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Abstract—For a von Neumann algebra with a faithful normal semifinite trace, the properties of operator
“intervals” of three types for operators measurable with respect to the trace are investigated. The first two
operator intervals are convex and closed in the topology of convergence in measure, while the third operator
interval is convex for all nonnegative operators if and only if the von Neumann algebra is Abelian. A sufficient
condition for the operator intervals of the second and third types not to be compact in the topology of con-
vergence in measure is found. For the algebra of all linear bounded operators in a Hilbert space, the operator
intervals of the second and third types cannot be compact in the norm topology. A nonnegative operator is
compact if and only if its operator interval of the first type is compact in the norm topology. New operator
inequalities are proved. Applications to Schatten–von Neumann ideals are obtained. Two examples are con-
sidered.
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Let  be a faithful normal semifinite trace on a von
Neumann algebra . In the theory of noncommuta-
tive integration, an important role is played by the
operator “intervals” , where the
operators  and  belong to in the *-algebra

 of -measurable operators affiliated with  [1, 2].
Such operator intervals were investigated in [3–8]. In
[5, 9, 10] the subsets  were
considered in the context of the topology  of conver-
gence in measure.

In Section 2, we prove new operator inequalities. It
is shown that IB and KB are convex and -closed for

every . The set  is con-
vex for all nonnegative operators B if and only if the
algebra  is Abelian. We have  for all

.
The following results are obtained in Section 3.

Suppose that an algebra  contains a sequence 
of pairwise orthogonal projections. If  and

 for some number , then the sets KB
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and MB cannot be tτ-compact. Specifically, if  =

, , and , then the sets KB
and MB cannot be ||⋅||-compact. An operator

 is compact if and only if the set IB is ||⋅||-
compact. Let  be a Schatten–von Neumann

ideal and 0 < p < . If , then IB is a ||⋅||p-

compact subset of .

1. NOTATION AND DEFINITIONS
Let  be a von Neumann algebra of operators on a

Hilbert space ,  be the lattice of projections in
, I be the unity of ,  for , and
 be the cone of positive elements in . A mapping

ϕ:  is called a trace if ϕ(X + Y) =
 and  for all 

and  (it is assumed that ) and
 for all . A trace ϕ is called

faithful if  for all , ; it is normal
if  ; and it
is semifinite if ϕ(X) = supp{ϕ(Y): , Y ≤ X,

 for every .
An operator on  (not necessarily bounded or

densely defined) is said to be affiliated with a von
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Neumann algebra  if it commutes with any unitary
operator in the commutator subalgebra  of . A
self-adjoint operator is affiliated with  if and only if
all projections in its spectral decomposition of unity
belong to .

Let  be a faithful normal semifinite trace on . A
closed operator X affiliated with  whose domain

 is dense in  is called τ-measurable if, for any
ε > 0, there exists  such that  and

 < ε. The set  of all τ-measurable operators is a
*-algebra under passage to the adjoint operator, mul-
tiplication by a scalar, and strong addition and multi-
plication operations defined as closures of the usual
operations [11, 12]. For a family , let  and

 denote its positive and Hermite parts, respectively.
The partial order on  generated by its proper cone

 is denoted by . If , then |X| = .

Let  denote the rearrangement of an operator
, i.e., the nonincreasing right continuous func-

tion  defined by the formula

The set of -compact operators  =
 = 0} is an ideal in . The set of ele-

mentary operators  for
some t > 0} is an ideal in .

The *-algebra  is equipped with the topology tτ of
convergence in measure [12] whose fundamental sys-
tem of neighborhoods around zero is given by the sets

It is well known that  is a complete metrizable
topological *-algebra; moreover,  is dense in .

Let m be a linear Lebesgue measure on . The
noncommutative Lebesgue space  ( )
associated with  can be defined as  =

 with F-norm (norm for
) , . We have

 for all .

If  is the *-algebra of all bounded linear
operators on  and τ = tr is the canonical trace, then

 coincides with , while  and  coincide
with the ideals of compact and finite-dimensional
operators on , respectively. We have
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where  is the sequence of s-numbers of the
operator X [13] and  is the indicator function of a set

. Then the space  is the Schatten–von
Neumann ideal , .

2. CONVEX SETS OF τ-MEASURABLE 
OPERATORS

Definition 1. Let  be a faithful normal semifinite
trace on a von Neumann algebra . For every

, let , MB =

, and .

Lemma 1. For each operator   ⊃
.

Corollary 1. Let  and a =
. Then X – Y ∈ .

Theorem 1. Let  be a faithful normal semifinite trace
on a von Neumann algebra  and . Then the
following assertions hold:

(i)  with equality when  is Abelian.

(ii) .

(iii) If , then .

(iv) If , then .

Corollary 2. Let  and . If the operator
A is invertible, then B is invertible as well.

Corollary 3. Let . Then X*Y +
 + Y*Y and .

Corollary 4. Let  and . Then
.

Corollary 5. Let  and . Then
.

Proposition 1. For all operators  and
numbers t ∈ [0, 1] it is true that  A2 +
B2 with equality holding if and only if .
Therefore, .

The following result is derived from item (ii) of
Theorem 1 combined with well-known properties of
rearrangements of τ-measurable operators.

Proposition 2. If  and , then
KB, MB, and IB are subsets of .
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A similar statement holds for the sets MB, IB, and
ideal spaces of τ-measurable operators (for ideal
spaces, see [14]).

Proposition 3. Let  and  with .
(i) If , then .
(ii) If , then .

Theorem 2. For each operator , the sets IB

and KB are convex and -closed in . If there are 

and  such that  with Bε =
, then .

Proof. For every ε > 0, define . Since
, we have , i.e.,

. Since  = 
is the set of all extreme points of the positive part of the
unit ball of the algebra , we obtain TεATε +

. Thus,

for some ε > 0 and .

Corollary 6. If , then the set MB is convex.
Proof. Apply Theorem 2 and item (iii) of Theorem 1.

Proposition 4. For every operator , the set
MB is -closed in .

Theorem 3. The set MB is convex for each operator

 if and only if  is Abelian.

3. -COMPACT CONVEX SETS
OF -MEASURABLE OPERATORS

Proposition 5. If  and , then
the sets KB, MB, and IB cannot be -compact.

Proof. For such  we have .
Since the trace τ is semifinite, there exists a sequence

 of pairwise orthogonal projections in  such
that  and  for all . Obvi-
ously, any subsequence  of  is not -
convergent. 

Theorem 4. Suppose that an algebra  contains a
sequence  of pairwise orthogonal nonzero equiva-
lent projections. If  and  for some num-
ber , then the sets KB and MB cannot be -com-
pact.

Corollary 7. If , , and

, then the sets KB and MB cannot be ||⋅||-com-
pact.
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Proof. Let 〈⋅, ⋅〉 be the inner product in . Suppose
that  is an orthonormal system such that

 for some number . Define the
sequence of partial isometries . Then

, , and
= P1 for all . 

Theorem 5. An operator  is compact if and
only if the set IB is ||⋅||-compact.

Now the Krein–Milman theorem implies the fol-
lowing result.

Corollary 8. If an operator  is compact,
then the set IB is the ||⋅||-closure of the convex hull of the
set of its extreme points.

Corollary 9. If  and an operator

, then IB is a ||⋅||p-compact subset of .

By the Krein–Milman theorem, we have the fol-
lowing result.

Corollary 10. If  and an operator
, then the set IB is the ||⋅||p-closure of the con-

vex hull of the set of its extreme points.

Example 1. Let  and  for X =

. Then  is the set of all complex
sequences converging to zero. It is well known that a
closed set  is ||⋅||-compact if and only if there
exists  such that  for all .

Example 2. On the von Neumann algebra  =
, where ν is the Lebesgue measure on [0, 1],

consider the trace  and the sequence of

Rademacher functions  with
. The sequence  does not contain tτ-

convergent subsequences:

Therefore, for the τ-compact operator , the
subsets IB and  are not tτ-compact.
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