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Abstract

The problem of stability of the multidimensional solutions of the BK class equations describing the nonlinear waves which are form-
ing on the low-frequency branch of oscillations in plasma for cases when b � 4pnT=B2 � 1 and b > 1 is studied. In first case, for
x < xB ¼ eB=Mc; kkD � 1 the FMS waves are excited, and their dynamics under conditions k2x � k2?, vx � cA near the cone of
h ¼ arctan ðM=mÞ1=2, is described by the equation of the BK class known as the GKP equation for magnetic field h ¼ B�=B with due
account of the high order dispersive correction defined by values of plasma parameters and angle h ¼ ðB; kÞ. In another case, the dynam-
ics of the finite-amplitude Alfvén waves propagating near-to-parallel to B is described by the equation of the same class known as the
3-DNLS equation for h ¼ ðBy þ iBzÞ=2Bj1� bj. To study the stability of multidimensional solutions in both cases the method of inves-
tigation of the Hamiltonian bounding with deformation conserving momentum by solving the variation problem is used. As a result, we
have obtained the conditions of existence of the 2D and 3D soliton solutions in the BK system for cases of the GKP and 3-DNLS equa-
tion (i.e. for the FMS and Alfvén waves, respectively) in dependence on the equations’ coefficients, i.e. on the parameters of both plasma
and wave.
� 2018 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction. Basic equations

In this paper we study the formation, structure, stability
and dynamics of the multidimensional solitons forming on
the low-frequency branch of oscillations in a plasma for

cases b � 4pnT =B2 � 1 and b > 1. These oscillations are
described by the Belashov-Karpman (BK) class of
equations
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@tuþAðt; uÞu ¼ f ; f ¼ j
Z x

�1
D?udx;

D? ¼ @2
y þ @2

z ð1Þ
which with operator

Aðt; uÞ ¼ au@x � @2
xðm� b@x � c@3

xÞ ð2Þ
turns into the generalized Kadomtsev-Petviashvili (GKP)

equation and in case when b � 4pnT =B2 � 1 for
x < xB ¼ eB=Mc; kkD � 1 describes propagation of the
fast magnetosonic (FMS) waves in magnetized plasma with

k2x � k2?, vx � cA near the cone of h ¼ arctan ðM=mÞ1=2
(Belashov, 1994). In this case function u has a sense the
dimensionless amplitude of the magnetic field of the wave,
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h ¼ B�=B, the coefficients at the terms describing nonlin-
earity, dissipation and dispersion effects, respectively, are
defined by values of plasma parameters and angle
h ¼ ðB;kÞ. In opposite case, when operator

Aðt; uÞ ¼ 3sjpj2u2@x � @2
xðikþ mÞ ð3Þ

Eq. (1) turns into the 3-dimensional derivative nonlinear
Schrödinger (3-DNLS) equation and in case when b > 1
describes the dynamics of the finite-amplitude Alfvén
waves propagating near-to-parallel to B for u ¼ h ¼
ðBy þ iBzÞ=2Bj1� bj, h ¼ B?=B0 where p ¼ ð1þ ieÞ, and e

is ‘‘an eccentricity” of the polarization ellipse of the Alfvén
wave (Belashov and Belashova, 2015a,b). The upper and
lower signs of k ¼ �1 correspond to the right and left cir-
cularly polarized wave, respectively; sign of nonlinearity is
accounted by coefficient s ¼ sgn ð1� pÞ = ±1 in nonlinear
term; j ¼ �rA=2, rA ¼ vA=x0i.

The sets of Eqs. (1), (2) and (1), (3) are not completely
integrable ones, and a problem of existence of multidimen-
sional stable soliton solutions requires especial investiga-
tion. Let us consider the problem of stability of possible
multidimensional solutions for two particular cases of the
BK system mentioned above which correspond two
branches of oscillations in space plasma. Let us assume
that dissipation is absent in the medium, i.e. m = 0 in
Eqs. (2) and (3). At first, for the whole diapason of the dis-
persion coefficients’ change we will give the estimations and
formulate the sufficient conditions of stability of the GKP
equation solutions in the two-dimensional (2D) and three-
dimensional (3D) geometry on the basis of transforma-
tional properties of the Hamiltonian. Further, we will
consider the same problem for the 3-DNLS equation in
the 3D geometry.
2. Case of the GKP equation

To study the solutions stability, performing some coor-
dinate transformation, rewrite Eqs. (1) and (2) in form

@xð@tuþ 6u@xu� e@3
xu� k@5

xuÞ ¼ D?u; ð4Þ

where e ¼ bjcj�1=2
; k ¼ sgnc. Note that (4) is now the

Hamiltonian equation. Rewriting it into the form

@tu ¼ @xðdH=duÞ ¼ �
Z 1

�1
d0ðx� x0ÞðdH=duÞdx0; ð5Þ

with Hamiltonian

H ¼
Z

� e
2
ð@xuÞ2 þ k

2
ð@2

xuÞ
2 þ 1

2
ðr?@xvÞ2 � u3

� �
dr ð6Þ

and @2
xv ¼ u, we obtain the Hamiltonian equation where

the continuum of values, u 2M, plays the role of the point
coordinates in the phase space M, the matrix
xðx; x0Þ ¼ d0ðx� x0Þ is skew-symmetric and, because of the
inversibility of the operator @x on the decreasing functions
for |x| ! 1, is a non-degenerate one on u. Thus the
Hamiltonian structure can be represented by the Poisson
bracket (Belashov and Vladimirov, 2005)

fS;Rg ¼
Z 1

�1
ðdS=duÞ@xðdR=duÞdx; S;R 2 M;

with S;R 2 M, which satisfies the Jacobi’s identity since x
does not depend on the point u in the space M.

The problem of the stability of the soliton-like solutions
of (5) was studied before in (Belashov, 1991) on the basis of
an analysis of transformational properties of the Hamilto-
nian (6) in the 2D and 3D geometry (@z ¼ 0 and @yz–0,
respectively) for k ¼ �1; e?0 (corresponding to different
types of the medium).

The stationary solutions of Eq. (4) are defined from the
variation problem,

dðHþ vPxÞ ¼ 0 ð7Þ
where Px ¼ 1

2

R
u2d r is the momentum projection onto the

x axis, v is a Lagrange’s factor, which illustrates the fact
that all finite solutions of Eq. (4) are the stationary points
of the Hamiltonian for fixed Px.

Consider now the problem of stability. In a dynamic sys-
tem, according to the Lyapunov’s theorem, the stationary
points corresponding to the maximum or minimum of
the Hamiltonian H are absolutely stable. If an extremum
is local then the locally stable solutions are possible. The
unstable states correspond to the monotonous dependence
of H on its variables, i.e., those cases when the stationary
point is the saddle point. According to that, all we need
is to prove that the Hamiltonian H is limited from below
for the fixed Px.Similar to what was done for the classic
KP equation in (Kuznetsov and Turitsyn, 1982), we
consider the scale transformations in the real vector
space R,

uðx; r?Þ ! f�1=2gð1�dÞ=2uðx=f; r?=gÞ ð8Þ
(where d is the dimension of the problem, and f; g 2 R)
which conserves the momentum Px. The Hamiltonian as
a function of the parameters f; g now takes the form

Hðf; gÞ ¼ af�2 þ bf2g�2 � cf�1=2gð1�dÞ=2 þ ef�4; ð9Þ
where

a ¼ �ðe=2Þ
Z

ð@xuÞ2dr; b ¼ ð1=2Þ
Z

ðr?@xvÞ2dr;

c ¼
Z

u3dr;

e ¼ ðk=2Þ
Z

ð@2
xuÞ

2
dr:

The necessary conditions for the existence of the Hamil-
tonian’s extremum are given by

@fH ¼ 0 and @gH ¼ 0; ð10Þ
The latter enables us to obtain the extremum’s coordi-

nates, ðfi; gjÞ, if it exists. Holding the inequalities



Fig. 1. Change of the Hamiltonian H(f; g) in the 2D case (d = 2) along
lines g ¼ ½ð4b=cÞ2f5�1=3 for the test values of the integrals: 1 � a = 0.5,
b= 0.5, c= 1, e= 0.02; 2� a =�0.5, b= 0.5, c= 0.5, e= 0.5; 3� a=�0.5,
b = 0.5, c = 1, e = �0.02; 4 � a = 1, b = 1, c = 0.5, e = �1; 5 � a = 0.5,
b = 0.5, c = 1, e = �0.02.
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@2
fHðfi; gjÞ @2

fgHðfi; gjÞ
@2
gfHðfi; gjÞ @2

gHðfi; gjÞ

�����
����� > 0;

@2
fHðfi; gjÞ > 0

ð11Þ

guarantees that the corresponding quadratic form is the
positively definite one and therefore these inequalities give
the sufficient condition of the existence of the (local) mini-
mum at the point ðfi; gjÞ.Consider Eq. (2) for d = 2, i.e.,

with @z ¼ 0. In this case Eqs. (10) form the following set
(Belashov, 1991; Belashov and Vladimirov, 2005):

G � ðc4=32bÞ t4 � ðat þ 2eÞ3 ¼ 0;

t ¼ f2;

g ¼ ð4b=cÞ2f5
h i1=3

:

ð12Þ

Analysis of (12) shows (see Appendix A) that it has one
positive root, t 2 R, for every quadruple of the functions a,
b, c, e 2 R in the case e > 0 and any a; two positive roots,
t1,2 2 R, for e < 0 and a > 0; and in the case e < 0, a � 0 we
have t R R.Inequalities (11) for d = 2, taking into account
expressions (12), lead to

G� ðC11a3t3 þ C12a2et2 þ C13ae2t þ C14e3Þ < 0; ð13:1Þ
G� ðC21a3t3 þ C22a2et2 þ C23ae2t þ C24e3Þ < 0; ð13:2Þ
where Cnm > 0 are constants. It follows that conditions (11)
are fulfilled on the set St 	 R of solutions of the set (12) for
e > 0 and a 
 0, and, consequently, the Hamiltonian H
(f; g) is bounded from below. Solving (13.1) and (13.2) in
the R-space for e > 0 and a < 0, we obtain for

Sð13:1Þ
t \ Sð13:2Þ

t ¼ At 	 R that supAt ¼ ð3C11Þ�1�
½2C1 cosðu1=3Þ � C12�a�1e; and inf At ¼ 0 (t = 0 is not the
root of the set (12) and we therefore discard it). Here,

C1 ¼ ¼ ðC2
12 � 3C11C13Þ1=2 and

u1 ¼ Arccos ð2C3
1Þ

�1½C12ðC2
12 � 3C2

1Þ � 27C2
11C14�

n o
:

Taking into account (A4) (see Appendix A; note that
St \ At–£), we conclude that for e > 0 and a < 0, the suf-
ficient condition of the existence of the local minimum of H
(f; g) is the relation St #At, i.e.,

ða=cÞðb=eÞ1=4 P ð6C11Þ�1½C1 cos ðu1=3Þ � C12=2�: ð14Þ
Analogously, considering inequalities (13) for the case e

< 0 and a > 0, we obtain that

infBð1Þ
t ¼ð3C21Þ�1½2C2 coshðu2=3Þ�C22�a�1e; supBð1Þ

t

¼ð3C11Þ�1½2C1�cosðu1=3þ4p=3Þ�C12�a�1e; infBð2Þ
t

¼ð3C11Þ�1½2C1 cosðu1=3þ2p=3Þ�C12�a�1e;

where

Bð1Þ
t [Bð2Þ

t ¼ Sð13:1Þ
t \Sð13:2Þ

t ¼At 	R; C2¼ðC2
22�3C21C23Þ1=2;

u2¼Arcosh ð2C3
2Þ

�1½C22ðC2
22�3C2

2Þ�27C2
21C24�

n o
:

Taking into account equalities (A8) we obtain that

Bð1Þ
t 	 St ) Bð1Þ

t \ St ¼ Bð1Þ
t ; and Bð2Þ

t \ St ¼ £. Then in
(A5), by changing a4b/c4e � �24_s3�3_sQ�1 (Q > 1) and
using inequalities (A7), we obtain Q = �28  3�3(T + 2)/

T2 (T ¼ inf Bð1Þ
t ae�1). This corresponds to the sufficient

condition of the existence of the local minimum of the

Hamiltonian H(f; g), namely inf St ¼ inf Bð1Þ
t , which can

now be rewritten as

a4b=c4e 6 2�4T 2=ðT þ 2Þ: ð15Þ
Fig. 1 shows the change of the Hamiltonian H(f; g) for

the test values of the integrals a; b; c, and e for d = 2,
k ¼ �1; e?0.Consider now Eq. (5) for d = 3 (@yz–0). In
this case, for every quadruple a; b; c; e 2 R, with a – 0,
we immediately obtain from (10)

fi ¼ ð16abÞ�1ð3c2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9c4 � 512ab2e

p
Þ;

gj ¼ ð2b=cÞf5=2i ;

i ¼ 1; 2; j ¼ 1; 2; 3; 4:

ð16Þ

We note here that ðfi; gjÞ R R for fi < 0, and therefore

we consider below only the roots fi > 0 (we map out equal-
ity fi ¼ 0, taking into account e – 0, otherwise (5) degener-
ates into the standard KP equation).Inequalities (11)
taking into account (16) are now given by

af2 � ðc2=2bÞfþ 10e=3 > 0; ð17:1Þ
af2 þ ðc2=48bÞfþ 10e=3 > 0: ð17:2Þ

In the case e > 0 and a > 0, the condition fi 2 R, i.e.,

c4 P ð512=9Þab2e ð18Þ
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gives f1;2 > 0. Elementary analysis then shows that

Sð16Þ
f1

\ Sð17:1Þ
f1

¼ £ and, if strict inequality (18) holds

Sð16Þ
f2

	 Sð17Þ
f2

. Thus, for the existence of the local minimum

of H(f; g) for e > 0 and a > 0, it is sufficient to have

ab2e=c4 < 9=512: ð19Þ
When e > 0 and a < 0, for each quadruple of a, b, c, e 2 R

we have from the first equality of (13) f1 < 0 and, there-

fore, Sð16Þ
g1;2

\ R ¼ £. For Sð16Þ
f2

, elementary analysis of

inequalities (17) gives us Sð16Þ
f2

	 Sð17Þ
f2

. Thus for any e > 0

and a < 0 the function H(f; g) is limited from below.
Analogous consideration in the case e < 0 shows that for

a < 0, when condition (18) is satisfied for every quadruple
a, b, c, e 2 R, we have f1;2 < 0 and, therefore,

Sð16Þ
g1;2;3;4

\ R ¼ £; for a > 0 we have f2 < 0 )
Sð16Þ
g3;4

\ R ¼ £; f1 > 0 but Sð16Þ
f1

\ Sð17:1Þ
f1

¼ £. For a = 0

and e ? 0 (i.e., e – 0), instead of (16) we have

fi ¼ 16be=3c2; gj ¼ ð2b=cÞf5=2i ;

i ¼ 1; j ¼ 1; 2

for every triplet of functions b, c, e 2 R. For e < 0 it imme-
diately follows that Sgj \ R ¼ £. For e > 0, it is not diffi-

cult to show that Sf 	 Sð14Þ
f .

Fig. 2 shows the change of the Hamiltonian Hðf; gÞ for
the test values of the integrals a, b, c, e for d = 3,
k ¼ �1; e?0. To sum up the above results, we conclude
the following. In the 2D case the Hamiltonian (6) of the
Eq. (5) is limited from below at the fixed projection of
Fig. 2. Change of the Hamiltonian H(f; g) for d = 3 along the lines
g ¼ ð2b=cÞf5=2 for the test values of the integrals: 1 � a = 1, b = 1, c = 1, e
= 0.025; 2 � a = 1, b = 1, c = 1, e = 0.017; 3 � a = �0.5, b = 1, c = 0.5, e
= 0.02; 4 � a = �0.5, b = 1, c = 0.5, e = �0.02; 5 � a = 1, b = 1, c = 0.5,
e = �0.02.
the momentum Px for the integral values e > 0 and a 
 0
(i.e. when k = 1, e � 0 in expression (6)) and has the local
minima for e > 0 and a < 0 (k = 1, e > 0) and e < 0 and
a > 0 (k = �1, e < 0) when the conditions (14) and (15),
respectively, are satisfied.

In the 3D case H has a local minimum for e > 0 and a 

0 [i.e. when k = 1, e � 0 in (6)] if the condition (19) is sat-
isfied, and it is limited from below for e > 0 and a < 0 (k =
1, e > 0). Note that the class of scale transformations (8) of
course does not include all possible deformations of the
Hamiltonian H but the estimations obtained above justify
that it is limited for the cases considered when, according
to the Lyapunov’s theorem, absolutely and locally stable
soliton solutions should exist. Analysis of the boundedness
of H on the numerical solutions of (4) for d = 2 and d = 3
obtained in (Karpman and Belashov, 1991a,b; Belashov,
1997) was presented in (Belashov and Vladimirov, 2005)
and it has confirmed the results presented above. This is
a noteworthy fact that the GKP equation accounting,
unlike the usual KP equation, the next order dispersive
correction has the stable 3D solutions.

3. Case of the 3-DNLS equation

Consider now a case of the 3-DNLS equation in the BK
system, i.e. Eqs. (1) and (3), using the same approach as in
previous section for the GKP equation [see also (Belashov,
1999)]. We rewrite 3-DNLS Eqs. (1) and (3) by performing
the formal change u ! h into the Hamiltonian form

@th ¼ @xðdH=dhÞ; ð20Þ
with the Hamiltonian (Belashov, 2014)

H ¼
Z 1

�1

1

2
jhj4 þ kshh�@xuþ 1

2
jðr?@xwÞ2

� �
dr;

@2
xw ¼ h; u ¼ argðhÞ; ð21Þ

which has a sense of energy of the system, and solve the

variation problem (7) where Px ¼ 1
2

R jhj2d r is the momen-

tum projection onto the x axis, that illustrates the fact that
all finite solutions of Eq. (20) are the stationary points of
the Hamiltonian for fixed Px. It is needed now to prove
the Hamiltonian’s boundedness (from below) for fixed
Px. Consider the scale transformation h ðx; r?Þ !
f�1=2g�1h ðx=f; r?=gÞ (f; g 2 C) conserving Px, in complex
vector space C. The Hamiltonian as a function of f; g is
given by

Hðf; gÞ ¼ af�1g�2 þ bf�1 þ cf2g�2; ð22Þ
where a ¼ ð1=2Þ R jhj4dr; b ¼ ks

R
hh�@xudr; c ¼

ðr=2Þ R ðr?@xwÞ2dr. The necessary conditions for the exis-
tence of the extremum (10) immediately allows us to obtain
the extremum’s coordinates

f ¼ �a=c; g ¼ f�ða=bÞ½1þ ða2=c2Þ�g; ð23Þ
where b < 0 if g 2 R 	 C because a > 0; c > 0 by defini-
tion, and b > 0 if g 2 C. The sufficient conditions for the
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existence of the local minimum of H at the point ðfi; giÞ are
given by inequalities (11) and we therefore obtain for b < 0

a=c < d ¼ ð2
ffiffiffi
2

p
Þ�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
13þ

ffiffiffiffiffiffiffiffi
185

pq
: ð24Þ

Thus it follows from (11) and (22)–(24) that the Hamil-
tonian H of Eq. (20) is limited from below, i.e.

H > �3bd=ð1þ 2d2Þ ð25Þ
where b < 0 if condition (24) holds. In this case the 3D solu-
tions of 3-DNLS equation are stable. The solutions are
unstable in the opposite case, ac�1 P d; b < 0. Condition
b < 0 corresponds to the right circularly polarized wave

with b ¼ 4pnT=B2 > 1, i.e. when k ¼ 1; s ¼ �1 in Eqs.
(1) and (3), and to the left circularly polarized wave when
k ¼ �1; s ¼ 1. It is necessary to note that the sign change
k ¼ 1 ! �1; s ¼ �1 ! 1 is equivalent to the change
t ! �t; j ! �j and for negative j the Hamiltonian
becomes negative in the area ‘‘occupied” by the 3D wave
weakly limited in the k? -direction; in this case condition
(25) is not satisfied. The change of the sign of b to positive
[when k ¼ 1; s ¼ 1 or k ¼ �1; s ¼ �1 in Eqs. (1) and (3)]
is equivalent to the analytical extension of solution from
real values of y, z to the pure imaginary ones:
y ! �iy; z ! �iz and, therefore, equivalent to the change
of sign of j in the basic equations. In this case instead of
inequality (25) the opposite inequality will take place. From
the physical point of view this means that if the opposite
inequality is satisfied, the right polarized wave with the pos-
itive nonlinearity and the left polarized wave with the neg-
ative nonlinearity are stable. Note that in the particular
case j ¼ 0 in Eqs. (1) and (2) (1D approximation), instead
of inequality (25) and the opposite one, it is easy to obtain
the conditions H > 0 and H < 0, respectively, that is com-
pletely in agreement with the results obtained in (Dawson
and Fontán, 1988) for the 1-DNLS equation.

Thus the analysis of the transformation properties of the
Hamiltonian of the 3-DNLS equation allows us to deter-
mine the ranges of the respective coefficients as well as H
which has the sense of the energy of the system, corre-
sponding to the stable and unstable 3D solutions. So, we
have proved the possibility of existence in the 3-DNLS
model of absolutely stable 3D solutions.

4. Conclusion

So, we have investigated analytically the problem of sta-
bility of multidimensional solitons and nonlinear wave
packets in the framework of model of the BK class of equa-
tions. Under the assumption of negligible dissipative
effects, these solutions coincide with those of the GKP class
equations in the form (1) and (2) with m = 0 and the 3-
DNLS Eqs. (1) and (3). In the first section we have pre-
sented analytical estimates and formulate the sufficient
conditions for the stability of solutions of GKP equation
in the 2D and 3D cases, based on the transformational
properties of the system’s Hamiltonian for the whole range
of the dispersive coefficients. Then an analogous problem
for the 3-DNLS equation in the 3D geometry has been
studied. Despite the fact that the considered classes of the
Hamiltonian’s deformations for both equations do not
include all possible deformations of H, the obtained results
clearly demonstrate the stability of the solutions if some
(found and formulated) conditions are satisfied and can
at least be considered as the necessary conditions of the sta-
bility of the multidimensional solutions.

The application of our analysis to the problem of the
FMS waves beam’s propagation in magnetized plasma
enables us to prove (Belashov and Belashova, 2016), for
example, that the 3D beam propagating at h angle to mag-
netic field doesn’t focuse and becomes stationary and stable

in the cone of h < arctan ðM=mÞ1=2 when inequality

ðm=M � cot2hÞ2½cot4hð1þ cot2hÞ��1
> 4=3

is satisfied. Let us note also that obtained results give us the
possibility to interpret correctly some our numerical and
theoretical results on the dynamics of the internal gravity
waves’ solitons, induced by the pulse-type sources, which
propagate at heights of the ionosphere F region
(Belashov and Belashova, 2015b) from the point of view
of such solitons stability.

Note also, that our analytical results presented above
are well confirmed by the results of our numerical experi-
ments on study of structure and stability of multidimen-
sional solitons in the model of the 3-DNLS equations
(Belashov and Vladimirov, 2005; Belashov, 2014;
Belashov and Belashova, 2015a). So, we have obtained that
for a solitary wave propagating in a plasma, on a level with
wave spreading and wave collapse (in other terminology,
self-contraction), the formation of the 3D solitons can be
observed. These results are well applicable and useful in
studies of dynamics of the Alfvén waves propagating in
space plasma.

Obtained results and our approach can be also useful for
other nonlinear systems describing the wave processes in a
laser and space plasmas, for example in the problems which
have been considered for the generalized nonlinear Schrö-
dinger (NLS) equation (Kharshiladze et al., 2017) and
other nonlinear systems in a plasma and in near-Earth
environment [see, for example, (Popel et al., 1995,
Kopnin et al., 2004; Belashov, 2017)].
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Appendix A

Performing the transform t ! t0 þ 8a3b=c4 in Eq. (12),
we obtain the reduced equation
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t04 þ pt02 þ qt0 þ r ¼ 0: ðA1Þ
The cubic resolvent kernel z3 + 2pz2 + (p2 � 4r)z � q2

= 0, using the change z ! x � 2p/3, can be reduced to
the equation

x3 þ p0xþ q0 ¼ 0; ðA2Þ
where p0 ¼ 210be3=c4; q0 ¼ �214a2b2e4=c8, with the
discriminant

D ¼ 226b3c�12e8ð243�3eþ a4bc�4Þ: ðA3Þ
In the case e > 0 and, a?0 we have D > 0, therefore

Eq. (A2) as well as the resolvent kernel in the real vector
space R for each quadruple of the values of functions
a, b, c, e 2 R have one root. Thus, using the Descartes’ rule
of signs, we can conclude, that (12) for e > 0 and a?0 has
one positive root t 2 R (note that t � 0 does not satisfy
(12), in this case f R R). It follows from the analysis of
Eq. (12) that in the space R for St 	 R the equalities

inf
a>0

St ¼ sup
a<0

St ¼ 4ðbe3Þ1=4=c; inf
a<0

St ¼ 0: ðA4Þ

take place.
Consider now the case when e < 0; a?0. It follows

from Eq. (12) that for a � 0 this equation foes not have
roots t > 0 in the space R, therefore, we limit ourselves
by an analysis of (12) for a > 0. When

F ¼ a4b=c4e < �243�3 ðA5Þ
we have D > 0 from (A3). It then follows that (A2) and the
resolvent kernel in the space R for each quadruple of the
functions a, b, c, e 2 R have one root, and Eq. (12), taking
into account the rule of signs, has two positive roots t1,2 2
R.Let us estimate boundaries of the set St 	 R. With the
two changes t ! t þ h and t ! �t þ h in (12), we obtain,
respectively, the sets

c4 > 8ia4�ibh�iðahþ 2eÞi�1
; ðA6Þ

ð�1Þic4 > ð�1Þi8ia4�ibh�iðahþ 2eÞi�1
; ðA7Þ

I ¼ 1; 2; 3; 4:

Solving inequalities (A6) and (A7) with the condition
(A5), we obtain

sup St ¼ 25  3�3
ffiffiffiffiffi
10

p
cosðw1=3þ 2p=3Þ � 4

h i
a�1e;

w1 ¼ Arccos �11= 25  5
ffiffiffiffiffi
10

p� �h i
;

inf St ¼ min maxðh01; h02Þ; 243�3
ffiffiffiffiffi
10

p
� 8

� �
a�1e

n o
;

h01 ¼ 8
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2FF 0p

cosðw2=3Þ þ F
h i

a�1e;

h02 ¼ 8
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2FF 0p

cosðw2=3þ 4p=3Þ þ F
h i

a�1e;

w2 ¼ Arccos ð27F 2 þ 3  23F þ 3Þ= 23F 0 ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2FF 0p� �n o

;

FF 0 ¼ 1� 2F :

ðA8Þ
If condition (A5) is not satisfied, we have D � 0. In this
case, a simple analysis shows that (A2) and the resolvent
kernel for each quadruple of the functions a, b, c, e 2 R
(e < 0; a > 0) have one positive and two negative roots.
Therefore, Eqs. (A1) and (12) in the real vector space R
have no roots.
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