ S(M, τ) : lim
t→∞

µt(X) = 0} ÿâëÿåòñÿ
èäåàëîì â S(M, τ).
Â ∗-àëãåáðå S(M, τ) ââîäèòñÿ òîïîëîãèÿ tτ ñõîäèìîñòè ïî ìåðå [3], ôóíäàìåíòàëüíóþ

ñèñòåìó îêðåñòíîñòåé íóëÿ êîòîðîé îáðàçóþò ìíîæåñòâà

U(ε, δ) = {X ∈ S(M, τ) : ∃ P ∈Mpr (‖XP‖ ≤ ε è τ(P⊥) ≤ δ)}, ε > 0, δ > 0.

Èçâåñòíî, ÷òî 〈S(M, τ), tτ 〉 ÿâëÿåòñÿ ïîëíîé ìåòðèçóåìîé òîïîëîãè÷åñêîé ∗-àëãåáðîé, ïðè-
÷åìM ïëîòíî â 〈S(M, τ), tτ 〉. Äëÿ Xn, X ∈ S(M, τ) áóäåì ïèñàòü Xn

τ−→ X, åñëè ïîñëåäî-
âàòåëüíîñòü {Xn}∞n=1 tτ -ñõîäèòñÿ ê X. Ïîñëåäîâàòåëüíîñòü {Xn}∞n=1 íàçûâàåòñÿ ñõîäÿùåéñÿ

τ -ëîêàëüíî ïî ìåðå ê X ∈ S(M, τ) (îáîçíà÷åíèå: Xn
τl−→ X) åñëè XnP

τ−→ XP äëÿ âñåõ
P ∈Mpr ñ τ(P ) < +∞ ([7], ñ. 114). Î ñâîéñòâàõ òàêîé ñõîäèìîñòè ñì. â [4], [11]�[13].
Ïóñòü m � ëèíåéíàÿ ìåðà Ëåáåãà íà R. Àññîöèèðîâàííîå ñ (M, τ) íåêîììóòàòèâíîå

L1-ïðîñòðàíñòâî Ëåáåãà ìîæåò áûòü îïðåäåëåíî êàê L1(M, τ) = {X ∈ S(M, τ) : µ(X) ∈
L1(R+,m)} ñ íîðìîé ‖X‖1 = ‖µ(X)‖1, X ∈ L1(M, τ).

Ëåììà 1 ([14]). Ïóñòü X,Y ∈ S(M, τ). Òîãäà
1) µt(X) = µt(|X|) = µt(X

∗) äëÿ âñåõ t > 0;
2) åñëè |X| ≤ |Y |, òî µt(X) ≤ µt(Y ) äëÿ âñåõ t > 0;
3) µs+t(X + Y ) ≤ µs(X) + µt(Y ) äëÿ âñåõ s, t > 0;
4) µs+t(XY ) ≤ µs(X)µt(Y ) äëÿ âñåõ s, t > 0;
5) µt(AXB) ≤ ‖A‖‖B‖µt(X) äëÿ âñåõ A,B ∈M è t > 0;
6) µt(f(|X|)) = f(µt(X)) äëÿ âñåõ íåïðåðûâíûõ âîçðàñòàþùèõ ôóíêöèé f : R+ → R+ è

t > 0.

Ëåììà 2. Ïóñòü Aj , A ∈ S(M, τ), j ∈ J . Òîãäà
1) Aj

τ−→ A ⇔ µt(Aj −A)
j−→ 0 äëÿ êàæäîãî t > 0;

2) ñåòü {Aj}j∈J tτ -îãðàíè÷åíà ⇔ supj∈J µt(Aj) < +∞ äëÿ êàæäîãî t > 0.
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Åñëè M = B(H) � ∗-àëãåáðà âñåõ îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ â H è τ = tr �
êàíîíè÷åñêèé ñëåä, òî S(M, τ) ñîâïàäàåò ñ B(H), à S0(M, τ) ñîâïàäàåò ñ èäåàëîì S(H)
êîìïàêòíûõ îïåðàòîðîâ â H, ñõîäèìîñòü τ -ëîêàëüíî ïî ìåðå ñîâïàäàåò ñî ñõîäèìîñòüþ â
ñèëüíîé îïåðàòîðíîé òîïîëîãèè (so-òîïîëîãèè). Èìååì

µt(X) =
+∞∑
n=1

sn(X)χ[n−1,n)(t), t > 0,

ãäå {sn(X)}∞n=1 � ïîñëåäîâàòåëüíîñòü s-÷èñåë îïåðàòîðà X ([15], ñ. 46), χA � èíäèêàòîð
ìíîæåñòâà A ⊂ R. Òîãäà ïðîñòðàíñòâî L1(M, τ) åñòü èäåàë ÿäåðíûõ îïåðàòîðîâ S1(H).
2. Îñíîâíûå ðåçóëüòàòû. Ïðèâåäåì îïåðàòîðíûå àíàëîãè êëàññè÷åñêèõ óòâåðæäåíèé

äëÿ ôóíêöèîíàëüíûõ ðÿäîâ.

Òåîðåìà 1 (ïðèçíàê Ëåéáíèöà äëÿ S(M, τ)). Ïóñòü An ∈ S(M, τ)+ è A1 ≥ A2 ≥ . . . ≥
≥ An ≥ . . ., An

τl−→ 0 ïðè n → ∞. Òîãäà çíàêî÷åðåäóþùèéñÿ ðÿä
∑∞

n=1(−1)n+1An tτl-
ñõîäèòñÿ (tτ -ñõîäèòñÿ äëÿ A1 ∈ S0(M, τ)) è åãî ñóììà íå ïðåâûøàåò A1.

Òåîðåìà 2. Ïóñòü An ∈ S(M, τ)+ òàêèå, ÷òî ðÿä
∑∞

n=1An tτl-ñõîäèòñÿ. Ïóñòü Bn ∈
S(M, τ)sa òàêèå, ÷òî −An ≤ Bn ≤ An äëÿ âñåõ n ∈ N. Òîãäà ðÿä

∑∞
n=1Bn òàêæå tτl-

ñõîäèòñÿ.

Òåîðåìà 3. Ïóñòü An ∈ S0(M, τ)+ òàêèå, ÷òî ðÿä
∑∞

n=1An tτ -ñõîäèòñÿ. Ïóñòü Bn ∈
S(M, τ)sa òàêèå, ÷òî −An ≤ Bn ≤ An äëÿ âñåõ n ∈ N. Òîãäà ðÿä

∑∞
n=1Bn òàêæå tτ -

ñõîäèòñÿ â S0(M, τ)+.

Ëåììà 3. Ïóñòü Aj , Bj ∈ S(M, τ), j ∈ J , è ñåòü {Aj}j∈J tτ -îãðàíè÷åíà, Bj
τl−→ 0. Òîãäà

AjBj
τl−→ 0.

Â ëåììå 3.3 èç [12] ïîêàçàíî, ÷òî åñëè {Aj}j∈J ⊂ S(M, τ)+ è Aj
τl−→ 0, òî Aqj

τl−→ 0 äëÿ
êàæäîãî 0 < q < 1.

Ïðåäëîæåíèå 1. Äëÿ tτ -îãðàíè÷åííîé ñåòè {Aj}j∈J ⊂ S(M, τ)+ ñëåäóþùèå óñëîâèÿ ýê-

âèâàëåíòíû:

(i) Aj
τ l−→ 0,

(ii) Aqj
τl−→ 0 äëÿ êàæäîãî q > 0.

Òåîðåìà 4. Ïóñòü An ∈ M+ è A =
∑∞

n=1An ∈ M+, ðÿä so-ñõîäèòñÿ. Òîãäà äëÿ êàæäîãî

q > 0 èìååì Aqn
τl−→ 0 ïðè n→∞.

Ñõåìà äîêàçàòåëüñòâà. Â ñèëó ïîëîæèòåëüíîé îäíîðîäíîñòè è íîðìàëüíîñòè ñëåäà τ äëÿ
P ∈Mpr ñ τ(P ) < +∞ èìååì

+∞ > ‖A‖τ(P ) ≥ τ(PAP ) =
∞∑
n=1

τ(PAnP ).

Òàê êàê ÷èñëîâîé ðÿä ñõîäèòñÿ, åãî îáùèé ÷ëåí ñòðåìèòñÿ ê íóëþ:

τ(PAnP ) = ‖PAnP‖1 → 0 ïðè n→∞.

Ïîñêîëüêó ïðîñòðàíñòâî 〈L1(M, τ), ‖ · ‖1〉 íåïðåðûâíî âëîæåíî â òîïîëîãè÷åñêóþ àëãåáðó

〈S(M, τ), tτ 〉, òî PAnP
τ−→ 0 ïðè n→∞. Äëÿ êàæäîãî t > 0 â ñèëó ï. 1) ëåììû 2 è ïï. 1),

6) ëåììû 1 ïîëó÷àåì

µt(A
1/2
n P )2 = µt(PA

1/2
n ·A1/2

n P ) = µt(PAnP )→ 0 ïðè n→∞.
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Ñëåäîâàòåëüíî, A
1/2
n P

τ−→ 0 ïðè n → ∞ â ñèëó ï. 1) ëåììû 2. Òàêèì îáðàçîì, A
1/2
n

τl−→ 0
ïðè n→∞ è ìîæíî ïðèìåíèòü ëåììó 3.

Ñëåäñòâèå 1. Ïóñòü {Pn}∞n=1 ⊂Mpr è PnPm = 0 äëÿ n 6= m, n,m ∈ N. Òîãäà Pn
τl−→ 0 ïðè

n→∞.

Òåîðåìà 5. Äëÿ îïåðàòîðà A ∈ S(M, τ) ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) A ∈ S0(M, τ),

(ii) XnA
τ−→ 0 (n → ∞) äëÿ âñåõ tτ -îãðàíè÷åííûõ ïîñëåäîâàòåëüíîñòåé {Xn}∞n=1 ⊂

S(M, τ) òàêèõ, ÷òî Xn
τl−→ 0 (n→∞).

Ñõåìà äîêàçàòåëüñòâà. (ii)⇒(i) Åñëè îïåðàòîð A íå τ -êîìïàêòåí, òî a := limt→∞ µt(A) > 0.
Â ñèëó ïîëóêîíå÷íîñòè ñëåäà τ ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {Pn}∞n=1 ïîïàðíî îðòîãî-
íàëüíûõ ïðîåêòîðîâ âM è ÷èñëî b > 0 òàêèå, ÷òî 0 < b ≤ τ(Pn) < +∞ è aPn ≤ A äëÿ âñåõ
n ∈ N (ñì. [5], ïðåäëîæåíèå 4.1). Óìíîæèâ îáå ÷àñòè íåðàâåíñòâà aPn ≤ A íà ïðîåêòîð Pn
ñëåâà è ñïðàâà, ïîëó÷àåì aPn ≤ PnAPn äëÿ âñåõ n ∈ N. Òîãäà

µt(PnA) ≥ µt(PnAPn) ≥ µt(aPn) = aµt(Pn) ≥ aχ(0,b)(t) äëÿ âñåõ t > 0

â ñèëó ïï. 2), 5) ëåììû 1. Ïîëó÷èëè Pn
τl−→ 0 (n → ∞) â ñèëó ñëåäñòâèÿ 1, íî ïîñëåäîâà-

òåëüíîñòü {PnA}∞n=1 íå ÿâëÿåòñÿ tτ -ñõîäÿùåéñÿ â ñèëó ï. 1) ëåììû 2.

Ïóñòü T, P ∈ S(M, τ) è P = P 2. Åñëè êîììóòàòîð [T, P ] ëåæèò â S0(M, τ), òî TP−PTP =
[T, P ]P ∈ S0(M, τ).

Òåîðåìà 6. Ïóñòü T ∈ S(M, τ) è P ∈Mpr òàêèå, ÷òî PTT ∗P ≤ TPT ∗.
(i) Åñëè TP − PTP ∈ S0(M, τ), òî [T, P ] ∈ S0(M, τ).
(ii) Åñëè TP = PTP , òî [T, P ] = 0.

Ñõåìà äîêàçàòåëüñòâà. (i) Ïîñêîëüêó X = TP − PTP ∈ S0(M, τ), òî X∗ = PT ∗ − PT ∗P ∈
S0(M, τ) è

|[T, P ]∗|2 = (TP − PT )(PT ∗ − T ∗P ) = TPT ∗ − T · PT ∗P − PTP · T ∗ + PTT ∗P ≤

≤ TPT ∗ − T (PT ∗ −X∗)− (TP −X)T ∗ + TPT ∗ = TX∗ +XT ∗ ∈ S0(M, τ)+.

Òîãäà â ñèëó ïï. 1), 2), 6) ëåììû 1 èìååì

0 ≤ µt([T, P ]) = µt(|[T, P ]∗|2)1/2 ≤ µt(TX∗ +XT ∗)1/2 → 0 ïðè t→∞.

Òàêèì îáðàçîì, [T, P ] ∈ S0(M, τ).

Çàìåòèì, ÷òî åñëè ãèïîíîðìàëüíûé îïåðàòîð T ∈ S(M, τ) è P ∈Mpr òàêèå, ÷òî îïåðàòîð
TP êîãèïîíîðìàëüíûé, òî PTT ∗P ≤ TPT ∗.
Ïðåäëîæåíèå 2. Ïóñòü P, Tn ∈ S(M, τ) è P 2 = P .

(i) Åñëè [Tn, P ]
τ−→ 0 ïðè n→∞, òî TnP − PTnP

τ−→ 0 ïðè n→∞.

(ii) Åñëè [Tn, P ]
τl−→ 0 ïðè n→∞, òî TnP − PTnP

τl−→ 0 ïðè n→∞.

Òåîðåìà 7. Ïóñòü tτ -îãðàíè÷åííàÿ ïîñëåäîâàòåëüíîñòü {Tn}∞n=1 ⊂ S(M, τ) è P ∈ Mpr

òàêèå, ÷òî PTnT
∗
nP ≤ TnPT

∗
n äëÿ âñåõ n ∈ N. Åñëè TnP − PTnP

τ−→ 0 ïðè n → ∞, òî

[Tn, P ]
τ−→ 0 ïðè n→∞.

Òåîðåìà 8. Åñëè îïåðàòîð A ∈ L1(M, τ) àíòèêîììóòèðóåò ñ íåêîòîðûì îáðàòèìûì

îïåðàòîðîì T ∈M, òî τ(A) = 0.
Ñëåäñòâèå 2. Åñëè τ(I) = 1, òî â óñëîâèÿõ òåîðåìû 8 èìååì ‖I + zA‖1 ≥ 1 äëÿ âñåõ z ∈ C.
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Convergence in measure and τ-compactness of τ-measurable operators, a�liated with a

semi�nite von Neumann algebra

Abstract. Let τ be a faithful normal semi�nite trace on a von Neumann algebra. We establish the
Leibniz criterion for sign-alternating series of τ -measurable operators. An analogue of the criterion
of �sandwich� convergence of series for τ -measurable operators is obtained. We prove a re�nement
of this criterion for the τ -compact case. In terms of measure convergence topology, the criterion
of τ -compactness of an arbitrary τ -measurable operator is established. We also give a su�cient
condition of 1) τ -compactness of the commutator of a τ -measurable operator and a projection; 2)
convergence of τ -measurable operator and projection commutator sequences to the zero operator
in the measure τ .
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