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Ãëàâà 1

Äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

Äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà íàçûâàåòñÿ óðàâíåíèå âèäà

F (x, y, y′) = 0, (0.1)

â êîòîðîì x � íåçàâèñèìàÿ ïåðåìåííàÿ, y(x) � íåèçâåñòíàÿ ôóíêöèÿ. Äèô-

ôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà, ðàçðåøåííûì îòíîñèòåëüíî

ïðîèçâîäíîé, íàçûâàåòñÿ óðàâíåíèå

dy

dx
= f(x, y). (0.2)

Ïðàâóþ ÷àñòü óðàâíåíèÿ (0.2) áóäåì ñ÷èòàòü îïðåäåëåííîé íà íåêîòîðîì îò-

êðûòîì ìíîæåñòâå D ïëîñêîñòè (x, y). Èíîãäà óðàâíåíèå (0.2) çàïèñûâàþò

â âèäå

M(x, y) dx+N(x, y) dy = 0 (0.3)

è íàçûâàþò óðàâíåíèåì ïåðâîãî ïîðÿäêà, çàïèñàííûì â äèôôåðåíöèàëàõ.

Ðåøåíèåì óðàâíåíèÿ (0.2) (èëè (0.3)) íà èíòåðâàëå I îñè x íàçûâàåòñÿ

ëþáàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ y = φ(x), êîòîðàÿ ïðè ïîäñòàíîâêå â

óðàâíåíèå îáðàùàåò åãî â òîæäåñòâî íà I . Îáùèì ðåøåíèåì óðàâíåíèÿ (0.2)

íàçûâàåòñÿ ìíîæåñòâî âñåõ åãî ðåøåíèé. Îáùåå ðåøåíèå çàâèñèò îò îäíîé

ïðîèçâîëüíîé ïîñòîÿííîé C è äàåòñÿ ôîðìóëîé

y = φ(x,C). (0.4)

Âûðàæåíèå âèäà

Φ(x, y, C) = 0, (0.5)

èç êîòîðîãî y îïðåäåëÿåòñÿ íåÿâíî êàê ôóíêöèÿ îò x íàçûâàåòñÿ îáùèì

èíòåãðàëîì óðàâíåíèÿ (0.2).

Ðåøèòü óðàâíåíèå (0.2) îçíà÷àåò íàéòè åãî îáùåå ðåøåíèå èëè îáùèé èí-

òåãðàë. Ïðè ýòîì ïðåäïî÷òåíèå, êàê ïðàâèëî, îòäàåòñÿ áîëåå êîìïàêòíîé çà-

ïèñè îòâåòà.

Ôîðìû çàïèñè óðàâíåíèÿ â âèäå (0.2) èëè (0.3) ðàâíîñèëüíû è èç îäíîé

çàïèñè ìîæíî ïîëó÷èòü äðóãóþ. Îäíàêî, â íåêîòîðûõ ñëó÷àÿõ, ôîðìà çàïè-

ñè (0.3) îêàçûâàåòñÿ ïðåäïî÷òèòåëüíåå, òàê êàê â íåå ïåðåìåííûå x è y âõî-

äÿò ñèììåòðè÷íî. Ïîýòîìó, åñëè íåçàâèñèìóþ ïåðåìåííóþ è èñêîìóþ ôóíê-

öèþ ïîìåíÿòü ìåñòàìè (ðàçðåøèòü óðàâíåíèå îòíîñèòåëüíî
dx

dy
), òî ïîëó-
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÷åííîå óðàâíåíèå ìîæåò îêàçàòüñÿ áîëåå ïðîñòûì. Òîãäà åãî îáùåå ðåøåíèå

x = ψ(y, C) îïðåäåëèò îáùèé èíòåãðàë óðàâíåíèÿ (0.2).

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó: íàéòè ðåøåíèå óðàâíåíèÿ (0.2), óäîâëå-

òâîðÿþùåå óñëîâèþ

y(x0) = y0, ãäå (x0, y0) ∈ D. (0.6)

Óñëîâèå (0.6) íàçûâàåòñÿ íà÷àëüíûì óñëîâèåì, à ñàìà ïîñòàâëåííàÿ çàäà-

÷à � çàäà÷åé Êîøè. Ëþáîå ðåøåíèå y = φ(x) óðàâíåíèÿ (0.2) îïðåäåëÿ-

åò íà ìíîæåñòâå D íåêîòîðóþ êðèâóþ, êîòîðóþ íàçûâàþò èíòåãðàëüíîé

êðèâîé óðàâíåíèÿ. Ïîýòîìó, ãåîìåòðè÷åñêèé ñìûñë çàäà÷è Êîøè ñîñòîèò â

òîì, ÷òîáû íàéòè èíòåãðàëüíóþ êðèâóþ óðàâíåíèÿ, ïðîõîäÿùóþ ÷åðåç òî÷êó

(x0, y0) ∈ D . ×òîáû ðåøèòü çàäà÷ó Êîøè, íóæíî ïîäñòàâèòü íà÷àëüíîå óñëî-

âèå (0.6) â (0.4) èëè (0.5) è îïðåäåëèòü îòòóäà çíà÷åíèå C = C0 , ïðè êîòîðîì

òî÷êà (x0, y0) ëåæèò íà èñêîìîé èíòåãðàëüíîé êðèâîé. Òîãäà ðåøåíèå çàäà÷è

Êîøè çàïèøåòñÿ â âèäå y = φ(x,C0) èëè Φ(x, y, C0) = 0.

�1. Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè è óðàâíåíèÿ,

ïðèâîäÿùèåñÿ ê íèì

1.1. Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè � ýòî óðàâíåíèÿ, êîòîðûå ìîãóò

áûòü çàïèñàíû â âèäå

y′ = φ(x)ψ(y) (1.1)

èëè æå â âèäå

M(x)N(y) dx+ P (x)Q(y) dy = 0. (1.2)

×òîáû ðåøèòü òàêîå óðàâíåíèå, íåîáõîäèìî ðàçäåëèòü ïåðåìåííûå, òî åñòü,

ïðèâåñòè óðàâíåíèå ê òàêîé ôîðìå, ÷òîáû ïðè äèôôåðåíöèàëå dx ñòîÿëà

ôóíêöèÿ, çàâèñÿùàÿ ëèøü îò x, à ïðè äèôôåðåíöèàëå dy � ôóíêöèÿ, çàâè-

ñÿùàÿ îò y . Äëÿ ýòîãî óðàâíåíèå âèäà (1.1) ñëåäóåò ïåðåïèñàòü â ôîðìå

dy

ψ(y)
= φ(x) dx,

à óðàâíåíèå âèäà (1.2) â ôîðìå

M(x)

P (x)
dx+

Q(y)

N(y)
dy = 0.

Òàêèì îáðàçîì, óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè ñâîäèòñÿ ê óðàâ-

íåíèþ

f(x) dx+ g(y) dy = 0. (1.3)
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Ïóñòü F (x) =

∫ x

x0

f(x) dx è G(y) =

∫ y

y0

g(y) dy , (x0, y0) ∈ D � ïåðâîîáðàçíûå

äëÿ ôóíêöèé f(x) è g(y) ñîîòâåòñòâåííî. Òîãäà èõ äèôôåðåíöèàëû ðàâíû

dF (x) = f(x) dx è dG(y) = g(y) dy.

Ñëåäîâàòåëüíî, óðàâíåíèå (1.3) ìîæíî ïåðåïèñàòü â âèäå

dF (x) + dG(y) = d(F (x) +G(y)) = 0.

Íî äèôôåðåíöèàë ôóíêöèè ðàâåí íóëþ òîãäà è òîëüêî òîãäà, êîãäà ýòà ôóíê-

öèÿ � êîíñòàíòà. Ïîýòîìó îáùèì ðåøåíèåì óðàâíåíèÿ (1.3) áóäåò

F (x) +G(y) =

∫ x

x0

f(x) dx+

∫ y

y0

g(x) dy = C = const.

Çàìåòèì, ÷òî ïðè ðàçäåëåíèè ïåðåìåííûõ ìîãóò òåðÿòüñÿ ðåøåíèÿ âèäà

x = x0 , y = y0 â ñëó÷àå óðàâíåíèÿ (1.1) çà ñ÷åò îáðàùåíèÿ â íóëü ôóíêöèè

ψ(y) è ôóíêöèé P (x) è N(y) äëÿ óðàâíåíèÿ (1.2). Ïîýòîìó, åñëè ïîòåðÿííîå

ðåøåíèå íå ìîæåò áûòü ïîëó÷åíî èç îáùåãî ðåøåíèÿ ïðè êàêîì-íèáóäü C =

C0 , åãî íåîáõîäèìî òàêæå âêëþ÷èòü â îòâåò.

Ïðèìåð 1. Ðàññìîòðèì óðàâíåíèå (çàäà÷ó Êîøè)

(x+ 1)y dx+ (y + 2) dy = 0, y(1) = 1. (1.4)

Ðåøåíèå. Ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

(x+ 1) dx+
y + 2

y
dy = 0.

Èíòåãðèðóåì ïîëó÷åííûå âûðàæåíèÿ è ó÷èòûâàÿ, ÷òî íåîïðåäåëåííûé èíòå-

ãðàë îçíà÷àåò ìíîæåñòâî âñåõ ïåðâîîáðàçíûõ, îòëè÷àþùèõñÿ íà ïîñòîÿííóþ,

ïîëó÷èì∫
(x+ 1) dx+

∫
y + 2

y
dy =

1

2
(x+ 1)2 + (y + 2 ln |y|) + C = 0.

Ñëåäîâàòåëüíî, îáùèé èíòåãðàë óðàâíåíèÿ (1.4) (åñëè ïðîèçâîëüíóþ ïîñòî-

ÿííóþ C âçÿòü â âèäå −C ) åñòü
1

2
(x+ 1)2 + (y + 2 ln |y|) = C.

Â ïðîöåññå ïðåîáðàçîâàíèÿ óðàâíåíèÿ ìû äåëèëè íà y . Ïîäñòàâèâ y = 0 â

óðàâíåíèå (1.4), óáåæäàåìñÿ, ÷òî y = 0 òîæå ÿâëÿåòñÿ ðåøåíèåì è íå ïîëó-

÷àåòñÿ èç îáùåãî èíòåãðàëà íè ïðè êàêîì çíà÷åíèè C , òàê êàê íå âõîäèò â

îáëàñòü åãî îïðåäåëåíèÿ.
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Ïîäñòàâèâ x = 1, y = 1 â îáùèé èíòåãðàë, íàéäåì ðåøåíèå çàäà÷è Êîøè:
1
2(x+ 1)2 + (y + 2 ln |y|) = 3.

Ïðèìåð 2. Ðåøèì óðàâíåíèå

x2(y + 1) dx+ (x3 − 1)(y − 1) dy = 0. (1.5)

Ðåøåíèå. Ðàçäåëÿåì ïåðåìåííûå:

x2

x3 − 1
dx+

y − 1

y + 1
dy = 0.

Ïðè ýòîì ìû äåëèì íà x3−1 è y+1, ïîýòîìó íåîáõîäèìî îòäåëüíî ðàññìîò-

ðåòü ñëó÷àè x3−1 = 0 è y+1 = 0. Ïîäñòàâèâ â óðàâíåíèå (1.5) ñíà÷àëà x = 1,

à ïîòîì y = −1, óáåæäàåìñÿ, ÷òî îáå ýòè ôóíêöèè ÿâëÿþòñÿ ðåøåíèÿìè.

Èíòåãðèðóÿ, ïîëó÷èì:∫
x2

x3 − 1
dx+

∫
y − 1

y + 1
dy =

1

3

∫
3x2 dx

x3 − 1
+

∫ (
1− 2

y + 1
dy

)
=

=
1

3
ln |x3 − 1|+ y − 2 ln |y + 1|+ C = 0.

Ñëåäîâàòåëüíî, îáùèé èíòåãðàë óðàâíåíèÿ (1.5) ìîæíî çàïèñàòü òàê:

1

3
ln |x3 − 1|+ y − 2 ln |y + 1| = C, x = 1, y = −1.

Åñëè ïîñòîÿííóþ C âçÿòü â âèäå ln |C|, òî îáùèé èíòåãðàë çàïèøåòñÿ ñëå-

äóþùèì îáðàçîì:
(x3 − 1)1/3ey

(y + 1)2
= C.

Â ýòîé ôîðìå çàïèñè ðåøåíèå x = 1 ñîäåðæèòñÿ ïðè C = 0. Ïîýòîìó ê

îáùåìó èíòåãðàëó òàêîãî âèäà ñëåäóåò äîáàâèòü ëèøü ðåøåíèå y = −1.

Åñëè æå ïîñòîÿííóþ âçÿòü â âèäå − ln |C| è ïåðåïèñàòü îáùèé èíòåãðàë â
âèäå (y + 1)2 = Cey(x3 − 1)1/3 , òî, íàîáîðîò, ðåøåíèå y = −1 ïîëó÷èòñÿ ïðè

C = 0.

Ïðèìåð 3. Ðåøèì óðàâíåíèå

y′(y + 1) sinx+ 2y = y2.

Ðåøåíèå. Ïåðåïèøåì åãî â âèäå

dy

dx
(y + 1) sinx = y2 − 2y.
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Ðàçäåëèâ ïåðåìåííûå, ïîëó÷èì

(y + 1)dy

y(y − 2)
=

dx

sinx
, îòêóäà − 1

2

dy

y
+

3

2

dy

y − 2
=

dx

sinx
.

Ïðîèíòåãðèðóåì:

−1

2
ln |y|+ 3

2
ln |y − 2| = ln

∣∣∣tg x
2

∣∣∣+ C.

Çàìåíÿÿ 2C íà ln |C| è ïîòåíöèðóÿ, ïîëó÷àåì îêîí÷àòåëüíî

(y − 2)3

y
= C tg2

x

2
.

Êðîìå òîãî, ìû äîëæíû èññëåäîâàòü ñëó÷àè y(y − 2) = 0 è sinx = 0. Ïåð-

âûé ñëó÷àé äàåò ôóíêöèè y = 0 è y = 2, ÿâëÿþùèåñÿ ðåøåíèÿìè èñõîäíîãî

óðàâíåíèÿ, à âòîðîé � ôóíêöèè x = πn, n ∈ Z, êîòîðûå óðàâíåíèþ íå óäî-

âëåòâîðÿþò. Òàê êàê y = 2 ñîäåðæèòñÿ â îáùåì èíòåãðàëå ïðè C = 0, òî ê

íåìó ñëåäóåò äîáàâèòü ëèøü ðåøåíèå y = 0.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. x(1 + y2) dx+ y(1 + x2) dy = 0.

2. 2x2y
dy

dx
+ y2 = 2.

3.
dy

dx
= xy2 + 2xy.

4. x2
dy

dx
− 1 = cos 2y.

5. (1 + ey) dx− e2y sin3 x dy = 0.

6. e−x
(
1 +

dy

dx

)
= 1.

7. y′ − xy2 = 2xy.

Íàéòè ðåøåíèå çàäà÷è Êîøè:

8. (x2 − 1)
dy

dx
+ 2xy2 = 0; y(0) = 1.

9. xy′ + y = y2; y(1) =
1

2
.

10. y
dy

dx
+ x = 1; y(1) = 1.

11. (x− 1)
dy

dx
+ y = 0; y(0) = −1.
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12. ex dx− (1 + ex)y dy = 0; y(0) = 1.

Îòâåòû.

1. (1 + x2)(1 + y2) = C.

2. y2 − 2 = Ce1/x.

3. y = Cex
2

(y + 2); y = −2.

4. tg y = C − 2

x
; y =

π(2k + 1)

2
, k ∈ Z.

5. ey − ln(1 + ey) =
1

2
ln
∣∣∣tg x

2

∣∣∣− cos x

2 sin2 x
+ C; x = πk, k ∈ Z.

6. e−y = 1 + Cex.

7. (Ce−x
2 − 1)y = 2; y = 0.

8. y(ln(1− x2) + 1) = 1.

9. y(1 + x) = 1.

10. y2 + x2 − 2x = 0.

11. y =
1

x− 1
.

12. y2 = 1 + 2 ln

(
1 + ex

2

)
.

1.2. Óðàâíåíèÿ, ïðèâîäÿùèåñÿ ê óðàâíåíèÿì ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

Ê òàêèì óðàâíåíèÿì îòíîñÿòñÿ óðàâíåíèÿ âèäà

y′ = f(ax+ by + c).

Ñäåëàâ â òàêîì óðàâíåíèè çàìåíó z = ax + by + c, ïîëó÷èì óðàâíåíèå ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè
dz

dx
= bf(z) + a.

Ïðèìåð 4. Ðàññìîòðèì óðàâíåíèå

y′ = (2x+ 3y + 1)2. (1.6)

Ðåøåíèå. Ñäåëàåì çàìåíó z = z(x) = 2x+3y+1, òîãäà y =
1

3
(−2x+z−1).

Ïîýòîìó y′ = −2

3
+
1

3
z′ . Ïîäñòàâèì ýòî â èñõîäíîå óðàâíåíèå: −2

3
+
1

3
z′ = z2 ,

îòêóäà
dz

dx
= 3(z2 + 2) èëè

dz

z2 + 2
= 3 dx.

Èíòåãðèðóÿ ïîñëåäíåå óðàâíåíèå è äåëàÿ îáðàòíóþ çàìåíó, ïîëó÷èì

1√
2
arctg

z√
2
= 3x+ C, îòêóäà

1√
2
arctg

2x+ 3y + 1√
2

= 3x+ C.
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Ïîñêîëüêó âûðàæåíèå z2 + 2 íå îáðàùàåòñÿ â íóëü â íè ïðè îäíîì çíà÷å-

íèè z , ïîòåðè ðåøåíèé íå ïðîèçîøëî.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1.
dy

dx
= cos(y − x).

2.
dy

dx
=

√
4x+ 2y − 1.

3. (x+ y)2
dy

dx
= 1.

4.
dy

dx
+ y = 2x+ 1.

5.
dy

dx
= sin(x− y).

Îòâåòû.

1. ctg
y − x

2
= x+ C.

2.
√

4x+ 2y − 1− 2 ln(
√
4x+ 2y − 1 + 2) = x+ C.

3. x+ y = tg(y − C).

4. y = 2x− 1 + Ce−x.

5. ctg

(
y − x

2
+
π

4

)
= x+ C.

�2. Çàäà÷è, ïðèâîäÿùèå ê óðàâíåíèÿì ñ ðàçäåëÿþùèìèñÿ ïåðå-

ìåííûìè

Ïðè ñîñòàâëåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé â ôèçè÷åñêèõ çàäà÷àõ

âàæíî ïðàâèëüíî âûáðàòü íåçàâèñèìóþ ïåðåìåííóþ è èñêîìóþ ôóíêöèþ,

îïèñûâàþùóþ ïðîèñõîäÿùèé ïðîöåññ. Çà íåçàâèñèìóþ ïåðåìåííóþ, êàê ïðà-

âèëî, áåðåòñÿ âðåìÿ t îò íà÷àëà ïðîöåññà. Ðàññìàòðèâàÿ ïðèðàùåíèå èñêîìîé

ôóíêöèè çà ïðîèçâîëüíûé ìàëûé ïðîìåæóòîê âðåìåíè è âûðàæàÿ ýòî ïðè-

ðàùåíèå ÷åðåç äàííûå, óêàçàííûå â çàäà÷å, â ïðåäåëå, ïðè ñòðåìëåíèè ýòîãî

ïðîìåæóòêà âðåìåíè ê íóëþ, ïîëó÷àþò äèôôåðåíöèàëüíîå óðàâíåíèå. ×à-

ñòî äèôôåðåíöèàëüíîå óðàâíåíèå ìîæíî ñîñòàâèòü èñõîäÿ èç ôèçè÷åñêîãî

ñìûñëà ïðîèçâîäíîé. Òàê ïðîèçâîäíàÿ íåèçâåñòíîé ôóíêöèè x(t) îçíà÷àåò

ñêîðîñòü åå èçìåíåíèÿ: x(t) � ïóòü, x′(t) � ñêîðîñòü; x(t) � ñêîðîñòü, x′(t)

� óñêîðåíèå è ò.ä. Ïðè ñîñòàâëåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé â ãåîìåò-
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ðè÷åñêèõ çàäà÷àõ èñïîëüçóåòñÿ ãåîìåòðè÷åñêèé ñìûñë ïðîèçâîäíîé.

Ïðèìåð 1. ×åðåç 12 ÷àñîâ ïîñëå íà÷àëà îïûòà ÷èñëåííîñòü íåêîòîðîé ïî-

ïóëÿöèè áàêòåðèé âîçðîñëà â 3 ðàçà. Âî ñêîëüêî ðàç óâåëè÷èòñÿ ÷èñëî áàê-

òåðèé ÷åðåç òðîå ñóòîê? Ñêîðîñòü ðàçìíîæåíèÿ áàêòåðèé ïðîïîðöèîíàëüíà

èõ êîëè÷åñòâó.

Ðåøåíèå. Ïóñòü x(t) � êîëè÷åñòâî áàêòåðèé â ìîìåíò âðåìåíè t. Ñêî-

ðîñòü èõ ðàçìíîæåíèÿ (èçìåíåíèå èõ êîëè÷åñòâà â ìîìåíò âðåìåíè t) åñòü

ïðîèçâîäíàÿ x′(t). Îòñþäà ïîëó÷àåì äèôôåðåíöèàëüíîå óðàâíåíèå
dx

dt
= kx,

ãäå k � íåêîòîðûé êîýôôèöèåíò, ïîêà íåèçâåñòíûé. Ðåøàÿ ýòî óðàâíåíèå,

ïîëó÷àåì x = Cekt . Ïðèìåì, ÷òî íà÷àëüíîå êîëè÷åñòâî áàêòåðèé ðàâíî N (â

ïðèíöèïå, íè÷òî íå ìåøàåò ñ÷èòàòü ýòî êîëè÷åñòâî ðàâíûì åäèíèöå). Ïîä-

ñòàâëÿÿ t = 0, ïîëó÷àåì C = x(0) = N . Ïîñëå ýòîãî ïîäñòàâèì t = 12.

Ïîëó÷èì Ne12k = 3N , îòêóäà e12k = 3. Ñëåäîâàòåëüíî, x(72) = Ne72k =

N(e12k)6 = 36 ·N = 729N .

Îòâåò: êîëè÷åñòâî áàêòåðèé âîçðàñòåò â 729 ðàç.

Ïðèìåð 2. Ïóëÿ, äâèãàÿñü ñî ñêîðîñòüþ v0 = 400 ì/ñ, ïðîáèâàåò ñòåíó

òîëùèíîé h = 0,2 ì è âûëåòàåò èç íåå ñî ñêîðîñòüþ v1 = 100 ì/ñ. Ñ÷èòàÿ

ñèëó ñîïðîòèâëåíèÿ ñòåíû ïðîïîðöèîíàëüíîé êâàäðàòó ñêîðîñòè äâèæåíèÿ

ïóëè, íàéòè âðåìÿ T äâèæåíèÿ ïóëè â ñòåíå.

Ðåøåíèå. Âòîðîé çàêîí Íüþòîíà ãëàñèò, ÷òî ñóììà ñèë, äåéñòâóþùèõ íà

òåëî, âåêòîðíî ðàâíà óñêîðåíèþ òåëà, ïîìíîæåííîìó íà åãî ìàññó. Óñêîðå-

íèå òåëà åñòü w =
dv

dt
. Â äàííîì ñëó÷àå íà ïóëþ äåéñòâóåò ñèëà ñîïðîòèâ-

ëåíèÿ Fc = −kv2 (çíàê ¾−¿ ñîîòâåòñòâóåò íàïðàâëåíèþ ñèëû ñîïðîòèâëå-

íèÿ). Êðîìå òîãî, íà íåå äåéñòâóåò ñèëà òÿæåñòè mg , êîòîðîé â äàííîì ñëó-

÷àå ìîæíî ïðåíåáðå÷ü. Ñëåäîâàòåëüíî, óðàâíåíèå äâèæåíèÿ ïóëè èìååò âèä

m
dv

dt
= −kv2 . Ìàññó ïóëè ìîæíî ñ÷èòàòü åäèíè÷íîé (à ìîæíî ñ÷èòàòü êîýô-

ôèöèåíò ñîïðîòèâëåíèÿ ðàâíûì k/m). Ïîýòîìó ìû çàïèøåì ýòî óðàâíåíèå

â âèäå
dv

dt
= −kv2.

Ðåøàÿ åãî, ïîëó÷àåì
1

v
= kt + C , îòêóäà v =

1

kt+ C
. Ïîäñòàâèâ t = 0,

ïîëó÷èì 1/C = v0 . Ïîñëå ýòîãî, ïîäñòàâèâ t = T , ïîëó÷èì
1

kT + 1/v0
= v1 ,

îòêóäà kT =
1

v1
− 1

v0
. Îñòàëîñü îïðåäåëèòü âåëè÷èíó k . Ïóòü, ïðîéäåííûé

ïóëåé â ñòåíå, ðàâåí

∫ T

0

v(t) dt. Âû÷èñëèì ýòîò èíòåãðàë:
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∫ T

0

dt

kt+ C
=

1

k
ln(kT + C)

∣∣∣T
0
=

1

k
ln

(
kT + C

C

)
=

1

k
ln

(
kT

C
+ 1

)
=

=
1

k
ln

(
v0

( 1

v1
− 1

v0

)
+ 1

)
=

1

k
ln

(
v0
v1

)
.

Ïîäñòàâèâ ñþäà ÷èñëåííûå äàííûå, óêàçàííûå â óñëîâèè, ïîëó÷èì 0,2 =
1

k
ln 4, îòêóäà k = 5 ln 4. Íàêîíåö, T =

1

k

( 1

v1
− 1

v0

)
=

3

2000 ln 4
.

Ïðèìåð 3. Íà äíå öèëèíäðè÷åñêîãî ðåçåðâóàðà, çàïîëíåííîãî æèäêîñòüþ,

îáðàçîâàëîñü îòâåðñòèå. Â òå÷åíèå ïåðâûõ ñóòîê âûòåêëî 10% ñîäåðæèìîãî.

Îïðåäåëèòü, êîãäà èç ñîñóäà âûòå÷åò ïîëîâèíà æèäêîñòè. Ñêîðîñòü èñòå÷å-

íèÿ æèäêîñòè ÷åðåç ìàëîå îòâåðñòèå, íàõîäÿùååñÿ íà ðàññòîÿíèè h íèæå

óðîâíÿ æèäêîñòè, ðàâíà µ
√
2gh (çàêîí Òîððè÷åëëè), ãäå µ � íåêîòîðûé êî-

ýôôèöèåíò. Ìîæíî ñ÷èòàòü µ = 0,6.

Ðåøåíèå. Îáîçíà÷èì h(t) óðîâåíü æèäêîñòè â ðåçåðâóàðå. Ïóñòü S �

ïëîùàäü îñíîâàíèÿ ðåçåðâóàðà, à s0 � ïëîùàäü îòâåðñòèÿ. Ðàññìîòðèì ïðî-

ìåæóòîê âðåìåíè îò t äî t+∆t. Çà ýòîò ïðîìåæóòîê êîëè÷åñòâî æèäêîñòè â

ðåçåðâóàðå èçìåíèòñÿ íà âåëè÷èíó Sh(t+∆t)−Sh(t). C äðóãîé ñòîðîíû, â òå-

÷åíèå ýòîãî ïðîìåæóòêà óðîâåíü æèäêîñòè ðàâåí h(t)+α(t), ãäå α(t) = o(∆t)

� âåëè÷èíà á�îëüøåãî ïîðÿäêà ìàëîñòè, ÷åì ∆t. Ñëåäîâàòåëüíî, êîëè÷åñòâî

æèäêîñòè, âûòåêøåé çà ýòî âðåìÿ, áóäåò ðàâíî µ
√

2g(h(t) + α(t)) · s0 · ∆t.
Îòñþäà

S(h(t+∆t)− h(t)) = −µ
√
2g(h(t) + α(t)) · s0 ·∆t.

Ïîäåëèì îáå ÷àñòè óðàâíåíèÿ íà S · ∆t è ïåðåéäåì ê ïðåäåëó ïðè ∆t→ 0.

Ïîëó÷èì h′(t) = −µs0
√
2g

S

√
h. Îáîçíà÷èâ k = −µs0

√
2g

S
, ïîëó÷èì äëÿ ôóíê-

öèè h óðàâíåíèå
dh

dt
= k

√
h.

Åãî ðåøåíèå èìååò âèä 2
√
h = kt+C . Ïîñêîëüêó íàì íóæíî íàéòè âðåìÿ, à

íå âûñîòó, íå áóäåì âûðàæàòü h èç ýòîãî ñîîòíîøåíèÿ.

Áóäåì ñ÷èòàòü âûñîòó ðåçåðâóàðà ðàâíîé 1. Òîãäà èç óñëîâèé çàäà÷è âûòå-

êàåò, ÷òî h(0) = 1 è h(24) = 0,9. Ïåðâîå èç ýòèõ ðàâåíñòâ äàåò C = 2, òîãäà

èç âòîðîãî ñëåäóåò, ÷òî 12k + 1 =
√
0,9. Íàì òðåáóåòñÿ ðåøèòü óðàâíåíèå

h(T ) = 0,5. Òîãäà T óäîâëåòâîðÿåò óðàâíåíèþ 2
√
0,5 = kT + 2, èç êîòîðîãî

T =
2
√
0,5− 2

k
= 12 ·

√
0,5− 1√
0,9− 1

≈ 68,5.

Îòâåò: ïðèìåðíî ÷åðåç 68 ÷ 30 ìèí.
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Ïðèìåð 4. Íàéòè êðèâóþ, ïðîõîäÿùóþ ÷åðåç òî÷êó (2, 3) è îáëàäàþùóþ

òåì ñâîéñòâîì, ÷òî îòðåçîê ïðîèçâîëüíîé åå êàñàòåëüíîé, êîíöû êîòîðîãî

ëåæàò íà îñÿõ êîîðäèíàò, äåëèòñÿ òî÷êîé êàñàíèÿ ïîïîëàì.

Ðåøåíèå. Èçîáðàçèì íà ðèñóíêå

(x0, y0)

A

B

y = y(x)

x

y

O

Ðèñ. 1.

ýñ-

êèç ãðàôèêà ôóíêöèè y(x) è ïðîâåäåì â

êàêîé-ëèáî åãî òî÷êå (x0, y0) êàñàòåëüíóþ

ïðÿìóþ. Îòìåòèì òî÷êè A è B åå ïåðå-

ñå÷åíèÿ ñ îñÿìè êîîðäèíàò. Óñëîâèå çà-

äà÷è îçíà÷àåò, ÷òî òî÷êà êàñàíèÿ äåëèò

îòðåçîê AB ïîïîëàì. Î÷åâèäíî, ýòî ðàâ-

íîñèëüíî òîìó, ÷òî àáñöèññà xA òî÷êè A

ïî àáñîëþòíîé âåëè÷èíå âäâîå áîëüøå àá-

ñîëþòíîé âåëè÷èíû àáñöèññû x0 . ×òîáû

ñîñòàâèòü äèôôåðåíöèàëüíîå óðàâíåíèå

êðèâîé, íàì íåîáõîäèìî îïðåäåëèòü xA .

Çàïèøåì óðàâíåíèå êàñàòåëüíîé

y = y′(x0)(x− x0) + y0.

ê êðèâîé â òî÷êå (x0, y0). Ïîäñòàâèâ y = 0, ïîëó÷èì xA = x0−
y0

y′(x0)
. Ó÷èòû-

âàÿ ãåîìåòðè÷åñêèé ñìûñë ïðîèçâîäíîé (òàíãåíñ óãëà íàêëîíà êàñàòåëüíîé

ê êðèâîé ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè àáñöèññ), íàõîäèì, ÷òî â ñîîò-

âåòñòâóþùèõ êâàäðàíòàõ çíà÷åíèÿ x0 , y0 , y
′(x0) èìåþò ñëåäóþùèå çíàêè: â

ïåðâîì êâàäðàíòå x0 > 0, y0 > 0, y′(x0) < 0; âî âòîðîì êâàäðàíòå x0 < 0,

y0 > 0, y′(x0) > 0; â òðåòüåì êâàäðàíòå x0 < 0, y0 < 0, y′(x0) < 0; â ÷åò-

âåðòîì êâàäðàíòå x0 > 0, y0 < 0, y′(x0) > 0. Ñëåäîâàòåëüíî, äëÿ èñêîìîé

êðèâîé äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî x0−
y0

y′(x0)
= 2x0 èëè y

′(x0) = −x0y0 .

Ó÷èòûâàÿ, ÷òî òî÷êà (x0, y0) � ïðîèçâîëüíàÿ, äèôôåðåíöèàëüíîå óðàâíåíèå

ýòîé êðèâîé èìååò âèä

y′ = −xy èëè
dy

y
= −dx

x
.

Ðåøåíèåì ýòîãî óðàâíåíèÿ ñëóæàò ôóíêöèè y =
C

x
.

Â ÷àñòíîñòè, ÷òîáû íàéòè òó êðèâóþ, êîòîðàÿ ïðîõîäèò ÷åðåç òî÷êó (2, 3),

ïîäñòàâèì ýòè ÷èñëà â óðàâíåíèå êðèâîé è íàéäåì C = 6.

Îòâåò: y = 6/x.

Ïðèìåð 5. Òåëî îõëàäèëîñü çà 10 ìèíóò îò 100◦C äî 60◦C. Òåìïåðàòó-

ðà îêðóæàþùåãî âîçäóõà ïîääåðæèâàåòñÿ ðàâíîé 20◦C. Êîãäà òåëî îñòûíåò
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äî 25◦C? Ïðèíÿòü, ÷òî ñêîðîñòü îñòûâàíèÿ èëè íàãðåâàíèÿ òåëà ïðîïîðöèî-

íàëüíà ðàçíîñòè òåìïåðàòóð òåëà è îêðóæàþùåé ñðåäû.

Ðåøåíèå. Ïóñòü x(t) � òåìïåðàòóðà òåëà â ìîìåíò âðåìåíè t. Ñêîðîñòü

îñòûâàíèÿ åñòü ïðîèçâîäíàÿ x′(t). Îòñþäà ïîëó÷àåì äèôôåðåíöèàëüíîå óðàâ-

íåíèå
dx

dt
= k(x − 20), ãäå k � íåêîòîðûé êîýôôèöèåíò, ïîêà íåèçâåñòíûé.

Ðåøàÿ ýòî óðàâíåíèå, ïîëó÷àåì ln(x− 20) = kt+C (ïî ñìûñëó x > 20) èëè

x = 20+Cekt . Ïîäñòàâèâ çàäàííûå óñëîâèÿ, ïîëó÷èì x(0) = 100, x(10) = 60.

Èç ïåðâîãî óðàâíåíèÿ èìååì C = 80, òîãäà èç âòîðîãî ñëåäóåò, ÷òî e10k = 1
2 .

Ñëåäîâàòåëüíî, x(t) = 20 + 80 · (12)
t/10 = 20 − 80 · 2t/10 . Ðåøàÿ óðàâíåíèå

x(t) = 25, íàéäåì t = 40.

Îòâåò: ×åðåç 40 ìèíóò.

Çàäà÷è.

1. Èç ýêñïåðèìåíòà èçâåñòíî, ÷òî ñêîðîñòü ðàçìíîæåíèÿ áàêòåðèé ïðè

äîñòàòî÷íîì çàïàñå ïèùè ïðîïîðöèîíàëüíà èõ êîëè÷åñòâó. Çà êàêîå âðåìÿ

êîëè÷åñòâî áàêòåðèé óâåëè÷èòñÿ â m ðàç ïî ñðàâíåíèþ ñ èõ íà÷àëüíûì êî-

ëè÷åñòâîì?

2. Êîðàáëü çàìåäëÿåò ñâîå äâèæåíèå ïîä äåéñòâèåì ñèëû ñîïðîòèâëåíèÿ

âîäû, êîòîðîå ïðîïîðöèîíàëüíî ñêîðîñòè êîðàáëÿ. Íà÷àëüíàÿ ñêîðîñòü êî-

ðàáëÿ 10 ì/ñ, ñêîðîñòü êîðàáëÿ ÷åðåç 5 ñåêóíä ñòàíåò 8 ì/ñ. Êîãäà ñêîðîñòü

óìåíüøèòñÿ äî 1 ì/ñ?

3. Â ñîñóä, ñîäåðæàùèé 20 ëèòðîâ âîäû, íåïðåðûâíî ñî ñêîðîñòüþ 5 ëèò-

ðîâ â ìèíóòó ïîñòóïàåò ðàñòâîð, â êàæäîì ëèòðå êîòîðîãî ñîäåðæèòñÿ 0,2 êã.

ñîëè. Â ñîñóäå ðàñòâîð ïåðåìåøèâàåòñÿ, è ñìåñü âûòåêàåò èç ñîñóäà ñ òîé æå

ñêîðîñòüþ. Ñêîëüêî ñîëè áóäåò â ñîñóäå ÷åðåç 4 ìèíóòû?

4. Êðèâàÿ ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò è ëåæèò â âåðõíåé ïîëóïëîñ-

êîñòè. Êàæäûé ïðÿìîóãîëüíèê, îãðàíè÷åííûé îñÿìè êîîðäèíàò è ïåðïåíäè-

êóëÿðàìè ê íèì, ïðîâåäåííûìè èç ëþáîé òî÷êè êðèâîé, ýòà êðèâàÿ äåëèò íà

äâå ÷àñòè, ïðè÷åì ïëîùàäü ÷àñòè ïðÿìîóãîëüíèêà, íàõîäÿùåéñÿ ïîä êðèâîé,

â äâà ðàçà ìåíüøå ïëîùàäè ÷àñòè ïðÿìîóãîëüíèêà, íàõîäÿùåéñÿ íàä êðèâîé.

Íàéòè óðàâíåíèå êðèâîé.

5. Íàéòè êðèâûå, îáëàäàþùèå ñëåäóþùèì ñâîéñòâîì: îòðåçîê îñè àáñöèè,

îòñåêàåìûé êàñàòåëüíîé è íîðìàëüþ, ïðîâåäåííûìè èç ïðîèçâîëüíîé òî÷êè

êðèâîé, ðàâåí 2a.

6. Íàéòè êðèâûå, ó êîòîðûõ òî÷êà ïåðåñå÷åíèÿ ëþáîé êàñàòåëüíîé ñ îñüþ

àáñöèññ èìååò àáñöèññó, âäâîå ìåíüøóþ àáñöèññû òî÷êè êàñàíèÿ.

7. Çà êàêîå âðåìÿ âûòå÷åò âñÿ âîäà èç öèëèíäðè÷åñêîãî áàêà ñ äèàìåòðîì
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1, 8 ì è âûñîòîé 2, 45 ì ÷åðåç îòâåðñòèå â äíå äèàìåòðîì 6 ñì? Îñü öèëèíäðà

âåðòèêàëüíà.

8. Êóñîê ìåòàëëà ñ òåìïåðàòóðîé a ãðàäóñîâ ïîìåùåí â ïå÷ü, òåìïåðàòóðà

êîòîðîé â òå÷åíèå ÷àñà ðàâíîìåðíî ïîâûøàåòñÿ îò a ãðàäóñîâ äî b ãðàäóñîâ.

Ïðè ðàçíîñòè òåìïåðàòóð ïå÷è è ìåòàëëà â T ãðàäóñîâ ìåòàëë íàãðåâàåòñÿ

ñî ñêîðîñòüþ kT ãðàäóñîâ â ìèíóòó (ãäå k çàäàíî). Íàéòè òåìïåðàòóðó ìå-

òàëëà ÷åðåç ÷àñ.

Îòâåòû.

1.
dx

dt
= kx, T =

lnm

k
(x(t) � êîëè÷åñòâî áàêòåðèé â ìîìåíò âðåìåíè t,

k > 0 � êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè).

2. m
dv

dt
= −kv, T =

5 ln 10

ln 0,8
ñåêóíäû (v(t) � ñêîðîñòü êîðàáëÿ, k > 0 �

êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè).

3.
dm

dt
= 1 − 0,25m, m(4) = 4(1 − e−

t
4 ) ≈ 2,4 êã. (m(t) � êîëè÷åñòâî ñîëè

â ñîñóäå â êèëîãðàììàõ ÷åðåç t ìèíóò ïîñëå íà÷àëà ïðîöåññà).

4. x
dy

dx
= 2y, y = Cx2.

5. a ln(a±
√
a2 − y2)∓

√
a2 − y2 = x+ C .

6. y = Cx2 .

7. Ïðèáëèçèòåëüíî 1050 ñ.

8. b− b− a

60k
(1− e−60k).

�3. Îäíîðîäíûå óðàâíåíèÿ è óðàâíåíèÿ, ïðèâîäÿùèåñÿ ê íèì

3.1. Îäíîðîäíûå óðàâíåíèÿ

Ôóíêöèÿ äâóõ ïåðåìåííûõ f(x, y) íàçûâàåòñÿ îäíîðîäíîé ñòåïåíè m (åùå

ãîâîðÿò, ñ ïîêàçàòåëåì îäíîðîäíîñòè m), åñëè äëÿ âñåõ t (èëè õîòÿ áû äëÿ

t > 0) ñïðàâåäëèâî ñîîòíîøåíèå

f(tx, ty) = tmf(x, y). (3.1)

Òàê, ôóíêöèè f(x, y) = x + 2y , g(x, y) = x3y − 7y4 + 2x2y2 , h(x, y) =√
x3 + y3 ÿâëÿþòñÿ îäíîðîäíûìè ôóíêöèÿìè ñòåïåíåé 1, 4 è 3/2, ñîîòâåò-

ñòâåííî (ïðîâåðüòå ýòî!). Ôóíêöèÿ φ(x, y) = x2y3 − y6 íå ÿâëÿåòñÿ îäíîðîä-
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íîé.

Äèôôåðåíöèàëüíîå óðàâíåíèå

M(x, y) dx+N(x, y) dy = 0 (3.2)

íàçûâàåòñÿ îäíîðîäíûì, åñëè M(x, y) è N(x, y) � îäíîðîäíûå ôóíêöèè îä-

íîé è òîé æå ñòåïåíè m. Ìîæíî ïîêàçàòü, ÷òî îäíîðîäíîå óðàâíåíèå ìîæåò

òàêæå áûòü çàïèñàíî â âèäå

y′ = f
(y
x

)
. (3.3)

Îäíîðîäíîå óðàâíåíèå ïðèâîäèòñÿ ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðå-

ìåííûìè ñ ïîìîùüþ çàìåíû èñêîìîé ôóíêöèè y ïî ôîðìóëå

y(x) = x · t(x). (3.4)

Òîãäà ïðîèçâîäíàÿ y′ èëè äèôôåðåíöèàë dy çàìåíÿþòñÿ ïî ôîðìóëàì

y′ = t′x+ t, dy = t dx+ x dt.

Ïîñëå ðåøåíèÿ ïîëó÷åííîãî óðàâíåíèÿ íóæíî ñäåëàòü îáðàòíóþ ïîäñòàíîâêó

t =
y

x
.

Ïðèìåð 1. Ðåøèì óðàâíåíèå

y′ =
2xy

x2 + y2
, y(0) = −1. (3.5)

Ðåøåíèå. Óðàâíåíèå èìååò âèä (3.3). Äåëàåì çàìåíó y = tx. Òîãäà óðàâ-

íåíèå (3.5) çàïèøåòñÿ â âèäå t′x+ t =
2t

1 + t2
, îòêóäà x

dt

dx
=
t− t3

1 + t2
. Ðàçäåëèâ

ïåðåìåííûå, ïîëó÷èì
(1 + t2)dt

t(1− t2)
=
dx

x
.

Ïðåîáðàçîâûâàÿ äðîáü â ëåâîé ÷àñòè ïîñëåäíåãî óðàâíåíèÿ, çàïèøåì(
1

t
+

2t

1− t2

)
dt =

dx

x
.

Òîãäà ∫ (
1

t
+

2t

1− t2

)
dt =

∫
dx

x
èëè ln |t| − ln |1− t2| = ln |x|+ C.

Âçÿâ ïîñòîÿííóþ C â âèäå ln |C|, ïîëó÷èì
t

1− t2
= Cx.
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Ïîäñòàâèâ t = y/x, ïîëó÷èì îêîí÷àòåëüíî

xy

x2 − y2
= Cx èëè Cy = (x2 − y2).

Êðîìå òîãî, â ïðîöåññå ðåøåíèÿ ìû äåëèëè íà x, t è 1−t2 . Íåòðóäíî âèäåòü,
÷òî x = 0 íå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ, à t = 0 è t = ±1

ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ t′x + t =
2t

1 + t2
. Ñëåäîâàòåëüíî, èñõîäíîå

óðàâíåíèå (3.5) èìååò åùå ðåøåíèÿ y = 0 è y = ±x. Çàìåòèì, ÷òî ðåøåíèÿ
y = ±x âõîäÿò â ñåðèþ ðåøåíèé Cy = (x2−y2) (îíè ïîëó÷àþòñÿ ïðè C = 0),

à ðåøåíèå y = 0 íå ñîäåðæèòñÿ â ýòîé ñåðèè (íî ïîëó÷àåòñÿ ïðè C = 0 èç

ïåðâîé ôîðìû çàïèñè îáùåãî ðåøåíèÿ).

Ïîäñòàâèâ x = 0, y = −1, ïîëó÷èì ðåøåíèå çàäà÷è Êîøè: y = x2 − y2 .

Ïðèìåð 2. Ðàññìîòðèì óðàâíåíèå

x(y − x)dy = y2dx. (3.6)

Ðåøåíèå. Ïðè äèôôåðåíöèàëàõ dx è dy ñòîÿò îäíîðîäíûå ôóíêöèè ñòå-

ïåíè 2. Ïîäñòàâèì y = tx, dy = t dx+ x dt. Ïîëó÷èì (t dx+ x dt)x2(t− 1) =

t2x2dx. Ñîêðàùàÿ íà x2 (ïðîâåðüòå, ÷òî x = 0 ÿâëÿåòñÿ ðåøåíèåì!) è ðàñêðû-

âàÿ ñêîáêè, ïîëó÷àåì t2dx− t dx+ tx dt−x dt = t2dx, îòêóäà (t−1)x dt = t dx

èëè
t− 1

t
dt =

dx

x
.

Ðåøàÿ ïîñëåäíåå óðàâíåíèå, ïîëó÷àåì

t− ln |t| = ln |x|+ C.

Åñëè ïîñòîÿííóþ C âçÿòü â âèäå ln |C|, òî

t = ln |Cxt| èëè et = Cxt.

Âîçâðàùàÿñü ê ïåðåìåííûì x, y , èìååì îêîí÷àòåëüíî

ey/x = Cy.

Â ïðîöåññå ðåøåíèÿ ìû ïðîèçâîäèëè äåëåíèå íà t. Ðàâåíñòâî t = 0 ýêâè-

âàëåíòíî òîìó, ÷òî y = 0. Ëåãêî âèäåòü, ÷òî ýòà ôóíêöèÿ òàêæå ÿâëÿåòñÿ

ðåøåíèåì èñõîäíîãî óðàâíåíèÿ, ïîýòîìó åå ñëåäóåò äîáàâèòü ê ïîëó÷åííîìó

îáùåìó èíòåãðàëó. Åñëè æå îáùåå ðåøåíèå çàïèñàòü â âèäå y = Cey/x , òî

ðåøåíèå y = 0 ïîëó÷èòñÿ ïðè C = 0.
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Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1.
dy

dx
=
y +

√
x2 − y2

x
.

2.
dy

dx
=
xy + y2e−x/y

x2
.

3. xdy = y cos ln
y

x
dx.

4. x(ln y − lnx)dy = ydx.

5.
√
x
dy

dx
=

√
y − x+

√
x.

Îòâåòû.

1. arcsin
y

x
= sign x ln |x|+ C.

2. ex/y + ln |x| = C.

3. lnCx = ctg

(
1

2
ln
y

x

)
; y = xe2πk, k ∈ Z.

4. y(ln y − lnx− 1) = C.

5.
√
y − x−

√
x = C; y = x.

3.2. Óðàâíåíèÿ, ïðèâîäÿùèåñÿ ê îäíîðîäíûì

Óðàâíåíèå âèäà

y′ = f

(
ax+ by + c

a1x+ b1y + c1

)
(3.7)

ïðèâîäèòñÿ ê îäíîðîäíîìó óðàâíåíèþ çàìåíîé u = x − x0 , v = y − y0 , ãäå

(x0, y0) � òî÷êà ïåðåñå÷åíèÿ ïðÿìûõ ax+by+c = 0, a1x+b1y+c1 = 0. Åñëè

æå ýòè ïðÿìûå íå ïåðåñåêàþòñÿ, òî a1x + b1y = k(ax + by) äëÿ íåêîòîðîãî

k ∈ R è óðàâíåíèå (3.7) èìååò âèä y′ = f1(ax+by). Ðåøåíèå òàêèõ óðàâíåíèé

áûëî ðàññìîòðåíî â ï. 1.2.

Ïðèìåð 3. Ïóñòü äàíî óðàâíåíèå

(x+ y − 2) dx+ (x− y + 4) dy = 0. (3.8)

Ðåøåíèå. Ðåøàÿ ñèñòåìó {
x+ y − 2 = 0,

x− y + 4 = 0,

íàõîäèì x0 = −1, y0 = 3. Ñäåëàåì çàìåíó u = x + 1, v = y − 3; òîãäà

x = u− 1, y = v + 3, dy/dx = dv/du. Óðàâíåíèå (3.8) ïðèíèìàåò âèä

(u+ v) du+ (u− v) dv = 0.
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Ðåøèâ åãî ñ ïîìîùüþ ïîäñòàíîâêè v = tu, ïîëó÷èì

u2 + 2uv − v2 = C.

Âîçâðàùàÿñü ê èñõîäíûì ïåðåìåííûì (x, y), íàéäåì

x2 + 2xy − y2 − 4x+ 8y = C.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. (2x− 4y + 6)dx+ (x+ y − 3)dy = 0.

2.
dy

dx
=
y + 2

x+ 1
+ tg

y − 2x

x+ 1
.

3. y
dy

dx
= 4x+ 3y − 2.

4. x− y − 1 + (y − x+ 2)
dy

dx
= 0.

5. (2x+ y + 1)dx− (4x+ 2y − 3)dy = 0.

Îòâåòû.

1. (y − 2x)3 = C(y − x− 1)2; y = x+ 1.

2. sin
y − 2x

x+ 1
= C(x+ 1).

3. (y − 4x+ 2)4(2y + 2x− 1) = C.

4. (y − x+ 2)2 + 2x = C.

5. 2x+ y − 1 = Ce2y−x.

3.3. Îáîáùåííî-îäíîðîäíûå óðàâíåíèÿ

Óðàâíåíèå íàçûâàåòñÿ îáîáùåííî-îäíîðîäíûì, åñëè åãî ìîæíî ïðèâåñòè ê

îäíîðîäíîìó çàìåíîé y = zm , ãäå m � íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî.

Ïðèìåð 4. Ðàññìîòðèì óðàâíåíèå

9yy′ − 18xy + 4x3 = 0. (3.9)

Äåëàÿ â íåì çàìåíó y = zm , ïîëó÷àåì 9mz2m−1z′ − 18xzm + 4x3 = 0. Äëÿ

òîãî, ÷òîáû ýòî óðàâíåíèå áûëî îäíîðîäíûì îòíîñèòåëüíî x è z , íåîáõîäè-

ìî, ÷òîáû ñòåïåíè âñåõ îäíî÷ëåíîâ áûëè îäèíàêîâûìè: 2m− 1 = 1+m = 3.
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Ýòè äâà ðàâåíñòâà îáðàçóþò ïåðåîïðåäåëåííóþ ñèñòåìó äâóõ óðàâíåíèé îò-

íîñèòåëüíî îäíîãî íåèçâåñòíîãî m, êîòîðàÿ â îáùåì ñëó÷àå èìåòü ðåøåíèÿ

íå äîëæíà. Òåì íå ìåíåå, âèäíî, ÷òî m = 2 ÿâëÿåòñÿ åå ðåøåíèåì. Äåëàåì

çàìåíó y = z2 , ïðèäåì ê îäíîðîäíîìó óðàâíåíèþ

9z3z′ − 9xz2 + 2x3 = 0.

Òåïåðü ïîäñòàíîâêà z = tx ïðèâîäèò ê óðàâíåíèþ

9t3(t′x+ t)− 9t2 + 2 = 0 èëè
9t3 dt

9t4 − 9t2 + 2
+
dx

x
= 0.

Ñäåëàåì åùå îäíó çàìåíó t2 = u, òîãäà

1

2
· 9u du

9u2 − 9u+ 2
+
dx

x
= 0 èëè

6du

3u− 2
− 3du

3u− 1
+

2dx

x
= 0.

Èíòåãðèðóÿ, ïîëó÷àåì

2 ln |3u− 2| − ln |3u− 1|+ 2 ln |x| = ln |C|, îòêóäà
(3u− 2)2x2

3u− 1
= C.

Ñäåëàâ îáðàòíûå çàìåíû u = t2 =
z2

x2
=

y

x2
, ïîëó÷èì îêîí÷àòåëüíî

(3y − 2x2)2

3y − x2
= C.

Ïðè ýòîì ìû ïðîèçâîäèëè äåëåíèå íà x, 3u− 2, 3u− 1. Âèäíî, ÷òî x = 0 íå

ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ. Ñëó÷àè u = 2/3 è u = 1/3 äàþò,

ñîîòâåòñòâåííî, t = 1/
√
3 è t = 2/

√
3. Ïîäñòàâëÿÿ ýòè ôóíêöèè â óðàâíåíèå

9t3(t′x+t)−9t2+2 = 0, ìû óáåæäàåìñÿ, ÷òî îíè ÿâëÿþòñÿ åãî ðåøåíèÿìè. Îíè

ñîîòâåòñòâóþò ðåøåíèÿì y = x2/3 è y = 2x2/3 èñõîäíîãî óðàâíåíèÿ (3.9).

Âòîðîå èç ýòèõ ðåøåíèé ñîäåðæèòñÿ â ñåðèè (3y − 2x2)2/(3y − x2) = C ïðè

C = 0, à ïåðâîå íå ñîäåðæèòñÿ, ïîýòîìó åãî íåîáõîäèìî âêëþ÷èòü â îêîí÷à-

òåëüíûé îòâåò.

Çàìå÷àíèå. ×òîáû îïðåäåëèòü, áóäåò ëè óðàâíåíèå îáîáùåííî-îäíîðîä-

íûì, óäîáíî ââåñòè ïîíÿòèå èçìåðåíèÿ. Òàê, ïåðåìåííîé x ñòàâÿò â ñîîòâåò-

ñòâèå èçìåðåíèå 1, èñêîìîé ôóíêöèè y � èçìåðåíèå m, à ïðîèçâîäíîé y′ �

èçìåðåíèå m− 1. Åñëè óðàâíåíèå çàïèñàíî â äèôôåðåíöèàëàõ, òî dx ñòàâÿò

â ñîîòâåòñòâèå èçìåðåíèå 0, à dy � èçìåðåíèå m − 1. ×èñëî m ïûòàþòñÿ

ïîäîáðàòü òàê, ÷òîáû èçìåðåíèÿ âñåõ ÷ëåíîâ, âõîäÿùèõ â óðàâíåíèå, áûëè

îäèíàêîâûìè. Äåéñòâèÿ ñ èçìåðåíèÿìè àíàëîãè÷íû äåéñòâèÿì ñî ñòåïåíÿ-

ìè: åñëè äâà ÷ëåíà óðàâíåíèÿ ïåðåìíîæàþòñÿ, òî èõ èçìåðåíèÿ ñêëàäûâàþò-

ñÿ, åñëè êàêîé-ëèáî ÷ëåí óðàâíåíèÿ âîçâîäèòñÿ â ñòåïåíü, òî åãî èçìåðåíèå
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óìíîæàåòñÿ íà ïîêàçàòåëü ñòåïåíè. Òàê, â ðàññìîòðåííîì ïðèìåðå, èçìåðå-

íèÿ ÷ëåíîâ 9yy′ , −18xy è 4x3 ðàâíû, ñîîòâåòñòâåííî, m+(m−1), 1+m è 3.

Ïðèðàâíÿâ èõ âñå: 2m− 1 = 1+m = 3, íàéäåì m = 2. Ïîýòîìó â óðàâíåíèè

(3.9) ìîæíî ñðàçó ñäåëàòü çàìåíó y = z2 .

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. 2x
dy

dx
(x− y2) + y3 = 0.

2. (x2y2 − 1)dy + 2xy3dx = 0.

3. y(1 +
√
x2y4 + 1)dx+ 2xdy = 0.

4. 2xy
dy

dx
= 3(

√
x6 − y4 + y2).

5. 2y + (x2y + 1)x
dy

dx
= 0.

Îòâåòû.

1. y2 = x lnCy2.

2. 1 + x2y2 = Cy; y = 0.

3.
√
x2y4 + 1 = Cx2y2 − 1.

4. arcsin
y2

|x3|
= lnCx3; |x3| = y2.

5. x2y lnCy = 1; y = 0.

�4. Ëèíåéíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà è óðàâíåíèÿ, ïðèâîäÿ-

ùèåñÿ ê íèì

4.1. Ëèíåéíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

Ëèíåéíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà íàçûâàåòñÿ óðàâíåíèå, ëèíåéíîå îò-

íîñèòåëüíî èñêîìîé ôóíêöèè y(x) è åå ïðîèçâîäíîé, òî åñòü, óðàâíåíèå âèäà

y′ + a(x)y = b(x). (4.1)

Ôóíêöèÿ b(x) íàçûâàåòñÿ ñâîáîäíûì ÷ëåíîì óðàâíåíèÿ (4.1). Óðàâíåíèå

y′ + a(x)y = 0 (4.2)
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íàçûâàåòñÿ ëèíåéíûì îäíîðîäíûì óðàâíåíèåì, ñîîòâåòñòâóþùèì ëèíåéíî-

ìó óðàâíåíèþ (4.1). Ðàçäåëèâ ïåðåìåííûå â óðàâíåíèè (4.2), ïîëó÷èì
dy

y
=

−a(x) dx, îòêóäà ln |y| = −
∫ x

x0

a(x) dx+ ln |C|, èëè

y = Ce
−
∫ x

x0
a(x)dx

. (4.3)

Òåïåðü äëÿ òîãî, ÷òîáû ðåøèòü óðàâíåíèå (4.1), íóæíî ïðèìåíèòü ìåòîä âà-

ðèàöèè ïîñòîÿííîé. Åãî ñóòü ñîñòîèò â òîì, ÷òî ðåøåíèå óðàâíåíèÿ (4.1)

èùóò â òîì æå âèäå, ÷òî è ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíå-

íèÿ (4.2), íî C óæå ñ÷èòàþò íå ïîñòîÿííîé, à íåèçâåñòíîé ôóíêöèåé îò x.

Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ (4.1) èùåì â âèäå

y = C(x)e−
∫ x

x0
a(x)dx

. (4.4)

Òîãäà

y′ = C ′(x)e−
∫ x

x0
a(x)dx − C(x)e−

∫ x

x0
a(x)dx

a(x).

Ïîäñòàâëÿÿ y è y′ â óðàâíåíèå (4.1), ïîëó÷èì

C ′(x) = b(x) e
∫ x

x0
a(x)dx.

Ñëåäîâàòåëüíî,

C(x) =

∫ x

x0

b(x) e
∫ x

x0
a(x)dx

dx+ C, C = const.

Ïîäñòàâèâ ýòî âûðàæåíèå äëÿ C(x) â (4.4), îáùåå ðåøåíèå óðàâíåíèÿ çàïè-

øåì â âèäå

y =

(∫ x

x0

b(x) e
∫ x

x0
a(x)dx

dx+ C

)
e
−
∫ x

x0
a(x)dx

. (4.5)

Ïðè ðåøåíèè êîíêðåòíûõ óðàâíåíèé èìååò ñìûñë íå ïðèìåíÿòü ôîðìó-

ëó (4.5), à ïðîâîäèòü âû÷èñëåíèÿ ïî ñõåìå ñàìîñòîÿòåëüíî.

Ïðèìåð 1. Ðåøèì óðàâíåíèå

y′ +
y

x
= 3x. (4.6)

Ðåøåíèå. Çàïèøåì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

y′ +
y

x
= 0.

Ðàçäåëÿÿ ïåðåìåííûå è èíòåãðèðóÿ, ïîëó÷àåì ln |y| = − ln |x|+ lnC . Ïîòåí-

öèðóÿ, íàõîäèì y =
C

x
. Òåïåðü èùåì ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ â

âèäå

y =
C(x)

x
.
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Ïîäñòàâëÿÿ ýòî âûðàæåíèå â èñõîäíîå óðàâíåíèå, ïîëó÷èì(
C ′(x)

x
− C(x)

x2

)
+
C(x)

x2
= 3x,

îòêóäà C ′(x) = 3x2 . Èíòåãðèðóÿ, íàõîäèì C(x) = x3 + C . Ïîýòîìó îáùåå

ðåøåíèå óðàâíåíèÿ (4.6) èìååò âèä

y =
x3 + C

x
= x2 +

C

x
.

Ïðèìåð 2. Íåêîòîðûå óðàâíåíèÿ ïðèâîäÿòñÿ ê ëèíåéíûì, åñëè ïîìåíÿòü

ìåñòàìè íåçàâèñèìóþ ïåðåìåííóþ x è çàâèñèìóþ ïåðåìåííóþ y . Íàïðèìåð,

ðàññìîòðèì óðàâíåíèå

2y dx+ (y2 − 2x) dy = 0.

Ðåøåíèå. Îíî íå ÿâëÿåòñÿ ëèíåéíûì îòíîñèòåëüíî y , òàê êàê ñîäåðæèò

âûðàæåíèå y2 . Îäíàêî, ýòî óðàâíåíèå áóäåò ëèíåéíûì îòíîñèòåëüíî x. Ïå-

ðåïèøåì åãî â âèäå

2y
dx

dy
+ y2 − 2x = 0 èëè

dx

dy
− x

y
= −y

2
.

Ðåøèâ ïîëó÷åííîå óðàâíåíèå, íàéäåì

x = Cy − y2

2
.

4.2. Óðàâíåíèÿ Áåðíóëëè

Óðàâíåíèå âèäà

y′ + p(x)y = q(x)yn, n ̸= 0, n ̸= 1, (4.7)

íàçûâàåòñÿ óðàâíåíèåì Áåðíóëëè. Ðàçäåëèì îáå ÷àñòè óðàâíåíèÿ íà yn . Ïî-

ëó÷èì óðàâíåíèå
y′

yn
+
p(x)

yn−1
= q(x).

Ïîñêîëüêó

(
1

yn−1

)′
= (1− n)

y′

yn
, çàìåíà z = y1−n ïðèâîäèò ýòî óðàâíåíèå ê

ëèíåéíîìó îòíîñèòåëüíî z :

z′

1− n
+ p(x)z = q(x).

Ïðè n > 0 ôóíêöèÿ y = 0 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (4.7), à ïðè n < 0

íå ÿâëÿåòñÿ. Çàìåòèì, ÷òî â óðàâíåíèè (4.7) n ìîæíî ñ÷èòàòü ëþáûì äåé-

ñòâèòåëüíûì ÷èñëîì.

22



Ïðèìåð 3. Ðàññìîòðèì óðàâíåíèå

(x− y2) dx+ 2xy dy = 0. (4.8)

Ðåøåíèå. Ïåðåïèøåì åãî â âèäå

dy

dx
=
y2 − x

2xy
,

îòêóäà

y′ − y

2x
= − x

2y
. (4.9)

Ýòî óðàâíåíèå Áåðíóëëè ïðè n = −1. Äåëàåì çàìåíó z = y2 , òîãäà y =
√
z ,

y′ =
z′

2
√
z
. Ïîäñòàâèâ ýòè âûðàæåíèÿ â (4.9), ïîëó÷èì

z′

2
√
z
−

√
z

2x
= − x

2
√
x

îòêóäà z′ − z

x
= −x.

Ðåøàÿ ïîëó÷åííîå ëèíåéíîå óðàâíåíèå, íàéäåì

z = (−x+ C)x = −x2 + Cx.

Âîçâðàùàÿñü ê ïåðåìåííûì (x, y), ïîëó÷àåì îêîí÷àòåëüíî

y2 = −x2 + Cx.

Ê ýòîìó îáùåìó èíòåãðàëó ñëåäóåò äîáàâèòü ðåøåíèå x = 0, ïîòåðÿííîå ïðè

ïðèâåäåíèè óðàâíåíèÿ ê âèäó (4.9).

4.3. Îáîáùåííûå óðàâíåíèÿ Áåðíóëëè

Îáîáùåííûì óðàâíåíèåì Áåðíóëëè íàçûâàåòñÿ óðàâíåíèå

φ′(y)y′ + a(x)φ(y) = b(x),

ãäå φ(y) � íåêîòîðàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Äåëàÿ çàìåíó z = φ(y)

(òîãäà z′ = φ′(y)y′), ïðèäåì ê ëèíåéíîìó óðàâíåíèþ z′ + a(x)z = b(x).

Ïðèìåð 4. Ðàññìîòðèì óðàâíåíèå

y′

y
+

ln y

x
= 1.

Ðåøåíèå. Ðîëü ôóíêöèè φ(y) â ýòîì óðàâíåíèè èãðàåò ôóíêöèÿ ln y . Ïî-

ëàãàÿ z(x) = ln y(x), z′ =
y′

y
, ïðèäåì ê óðàâíåíèþ z′ +

z

x
= 1. Ðåøàÿ ýòî

óðàâíåíèå, íàéäåì z =
C

x
+
x

2
. Äåëàÿ îáðàòíóþ çàìåíó, ïîëó÷èì

ln y =
C

x
+
x

2
.
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4.4. Óðàâíåíèÿ Ðèêêàòè

Óðàâíåíèå âèäà

y′ = p(x)y2 + q(x)y + r(x) (4.10)

íàçûâàåòñÿ óðàâíåíèåì Ðèêêàòè. Â îòëè÷èå îò âñåõ óðàâíåíèé, ðàññìàòðè-

âàâøèõñÿ ðàíåå, óðàâíåíèå Ðèêêàòè íå âñåãäà èíòåãðèðóåòñÿ â êâàäðàòóðàõ.

×òîáû ðåøèòü åãî, íåîáõîäèìî çíàòü õîòÿ áû îäíî ÷àñòíîå ðåøåíèå y = y1(x)

ýòîãî óðàâíåíèÿ. Òîãäà çàìåíà y = y1 + z ïðèâîäèò ýòî óðàâíåíèå ê óðàâíå-

íèþ Áåðíóëëè. Îäíàêî, ïðîùå ñðàçó ñäåëàòü çàìåíó

y = y1 +
1

z
⇒ z =

1

y − y1
,

êîòîðàÿ ñâîäèò óðàâíåíèå Ðèêêàòè ê ëèíåéíîìó. Ðåøàÿ ýòî óðàâíåíèå è îñó-

ùåñòâëÿÿ îáðàòíóþ çàìåíó, ïîëó÷èì îáùåå ðåøåíèå óðàâíåíèÿ Ðèêêàòè, â

êîòîðîì ðåøåíèå y = y1(x) íå ñîäåðæèòñÿ íè ïðè êàêîì çíà÷åíèè ïðîèçâîëü-

íîé ïîñòîÿííîé C. Ïîýòîìó ýòî ðåøåíèå íóæíî òàêæå âêëþ÷èòü â îòâåò.

Ïðèìåð 5. Ðàññìîòðèì óðàâíåíèå

xy′ + y2 − 2y = 4x2 − 2x. (4.11)

Ðåøåíèå. Ïðåæäå âñåãî íóæíî íàéòè ÷àñòíîå ðåøåíèå. Çàìåòèì, ÷òî ïðà-

âàÿ ÷àñòü óðàâíåíèÿ ÿâëÿåòñÿ ìíîãî÷ëåíîì âòîðîé ñòåïåíè îò x è y . Ýòî

íàâîäèò íà ìûñëü èñêàòü ÷àñòíîå ðåøåíèå â âèäå y = ax+ b. Ïîäñòàâèâ ýòî

âûðàæåíèå â óðàâíåíèå, ïðèäåì ê íåîáõîäèìîñòè âûïîëíåíèÿ òîæäåñòâà:

ax+ a2x2 + 2abx+ b2 − 2ax− 2b ≡ 4x2 − 2x.

Ïðèðàâíÿåì êîýôôèöèåíòû ïðè x2 , x è ñâîáîäíûå ÷ëåíû. Ïîëó÷èì ïåðå-

îïðåäåëåííóþ ñèñòåìó óðàâíåíèé
a2 = 4

a+ 2ab− 2a = −2

b2 − 2b = 0.

Îäíàêî, ëåãêî âèäåòü, ÷òî ïàðà ÷èñåë a = 2, b = 0 ÿâëÿåòñÿ åå ðåøåíèåì.

Çíà÷èò, y1 = 2x åñòü ÷àñòíîå ðåøåíèå óðàâíåíèÿ (4.11).

Äåëàåì çàìåíó íåèçâåñòíîé ôóíêöèè y = 2x +
1

z
. Òîãäà y′ = 2 − z′

z2
.

Ïîäñòàâëÿÿ ýòî â óðàâíåíèå (4.11) è ïðèâîäÿ ïîäîáíûå ñëàãàåìûå, ïîëó÷àåì

óðàâíåíèå

−2z′x

z2
= −4x

z
− 1

z2
+

2

z
èëè z′ +

(1
x
− 2

)
z =

1

2x
.
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Åãî ðåøåíèå èìååò âèä

z = − 1

4x
+
C

x
e2x.

Ñäåëàâ îáðàòíóþ ïîäñòàíîâêó z =
1

y − 2x
, íàéäåì îáùèé èíòåãðàë óðàâíå-

íèÿ (4.11):
1

y − 2x
=

4Ce2x − 1

4x
.

Çàïèñàâ âûðàæåíèå 4C êàê íîâóþ ïðîèçâîëüíóþ ïîñòîÿííóþ C , âûðàçèì èç

ïîëó÷åííîãî ñîîòíîøåíèÿ y :

y = 2x+
4x

Ce2x − 1
, y = 2x.

Çàäà÷è.

Íàéòè îáùåå ðåøåíèå (îáùèé èíòåãðàë) èëè, åñëè óêàçàíû íà÷àëüíûå

óñëîâèÿ, ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèé:

1.
dy

dx
+ 2y = e−x.

2. x2 + x
dy

dx
= y, y(1) = 0.

3. (2x− y2)
dy

dx
= 2y.

4.
dy

dx
=

y

2y ln y + y − x
.

5. x
dy

dx
= 2

√
y cosx− 2y.

6. (2x2y ln y − x)
dy

dx
= y.

7. (x+ 1)(y
dy

dx
− 1) = y2.

8. (x2 − 1) sin y
dy

dx
+ 2x cos y = 2x− 2x3.

9. x

(
ey − dy

dx

)
= 2.

10.
dy

dx
− 2xy + y2 = 5− x2.

11.
dy

dx
+ 2yex − y2 = e2x + ex.
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Îòâåòû.

1. y = Ce−2x + e−x.

2. y = x− x2.

3. x = Cy − y2

2
.

4. x =
C

y
+ y ln y.

5. x
√
y = sin x+ C; y = 0.

6. xy(C − ln2 y) = 1.

7. y2 = C(x+ 1)2 − 2(x+ 1).

8. cos y = (x2 − 1) lnC(x2 − 1).

9. e−y = Cx2 + x.

10. y = x+ 2 +
4

Ce4x − 1
; y = x+ 2.

11. y = ex − 1

x+ C
; y = ex.

�5. Óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ. Èíòåãðèðóþùèé ìíî-
æèòåëü

5.1. Óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ

Ðàññìîòðèì óðàâíåíèå ïåðâîãî ïîðÿäêà, çàïèñàííîå â äèôôåðåíöèàëàõ. Ýòî

óðàâíåíèå

M(x, y) dx+N(x, y) dy = 0 (5.1)

íàçûâàåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ, åñëè åãî ëåâàÿ ÷àñòü ÿâ-

ëÿåòñÿ äèôôåðåíöèàëîì íåêîòîðîé ôóíêöèè F (x, y). Òîãäà ýòî óðàâíåíèå

ìîæíî ïåðåïèñàòü â âèäå dF (x, y) = 0, òàê ÷òî åãî ðåøåíèå áóäåò èìåòü âèä

F (x, y) = C. (5.2)

Åñëè ôóíêöèè M(x, y) è N(x, y) îïðåäåëåíû è íåïðåðûâíû â íåêîòîðîé

îäíîñâÿçíîé îáëàñòè D è èìåþò â íåé íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå

ïî x è ïî y , òî óðàâíåíèå (5.1) áóäåò óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ

òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ òîæäåñòâî

∂M(x, y)

∂y
≡ ∂N(x, y)

∂x
. (5.3)
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Åñëè óñëîâèå (5.3) âûïîëíåíî, òî êðèâîëèíåéíûé èíòåãðàë

(x, y)∫
(x0, y0)

M dx+N dy

íå çàâèñèò îò âûáîðà ïóòè èíòåãðèðîâàíèÿ, ïîýòîìó ôóíêöèþ F (x, y) ìîæíî

âîññòàíîâèòü ïî ëþáîé èç ôîðìóë

F (x, y) =

x∫
x0

M(x, y) dx+

y∫
y0

N(x0, y) dy (5.4)

èëè

F (x, y) =

y∫
y0

N(x, y) dy +

x∫
x0

M(x, y0) dx. (5.5)

Ïðè ýòîì íèæíèå ïðåäåëû x0 è y0 ìîæíî âûáèðàòü ïðîèçâîëüíî, ëèøü áû

òî÷êà (x0, y0) ïðèíàäëåæàëà îáëàñòè D (îáëàñòè îïðåäåëåíèÿ ôóíêöèé M

è N ). Çà ñ÷åò ïðàâèëüíîãî âûáîðà ÷èñåë x0 è y0 èíîãäà óäàåòñÿ óïðîñòèòü

âû÷èñëåíèÿ èíòåãðàëîâ (5.4), (5.5). Íàïðèìåð, åñëè ôóíêöèè M è N ÿâëÿ-

þòñÿ ìíîãî÷ëåíàìè îò x è y , öåëåñîîáðàçíî âûáèðàòü x0 = y0 = 0.

Ïðèìåð 1. Ðàññìîòðèì óðàâíåíèå

(4x3 + 6xy2) dx+ (6x2y + 10y4) dy = 0. (5.6)

Çäåñü
∂M(x, y)

∂y
=
∂N(x, y)

∂x
= 12xy , òàê ÷òî óñëîâèå (5.3) âûïîëíåíî.

Îáùèé èíòåãðàë íàéäåì ïî ôîðìóëå (5.4), âçÿâ x0 = y0 = 0:

F (x, y) =

x∫
0

(4x3 + 6xy2) dx+

y∫
0

10y4 dy = x4 + 3x2y2 + 2y5.

Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (5.6) èìååò âèä x4+3x2y2+2y5 = C .

Ýòî óðàâíåíèå ìîæíî ðåøàòü è äðóãèì ñïîñîáîì. Åãî ëåâàÿ ÷àñòü ïðåä-

ñòàâëÿåò ñîáîé äèôôåðåíöèàë íåêîòîðîé ôóíêöèè F (x, y), ïîýòîìó

∂F (x, y)

∂x
=M(x, y),

∂F (x, y)

∂y
= N(x, y). (5.7)

Áóäåì âðåìåííî ñ÷èòàòü â ïåðâîì óðàâíåíèè (5.7) ïåðåìåííóþ y íå çàâè-

ñÿùåé îò x. Òîãäà íà ýòî óðàâíåíèå ìîæíî ñìîòðåòü êàê íà îáûêíîâåííîå
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äèôôåðåíöèàëüíîå óðàâíåíèå, â êîòîðîì x � íåçàâèñèìàÿ ïåðåìåííàÿ, F �

èñêîìàÿ ôóíêöèÿ, à y � ïàðàìåòð. Èíòåãðèðóÿ, ïîëó÷àåì

F (x, y) =

x∫
x0

M(x, y) dx+ φ(y), (5.8)

òàê êàê ïåðâîîáðàçíûå M(x, y) îòëè÷àþòñÿ íà ôóíêöèþ, çàâèñÿùóþ îò y .

Âîçüìåì îò ýòîãî ðàâåíñòâà ÷àñòíóþ ïðîèçâîäíóþ ïî y , ó÷èòûâàÿ âòîðîå èç

ðàâåíñòâ (5.7):

∂

∂y

x∫
x0

M(x, y) dx+ φ′(y) = N(x, y).

Îòñþäà φ′(y) = N(x, y)− ∂

∂y

x∫
x0

M(x, y) dx. Èíòåãðèðóÿ, ïîëó÷àåì

φ(y) =

y∫
y0

N(x, y)− ∂

∂y

x∫
x0

M(x, y) dx

 dy.

Ïîäñòàâèâ ëþáîå çíà÷åíèå ýòîé ïåðâîîáðàçíîé â (5.8), íàéäåì îáùèé èíòå-

ãðàë èñõîäíîãî óðàâíåíèÿ ïî ôîðìóëå (5.2).

Ïðèìåð 2. Ðåøèì ýòèì ñïîñîáîì óðàâíåíèå (5.6) èç ïðåäûäóùåãî ïðèìåðà.

Ïðîèíòåãðèðîâàâ ôóíêöèþ M(x, y) = 4x3 + 6xy2 ïî ïåðåìåííîé x, ïîëó÷èì

F (x, y) = x4 + 3x2y2 + φ(y).

Ïðèðàâíèâàÿ
∂F

∂y
è N(x, y), ïîëó÷àåì

6x2y + φ′(y) = 6x2y + 10y4,

îòêóäà φ′(y) = 10y4 è φ(y) = 2y5 + const. Ïîëàãàÿ φ(y) = 2y5 , îáùèé èíòå-

ãðàë óðàâíåíèÿ çàïèøåì â âèäå x4 + 3x2y2 + 2y5 = C .

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. x(2x2 + y2) + y(x2 + 2y2)
dy

dx
= 0.

2.

(
sin y + y sinx+

1

x

)
dx+

(
x cos y − cosx+

1

y

)
dy = 0.
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3. (3x2y + y3) dx+ (x3 + 3xy2) dy = 0.

4.

(
sin 2x

y
+ x

)
dx+

(
y − sin2 x

y2

)
dy = 0.

5. 2y cos2 x
dy

dx
− (1 + y2 sin 2x) = 0.

Îòâåòû.

1. x4 + x2y2 + y4 = C.

2. x sin y − y cosx+ ln |xy| = C.

3. xy(x2 + y2) = C.

4.
sin2 x

y
+
x2 + y2

2
= C.

5. x− y2 cos2 x = C.

5.2. Ìåòîä èíòåãðèðóåìûõ êîìáèíàöèé

Â íåêîòîðûõ ñëó÷àÿõ óðàâíåíèå óäàåòñÿ ðåøèòü èëè óïðîñòèòü, âûäåëèâ â

íåì ãðóïïó ÷ëåíîâ, ïðåäñòàâëÿþùèõ ñîáîé ïîëíûé äèôôåðåíöèàë èëè âû-

ðàæåíèå, ëåãêî ïðèâîäÿùååñÿ ê ïîëíîìó äèôôåðåíöèàëó óìíîæåíèåì èëè

äåëåíèåì íà êàêóþ-íèáóäü ôóíêöèþ. Ïðè ýòîì ìîæíî èñïîëüçîâàòü ñîîòíî-

øåíèÿ

y dx+ x dy = d(xy), y dy =
1

2
d(y2), x dx+ y dy =

1

2
d(x2 + y2),

y dx− x dy = y2 d
(x
y

)
= −x2d

(y
x

)
,

dx

x
= d(lnx) è ò. ï.

Ïðèìåð 3. Ðåøèì óðàâíåíèå

xy dx = (y3 + x2y + x2) dy. (5.9)

Ðåøåíèå. Ïåðåïèøåì åãî â âèäå

x(y dx− x dy) = (y3 + x2y) dy

è, âûäåëèâ èíòåãðèðóåìóþ êîìáèíàöèþ, ñäåëàåì çàìåíó t = y/x:

x · (−x2)d
(y
x

)
= (y3 + x2y) dy, −d

(y
x

)
=

((y
x

)3

+
(y
x

))
dy.

Ïîëó÷àåì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

−dt = (t3 + t) dy,
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èíòåãðèðóÿ êîòîðîå, íàéäåì

1

2
ln |t2 + 1| − ln |t| = y + C.

Îòñþäà íàõîäèì

ln
∣∣∣1 + x2

y2

∣∣∣ = 2y + C.

Â ïðîöåññå ðåøåíèÿ ìû äåëèëè íà x è íà t = y/x. ßñíî, ÷òî y = 0 ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ (5.9), à x = 0 íå ÿâëÿåòñÿ.

Ïðèìåð 4. Ðàññìîòðèì óðàâíåíèå(y
x
+ 3x2

)
dx+

(
1 +

x3

y

)
dy = 0. (5.10)

Äîìíîæèì åãî íà x è âûäåëèì êîìáèíàöèþ y dx+ x dy :

y dx+ x dy + 3x3 dx+
x4

y
dy = 0

èëè

d(xy) + 3x3 dx+
x4

y
dy = 0.

Ñäåëàåì çàìåíó t = xy , òîãäà y = t/x, dy =
dt

x
− t dx

x2
:

dt+ 3x3 dx+
x5

t

(dt
x

− t dx

x2

)
= 0 èëè dt+ 2x3 dx+

x4

t
dt = 0.

Óìíîæèì óðàâíåíèå íà t è ñäåëàåì åùå îäíó çàìåíó u = x2 :

t dt+ t · 2x · x2 dx+ (x2)2 dt = 0, t dt+ tu du+ u2 dt = 0.

Âûäåëèì â ïîñëåäíåì óðàâíåíèè èíòåãðèðóåìóþ êîìáèíàöèþ t du + u dt =

d(ut) è äîìíîæèì åãî íà t åùå ðàç:

t2 dt+ ut d(ut) = 0.

Ñëåäîâàòåëüíî,
1

3
t3 +

1

2
(ut)2 = C.

Ïðîèçâåäåì îáðàòíóþ çàìåíó è ïîëó÷èì îáùèé èíòåãðàë óðàâíåíèÿ (5.10) â

âèäå
1

3
x3y3 +

1

2
x6y2 = C.
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Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. (x2 + y2 + x) + y
dy

dx
= 0.

2. (x2 + y2 + y)− x
dy

dx
= 0.

3. (x2y3 + y) dx+ (x3y2 − x) dy = 0.

4. (2x3y2 − y) dx+ (2x2y3 − x) dy = 0.

5. y2(y dx− 2x dy) = x3(x dy − 2y dx).

Îòâåòû.

1. 2x+ ln(x2 + y2) = C.

2. x+ arctg
x

y
= C.

3.
y2

x2
e−x

2y2 = C; x = 0.

4. xy(C − x2 − y2) + 1 = 0; x = 0; y = 0.

5. x3 − 4y2 = Cx1/3y4/3; x = 0; y = 0.

5.3. Èíòåãðèðóþùèé ìíîæèòåëü

Ôóíêöèÿ µ(x, y) íàçûâàåòñÿ èíòåãðèðóþùèì ìíîæèòåëåì äëÿ óðàâíåíèÿ

M(x, y) dx+N(x, y) dy = 0, (5.11)

åñëè ïîñëå óìíîæåíèÿ íà íåå ýòî óðàâíåíèå ñòàíîâèòñÿ óðàâíåíèåì â ïîëíûõ

äèôôåðåíöèàëàõ. Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ µ óäîâëåòâîðÿåò óñëîâèþ

∂(µM)

∂y
≡ ∂(µN)

∂x
,

èëè

N
∂µ

∂x
−M

∂µ

∂y
=

(
∂M

∂y
− ∂N

∂x

)
µ. (5.12)

Ïîäåëèâ îáå ÷àñòè ïîñëåäíåãî óðàâíåíèÿ íà µ, ïåðåïèøåì åãî â âèäå

N
∂ lnµ

∂x
−M

∂ lnµ

∂y
=
∂M

∂y
− ∂N

∂x
. (5.13)

Òàêèì îáðàçîì, èíòåãðèðóþùèé ìíîæèòåëü µ óäîâëåòâîðÿåò óðàâíåíèÿì â

÷àñòíûõ ïðîèçâîäíûõ (5.12) èëè (5.13). Íåñìîòðÿ íà òî, ÷òî ýòè óðàâíåíèÿ,

êàê ïðàâèëî, èìåþò áåñêîíå÷íî ìíîãî ðåøåíèé, çàäà÷à èõ íàõîæäåíèÿ â îá-

ùåì ñëó÷àå íè÷óòü íå ëåã÷å ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ (5.11).
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Ïðåäïîëîæèì, ÷òî óðàâíåíèå (5.11) èìååò èíòåãðèðóþùèé ìíîæèòåëü,

çàâèñÿùèé îò íåêîòîðîé êîìáèíàöèè ω(x, y): µ = µ(ω(x, y)). Òîãäà óñëîâèÿ

(5.12) ïåðåïèøóòñÿ â âèäå

N
dµ

dω

∂ω

∂x
−M

dµ

dω

∂ω

∂y
=

(
∂M

∂y
− ∂N

∂x

)
µ

èëè

d lnµ

dω
=

∂M

∂y
− ∂N

∂x

N
∂ω

∂x
−M

∂ω

∂y

.

Íåòðóäíî óâèäåòü, ÷òî òàêîé ìíîæèòåëü ñóùåñòâóåò, åñëè ïðàâàÿ ÷àñòü åñòü

ôóíêöèÿ ω(x, y) èëè ÿâëÿåòñÿ ïîñòîÿííîé.

Íà ïðàêòèêå öåëåñîîáðàçíî ïûòàòüñÿ îòûñêèâàòü èíòåãðèðóþùèé ìíîæè-

òåëü, çàâèñÿùèé òîëüêî îò x èëè òîëüêî îò y .

Ïóñòü

1) µ = µ(x). Òîãäà

d lnµ

dx
=

∂M

∂y
− ∂N

∂x

N
,

è òàêîé ìíîæèòåëü ñóùåñòâóåò, åñëè ïðàâàÿ ÷àñòü çàâèñèò òîëüêî îò x èëè

ÿâëÿåòñÿ ïîñòîÿííîé.

2) µ = µ(y). Òîãäà

d lnµ

dy
=

∂M

∂y
− ∂N

∂x

−M
,

è ïðàâàÿ ÷àñòü äîëæíà çàâèñåòü òîëüêî îò y èëè áûòü ïîñòîÿííîé.

Ïðèìåð 5. Ðàññìîòðèì óðàâíåíèå

(1− x2y) dx+ x2(y − x) dy = 0. (5.14)

Ðåøåíèå. Â ýòîì óðàâíåíèè M = 1− x2y , N = x2y − x3 è

∂M

∂y
− ∂N

∂x
= −x2 − (2xy − 3x2) = 2x(x− y) ̸= 0,

ïîýòîìó ýòî óðàâíåíèå íå ÿâëÿåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ.

Ïðîâåðèì, íå èìååò ëè îíî èíòåãðèðóþùåãî ìíîæèòåëÿ, çàâèñÿùåãî òîëüêî

îò x:

d lnµ

dx
=

∂M

∂y
− ∂N

∂x

N
=

2x(x− y)

x2(y − x)
= −2

x
.
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Â ïðàâîé ÷àñòè ñòîèò ôóíêöèÿ îò x, çíà÷èò, òàêîé ìíîæèòåëü ñóùåñòâóåò è

íàõîäèòñÿ ñëåäóþùèì îáðàçîì:

d lnµ

dx
= −2

x
èëè d lnµ = −2 dx

x
, îòêóäà µ =

1

x2
.

Óìíîæèâ óðàâíåíèå (5.14) íà ýòó ôóíêöèþ, ïîëó÷èì( 1

x2
− y

)
dx+ (y − x) dy = 0,

dx

x2
+ y dy − (y dx+ x dy) = 0.

Ñëåäîâàòåëüíî,

d
(
−1

x

)
+

1

2
d(y2)− d(xy) = 0, îòêóäà − 1

x
+

1

2
y2 − xy = C.

Åùå ìû äîëæíû ïðîâåðèòü, íå îáðàùàåòñÿ ëè ôóíêöèÿ µ(x) â íóëü è ïðè

âñåõ ëè x îíà ñóùåñòâóåò. Ïðîâåðêà ïîêàçûâàåò, ÷òî x = 0 òàêæå ÿâëÿåòñÿ

ðåøåíèåì èñõîäíîãî óðàâíåíèÿ (5.14).

Çàäà÷è.

Ïðîèíòåãðèðîâàòü óðàâíåíèÿ, îòûñêàâ ïðåäâàðèòåëüíî èíòåãðèðóþùèé

ìíîæèòåëü, çàâèñÿùèé îò îäíîé èç ïåðåìåííûõ:

1. (x2 + y2 + x) dx+ y dy = 0.

2. (2xy2 − 3y3) dx+ (7− 3xy2) dy = 0.

3. (1− x2y) dx+ x2(y − x) dy = 0.

4. 2xy − y dx− (x2 + y) dy = 0.

5. (x+ sin x+ sin y) dx+ cos y dy = 0.

Îòâåòû.

1. 2x+ ln(x2 + y2) = C.

2. x2 − 7

y
− 3xy = C; y = 0.

3. xy2 − 2x2y − 2 = Cx; x = 0.

4. x2 − y ln |y| = Cy; y = 0.

5. 2 sin y + 2(x− 1) + sin x− cosx = Ce−x.
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�6. Óðàâíåíèÿ, íå ðàçðåøåííûå îòíîñèòåëüíî ïðîèçâîäíîé

Â ýòîì ïàðàãðàôå ìû áóäåì ðàññìàòðèâàòü îáùèå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

F (x, y, y′) = 0. (6.1)

6.1. Îñîáûå ðåøåíèÿ

Ðåøåíèå y = φ(x) óðàâíåíèÿ (6.1) íàçûâàåòñÿ îñîáûì, åñëè â êàæäîé ñâîåé

òî÷êå îíî êàñàåòñÿ êàêîãî-ëèáî äðóãîãî ðåøåíèÿ ýòîãî óðàâíåíèÿ (íî íå ñîâ-

ïàäàåò ñ íèì â íèêàêîé îêðåñòíîñòè ýòîé òî÷êè). Ýòî îçíà÷àåò, ÷òî â òî÷êàõ

îñîáîãî ðåøåíèÿ íàðóøàåòñÿ òåîðåìà î åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êî-

øè. Èíòåãðàëüíàÿ êðèâàÿ, ñîîòâåòñòâóþùàÿ îñîáîìó ðåøåíèþ, íàçûâàåòñÿ

îñîáîé èíòåãðàëüíîé êðèâîé.

Åñëè ôóíêöèÿ F (x, y, y′) íåïðåðûâíà è èìååò ÷àñòíóþ ïðîèçâîäíóþ ïî y′ ,

òî îñîáîå ðåøåíèå ìîæíî èñêàòü ñëåäóþùèì îáðàçîì. Íóæíî èñêëþ÷èòü y′

èç ñèñòåìû óðàâíåíèé

F (x, y, y′) = 0,
∂F (x, y, y′)

∂y′
= 0. (6.2)

Ïîëó÷åííîå ñîîòíîøåíèå ìåæäó x è y áóäåò çàäàâàòü êðèâóþ, íàçûâàåìóþ

äèñêðèìèíàíòíîé êðèâîé. Ïîñëå ýòîãî äëÿ êàæäîé âåòâè äèñêðèìèíàíòíîé

êðèâîé (åñëè èõ íåñêîëüêî) íóæíî ïðîâåðèòü, ÿâëÿåòñÿ ëè îíà ðåøåíèåì

óðàâíåíèÿ (6.1) è â òîì ñëó÷àå, åñëè ÿâëÿåòñÿ, ïðîâåðèòü, áóäåò ëè ýòî ðåøå-

íèå îñîáûì.

Åñëè ñåìåéñòâî ðåøåíèé Φ(x, y, C) = 0 óðàâíåíèÿ (6.1) èìååò îãèáàþùóþ,

òî ýòà îãèáàþùàÿ áóäåò îñîáûì ðåøåíèåì. ×òîáû íàéòè îãèáàþùóþ, íóæíî

èñêëþ÷èòü C èç ñèñòåìû óðàâíåíèé

Φ(x, y, C) = 0,
∂Φ(x, y, C)

∂C
= 0 (6.3)

è ïðîâåðèòü, áóäåò ëè ïîëó÷åííàÿ êðèâàÿ â êàæäîé ñâîåé òî÷êå êàñàòüñÿ

êàêîé-òî èç êðèâûõ ýòîãî ñåìåéñòâà.

Ïðèìåð 1. Ðåøèòü óðàâíåíèå

3y2y′2 − 2xyy′ + 4y2 − x2 = 0, (6.4)

íàéòè îñîáûå ðåøåíèÿ, äàòü ÷åðòåæ.

Ðåøåíèå. Äàííîå óðàâíåíèå � êâàäðàòíîå îòíîñèòåëüíî y′ . Äèñêðèìè-

íàíò ðàâåí D = 4x2y2 − 12y2(4y2 − x2) = 16y2(x2 − 3y2). Ñëåäîâàòåëüíî,

y′ =
2xy ± 4y

√
x2 − 3y2

6y2
=

x

3y
± 2

3

√(
x

y

)2

− 3.
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Ýòî îäíîðîäíûå óðàâíåíèÿ. Ïîýòîìó ñäåëàåì çàìåíó (3.4): y = tx. Ïîëó÷èì

t′x+ t =
1

3t
±
√

1

t2
− 3, îòêóäà

3t′x =
1− 3t2 ± 2

√
1− 3t2

t
èëè

3t dt

1− 3t2 ± 2
√
1− 3t2

=
dx

x
.

×òîáû âû÷èñëèòü èíòåãðàë

∫
3t dt

1− 3t2 ± 2
√
1− 3t2

, íóæíî ñäåëàòü ñíà÷àëà

çàìåíó 1 − 3t2 = u, à ïîòîì v =
√
u (ïðîäåëàéòå ýòî ñàìè!). Èíòåãðèðóÿ,

ïîëó÷àåì

− ln
∣∣√1− 3t2 ± 2

∣∣ = ln |Cx|

(ìû çàïèñàëè ïîñòîÿííóþ èíòåãðèðîâàíèÿ â âèäå ln |C| è ñ÷èòàåì, ÷òî ýòà

ïîñòîÿííàÿ ïîäîáðàíà òàê, ÷òîáû ïðîèçâåäåíèå Cx áûëî ïîëîæèòåëüíûì),

îòêóäà x
(√

1− 3t2 ± 2
)
= C . Ñäåëàâ îáðàòíóþ çàìåíó t = y/x, ïîëó÷èì√

1− 3y2

x2
=
C

x
± 2. Ïðè âîçâåäåíèè â êâàäðàò çíàê ¾±¿ ìîæíî óáðàòü, òàê

êàê ïîñòîÿííàÿ C ìîæåò áûòü ëþáîãî çíàêà. Ïîýòîìó
C2

x2
− 4C

x
+4 = 1− 3y2

x2
,

èëè C2−4Cx+3x2+3y2 = 0. Ýòî óðàâíåíèå çàäàåò êðèâóþ âòîðîãî ïîðÿäêà

íà ïëîñêîñòè (x, y), à èìåííî, îêðóæíîñòü, òàê êîýôôèöèåíòû ïðè x2 è y2

ðàâíû. ×òîáû çàïèñàòü åå óðàâíåíèå â íàèáîëåå ïðîñòîì âèäå, çàìåíèì ïî-

ñòîÿííóþ C íà 3C è ïîëó÷èì îêîí÷àòåëüíî 3x2+3y2−12Cx+12C2−3C2 = 0

èëè

(x− 2C)2 + y2 = C2. (6.5)

Èòàê, ðåøåíèåì óðàâíåíèÿ (6.4) ñëóæèò ñåìåéñòâî îêðóæíîñòåé ñ öåíòðàìè

â òî÷êàõ (2C, 0) è ðàäèóñàìè |C|.
Â ïðîöåññå ðåøåíèÿ ìû äåëèëè íà t è íà âûðàæåíèå 1− 3t2 ± 2

√
1− 3t2 .

Ñëó÷àé t = 0 äàåò ôóíêöèþ y = 0, êîòîðàÿ íå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî

óðàâíåíèÿ. Åñëè 1 − 3t2 ± 2
√
1− 3t2 = 0, òî 1 − 3t2 = 0 èëè 1 − 3t2 = 4.

Ïåðâîå óðàâíåíèå äàåò t = ± 1√
3
. Âòîðîå óðàâíåíèå íå èìååò ðåøåíèé. Ëåãêî

âèäåòü, ÷òî ôóíêöèè y = ± x√
3
òîæå ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ (6.4).

Èçîáðàçèì ðåøåíèÿ óðàâíåíèÿ íà ðèñóíêå. Ïî ÷åðòåæó âèäíî, ÷òî ïðÿìûå

y = ± x√
3

êàñàþòñÿ ñåìåéñòâà îêðóæíîñòåé. Ñëåäîâàòåëüíî, îíè äîëæíû

çàäàâàòü îñîáûå ðåøåíèÿ. Óáåäèìñÿ, ÷òî ýòî äåéñòâèòåëüíî òàê.
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x

y

O

Ðèñ. 2.

Çàïèøåì ñèñòåìó óðàâíåíèé (6.2):

3y2y′2 − 2xyy′ + 4y2 − x2 = 0, 6y2y′ − 2xy = 0.

Âûðàçèì èç âòîðîãî óðàâíåíèÿ y′ =
x

3y
è ïîäñòàâèì â ïåðâîå óðàâíåíèå.

Ïîñëå î÷åâèäíûõ ïðåîáðàçîâàíèé ïîëó÷èì y2 =
x

3
. Òàêèì îáðàçîì, äèñêðè-

ìèíàíòíàÿ êðèâàÿ ñîñòîèò èç äâóõ âåòâåé � ïðÿìûõ y = ± x√
3
.

Âûÿñíèì, áóäóò ëè ýòè ðåøåíèÿ îñîáûìè. Ïóñòü φ(x) =
x√
3
. Âûðàçèì y

èç ôîðìóëû îáùåãî ðåøåíèÿ (6.5):

y = ±
√
C2 − (x− 2C)2 = ±

√
−x2 + 4Cx− 3C2.

Â ñèëó ñèììåòðèè êàðòèíû îòíîñèòåëüíî îñè Oy ìîæíî îãðàíè÷èòüñÿ ðàñ-

ñìîòðåíèåì ñëó÷àÿ x, y > 0. Â êàæäîé òî÷êå x0 > 0 äîëæíû âûïîëíÿòüñÿ

óñëîâèÿ êàñàíèÿ ãðàôèêîâ ôóíêöèé y = φ(x) è y =
√
−x2 + 4Cx− 3C2 :

y(x0) = φ(x0), y′(x0) = φ′(x0). (6.6)

Çàïèøåì ýòè óñëîâèÿ:√
−x20 + 4Cx0 − 3C2 =

x0√
3
,

2C − x√
−x2 + 4Cx− 3C2

∣∣∣∣
x=x0

=
1√
3
.

Èç ïåðâîãî óðàâíåíèÿ, âîçâîäÿ â êâàäðàò, èìååì −x20 + 4Cx0 − 3C2 =
x0
3
,

îòêóäà (3C − 2x0)
2 = 0, ñëåäîâàòåëüíî, C =

2

3
x0 . Ïîäñòàâèì ýòî çíà÷åíèå C
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âî âòîðîå óðàâíåíèå. Ëåãêî âèäåòü, ÷òî ìû ïîëó÷èì òîæäåñòâî
1√
3
=

1√
3
.

Òàêèì îáðàçîì, ðåøåíèÿ y =
x√
3
è y =

√
−x2 + 4Cx− 3C2 äåéñòâèòåëüíî

êàñàþòñÿ â òî÷êå ñ àáñöèññîé x0 ïðè C =
2

3
x0 . Ïîýòîìó y =

x√
3
ÿâëÿåòñÿ

îñîáûì ðåøåíèåì óðàâíåíèÿ (6.4). Ïðîâåðêà òîãî, ÷òî y = − x√
3
òàêæå ÿâ-

ëÿåòñÿ îñîáûì ðåøåíèåì, îñóùåñòâëÿåòñÿ àíàëîãè÷íî. Âïðî÷åì, åå ìîæíî íå

äåëàòü, åñëè çàìåòèòü, ÷òî ãðàôèêè âñåõ ðåøåíèé ñèììåòðè÷íû îòíîñèòåëüíî

îñè Ox.

Â ðàññìàòðèâàåìîì ïðèìåðå ëåãêî ìîæíî âûðàçèòü y èç ôîðìóëû îáùåãî

ðåøåíèÿ, çàäàííîãî íåÿâíî ñîîòíîøåíèåì (6.5). Ïðè ðåøåíèè äðóãèõ çàäà÷

ýòî ìîæåò îêàçàòüñÿ íåâîçìîæíûì. Ïîýòîìó ïîêàæåì, êàê ïðîâåðÿòü, ÿâëÿ-

åòñÿ ëè ðåøåíèå y = φ(x) îñîáûì, íå ðàçðåøàÿ ñîîòíîøåíèÿ Φ(x, y, C) = 0,

çàäàþùåãî îáùåå ðåøåíèå, îòíîñèòåëüíî y .

Èòàê, îáùåå ðåøåíèå y(x) óäîâëåòâîðÿåò íåÿâíîìó ñîîòíîøåíèþ (6.5):

x2 − 4Cx+ 3C2 + y2 = 0. Ïðîäèôôåðåíöèðóåì ýòî ðàâåíñòâî ïî x. Ïîëó÷èì

2x−4C+2yy′ = 0, ò.å., yy′ = 2C−x. Çàïèøåì ïåðâîå èç óñëîâèé (6.6) (óñëîâèå

íàëè÷èÿ îáùåé òî÷êè ó ãðàôèêîâ ïðè x = x0) êàê ñèñòåìó óðàâíåíèé

y0 =
x0√
3
, x20 − 4Cx0 + 3C2 + y20 = 0.

Ïîäñòàâèì y0 èç ïåðâîãî ðàâåíñòâà âî âòîðîå. Ïîëó÷èì òî æå ñàìîå ðàâåí-

ñòâî (3C−2x0)
2 = 0, ÷òî è âûøå. Òåïåðü ïðîâåðèì, ÷òî âûïîëíÿåòñÿ óñëîâèå

êàñàíèÿ y′(x0) = φ′(x0). Îíî îçíà÷àåò, ÷òî ïðè x = x0 ïðîèçâîäíûå ôóíêöèé

y(x) è φ(x) îäèíàêîâû. Èìååì φ′(x0) =
1√
3
. Ïðîèçâîäíàÿ y′(x) óäîâëåòâî-

ðÿåò ñîîòíîøåíèþ yy′ = 2C−x. Ïîäñòàâèì â ýòî ðàâåíñòâî x = x0 , y =
x0√
3
,

C =
2

3
x0 . Ïîëó÷èì

x0√
3
y′(x0) =

x0
3
, îòêóäà y′(x0) =

1√
3
= φ′(x0).

Êðîìå òîãî, îñîáîå ðåøåíèå ìîæíî íàéòè êàê îãèáàþùóþ ñåìåéñòâà îá-

ùèõ ðåøåíèé. Ñäåëàåì ýòî â ðàññìàòðèâàåìîì ïðèìåðå. Çàïèøåì óñëîâèÿ

(6.3):

x2 − 4Cx+ 3C2 + y2 = 0, −4x+ 6C = 0.

Âûðàçèì èç âòîðîãî óðàâíåíèÿ C =
2

3
x è ïîäñòàâèì âî âòîðîå óðàâíåíèå.

Ïîëó÷èì y2 − x2

3
= 0, îòêóäà y = ± x√

3
. Òåïåðü ïðîâåðêó òîãî, ÷òî ýòî

îñîáûå ðåøåíèÿ, ìîæíî îñóùåñòâèòü ëþáûì èç âûøåîïèñàííûõ ñïîñîáîâ.
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6.2. Ñëó÷àé, êîãäà óðàâíåíèå óäàåòñÿ ðàçðåøèòü îòíîñèòåëüíî ïðîèçâîäíîé

Ïîëó÷èòñÿ îäíî èëè íåñêîëüêî óðàâíåíèé âèäà y′ = f(x, y). Èõ íóæíî ðåøàòü

îáû÷íûìè ìåòîäàìè.

Ïðèìåð 2. Ðàññìîòðèì óðàâíåíèå yy′2 + (x− y)y′ − x = 0. Ýòî óðàâíåíèå

� êâàäðàòíîå îòíîñèòåëüíî y′ . Ðåøèâ åãî, ïîëó÷èì y′ = 1 èëè y′ = −x
y
. Ðå-

øåíèåì ïåðâîãî óðàâíåíèÿ ñëóæàò ôóíêöèè y = x+C . Âî âòîðîì óðàâíåíèè

ðàçäåëÿþòñÿ ïåðåìåííûå: y dy = −x dx. Èíòåãðèðóÿ, ïîëó÷èì y2 + x2 = C .

Â ïðîöåññå ðåøåíèÿ ìû ïðîèçâîäèëè äåëåíèå íà y . Ëåãêî âèäåòü, ÷òî y = 0

íå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ. Òàêèì îáðàçîì, îíî èìååò äâà

ñåìåéñòâà ðåøåíèé.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ; âûäåëèòü îñîáûå ðåøåíèÿ (åñëè îíè åñòü):

1. (y′ + 1)3 − 27(x+ y)2 = 0.

2. y2(y′2 + 1) = 1.

3. y′2 = 4y3(1− y).

4. 8(y′ − 1)3 = 27(y − x).

5. 4(1− y) = (3y − 2)2y′2.

6. y′3 + y2 = yy′(y′ + 1).

7. y′2 + xy = y2 + xy′.

8. y′2 − 2xy′ = 8x2.

9. y′(2y − y′) = y2 sin2 x.

10. y(y − 2xy′)2 = 2y′.

11. x(y − xy′)2 = xy′2 − 2yy′.

v 12. y(xy′ − y)2 = y − 2xy′.

Îòâåòû.

1. y + x = (x+ C)3; y = −x.
2. (x+ C)2 + y2 = 1; y = ±1.

3. y[1 + (x+ C)2] = 1; y = 0; y = 1.

4. (y − x)2 = (x+ C)3; y = x.

5. y2(1− y) = (x+ C)2; y = 1.

6. 4y = (x+ C)2; y = Cex.

7. y = Cex; y = Ce−x + x− 1.
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8. y = 2x2 + C; y = −x2 + C.

9. lnCy = x± sinx; y = 0.

10. y2 = C2x− C; 4xy2 = −1.

11. x2 + (Cy + 1)2 = 1; y = 0.

12. (Cx+ 1)2 = 1− y2; y = ±1.

6.3. Ìåòîä ââåäåíèÿ ïàðàìåòðà

Ýòîò ìåòîä ìîæíî ïðèìåíÿòü, êîãäà óðàâíåíèå (6.1) óäàåòñÿ ðàçðåøèòü îò-

íîñèòåëüíî x èëè y . Ðàññìîòðèì îáà ýòèõ ñëó÷àÿ ïîäðîáíåå.

1) Óðàâíåíèå (6.1) ìîæíî ðàçðåøèòü îòíîñèòåëüíî y , òî åñòü, ïåðåïèñàòü

â âèäå

y = f(x, y′). (6.7)

Îáîçíà÷èì y′ = p. Âîçüìåì äèôôåðåíöèàë îò îáåèõ ÷àñòåé ðàâåíñòâà y =

f(x, p). Ïîëó÷èì dy =
∂f

∂x
dx +

∂f

∂p
dp. Ïîäñòàâèâ â íåãî dy = p dx, ïîëó÷èì

óðàâíåíèå, ñîäåðæàùåå òîëüêî ïåðåìåííûå x è p:

p dx =
∂f(x, p)

∂x
dx+

∂f(x, p)

∂p
dp.

Åñëè âçÿòü p çà íåçàâèñèìóþ ïåðåìåííóþ (ðàçðåøèòü óðàâíåíèå îòíîñèòåëü-

íî
dx

dp
) è íàéòè îáùåå ðåøåíèå x = φ(p, C) ïîëó÷åííîãî óðàâíåíèÿ, òî îáùåå

ðåøåíèå óðàâíåíèÿ (6.7) ìîæíî çàïèñàòü â ïàðàìåòðè÷åñêîì âèäå

x = φ(p, C), y = f(φ(p, C), p).

Îòìåòèì, ÷òî ïðè ýòîì ìîæåò áûòü ïîòåðÿíî ðåøåíèå çà ñ÷åò îáðàùåíèÿ â

íóëü âûðàæåíèÿ p− ∂f(x, p)

∂x
.

Åñëè æå çà íåçàâèñèìóþ ïåðåìåííóþ âçÿòü x (ðàçðåøèòü óðàâíåíèå îò-

íîñèòåëüíî
dp

dx
) è çàïèñàòü ðåøåíèå ýòîãî óðàâíåíèÿ â âèäå p = φ(x,C), òî

ïîäñòàâëÿÿ íàéäåííîå çíà÷åíèå p â èñõîäíîå óðàâíåíèå (6.7), íàéäåì åãî îá-

ùåå ðåøåíèå â âèäå y = f(x, φ(x,C)). Ïðè ýòîì òàêæå ìîæåò áûòü ïîòåðÿíî

ðåøåíèå çà ñ÷åò îáðàùåíèÿ â íóëü âûðàæåíèÿ
∂f(x, p)

∂p
.

2) Óðàâíåíèå (6.1) ìîæíî ðàçðåøèòü îòíîñèòåëüíî x, òî åñòü, ïåðåïèñàòü

â âèäå

x = g(y, y′). (6.8)

Ñíîâà ââåäåì ïàðàìåòð p = y′ . Âîçüìåì äèôôåðåíöèàë îò îáåèõ ÷àñòåé ðà-

âåíñòâà x = g(y, p). Ïîëó÷èì dx =
∂g

∂y
dy+

∂g

∂p
dp. Ïîäñòàâèâ â íåãî dx = dy/p,
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ïîëó÷èì óðàâíåíèå, ñîäåðæàùåå òîëüêî ïåðåìåííûå y è p:

dx

p
=
∂g(y, p)

∂y
dy +

∂g(y, p)

∂p
dp.

Åñëè âçÿòü p çà íåçàâèñèìóþ ïåðåìåííóþ è íàéòè åãî îáùåå ðåøåíèå y =

ψ(p, C), òî îáùåå ðåøåíèå óðàâíåíèÿ (6.8) ìîæíî çàïèñàòü â ïàðàìåòðè÷å-

ñêîì âèäå

y = ψ(p, C), x = g(ψ(p, C), p).

Åñëè æå çà íåçàâèñèìóþ ïåðåìåííóþ âçÿòü y , è çàïèñàòü ðåøåíèå ýòîãî

óðàâíåíèÿ â âèäå p = ψ(y, C), òî ïîäñòàâëÿÿ åãî â èñõîäíîå óðàâíåíèå (6.8),

çàïèøåì åãî îáùèé èíòåãðàë x = g(y, ψ(y, C)). Çäåñü òàêæå êàê â ñëó÷àå 1)

ñëåäóåò èçáåãàòü ïîòåðè ðåøåíèé.

Ïðèìåð 3. Ðåøèòü óðàâíåíèå,

x− y =
3

2
y′2 − y′3, (6.9)

íàéòè îñîáûå ðåøåíèÿ, äàòü ÷åðòåæ.

Ðåøåíèå. Ïîñêîëüêó äàííîå óðàâíåíèå ÿâëÿåòñÿ êóáè÷åñêèì îòíîñèòåëü-

íî y′ , ìû íå áóäåì ïûòàòüñÿ ðàçðåøèòü åãî îòíîñèòåëüíî ïðîèçâîäíîé, à

ïðèìåíèì ìåòîä ââåäåíèÿ ïàðàìåòðà. Èìååì x − y =
3

2
p2 − p3 , ïîýòîìó

dx− dy = 3(p− p2) dp. Çàìåíèâ dy = p dx, ïîëó÷èì

(1− p) dx = 3p(1− p) dp. (6.10)

Îòñþäà dx = 3p dp, ñëåäîâàòåëüíî x =
3

2
p2+C è y = x−3

2
p2+p3 = p3+C . Èç

ïîëó÷åííûõ ïàðàìåòðè÷åñêèõ óðàâíåíèé îáùåãî ðåøåíèÿ ìîæíî èñêëþ÷èòü

ïàðàìåòð p ñëåäóþùèì îáðàçîì: çàïèøåì x−C =
3

2
p2 , y−C = p3 . Âîçâåäåì

ïåðâîå ðàâåíñòâî â êóá, à âòîðîå � â êâàäðàò. Ïîñëå èñêëþ÷åíèÿ p6 îñòàíåòñÿ

27(y − C)2 = 8(x− C)3. (6.11)

Êðîìå òîãî, p = 1 òàêæå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (6.10). Ïîäñòàâëÿÿ

ýòî çíà÷åíèå p â èñõîäíîå óðàâíåíèå, ïîëó÷èì x− y =
1

2
. Ëåãêî âèäåòü, ÷òî

y = x− 1

2
òàêæå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (6.9).

×òîáû íàéòè äèñêðèìèíàíòíóþ êðèâóþ, çàïèøåì ñèñòåìó óðàâíåíèé (6.2):

x− y =
3

2
p2 − p3, 0 = 3p− 3p2.
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Èç âòîðîãî óðàâíåíèÿ ñðàçó ïîëó÷èì p = 0 èëè p = 1. Ñëåäîâàòåëüíî, äèñ-

êðèìèíàòíàÿ êðèâàÿ ñîñòîèò èç äâóõ ïðÿìûõ ëèíèé

y = x, y = x− 1

2
.

Âåòâü y = x äèñêðèìèíàíòíîé êðèâîé âîîáùå íå ÿâëÿåòñÿ ðåøåíèåì óðàâ-

íåíèÿ (êàê âèäíî èç ÷åðòåæà, îíà ñîñòîèò èç òî÷åê âîçâðàòà êðèâûõ îáùåãî

ðåøåíèÿ).

x

y

y = x− 1

2

y = x

Ðèñ. 3.

Ïðîâåðèì, ÷òî ïðÿìàÿ y = x − 1

2
ÿâëÿåòñÿ îñîáûì ðåøåíèåì. Çàïèøåì

óñëîâèå êàñàíèÿ êðèâûõ 27(y−C)2 = 8(x−C)3 è y = x− 1

2
â òî÷êå (x0, y0).

Âçÿâ ïðîèçâîäíóþ îò ïåðâîãî ðàâåíñòâà, ïîëó÷èì 9y′(y − C) = 4(x − C)2 .
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Îòñþäà y′ =
4(x− C)2

9(y − C)
. Ïîýòîìó óñëîâèÿ (6.6) çàïèøóòñÿ â âèäå

27(y0 − C)2 = 8(x0 − C)2, y0 = x0 −
1

2
,

4(x0 − C)2

9(y0 − C)
= 1.

Ïðîâåðèì, ÷òî ýòà ñèñòåìà ñîâìåñòíà. Èç ïåðâîãî è òðåòüåãî ðàâåíñòâ ïîëó-

÷àåì 2(x0 − C)4 = 3(x0 − C)3 . Åñëè x0 − C = 0, òî èç ïåðâîãî ðàâåíñòâà

y0 − C = 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ y0 = x0 −
1

2
. Ïîýòîìó, ñîêðàòèâ íà

(x0 − C)3 , ïîëó÷èì C = x0 −
3

2
. Òîãäà y0 − C =

4

9
(x0 − C)2 = 1. Íåñëîæ-

íî óáåäèòüñÿ, ÷òî ïðè ïîäñòàíîâêå x0 è y0 âî âòîðîå óðàâíåíèå ïîëó÷èòñÿ

òîæäåñòâî.

Ïðèìåð 4. y = 2xy′ + y′2 + x2/2.

Ðåøåíèå. Çàïèøåì óðàâíåíèå â âèäå y = 2px + p2 + x2/2, âîçüìåì äèô-

ôåðåíöèàë îò îáåèõ ÷àñòåé è çàìåíèì dy = p dx. Ïîëó÷èì óðàâíåíèå p dx =

2x dp+ 2p dx+ 2p dp+ x dx èëè

2x dp+ p dx+ 2p dp+ x dx = 0, îòêóäà (x+ p)(2 dp+ dx) = 0.

Èç ïîñëåäíåãî óðàâíåíèÿ ñëåäóåò, ÷òî ëèáî x + p = 0, ëèáî 2 dp + dx = 0.

Ðåøåíèåì ïîñëåäíåãî óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ x = C−2p. Ïîäñòàâèâ ýòî

âûðàæåíèå â èñõîäíîå óðàâíåíèå, ïîëó÷èì y = 2p(C−2p)+p2+(C−2p)2/2 =

−p2 + Cp + 1
2C

2 . Îòñþäà ìîæíî çàïèñàòü ðåøåíèå èñõîäíîãî óðàâíåíèÿ â

ïàðàìåòðè÷åñêîì âèäå

x = C − 2p, y = −p2 + Cp+
1

2
C2.

Ïîñêîëüêó p ëåãêî èñêëþ÷àåòñÿ: p = 1
2(C − x), ðåøåíèå ìîæíî çàïèñàòü â

ÿâíîì âèäå: y = (C − x)x+ 1
2x

2 + 1
4(C − x)2 = −1

4x
2 + 1

2Cx+
1
4C

2 .

Ñëó÷àé x + p = 0 äàåò åùå îäíî ðåøåíèå óðàâíåíèÿ: p = −x, îòñþäà
y = −1

2x
2 .

Ïðèìåð 5. x =
y

2y′
+ eyy

′
.

Ðåøåíèå. Âîçüìåì äèôôåðåíöèàë îò îáåèõ ÷àñòåé ðàâåíñòâà x =
y

2p
+

eyp . Ïîëó÷èì dx =
p dy − y dp

2p2
+ epy d(py). Çàìåíèì dx íà dy/p, è ïîñëå

ïðåîáðàçîâàíèé ïîëó÷èì óðàâíåíèå( 1

2p2
− epy

)
d(py) = 0.
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Èç íåãî ïîëó÷àåì py = C , îòêóäà p = C/y . Ïîäñòàâèâ ýòî â èñõîäíîå óðàâ-

íåíèå, ïîëó÷èì

x =
y2

2C
− eC .

Êðîìå òîãî, ðàâåíñòâî epy = 1/(2p2) ïðèâîäèò ê ðåøåíèþ â ïàðàìåòðè÷åñêîì

âèäå

y = −2

p
ln(

√
2|p|), x = − 1

p2
ln(

√
2|p|)− 1

2p2
.

6.4. Óðàâíåíèÿ Ëàãðàíæà è Êëåðî

Óðàâíåíèåì Ëàãðàíæà íàçûâàåòñÿ óðàâíåíèå, ëèíåéíîå îòíîñèòåëüíî x è y ,

òî åñòü, óðàâíåíèå âèäà

A(y′)y +B(y′)x = C(y′), (6.12)

ãäå A, B è C � äèôôåðåíöèðóåìûå ôóíêöèè îò y′ . Åñëè A(p) ̸≡ 0, òî ýòî

óðàâíåíèå ìîæíî ðàçðåøèòü îòíîñèòåëüíî y , òî åñòü, ïåðåïèñàòü â âèäå

y = φ(y′)x+ ψ(y′). (6.13)

Çàìåíèì p = y′(x), âîçüìåì îò ýòîãî óðàâíåíèÿ äèôôåðåíöèàë, è, ïîäñòàâèâ

dy = p dx, ïåðåïèøåì åãî â âèäå

p = φ(p) +
(
φ′(p)x+ ψ′(p)

)dp
dx
. (6.14)

Áóäåì ðàññìàòðèâàòü x êàê ôóíêöèþ îò ïåðåìåííîé p. Òîãäà óðàâíåíèå áó-

äåò ëèíåéíûì:
dx

dp
+

φ′(p)

φ(p)− p
x =

ψ′(p)

p− φ(p)
(6.15)

è èíòåãðèðóåòñÿ â êâàäðàòóðàõ (ñì. ï. 4.1). Åãî ðåøåíèå èìååò âèä x =

Cf(p) + g(p). Ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ (6.13) ìîæíî çàïè-

ñàòü â ïàðàìåòðè÷åñêîì âèäå

y = φ(p)(Cf(p) + g(p)) + ψ(p), x = Cf(p) + g(p).

Åñëè ïàðàìåòð p óäàåòñÿ èñêëþ÷èòü, òî ïîëó÷èì îáùèé èíòåãðàë óðàâíåíèÿ.

Êðîìå òîãî, ê îáùåìó ðåøåíèþ ñëåäóåò äîáàâèòü âñå ðåøåíèÿ âèäà

y = C0x+ ψ(C0),

ãäå C0 � êîðåíü óðàâíåíèÿ φ(p)− p = 0.
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Ïðèìåð 6. Ðàññìîòðèì óðàâíåíèå y = x(1 + y′) + y′2 .

Ðåøåíèå. Ýòî óðàâíåíèå Ëàãðàíæà y = x(1 + p) + p2 , ãäå φ(p) = 1 + p,

ψ(p) = p2 . Ïåðåïèøåì åãî â âèäå (6.15):

dx

dp
+ x = −2p.

Åãî ðåøåíèåì ñëóæèò ôóíêöèÿ x = Ce−p+ 2(1− p). Ïîäñòàâèâ ýòî âûðàæå-

íèå â èñõîäíîå óðàâíåíèå, ïîëó÷èì y = (Ce−p + 2(1 − p))(1 + p) + p2 èëè,

îêîí÷àòåëüíî, y = Ce−p(1 + p) + 2− p2 .

Ïðè ðåøåíèè óðàâíåíèÿ Ëàãðàíæà ìû ïðåäïîëàãàëè, ÷òî φ(p) ̸≡ p, èíà÷å

â ôîðìóëå (6.15) ïîëó÷àåòñÿ äåëåíèå íà íóëü. Ðàññìîòðèì ñëó÷àé φ(p) ≡ p

îòäåëüíî.

Óðàâíåíèå âèäà

y = px+ ψ(p). (6.16)

íàçûâàåòñÿ óðàâíåíèåì Êëåðî. Äëÿ íåãî óðàâíåíèå (6.14) ïðèíèìàåò âèä

p = p+
(
x+ ψ′(p)

)dp
dx

; èëè
dp

dx

(
x+ ψ′(p)

)
= 0.

Ïåðâûé ìíîæèòåëü ïðèâîäèò ê äèôôåðåíöèàëüíîìó óðàâíåíèþ
dp

dx
= 0, èç

êîòîðîãî p = C . Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (6.16) ìîæíî çàïèñàòü â

âèäå

y = Cx+ ψ(C). (6.17)

Ãåîìåòðè÷åñêè ýòî ðåøåíèå ïðåäñòàâëÿåò ñîáîé ñåìåéñòâî ïðÿìûõ.

Ïðèðàâíÿâ ê íóëþ âòîðîé ìíîæèòåëü, ïîëó÷èì x = −ψ′(p). Åñëè ýòî

ðàâåíñòâî óäàåòñÿ ðàçðåøèòü îòíîñèòåëüíî p, ò.å., âûðàçèòü p = ω(x), òî,

ïîäñòàâèâ åãî â èñõîäíîå óðàâíåíèå (6.16), ïîëó÷èì

y = xω(x) + ψ(ω(x)). (6.18)

Åñëè ýòîãî ñäåëàòü íå óäàåòñÿ, òî ìû ìîæåì çàïèñàòü òó æå êðèâóþ â ïàðà-

ìåòðè÷åñêîì âèäå

x = −ψ′(p), y = −pψ′(p) + ψ(p). (6.19)

Íåñëîæíî ïðîâåðèòü, ÷òî ñîîòíîøåíèÿ (6.19) çàäàþò åùå îäíî ðåøåíèå óðàâ-

íåíèÿ (6.16). Åñëè ψ(p) èìååò îòëè÷íóþ îò íóëÿ âòîðóþ ïðîèçâîäíóþ, òî ðå-

øåíèå â ñàìîì äåëå ìîæíî çàïèñàòü â âèäå (6.18) è ýòà êðèâàÿ îêàçûâàåòñÿ

îãèáàþùåé ñåìåéñòâà ðåøåíèé (6.17), à, çíà÷èò, îñîáûì ðåøåíèåì óðàâíåíèÿ.

44



Ïðèìåð 7. y = xy′ +
√
1− y′2 .

Ðåøåíèå. Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ çàïèøåì ïî ôîðìóëå (6.17):

y = Cx+
√

1− C2.

Ïîñêîëüêó ψ(p) =
√

1− p2 , óðàâíåíèå x = −ψ′(p) èìååò âèä

x =
p√

1− p2
.

Ðàçðåøèâ åãî îòíîñèòåëüíî p, íàéäåì p =
x√

1 + x2
. Òîãäà

ψ(p) =
√

1− p2 =
1√

1 + x2
.

Ïîýòîìó óðàâíåíèå îãèáàþùåé (îñîáîé èíòåãðàëüíîé êðèâîé) áóäåò

y =
x2√
1 + x2

+
1√

1 + x2
, èëè y =

√
1 + x2.

Çàäà÷è.

Íàéòè âñå ðåøåíèÿ óðàâíåíèé:

1. 8y′3 − 12y′2 = 27(y − x).

2. y′ + y = xy′2.

3. y′2 − 2xy′ = x2 − 4y.

4. y = xy′ − 2− y′.

5. x2y′2 = xyy′ + 1.

6. 2y′2(y − xy′) = 1.

7. 2xy′ − y = y′ ln yy′.

8. 2xy′ − y = ln y′.

9. y′3 + y2 = xyy′.

10. y + 2y′3 = xy′2.

11. y = xy′ − x2y′3.

12. y = 2xy′ + y2y′3.

13. y(y − 2xy′)3 = y′2.
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Îòâåòû.

1. (y + C)2 = (x+ C)3; y = x− 4

27
.

2. x =
p− ln p+ C

(p− 1)2
, y = xp2 − p; y = 0, y = x− 1.

3. y = −(x− C)2

2
+
C2

4
; y =

x2

2
.

4. y = Cx− C − 2.

5. xp
√
2 lnCp = ±1, y = ∓

(√
2 lnCp− 1√

2 lnCp

)
.

6. 2C2(y − Cx) = 1, 8y3 = 27x2.

7. y2 = 2Cx− C lnC; 2x = 1 + 2 ln |y|.

8. xp2 = p+ C, y = 2 +
2C

p
− ln p.

9. pxy = y2 + p3, y2(2p+ C) = p4; y = 0.

10. x =
C

(p− 1)2
+ 2p+ 1, y =

Cp2

(p− 1)2
+ p2; y = 0, y = x− 2.

11. xp2 = C
√

|p| − 1, y = xp− x2p3; y = 0.

12. 2xp2 = C − C2p2, y =
C

p
; y = 0, 32x3 = −27y4.

13. y2 = 2C3x+ C2; 27x2y2 = 1.
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Ãëàâà 2

Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

�7. Óðàâíåíèÿ, ðàçðåøàåìûå â êâàäðàòóðàõ. Óðàâíåíèÿ, äîïóñ-
êàþùèå ïîíèæåíèå ïîðÿäêà

Äèôôåðåíöèàëüíûì óðàâíåíèåì n-ãî ïîðÿäêà íàçûâàåòñÿ óðàâíåíèå

F (x, y, y′, y′′, . . . , y(n)) = 0, (7.1)

ãäå x � íåçàâèñèìàÿ ïåðåìåííàÿ, y � èñêîìàÿ ôóíêöèÿ, à ôóíêöèÿ F îïðå-

äåëåíà è íåïðåðûâíà íà íåêîòîðîì îòêðûòîì ìíîæåñòâå G (n + 2)-ìåðíîãî

ïðîñòðàíñòâà ñâîèõ àðãóìåíòîâ.

Ðåøåíèå óðàâíåíèÿ (7.1) íà íåêîòîðîì èíòåðâàëå I äåéñòâèòåëüíîé îñè x

îïðåäåëÿåòñÿ êàê n ðàç íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ y(x) òà-

êàÿ, ÷òî äëÿ âñåõ x ∈ I òî÷êà (x, y(x), y′(x), y′′(x), . . . , y(n)(x)) ∈ G è ïðè

ïîäñòàíîâêå êîòîðîé â (7.1) ýòî óðàâíåíèå ïðåâðàùàåòñÿ â òîæäåñòâî. Îá-

ùèì ðåøåíèåì óðàâíåíèÿ (7.1) íàçûâàåòñÿ ôóíêöèÿ

y = φ(x,C1, . . . , Cn), (7.2)

ãäå C1 , . . . , Cn � ïðîèçâîëüíûå ïîñòîÿííûå, êîòîðàÿ ïðè ëþáîì ôèêñèðî-

âàííîì íàáîðå ýòèõ ïîñòîÿííûõ îïðåäåëÿåò ðåøåíèå óðàâíåíèÿ. Åñëè îáùåå

ðåøåíèå çàäàíî íåÿâíî ñîîòíîøåíèåì

Φ(x, y, C1, . . . , Cn) = 0, (7.3)

òî (7.3) íàçûâàåòñÿ îáùèì èíòåãðàëîì óðàâíåíèÿ (7.1).

Äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî ïîðÿäêà, ðàçðåøåííîå îòíîñèòåëüíî

ñòàðøåé ïðîèçâîäíîé, èìååò âèä

y(n) = f(x, y, y′, y′′, . . . , y(n−1)), (7.4)

ãäå ôóíêöèÿ f òàêæå îïðåäåëåíà è íåïðåðûâíà íà íåêîòîðîì îòêðûòîì ìíî-

æåñòâå G1 (n+ 1)-ìåðíîãî ïðîñòðàíñòâà ñâîèõ àðãóìåíòîâ.

×òîáû ïîñòàâèòü äëÿ óðàâíåíèÿ (7.4) çàäà÷ó Êîøè, ïîçâîëÿþùóþ âûäå-

ëèòü êîíêðåòíîå ðåøåíèå èç âñåé áåñêîíå÷íîé ñîâîêóïíîñòè ðåøåíèé, îïðå-

äåëåííûõ ôîðìóëîé (7.2) èëè (7.3), íóæíî, â îòëè÷èå îò óðàâíåíèÿ ïåðâîãî

ïîðÿäêà, çàäàòü íå îäíî óñëîâèå y(x0) = y0 , x0 ∈ I , à äîáàâèòü ê ýòîìó
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óñëîâèþ åùå çíà÷åíèÿ ïðîèçâîäíûõ èñêîìîé ôóíêöèè â òî÷êå x0 äî ïîðÿä-

êà n− 1 âêëþ÷èòåëüíî. Ïîýòîìó, çàäà÷à Êîøè äëÿ óðàâíåíèÿ (7.1) ñòàâèòñÿ

ñëåäóþùèì îáðàçîì: íàéòè ðåøåíèå y(x) óðàâíåíèÿ (7.1), óäîâëåòâîðÿþùåå

ñëåäóþùèì (íà÷àëüíûì) óñëîâèÿì:

y(x0) = y0, y′(x0) = y0,1, . . . , y(n−1)(x0) = y0,n−1, (7.5)

â êîòîðûõ x0 ∈ I , à y0 , y0,1 , . . . , y0,n−1 � çàäàííûå ÷èñëà òàêèå, ÷òî òî÷êà

(x0, y0, y0,1, . . . , y0,n−1) ∈ G1.

Äëÿ ðåøåíèÿ çàäà÷è Êîøè íóæíî ïîäñòàâèòü óñëîâèÿ (7.2) (èëè (7.3))

â (7.5) è îïðåäåëèòü ïîñòîÿííûå C1 , . . . , Cn , óäîâëåòâîðÿþùèå óðàâíåíèÿì,

ïîëó÷åííûì â ðåçóëüòàòå òàêîé ïîäñòàíîâêè. Óñëîâèÿ ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè çàäà÷è Êîøè ôîðìóëèðóþòñÿ, êàê ïðàâèëî, äëÿ óðàâíåíèÿ (7.4),

ðàçðåøåííîãî îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé èñêîìîé ôóíêöèè. Ñàìî

æå óðàâíåíèå (7.1), êàê áóäåò âèäíî èç ïðèâåäåííûõ íèæå ïðèìåðîâ, èíî-

ãäà èìååò íåñêîëüêî ñåðèé ðåøåíèé. Ïîýòîìó íà âîïðîñå ñóùåñòâîâàíèÿ è

åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ (7.1) ìû íå îñòàíàâëè-

âàåìñÿ.

7.1. Óðàâíåíèÿ, ðàçðåøàåìûå â êâàäðàòóðàõ

I. Ïóñòü óðàâíåíèå (7.1) èìååò âèä

F (x, y(n)) = 0 (7.6)

è äîïóñêàåò ïàðàìåòðèçàöèþ

x = φ(t), y(n) = ψ(t).

Â ýòîì ñëó÷àå óäàåòñÿ íàéòè îáùèé èíòåãðàë â ïàðàìåòðè÷åñêîé ôîðìå

x = Φ(t, C1, . . . , Cn), y
(n) = Ψ(t, C1, . . . , Cn). (7.7)

Èìååì dy(n−1) = y(n) dx = ψ(t)φ′(t) dt, îòêóäà

y(n−1) =

∫ t

t0

ψ(t)φ′(t) dt+ C1 = ψ1(t, C1).

Àíàëîãè÷íî, èç ðàâåíñòâ dy(n−2) = y(n−1) dx, . . . , dy = y′ dx, íàéäåì

y = ψn(t, C1, . . . , Cn), x = φ(t).

×àñòíûì ñëó÷àåì óðàâíåíèÿ (7.6) ÿâëÿåòñÿ óðàâíåíèå

y(n) = f(x), (7.8)
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ãäå f(x) � íåïðåðûâíàÿ ôóíêöèÿ íà I.

Ïðèíèìàÿ x ∈ I çà ïàðàìåòð, îáùåå ðåøåíèå óðàâíåíèÿ ïîëó÷èì â ôîðìå

y =

∫ x

x0

. . .

∫ x

x0︸ ︷︷ ︸
n

f(x) dx . . . dx︸ ︷︷ ︸
n

+C1x
n−1 + . . .+ Cn−1x+ Cn.

II. Óðàâíåíèå (7.1) èìååò âèä

F (y(n−1), y(n)) = 0. (7.9)

1) Åñëè óðàâíåíèå (7.9) ðàçðåøèìî îòíîñèòåëüíî y(n), ò.å.

y(n) = f(y(n−1)), (7.10)

òî, ââåäåì íîâóþ èñêîìóþ ôóíêöèþ z(x) = y(n−1)(x) è ïðèâåäåì óðàâíåíèå

(7.10) ê âèäó

z′ = f(z).

Îáùèé èíòåãðàë ýòîãî óðàâíåíèÿ åñòü

x+ C1 =

∫ z

z0

dz

f(z)
(f(z) ̸= 0).

Ïðåäïîëîæèì, ÷òî ïîëó÷åííîå ðàâåíñòâî óäàåòñÿ ðàçðåøèòü îòíîñèòåëüíî

ïåðåìåííîé z :

z = ψ(x,C1).

Â ýòîì ñëó÷àå ïîëó÷èì óðàâíåíèå y(n−1) = ψ(x,C1). Ýòî � óðàâíåíèå âèäà

(7.8), îáùåå ðåøåíèå çàïèøåòñÿ â âèäå

y =

∫ x

x0

. . .

∫ x

x0︸ ︷︷ ︸
n−1

ψ(x,C1) dx . . . dx︸ ︷︷ ︸
n−1

+C2x
n−2 + . . .+ Cn−1x+ Cn.

Åñëè æå îòíîñèòåëüíî z ðàçðåøèòü óðàâíåíèå íå óäàåòñÿ, òî ñ÷èòàÿ ïåðå-

ìåííóþ z ïàðàìåòðîì, çàïèøåì ðàâåíñòâà

dx =
dz

f(z)
, y(n−1) = z, dy(n−2) = y(n−1)dx = z

dz

f(z)
, . . . , dy = y′ dx,

èç êîòîðûõ îïðåäåëèì y êàê ôóíêöèþ ïàðàìåòðà z :

y(n−2) =

∫ z

z0

z
dz

f(z)
+ C2 = ψ1(z, C2), . . . ,

y =

∫ z

z0

y′(z)
dz

f(z)
= ψn−1(z, C2, . . . , Cn).
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2) Ïóñòü óðàâíåíèå (7.9) íå ðàçðåøèìî îòíîñèòåëüíî y(n) , íî ðàçðåøèìî

îòíîñèòåëüíî y(n−1) , ò.å., èìååò âèä

y(n−1) = f(y(n)).

Ïîëàãàÿ

y(n) = t, y(n−1) = f(t),

ñîãëàñíî ðàâåíñòâàì

dx =
dy(n−1)

y(n)
=
f ′(t)

t
dt, dy(n−2) = y(n−1) dx, . . . , dy = y′ dx,

ïîñëåäîâàòåëüíî íàéäåì

x =

∫ t

t0

f ′(t)

t
dt+ C1,

y(n−2) =

∫ t

t0

f(t)f ′(t)

t
dt+ C2,

. . .

y =

∫ t

t0

y′(t)
f ′(t)

t
dt = ω(t, C2, . . . , Cn).

3) Íàêîíåö, åñëè óðàâíåíèå (7.9) äîïóñêàåò ïàðàìåòðè÷åñêîå ïðåäñòàâëå-

íèå

y(n) = φ(t), y(n−1) = ψ(t),

ãäå ψ(t) � äèôôåðåíöèðóåìàÿ ôóíêöèÿ, òî, àíàëîãè÷íî ïðåäûäóùåìó, ïî-

ëó÷èì

x =

∫ t

t0

ψ′(t)

φ(t)
dt+ C1, y(n−2) =

∫ t

t0

ψ(t)ψ′(t)

φ(t)
dt+ C2, . . . ,

y =

∫ t

t0

y′(t)
ψ′(t)

φ(t)
dt = ω(t, C2, . . . , Cn).

III. Óðàâíåíèå (7.1) èìååò âèä

F (y(n−2), y(n)) = 0. (7.11)

Ñ ïîìîùüþ çàìåíû y(n−2) = u óðàâíåíèå (7.11) ïðèâîäèòñÿ ê óðàâíåíèþ

âòîðîãî ïîðÿäêà

F (u, u′′) = 0.

1) Ïðåäïîëîæèì, ÷òî ïîëó÷åííîå óðàâíåíèå ðàçðåøèìî îòíîñèòåëüíî u′′ :

u′′ = f(u).
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Óìíîæàÿ îáå ÷àñòè ýòîãî óðàâíåíèÿ íà 2u′ dx è ïîëüçóÿñü î÷åâèäíûìè ðà-

âåíñòâàìè u′′2u′ dx = 2u′ d(u′) = d(u′2), u′ dx = du, ïåðåïèøåì óðàâíåíèå â

âèäå

d(u′2) = 2f(u) du.

Îòñþäà

u′2 = 2

∫ u

u0

f(u) du+ C1, du = ±

√
2

∫ u

u0

f(u) du+ C1 dx.

Èíòåãðèðóÿ ïîñëåäíåå óðàâíåíèå ïåðâîãî ïîðÿäêà, ïîëó÷èì

x = ±
∫ u

u0

du√
2
∫ u
u0
f(u)du+ C1

+ C2 = ξ(u,C1, C2), y(n−2) = u.

Òîãäà öåïî÷êà ðàâåíñòâ

dy(n−3) = y(n−2) dx = ± udu√
2
∫ u
u0
f(u)du+ C1

, . . . , dy = y′ dx

ïîçâîëÿåò îêîí÷àòåëüíî ïîëó÷èòü

x = ξ(u,C1, C2),

y(n−3) = ±
∫ u

u0

udu√
2
∫ u
u0
f(u)du+ C1

+ C3 = ξ1(u,C1, C3),

. . .

y = ξn−2(u,C1, C3, . . . , Cn).

2) Åñëè óðàâíåíèå (7.11) äîïóñêàåò ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå

y(n) = φ(t), y(n−2) = ψ(t),

òî èç ñîîòíîøåíèé dy(n−1) = y(n) dx, dy(n−2) = y(n−1) dx ïîëó÷èì óðàâíåíèå

y(n−1) dy(n−1) = φ(t)ψ′(t) dt,

èç êîòîðîãî íàéäåì

y(n−1) = ±

√
2

∫ t

t0

φ(t)ψ′(t)dt+ C1 = ζ(t, C1).

Òàêèì îáðàçîì, ìû ïîëó÷èëè ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå âèäà y(n) =

φ(t), y(n−1) = ζ(t, C1), è òåïåðü çàäà÷à ñâîäèòñÿ ê èíòåãðèðîâàíèþ óðàâíåíèÿ

òèïà (7.9).

Ðàññìîòðèì òåïåðü ñëåäóþùèå ÷àñòíûå ñëó÷àè óðàâíåíèÿ (7.1), êîòîðûå

ïðè ïîìîùè çàìåíû íåèçâåñòíîé ôóíêöèè ìîæíî ïðèâåñòè ê óðàâíåíèþ áîëåå

íèçêîãî ïîðÿäêà.
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7.2. Â óðàâíåíèå (7.1) íå âõîäèò íåèçâåñòíàÿ ôóíêöèÿ y(x) è ïåðâûå k − 1

åå ïîñëåäîâàòåëüíûå ïðîèçâîäíûå

Â òàêîì ñëó÷àå óðàâíåíèå èìååò âèä

F (x, y(k), . . . , y(n)) = 0, 1 6 k < n. (7.12)

Ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ

z(x) = y(k)(x). (7.13)

Òîãäà ïîëó÷àåì z′(x) = y(k+1)(x), . . . , z(n)(x) = y(n−k)(x) è îò óðàâíåíèÿ

(7.12) ïðèäåì ê óðàâíåíèþ

F (x, z, z′, . . . , z(n−k)) = 0, (7.14)

ïîðÿäîê êîòîðîãî íèæå íà k åäèíèö.

Åñëè äëÿ óðàâíåíèÿ (7.14) óäàåòñÿ íàéòè îáùåå ðåøåíèå

z = φ(x,C1, . . . , Cn−k),

òî, ïîäñòàâëÿÿ åãî â (7.13) è ïîñëåäîâàòåëüíî èíòåãðèðóÿ k ðàç, ïîëó÷èì

y(k−1)(x) =

∫ x

x0

φ(x,C1, . . . , Cn−k) dx+ Cn−k+1,

. . . . . . . . . . . . . .

y(x) =

∫ x

x0

. . .

∫ x

x0︸ ︷︷ ︸
k

φ(x,C1, . . . , Cn−k) dx . . . dx︸ ︷︷ ︸
k

+

+Cn−k+1x
k−1 + . . .+ Cn−1x+ Cn.

(7.15)

Åñëè äëÿ óðàâíåíèÿ (7.14) ìîæíî ïîëó÷èòü ëèøü îáùèé èíòåãðàë

Φ(x, z, C1, . . . , Cn−k) = 0,

êîòîðûé óäàåòñÿ ðàçðåøèòü îòíîñèòåëüíî x, òî ðåøåíèå óðàâíåíèÿ (7.12) çà-

ïèñûâàþò â ïàðàìåòðè÷åñêîì âèäå, ïðèíÿâ çà ïàðàìåòð z . Â ýòîì ñëó÷àå

íåçàâèñèìàÿ ïåðåìåííàÿ, êàê ôóíêöèÿ ïàðàìåòðà, îïðåäåëèòñÿ èç íàéäåííî-

ãî îáùåãî èíòåãðàëà, à ðàâåíñòâî (7.13) îïðåäåëèò çíà÷åíèå k -é ïðîèçâîäíîé

èñêîìîãî ðåøåíèÿ êàê ôóíêöèè ïàðàìåòðà. Òàêèì îáðàçîì, ìû èìååì ñëåäó-

þùèå ðàâåíñòâà:

x = ψ(z, C1, . . . , Cn−k), y(k)(x) = z. (7.16)
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Ïîýòîìó, ÷òîáû çàïèñàòü ðåøåíèå èñêîìîãî óðàâíåíèÿ â ïàðàìåòðè÷åñêîì

âèäå, íàì îñòàëîñü îïðåäåëèòü y êàê ôóíêöèþ ïàðàìåòðà. Äëÿ ýòîãî çàïèøåì

öåïî÷êó ðàâåíñòâ

dy(k−1) = y(k) dx = z dψ(z, C1, . . . , Cn−k),

. . .

dy′ = y′′ dx = y′′ dψ(z, C1, . . . , Cn−k),

dy = y′ dx = y′ dψ(z, C1, . . . , Cn−k).

(7.17)

Îïðåäåëÿÿ îòñþäà ïîñëåäîâàòåëüíî y(k−1) , . . . , y′′ , y′ êàê ôóíêöèè ïàðà-

ìåòðà z , íàéäåì çíà÷åíèå èñêîìîé ôóíêöèè êàê ôóíêöèè ïàðàìåòðà è n

ïðîèçâîëüíûõ ïîñòîÿííûõ èíòåãðèðîâàíèÿ, ïåðâûå n− k èç êîòîðûõ âîøëè

â ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå x, à îñòàëüíûå k ïîÿâëÿþòñÿ â ïðîöåññå

èíòåãðèðîâàíèÿ ðàâåíñòâ (7.17). Çíà÷èò îáùåå ðåøåíèå óðàâíåíèÿ (7.12) â

ïàðàìåòðè÷åñêîé ôîðìå â ýòîì ñëó÷àå ìîæíî çàïèñàòü òàê:

x = ψ(z, C1, . . . , Cn−k), y = ω(z, C1, . . . , Cn). (7.18)

Åñëè îáùèé èíòåãðàë óðàâíåíèÿ (7.14) íå ðàçðåøàåòñÿ îòíîñèòåëüíî x,

íî åãî óäàåòñÿ ïàðàìåòðèçîâàòü:

x = ψ1(t, C1, . . . , Cn−k), z = ω1(t, C1, . . . , Cn−k), (7.19)

ãäå t � ïàðàìåòð, òî, ó÷èòûâàÿ (7.13) è (7.19), çàïèøåì öåïî÷êó ðàâåíñòâ

(7.17):

dy(k−1) = y(k) dx = z dψ1(t, C1, . . . , Cn−k) =

= ω1(t, C1, . . . , Cn−k) dψ1(t, C1, . . . , Cn−k),

. . .

dy′ = y′′ dx = y′′ dψ1(t, C1, . . . , Cn−k),

dy = y′ dx = y′ dψ1(t, C1, . . . , Cn−k).
(7.20)

Èç ýòèõ ðàâåíñòâ (îïðåäåëÿÿ ïîñëåäîâàòåëüíî y(k−1) , . . . , y′′ , y′ êàê ôóíêöèè

ïàðàìåòðà t) ïîëó÷èì ïàðàìåòðè÷åñêîå ðåøåíèå óðàâíåíèÿ (7.12) âèäà (7.18).

Ïðèìåð 1. Ðåøèì óðàâíåíèå y′′′ + y′′ − x = 0, y(0) = 1, y′(0) = −1,

y′′(0) = 0.

Ðåøåíèå. Óðàâíåíèå íå ñîäåðæèò èñêîìîé ôóíêöèè è åå ïåðâîé ïðîèçâîä-

íîé. Ïîýòîìó, ñäåëàâ çàìåíó (7.13) ïðè k = 2, ìû ïðèäåì ê ëèíåéíîìó óðàâ-

íåíèþ z′+z = x, îáùåå ðåøåíèå êîòîðîãî èìååò âèä z = C1e
−x+x−1. Çíà÷èò,

y′′ = C1e
−x+x−1 è, ñëåäóÿ (7.15), y = C1e

−x+ 1
6x

3− 1
2x

2+C2x+C3 . Óäîâëå-

òâîðÿÿ íà÷àëüíûì óñëîâèÿì, ïðèäåì ê ñèñòåìå C1+C3 = 1, −C1+C2 = −1,
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C1−1 = 0. Èç ýòîé ñèñòåìû ïîëó÷èì C1 = 1, C2 = 0, C3 = 0, ñëåäîâàòåëüíî,

y = e−x + 1
6x

3 − 1
2x

2 .

Ïðèìåð 2. (y′ + 1)y′′ = y′/x.

Ðåøåíèå. Ïîëîæèâ y′ = z(x), ïðèäåì ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè (z + 1)z′ = z/x, îáùèé èíòåãðàë êîòîðîãî çàïèøåì â âèäå

z + ln C1z = ln |x| (çäåñü ïîñòîÿííóþ èíòåãðèðîâàíèÿ ìû âçÿëè â âèäå

− ln |C1| è ñ÷èòàåì, ÷òî ïðîèçâåäåíèå C1z ïîëîæèòåëüíî). Ñëåäóåò òàêæå

ó÷åñòü, ÷òî ïðè ðàçäåëåíèè ïåðåìåííûõ ìû ìîãëè ïîòåðÿòü çíà÷åíèå z = 0,

êîòîðîìó ñîîòâåòñòâóåò y = C . Íåòðóäíî ïðîâåðèòü, ÷òî ýòî çíà÷åíèå y óäî-

âëåòâîðÿåò óðàâíåíèþ. Òàê êàê îáùèé èíòåãðàë íå óäàåòñÿ ðàçðåøèòü îòíî-

ñèòåëüíî z , òî, ðàçðåøèâ åãî îòíîñèòåëüíî x, ïîëó÷èì x = C1ze
z . Áóäåì

èñêàòü ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå, ïðèíÿâ z çà ïàðàìåòð. Çàïèñàâ,

ñëåäóÿ (7.17), ðàâåíñòâî dy = y′ dx = y′ d(C1ze
z) = C1z(1 + z)ez dz , íàé-

äåì y = C1(z
2 − z + 1)ez + C2 , ÷òî, âìåñòå ñ óæå ïîëó÷åííûì âûðàæåíèåì

äëÿ x, äàåò ðåøåíèå óðàâíåíèÿ â ïàðàìåòðè÷åñêîé ôîðìå. Ðåøåíèå y = C

ñîäåðæèòñÿ â ýòîé ñåðèè ïðè C1 = 0.

Ïðèìåð 3. y′y′′ + x = 0.

Ðåøåíèå. Ñäåëàâ â óðàâíåíèè çàìåíó y′ = z(x), ïðèäåì ê óðàâíåíèþ

zz′ + x = 0, îáùèé èíòåãðàë êîòîðîãî åñòü z2 + x2 = C2
1 (ïîñòîÿííàÿ èíòå-

ãðèðîâàíèÿ âçÿòà â òàêîì âèäå äëÿ óäîáñòâà). Ýòîò îáùèé èíòåãðàë ëåãêî

ïàðàìåòðèçóåòñÿ: x = C1 sin t, z = C1 cos t. Çàïèñàâ ðàâåíñòâî (7.19), ïîëó-

÷èì dy = y′ dx = C2
1 cos t d sin t = C2

1 cos
2 t dt = 1

2C
2
1(1 + cos 2t)dt. Îòñþäà

y = 1
4C

2
1(2t+ sin 2t) + C2 .

7.3. Â óðàâíåíèå (7.1) íå âõîäèò íåçàâèñèìàÿ ïåðåìåííàÿ x

Â ýòîì ñëó÷àå óðàâíåíèå èìååò âèä

F (y, y′, y′′, . . . , y(n)) = 0. (7.21)

Ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ

y′ = p(y). (7.22)

Òîãäà

y′′ =
dp(y)

dy
y′ = p′p,

y′′′ =
d(p′p)

dy
y′ = (p′′p+ p′2)p = p′′p2 + p′2p.

Àíàëîãè÷íî âû÷èñëÿþòñÿ ïðîèçâîäíûå áîëåå âûñîêèõ ïîðÿäêîâ. Ïîäñòàâëÿÿ

âûðàæåíèÿ ýòèõ ïðîèçâîäíûõ â (7.21), ïîëó÷èì óðàâíåíèå, ïîðÿäîê êîòîðîãî
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íà åäèíèöó íèæå:

F1(y, p, p
′, . . . , p(n−1)) = 0, (7.23)

à ðîëü íåçàâèñèìîé ïåðåìåííîé â êîòîðîì èãðàåò y . Åñëè äëÿ óðàâíåíèÿ (7.23)

óäàåòñÿ íàéòè îáùåå ðåøåíèå p = φ(y, C1, . . . , Cn−1), òî, ïîäñòàâèâ åãî â (7.22),

ïðèäåì ê óðàâíåíèþ
dy

dx
= φ(y, C1, . . . , Cn−1). (7.24)

Èíòåãðèðóÿ (7.24), ïîëó÷èì îáùèé èíòåãðàë (7.3) óðàâíåíèÿ (7.21). Åñëè äëÿ

óðàâíåíèÿ (7.23) ìîæíî ïîëó÷èòü ëèøü îáùèé èíòåãðàë

Φ(y, p, C1, . . . , Cn−1) = 0,

êîòîðûé óäàåòñÿ ðàçðåøèòü îòíîñèòåëüíî y , òî ðåøåíèå óðàâíåíèÿ (7.21)

çàïèñûâàþò â ïàðàìåòðè÷åñêîì âèäå, ïðèíÿâ p çà ïàðàìåòð. Â ýòîì ñëó÷àå

èñêîìàÿ ôóíêöèÿ, êàê ôóíêöèÿ ïàðàìåòðà, îïðåäåëèòñÿ èç íàéäåííîãî îáùå-

ãî èíòåãðàëà, à ðàâåíñòâî (7.22) ïîçâîëÿåò âûðàçèòü dx ÷åðåç äèôôåðåíöèàë

ïàðàìåòðà. Òàêèì îáðàçîì, ìû èìååì ñëåäóþùèå ðàâåíñòâà:

y = ψ(p, C1, . . . , Cn−1), dx =
dy

p
=
dψ(p, C1, . . . , Cn−1)

p
. (7.25)

Èíòåãðèðóÿ ïîñëåäíåå óðàâíåíèå, íàéäåì x = ω(p, C1, . . . , Cn). Â îáùåì ñëó-

÷àå, ïàðàìåòðèçóÿ îáùèé èíòåãðàë óðàâíåíèÿ (7.23) (êîãäà ýòî óäàåòñÿ ñäå-

ëàòü), ïîëó÷èì y = ψ1(t, C1, . . . , Cn−1), p = ω1(t, C1, . . . , Cn−1). Ïîäñòàâëÿÿ

ýòó ïàðàìåòðèçàöèþ â (7.25) è èíòåãðèðóÿ ïîëó÷åííîå óðàâíåíèå, îïðåäå-

ëèì x êàê ôóíêöèþ ïàðàìåòðà t:

x = ψ2(t, C1, . . . , Cn).

Ïðèìåð 4. Ðåøèì óðàâíåíèå y′′ − 2yy′ = 0.

Ðåøåíèå. Ñäåëàâ çàìåíó (7.22), ïîñëå ñîêðàùåíèÿ íà p ïðèäåì ê óðàâíå-

íèþ p′ = 2y . Ïðè ýòîì òåðÿåòñÿ ðåøåíèå y = C , ñîîòâåòñòâóþùåå

p = 0. Îáùåå ðåøåíèå ïîëó÷åííîãî óðàâíåíèÿ èìååò âèä p = y2 + C1 . Ïîä-

ñòàâèâ åãî â (7.22), ïðèäåì ê óðàâíåíèþ dy/dx = y2 + C1 . Çäåñü ñëåäóåò

ðàçëè÷àòü äâà ñëó÷àÿ â çàâèñèìîñòè îò çíàêà C1 è ñëó÷àé C1 = 0. Ïîýòî-

ìó, çàìåíÿÿ â ïîñëåäíåì óðàâíåíèè C1 íà ±C2
1 , è èíòåãðèðóÿ ýòî óðàâíåíèå,

ïîëó÷èì äâà ñåìåéñòâà ðåøåíèé èñõîäíîãî óðàâíåíèÿ:

1

C1
arctg

y

C1
= x+ C2,

1

2C1
ln

∣∣∣∣y − C1

y + C1

∣∣∣∣ = x+ C2,

êîòîðûå âìåñòå ñ ðàíåå íàéäåííûì ðåøåíèåì y = C è ðåøåíèåì y = 1/(C−x)
(êîòîðîå ïîëó÷àåòñÿ åñëè ïîëîæèòü C1 = 0) äàþò âñå ðåøåíèÿ óðàâíåíèÿ.
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Ïðèìåð 5. Ðàññìîòðèì óðàâíåíèå 2y′′ = ey .

Ðåøåíèå. Ñîãëàñíî (7.22), ñîîòâåòñòâóþùåå óðàâíåíèå (7.23), à èìåííî,

2pp′ = ey èìååò îáùèé èíòåãðàë y = ln |p2 + C1|. Âçÿâ p çà ïàðàìåòð,

èç (7.25) íàéäåì dx = 2 dp/(p2 + C1). Ïîýòîìó, êàê â ïðèìåðå 4, ïîëó÷àåì

òðè ïàðàìåòðè÷åñêèõ ñåìåéñòâà ðåøåíèé óðàâíåíèÿ, â êîòîðûõ ïàðàìåòðè-

÷åñêîå ïðåäñòàâëåíèå èñêîìîé ôóíêöèè îïðåäåëåíî âûøå, à ïðåäñòàâëåíèå

íåçàâèñèìîé ïåðåìåííîé äàåòñÿ ôîðìóëàìè

x =
2

C1
arctg

p

C1
+ C2, x =

1

C1
ln

∣∣∣∣p− c1
p+ c1

∣∣∣∣+ C2, x = C − 2

p
.

Ïðèìåð 6. Ðàññìîòðèì óðàâíåíèå 2yy′′ − 3y′2 − y2 = 0.

Ðåøåíèå. Ïîñëå çàìåíû y′ = p(y) óðàâíåíèå (7.23) ïðèìåò âèä 2ypp′ −
3p2− y2 = 0. Îáùèé èíòåãðàë ýòîãî óðàâíåíèÿ Áåðíóëëè èìååò âèä p2+ y2−
C1y

3 = 0. Òàê êàê â íåãî âõîäÿò îäíîðîäíûå ôóíêöèè îò p è y , ñòåïåíè êî-

òîðûõ îòëè÷àþòñÿ íà åäèíèöó, äëÿ åãî ïàðàìåòðèçàöèè ñäåëàåì ïîäñòàíîâêó

p = ty , y ̸= 0. Ïîëó÷èì y = (t2 + 1)/C1 , p = (t3 + t)/C1 . Îòñþäà èìååì

dx = 2 dt/(t2 + 1), x = 2arctg t+ C2 . Êðîìå òîãî, íåïîñðåäñòâåííîé ïðîâåð-

êîé óáåæäàåìñÿ, ÷òî y = 0 òàêæå áóäåò ðåøåíèåì óðàâíåíèÿ. Èñêëþ÷èâ

ïàðàìåòð t, ìîæíî çàïèñàòü îáùåå ðåøåíèå óðàâíåíèÿ.

7.4. Â óðàâíåíèå (7.1) íå âõîäèò íåçàâèñèìàÿ ïåðåìåííàÿ x, à òàêæå íåèç-

âåñòíàÿ ôóíêöèÿ y(x) è ïåðâûå k−1 åå ïîñëåäîâàòåëüíûå ïðîèçâîäíûå

Â òàêîì ñëó÷àå óðàâíåíèå èìååò âèä

F (y(k), . . . , y(n)) = 0, 1 6 k < n. (7.26)

Íà óðàâíåíèå (7.26) ìîæíî ñìîòðåòü êàê íà ÷àñòíûé ñëó÷àé óðàâíåíèÿ (7.21),

à òàêæå óðàâíåíèÿ (7.12). Îäíàêî, åñëè ñðàçó ñäåëàòü çàìåíó y′ = p(y), òî

ïîðÿäîê óðàâíåíèÿ ïîíèçèòñÿ ëèøü íà åäèíèöó è îíî îêàæåòñÿ óðàâíåíèåì

òèïà (7.21), ïðè÷åì äîñòàòî÷íî ñëîæíîãî âèäà. Ïîýòîìó ñíà÷àëà îñóùåñòâ-

ëÿþò áîëåå ïðîñòóþ çàìåíó z = y(k) è ïðèõîäÿò ê óðàâíåíèþ (7.21), ïîðÿäîê

êîòîðîãî áóäåò ðàâåí n − k , à ðîëü íåèçâåñòíîé ôóíêöèè áóäåò èãðàòü z .

Òåïåðü ìîæíî ñäåëàòü çàìåíó z′ = p(z) è ïîíèçèòü ïîðÿäîê óðàâíåíèÿ (7.26)

åùå íà îäíó åäèíèöó. Åñëè óäàñòñÿ íàéòè îáùåå ðåøåíèå ïîëó÷åííîãî óðàâíå-

íèÿ, òî, îïðåäåëèâ z(x) (åñëè ýòî âîçìîæíî), îáùåå ðåøåíèå óðàâíåíèÿ (7.26)

ìîæíî íàéòè, èíòåãðèðóÿ âûðàæåíèå y(k) = z . Â îñòàëüíûõ ñëó÷àÿõ ðåøåíèå

óðàâíåíèÿ ïðèõîäèòñÿ èñêàòü â ïàðàìåòðè÷åñêîì âèäå.

Ïðèìåð 7. Ðåøèì óðàâíåíèå y′ + y′′′ − 1 = 0.

Ðåøåíèå. Îñóùåñòâëÿÿ ïîñëåäîâàòåëüíî çàìåíû y′ = z(x), à çàòåì z′ =

p(z), ïðèäåì, ñîîòâåòñòâåííî, ê óðàâíåíèÿì z + z′′ = 1, z + pp′ = 1. Îá-
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ùèé èíòåãðàë ïîñëåäíåãî óðàâíåíèÿ ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

p2 + (z − 1)2 = C2
1 . Ââåäåì åãî ïàðàìåòðèçàöèþ, ïîëàãàÿ p = C1 cos t, z =

1+C1 sin t. Èç ðàâåíñòâà z
′ = p íàõîäèì dx = dz/p = dt, x = t+C2 . Ñëåäî-

âàòåëüíî, dy = z dx = (1 + C1 sin t) dt, îòêóäà y = t− C1 cos t+ C3 . Âûðàçèâ

ïàðàìåòð t ÷åðåç x, ìîæíî çàïèñàòü îáùåå ðåøåíèå óðàâíåíèÿ.

7.5. Ìåòîä èíòåãðèðóåìûõ êîìáèíàöèé

Ýòîò ìåòîä ïðèìåíÿåòñÿ â òîì ñëó÷àå, åñëè óðàâíåíèå (7.1) óäàåòñÿ óìíî-

æèòü íà íåêîòîðóþ ôóíêöèþ åãî àðãóìåíòîâ, òàêèì îáðàçîì, ÷òî åãî ìîæíî

áóäåò ïðåäñòàâèòü â âèäå ïîëíîé ïðîèçâîäíóþ ïî x îò íåêîòîðîé êîìáèíà-

öèè ýòèõ àðãóìåíòîâ. Ýòî ïîçâîëÿåò ïîíèçèòü ïîðÿäîê óðàâíåíèÿ íà åäèíèöó

èíòåãðèðîâàíèåì.

Ïðèìåð 8. Ïóñòü äàíî óðàâíåíèå yy′′ = 2y′2 .

Ðåøåíèå. Íåñìîòðÿ íà òî, ÷òî ýòî óðàâíåíèå èìååò âèä (7.21), åãî ïðîùå

ðåøèòü, ïîäåëèâ îáå åãî ÷àñòè íà âûðàæåíèå yy′ . Òîãäà óðàâíåíèå ïðèìåò

âèä
y′′

y′
= 2 · y

′

y
èëè

(
ln y′

)′
= 2

(
ln y

)′
.

Ïðîèíòåãðèðîâàâ, ïîëó÷èì ln y′ = 2 ln y+lnC1 , îòêóäà y
′ = C1y

2 . Ðåøàÿ ýòî

óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, íàõîäèì −1/y = C1x + C2 èëè

y = −1/(C1x + C2). Âî âðåìÿ äåëåíèÿ íà y′ áûëî ïîòåðÿíî ðåøåíèå y = C ,

êîòîðîå ïðè C ̸= 0 ñîäåðæèòñÿ â îáùåì ðåøåíèè (ïðè C1 = 0), à ïðè C = 0

äîëæíî áûòü âêëþ÷åíî â îòâåò.

Ïðèìåð 9. Ðàññìîòðèì óðàâíåíèå (yy′′ + y′2)x+ (1− y′)xyy′ − yy′ = 0.

Ðåøåíèå. Ïîäåëèâ îáå ÷àñòè óðàâíåíèÿ íà xyy′ , ïåðåïèøåì åãî â âèäå

(yy′′ + y′2)

yy′
+ (1− y′)− 1

x
= 0 èëè

d

dx

(
ln yy′ + x− y − lnx

)
= 0.

Îòñþäà ïîëó÷àåì ln yy′ = y − x+ ln C1x, ñëåäîâàòåëüíî, yy
′ = C1xe

y−x . Ðå-

øèâ ýòî óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, íàéäåì îáùèé èíòåãðàë

èñõîäíîãî óðàâíåíèÿ: (y + 1)e−y = C1(x + 1)e−x + C2 . Ê íåìó åùå íóæíî

äîáàâèòü ðåøåíèå y = C , ïîòåðÿííîå ïðè äåëåíèè íà xyy′ .

Çàäà÷è.

Íàéòè âñå ðåøåíèÿ óðàâíåíèé:

1. x2y′′ = y′2.

2. y′′ = ey.

3. y′′′ = y′′2.
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4. y′′3 + xy′′ = 2y′.

5. y4 − y3y′′ = 1.

6. yy′′ + y = y′2.

7. y′′′y′2 = y′′3.

8. y′′(2y′ + x) = 1.

9. y′y′′′ = 2y′′2.

10. yy′′ + y′2 = 1.

11. yy′′ = y′(y′ + 1).

12. xy′′ = 2yy′ − y′.

13. xy′′ − y′ = x2yy′.

Îòâåòû.

1. C1x− C2
1y = ln |C1x+ 1|+ C2; 2y = x2 + C; y = C.

2. ey sin2(C1x+ C2) = 2C2
1 ; e

ysh2(C1x+ C2) = 2C2
1 ; e

y(x+ C)2 = 2.

3. y = C3 − (x+ C1) lnC2(x+ C1); y = C1x+ C2.

4. x = C1p+ 3p2, y =
12

5
p5 +

5

4
C1p

4 + C2
1

p3

6
+ C2; y = C.

5. ln |y2 + C1 ±
√
y4 + 2C1y2 + 1 | = 2x+ C2; y = ±1.

6. C2
1y+1 = ±ch(C1x+C2); C

2
1y−1 = sin(C1x+C2); 2y = (x+C)2; y = 0.

7. x = ln |p|+ 2C1p+ C2, y = p+ C1p
2 + C3; y = C1x+ C2.

8. x = C1e
p − 2p− 2, y = C1(p− 1)ep − p2 + C2.

9. C1y = ln |C1x+ C2|+ C3; y = C1x+ C2.

10. y2 = x2 + C1x+ C2.

11. C1y − 1 = C2e
C1x; y = C − x; y = 0.

12. y = C1tg(C1 lnC2x); y − C1 = C2(y + C1)|x|2C1; y lnCx = −1.

13. 2 ln

∣∣∣∣y − C1

y + C1

∣∣∣∣ = C1x
2 +C2; y = 4C1tg(C1x

2 +C2); y(C − x2) = 4; y = C.

�8. Ïîíèæåíèå ïîðÿäêà â îäíîðîäíûõ óðàâíåíèÿõ

8.1. Óðàâíåíèÿ, îäíîðîäíûå îòíîñèòåëüíî èñêîìîé ôóíêöèè è åå ïðîèçâîä-

íûõ

Äèôôåðåíöèàëüíîå óðàâíåíèå

F (x, y, y′, y′′, . . . , y(n)) = 0 (8.1)

íàçûâàåòñÿ îäíîðîäíûì îòíîñèòåëüíî èñêîìîé ôóíêöèè è åå ïðîèçâîäíûõ,

ïðè çàìåíå y íà ty , y′ íà ty′ , . . . , y(n) íà ty(n) ýòî óðàâíåíèå ìåíÿåòñÿ íà
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ýêâèâàëåíòíîå åìó. Äðóãèìè ñëîâàìè, ôóíêöèÿ F ÿâëÿåòñÿ îäíîðîäíîé îò-

íîñèòåëüíî y , y′ , y′′ , . . . , y(n) ñòåïåíè m, òî åñòü, F (x, ty, ty′, ty′′, . . . , ty(n)) =

tmF (x, y, y′, y′′, . . . , y(n)). Â ýòîì ñëó÷àå ïîðÿäîê óðàâíåíèÿ ìîæíî ïîíèçèòü,

ñäåëàâ çàìåíó

y′ = zy, (8.2)

ãäå z = z(x) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Òîãäà ïðîèçâîäíûå y′′ , . . . , y(n)

âûðàæàþòñÿ ñëåäóþùèì îáðàçîì;

y′′ = z′y + zy′ = (z′ + z2)y,

y′′′ = (z′′ + 2z′z)y + (z′ + z2)y′ = (z′′ + 3z′z + z3)y,

. . .

y(n) = f(z(n−1), . . . , z′, z)y.

(8.3)

Ïîäñòàâëÿÿ (8.2) è (8.3) â (8.1) è ïîëüçóÿñü îäíîðîäíîñòüþ ôóíêöèè F , ïî-

ëó÷èì

F (x, y, zy, (z′ + z2)y, . . . , f(z(n−1), . . . , z′, z)y) =

= ymF (x, 1, z, (z′ + z2), . . . , f(z(n−1), . . . , z′, z)) = 0.

Ïîñëå ñîêðàùåíèÿ íà ym (ïðè ýòîì, åñëè m > 0, ìîæåò áûòü ïîòåðÿíî ðå-

øåíèå y = 0), ïîëó÷àåì óðàâíåíèå

F1(x, z, z
′, . . . , z(n−1)) = 0, (8.4)

ïîðÿäîê êîòîðîãî íà åäèíèöó íèæå. Åñëè íàéäåíî îáùåå ðåøåíèå

z = φ(x,C1, . . . , Cn−1)

óðàâíåíèÿ (8.4), òî, ïîäñòàâèâ åãî â (8.2) è ïðîèíòåãðèðîâàâ ïîëó÷åííîå óðàâ-

íåíèå, ìîæíî íàéòè îáùåå ðåøåíèå óðàâíåíèÿ (8.1):

y = Cne
∫ x

x0
φ(x,C1,...,Cn−1)dx, (8.5)

èç êîòîðîãî ðåøåíèå y = 0 ïîëó÷àåòñÿ ïðè Cn = 0.

Åñëè äëÿ óðàâíåíèÿ (8.4) ïîëó÷åí ëèøü îáùèé èíòåãðàë

Φ(x, z, C1, . . . , Cn−1) = 0,

êîòîðûé óäàåòñÿ ðàçðåøèòü îòíîñèòåëüíî x, òî, ïðèíÿâ çà ïàðàìåòð z , ïî-

ëó÷èì x = ψ(z, C1, . . . , Cn−1). Òîãäà èñêîìóþ ôóíêöèþ y êàê ôóíêöèþ ïà-

ðàìåòðà z ïîëó÷èì èç (8.2):

y = Cne
∫ z

z0
z dψ(z,C1,...,Cn−1). (8.6)
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Åñëè îáùèé èíòåãðàë óðàâíåíèÿ (8.4) íå ðàçðåøàåòñÿ îòíîñèòåëüíî x, íî

åãî óäàåòñÿ ïàðàìåòðèçîâàòü: x = ψ1(t, C1, . . . , Cn−1), z = ω1(t, C1, . . . , Cn−1),

òî ðåøåíèå óðàâíåíèÿ (8.1) ìîæíî çàïèñàòü â âèäå

x = ψ1(t, C1, . . . , Cn−1),

y = Cne
∫ t

t0
ω1(t,C1,...,Cn−1) dψ1(t,C1,...,Cn−1).

(8.7)

Ïðèìåð 1. Ðàññìîòðèì óðàâíåíèå (yy′′ − y′2)x− yy′ = 0.

Ðåøåíèå. Óðàâíåíèå ÿâëÿåòñÿ îäíîðîäíûì îòíîñèòåëüíî y , y′ , y′′ ñòåïåíè

m = 2. Ñäåëàâ çàìåíó y′ = yz (òîãäà y′′ = (z2 + z′)y , ñîãëàñíî (8.3)), ïîñëå

ñîêðàùåíèÿ íà y2 ïîëó÷èì óðàâíåíèå xz′ − z = 0, ðåøåíèå êîòîðîãî èìååò

âèä z = C1x. Ïîýòîìó èç (8.5) èìååì y = C2e
C1x

2

. Ðåøåíèå y = 0 ïîëó÷àåòñÿ

èç îáùåãî ðåøåíèÿ ïðè C2 = 0.

Ïðèìåð 2. Ïóñòü äàíî óðàâíåíèå y′′ − y3

yy′
ey

′/y − y′2

y
= 0.

Ðåøåíèå. Ýòî óðàâíåíèå íå ñîäåðæèò íåçàâèñèìîé ïåðåìåííîé è åãî ïî-

ðÿäîê ìîæåò áûòü ïîíèæåí çàìåíîé (7.22). Ñ äðóãîé ñòîðîíû, óðàâíåíèå

ÿâëÿåòñÿ îäíîðîäíûì (ñòåïåíè 1) îòíîñèòåëüíî èñêîìîé ôóíêöèè è åå ïðî-

èçâîäíûõ è çàìåíîé (8.2) ïðèâîäèòñÿ ê óðàâíåíèþ z′ = ez/z . Ðåøèâ ýòî

óðàâíåíèå, íàõîäèì

x = −(z + 1)e−z + C1.

Ïðèíÿâ ïåðåìåííóþ z çà ïàðàìåòð, ìîæíî íàéòè ïàðàìåòðè÷åñêîå ïðåäñòàâ-

ëåíèå èñêîìîé ôóíêöèè èç (8.6):

y = C2e
−(z2+2z+2)e−z

.

Îòìåòèì, ÷òî y = 0 íå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ, òàê êàê íå âõîäèò

â åãî îáëàñòü îïðåäåëåíèÿ.

Ïðèìåð 3. Ðåøèì óðàâíåíèå
2y′′y′

y2
− 2y′3

y3
− x− y′2

xy2
= 0.

Ðåøåíèå. Óðàâíåíèå ÿâëÿåòñÿ îäíîðîäíûì îòíîñèòåëüíî y , y′ , y′′ ñòåïåíè

m = 0. Ïîíèçèâ åãî ïîðÿäîê, ïðèäåì ê óðàâíåíèþ Áåðíóëëè 2zz′x − z2 =

x2 , îáùèé èíòåãðàë êîòîðîãî çàïèøåì â âèäå z2 − x2 − 2C1x = 0. Ââîäÿ

ïàðàìåòðèçàöèþ z = C1 sh t, x + C1 = C1 ch t, ðåøåíèå óðàâíåíèÿ ïîëó÷èì

ïî ôîðìóëå (8.7):

x = C1(ch t− 1), y = C2e
C2

1 (sh 2t−2t)/4.

8.2. Îáîáùåííî-îäíîðîäíûå óðàâíåíèÿ

Äèôôåðåíöèàëüíîå óðàâíåíèå (8.1) íàçûâàåòñÿ îáîáùåííî-îäíîðîäíûì, åñëè

ïðè çàìåíå x íà tx, y íà tαy , y′ íà tα−1y′ , . . . , y(n) íà tα−ny(n) , ãäå α �
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íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî, îíî ìåíÿåòñÿ íà ýêâèâàëåíòíîå åìó. Òàêèì

îáðàçîì, ôóíêöèÿ F (x, y, y′, . . . , y(n)) óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ:

F (tx, tαy, tα−1y′, . . . , tα−ny(n)) = tmF (x, y, y′, . . . , y(n)), (8.8)

ãäå m � íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî.

Â ýòîì ñëó÷àå äåëàåòñÿ çàìåíà êàê íåçàâèñèìîé ïåðåìåííîé, òàê è èñêî-

ìîé ôóíêöèè:

x = et (x = −et ïðè x < 0), y = z(t)eαt. (8.9)

Ïðîèçâîäíûå ïðè òàêîé çàìåíå ïðåîáðàçóþòñÿ ïî ôîðìóëàì

y′(x) =
y′t
x′t

= (z′ + αz)e(α−1)t = g1(z, z
′)e(α−1)t,

y′′(x) =
[y′(x)]′t
x′t

= (z′′ + (2α− 1)z′ + α(α− 1)z)e(α−2)t = g2(z, z
′, z′′)e(α−2)t,

. . .

y(n)(x) = gn(z, z
′, . . . , zn)e(α−n)t.

(8.10)

Ïîäñòàâëÿÿ (8.9) è (8.10) â (8.1), ïîëó÷èì

F (et, z(t)eαt, g1(z, z
′)e(α−1)t, . . . , gn(z, z

′, . . . , zn)e(α−n)t) = 0.

Èç óñëîâèÿ (8.8) ñëåäóåò, ÷òî ìû ìîæåì âûíåñòè âûðàæåíèå et èç-ïîä ôóíê-

öèè F è ïðèéòè ê óðàâíåíèþ

F (1, z(t), g1(z, z
′), . . . , gn(z, z

′, . . . , zn)) = 0

âèäà (7.21), íå ñîäåðæàùåìó íåçàâèñèìîé ïåðåìåííîé. Ïîðÿäîê ïîëó÷åííîãî

óðàâíåíèÿ ïîíèæàåòñÿ íà åäèíèöó ïðè ïîìîùè çàìåíû z′ = p(z).

Ïðèìåð 4. Ðàññìîòðèì óðàâíåíèå yy′ + xyy′′ − xy′2 + y = 0.

Ðåøåíèå. ×òîáû ïðîâåðèòü, ÿâëÿåòñÿ ëè óðàâíåíèå îáîáùåííî-îäíîðîä-

íûì, çàìåíèì â óðàâíåíèè x íà tx, y íà tαy , y′ íà tα−1y′ , y′′ íà tα−2y′′

è ïîïûòàåìñÿ ïîäîáðàòü α òàê, ÷òîáû ìíîæèòåëü t âõîäèë âî âñå ÷ëåíû

óðàâíåíèÿ â îäèíàêîâîé ñòåïåíè. Ïîëó÷àåì ñèñòåìó óðàâíåíèé α+(α− 1) =

1+α+(α−2) = 1+2(α−1) = α, êîòîðàÿ ýêâèâàëåíòíà ðàâåíñòâó 2α−1 = α.

Îòñþäà α = 1. Â áîëüøèíñòâå ñëó÷àåâ, ÷òîáû íå îñóùåñòâëÿòü óêàçàííûå

çàìåíû, óäîáíî ââåñòè ïîíÿòèå èçìåðåíèÿ (ñì. çàìå÷àíèå ê ï. 3.3). Òàê, íåçà-

âèñèìîé ïåðåìåííîé x íàäî ïîñòàâèòü â ñîîòâåòñòâèå èçìåðåíèå 1, à ïåðåìåí-

íûì y , y′ , y′′ , . . . � èçìåðåíèÿ α, α− 1, α− 2, . . . , ñîîòâåòñòâåííî. ×èñëî α

äîëæíî áûòü òàêèì, ÷òîáû èçìåðåíèÿ âñåõ ÷ëåíîâ óðàâíåíèÿ áûëè îäèíàêî-

âû. Äåéñòâèÿ ñ èçìåðåíèÿìè ïðîèçâîäÿòñÿ òàê æå, êàê äåéñòâèÿ ñî ñòåïåíÿ-

ìè: ïðè ïåðåìíîæåíèè èçìåðåíèÿ ñêëàäûâàþòñÿ, ïðè âîçâåäåíèè â ñòåïåíü �
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óìíîæàþòñÿ íà ïîêàçàòåëü ñòåïåíè. Òîãäà ìîæíî ñðàçó çàïèñàòü ïîëó÷åííóþ

ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ α.

Ñäåëàåì çàìåíó (8.9) (ïðè α = 1) è âû÷èñëèì ïðîèçâîäíûå ïî ïðàâè-

ëó (8.10). Ïîëó÷èì

x = et, y(x) = z(t)et, y′(x) = z′(t) + z(t), y′′(x) = (z′′(t) + z′(t))e−t.

Ïîäñòàâèâ ýòè çíà÷åíèÿ â óðàâíåíèå è ïîëîæèâ z′ = p(z), ïîëó÷èì óðàâíå-

íèþ Áåðíóëëè zpp′− p2+ z = 0 íà ôóíêöèþ p(z). Îòñþäà dz/
√
C1z2 + 2z =

± dt (ïðè ðàçäåëåíèè ïåðåìåííûõ ìû äåëèì íà z , ïîýòîìó òåðÿåì ðåøåíèå

y = 0). Äàëüíåéøåå ðåøåíèå çàâèñèò îò çíàêà ïîñòîÿííîé C1 .

Åñëè C1 = 0, òî
√
2z = ±t+ C , îòêóäà z = (t+ C)2/2. Ñäåëàâ îáðàòíóþ

çàìåíó t = ln x, z = ye−t = y/x, ïîëó÷èì y =
1

2
x(ln |x|+ C)2 .

Ïðè C1 > 0 ïîëó÷èì ïàðàìåòðè÷åñêîå çàäàíèå ðåøåíèÿ (ðîëü ïàðàìåòðà

èãðàåò z )

x = C2(
√
C1(C1z2 + 2z) + C1z + 1)±1/

√
C1,

y = C2z(
√
C1(C1z2 + 2z) + C1z + 1)±1/

√
C1.

Àíàëîãè÷íî, ïðè C1 < 0 ïîëó÷àåì

y = x(± sin(
√
−C1 ln |x|+ C2)− 1)/C1.

Êðîìå òîãî, â ïðîöåññå ðåøåíèÿ áûëî ïîòåðÿíî ðåøåíèå y = 0.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. x2yy′′ − (y − xy′)2 = 0.

2. xyy′′ − xy′2 = yy′.

3. x4y′′ + (xy′ − y)3 = 0.

4. xyy′′ + xy′2 = 2yy′.

5. 4x2y3y′′ = x2 − y4.

6. y(y′ + xy′′) = x(1− x)y′2.

7. yy′ + xyy′′ − xy′2 = x3.

8. x4(y′2 − 2yy′′) = 4x3yy′ + 1.

9. x2(y′2 − 2yy′′) = 2xyy′ − 1.

10. y′′ +
y′

x
+

y

x2
=
y′2

y
.

11.
y2

x2
+ y′2 = 3xy′′ +

2yy′

x
.
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Îòâåòû.

1. y = C2xe
−C1/x.

2. y = C2e
C1x

2

.

3. y = x

(
C1 + arcsin

C2

x

)
; y = Cx ïðè (C1 = C, C2 = 0).

4. y2 = C1x
3 + C2.

5. 4C1y
2 = 4x+ x(C1 lnC2x)

2.

6. y = C2

∣∣∣∣ x

x+ C1

∣∣∣∣1/C1

; y = Ce−1/x; y = C.

7. 2C1C2y = C2
2 |x|2+C1 + |x|2−C1.

8. 2C2x
2y = (C2x− C1)

2 − 1; xy = ±1.

9. 4(C1y − 1) = C2
1 ln

2C2x.

10. y = C2|x|C1−ln |x|/2.

11.
y

x
= C2 − 3 ln

∣∣∣∣1x − C1

∣∣∣∣ ; y = Cx.

�9. Ëèíåéíûå óðàâíåíèÿ c ïåðåìåííûìè êîýôôèöèåíòàìè

9.1. Ëèíåéíûå îäíîðîäíûå óðàâíåíèÿ

Ëèíåéíîå îäíîðîäíîå óðàâíåíèå n-ãî ïîðÿäêà èìååò âèä

Ly ≡ a0(x)y
(n) + a1(x)y

(n−1) + . . .+ an−1(x)y
′ + an(x)y = 0, (9.1)

ãäå ai(x), i = 1, . . . , n � ôóíêöèè, íåïðåðûâíûå íà íåêîòîðîì èíòåðâàëå I

îñè x.

Ôóíêöèè y1(x), y2(x), . . . , ym(x) óðàâíåíèÿ (9.1) íàçûâàþòñÿ ëèíåéíî

çàâèñèìûìè, åñëè íàéäóòñÿ ïîñòîÿííûå C1 , C2 , . . . , Cm , íå âñå ðàâíûå íóëþ,

òàêèå, ÷òî ëèíåéíàÿ êîìáèíàöèÿ ýòèõ ðåøåíèé C1y1(x) + C2y2(x) + . . . +

Cmym(x) ≡ 0 íà I . Â ïðîòèâíîì ñëó÷àå, ôóíêöèè y1(x), y2(x), . . . , ym(x)

íàçûâàþòñÿ ëèíåéíî íåçàâèñèìûìè.

Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ëèíåéíîé íåçàâèñèìîñòè n ðåøå-

íèé

y1(x), y2(x), . . . , yn(x) (9.2)

óðàâíåíèÿ (9.1) ÿâëÿåòñÿ óñëîâèå W (x0) ̸= 0 õîòÿ áû â îäíîé òî÷êå x0 ∈ I,
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ãäå

W (x) ≡ W [y1, y2, . . . , yn] ≡

∣∣∣∣∣∣∣∣∣
y1 y2 · · · yn
y′1 y′2 · · · y′n
· · · · · · · · · · · ·
y
(n−1)
1 y

(n−1)
2 · · · y

(n−1)
n

∣∣∣∣∣∣∣∣∣
åñòü îïðåäåëèòåëü Âðîíñêîãî (âðîíñêèàí) ñèñòåìû ðåøåíèé (9.2). Ëèíåéíî

íåçàâèñèìàÿ ñèñòåìà ðåøåíèé íàçûâàåòñÿ ôóíäàìåíòàëüíîé ñèñòåìîé ðå-

øåíèé (ô.ñ.ð.) óðàâíåíèÿ (9.1) íà èíòåðâàëå I. Åñëè èçâåñòíà ô.ñ.ð., òî îáùåå

ðåøåíèå óðàâíåíèÿ (9.1) äàåòñÿ ôîðìóëîé

y0 = C1y1 + C2y2 + . . .+ Cnyn, (9.3)

ãäå C1 , C2 , . . . , Cn � ïðîèçâîëüíûå ïîñòîÿííûå.

Äëÿ îïðåäåëèòåëÿ Âðîíñêîãî èìååò ìåñòî ôîðìóëà Îñòðîãðàäñêîãî-Ëèó-

âèëëÿ

W (x) = W (x0)e
−
∫ x

x0
a1(t)/a0(t) dt. (9.4)

Â îáùåì ñëó÷àå ìåòîäà ïîñòðîåíèÿ ô.ñ.ð. íå ñóùåñòâóåò. Êîíå÷íî, íà óðàâ-

íåíèå (9.1) ìîæíî ñìîòðåòü êàê íà óðàâíåíèå ï. 8.1 è ïîíèçèòü åãî ïîðÿäîê

ïðè ïîìîùè çàìåíû (8.2). Íî â ýòîì ñëó÷àå íàðóøèòñÿ îñíîâíîå ñâîéñòâî

óðàâíåíèÿ � ñâîéñòâî ëèíåéíîñòè. Òàê, åñëè äëÿ óðàâíåíèÿ (9.1) ïðè n = 2

îñóùåñòâèòü ïîäîáíóþ çàìåíó, òî ïðèäåì ê óðàâíåíèþ Ðèêêàòè (ñì. ï. 4.4),

êîòîðîå â îáùåì ñëó÷àå íå èíòåãðèðóåòñÿ â êâàäðàòóðàõ. Îäíàêî, åñëè óäàåò-

ñÿ ïîäîáðàòü êàêîå-ëèáî ðåøåíèå y1(x) óðàâíåíèÿ (9.1), òî åãî ïîðÿäîê ìîæåò

áûòü ïîíèæåí íà åäèíèöó ñ ñîõðàíåíèåì ëèíåéíîñòè. Äåéñòâèòåëüíî, ïîëà-

ãàÿ y = y1z , ãäå z(x) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ è âû÷èñëÿÿ ïðîèçâîäíûå,

ïîëó÷èì

y′ = y′1z+y1z
′, y′′ = y′′1z+2y′1z

′+y1z
′′, . . . , y(n) = y

(n)
1 z+ . . .+y1z

(n). (9.5)

Òàê êàê ïðîèçâîäíàÿ y(k)(x), k = 1, . . . , n, ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ

êîìáèíàöèþ z , z′ , . . . , z(k) ñ êîýôôèöèåíòàìè îò x, òî, ïîäñòàâèâ (9.5) â (9.1),

ïîëó÷èì äëÿ z(x) ëèíåéíîå îäíîðîäíîå óðàâíåíèå òîãî æå ïîðÿäêà, íî íå

ñîäåðæàùåå èñêîìîé ôóíêöèè (êîýôôèöèåíò ïðè z ðàâåí Ly1 ≡ 0):

b0(x)z
(n) + b1(x)z

(n−1) + . . .+ bn−1(x)z
′ = 0, b0(x) = a0(x)y1(x).

Ñëåäîâàòåëüíî, ïîðÿäîê ïîëó÷åííîãî óðàâíåíèÿ ïîíèæàåòñÿ íà åäèíèöó çà-

ìåíîé z′ = u(x) èëè u = (y/y1)
′ , ïîñëå ÷åãî ñíîâà ïîëó÷àåòñÿ ëèíåéíîå

óðàâíåíèå

L1u ≡ b0(x)u
(n−1) + b1(x)u

(n−2) + . . .+ bn−1(x)u = 0. (9.6)
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Åñëè óäàåòñÿ ïîäîáðàòü âòîðîå ðåøåíèå y2(x) óðàâíåíèÿ (9.1), ëèíåé-

íî íåçàâèñèìîå ñ y1(x), òî ðåøåíèåì óðàâíåíèÿ (9.6) áóäåò ôóíêöèÿ u1 =

(y2/y1)
′ . Ïîýòîìó ïðè ïîìîùè çàìåíû v = (u/u1)

′ ìîæíî ïîíèçèòü ïîðÿäîê

óðàâíåíèÿ (9.6) íà åäèíèöó ñ ñîõðàíåíèåì ëèíåéíîñòè. Òàêèì îáðàçîì, åñëè

èçâåñòíî m ëèíåéíî íåçàâèñèìûõ ðåøåíèé y1(x), y2(x), . . . , ym(x) óðàâíå-

íèÿ (9.1), òî ïîðÿäîê óðàâíåíèÿ ìîæåò áûòü ïîíèæåí ñ ñîõðàíåíèåì ëèíåé-

íîñòè íà m åäèíèö.

Â ñëó÷àå n = 2 óðàâíåíèå (9.1) ïðèíèìàåò âèä

a0(x)y
′′ + a1(x)y

′ + a2(x)y = 0 (9.7)

è ïðè íàëè÷èè îäíîãî åãî ÷àñòíîãî ðåøåíèÿ y1(x) óêàçàííûì ñïîñîáîì ïðè-

âîäèòñÿ ëèíåéíîìó îäíîðîäíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà. Îäíàêî ìîæíî

ñðàçó çàïèñàòü îáùåå ðåøåíèå óðàâíåíèÿ, âîñïîëüçîâàâøèñü ôîðìóëîé (9.4).

Äåéñòâèòåëüíî, ïóñòü y(x) � ëþáîå äðóãîå ðåøåíèå óðàâíåíèÿ, ëèíåéíî íåçà-

âèñèìîå ñ y1(x). Îáîçíà÷èì p(x) = a1(x)/a0(x). Òîãäà

W [y1, y] =

∣∣∣∣ y1 y

y′1 y′

∣∣∣∣ = y1y
′ − yy′1 = Ce

−
∫ x
x0
p(x) dx

.

Ðàçäåëèâ îáå ÷àñòè ïîëó÷åííîãî ðàâåíñòâà íà y21 , ïîëó÷èì(
y

y1

)′
=
C

y21
e
−
∫ x

x0
p(x) dx

, y = y1 ·

C x∫
x0

e−
∫ x

x0
p(x) dx dx

y21
+ C1

 .

Ïîñëåäíÿÿ ôîðìóëà äàåò îáùåå ðåøåíèå óðàâíåíèÿ (9.7):

y0 = C1y1 + C2y2, y2 = y1

x∫
x0

e
−
∫ x

x0
p(x) dx

dx

y21
. (9.8)

Â íåêîòîðûõ ñëó÷àÿõ ÷àñòíîå ðåøåíèå óðàâíåíèÿ (9.7) (èëè (9.1)) óäàåòñÿ

íàéòè â âèäå ìíîãî÷ëåíà îò x èëè ïîêàçàòåëüíîé ôóíêöèè eax .

Ïðèìåð 1. Ðåøèòü óðàâíåíèå (x2 − x+ 1)y′′ − (2x2 + 1)y′ + (4x− 2)y = 0.

Ðåøåíèå. Áóäåì èñêàòü îäíî ðåøåíèå ýòîãî óðàâíåíèÿ â âèäå ìíîãî÷ëå-

íà. Ìîæíî ñ÷èòàòü, ïðè íåîáõîäèìîñòè äîìíîæèâ ðåøåíèå íà ïîñòîÿííóþ,

÷òî êîýôôèöèåíò ïðè ñòàðøåé ñòåïåíè ýòîãî ìíîãî÷ëåíà ðàâåí 1. Ïóñòü

y1 = xn + . . . � èñêîìîå ðåøåíèå (òî÷êàìè îáîçíà÷åíû ÷ëåíû íèçøåé ñòåïå-

íè). Ïîäñòàíîâêà ýòîãî ìíîãî÷ëåíà â óðàâíåíèå äîëæíà ïðèâåñòè ê òîæäå-

ñòâåííîìó ðàâåíñòâó. Â ðåçóëüòàòå òàêîé ïîäñòàíîâêè â ëåâîé ÷àñòè óðàâíå-

íèÿ áóäåò ñòîÿòü ìíîãî÷ëåí

(x2−x+1)(n(n−1)xn−2+ . . . )−(2x2+1)(nxn−1+ . . . )+(4x−2)(xn+ . . . ) ≡ 0.
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Ñòàðøàÿ ñòåïåíü x, âõîäÿùàÿ â ëåâóþ ÷àñòü, åñòü n+1. Ïðèðàâíèâàÿ ê íóëþ

êîýôôèöèåíò ïðè íåé, ïîëó÷èì óðàâíåíèå äëÿ îïðåäåëåíèÿ ñòåïåíè ìíîãî-

÷ëåíà: −2n+4 = 0, îòêóäà n = 2. Ñëåäîâàòåëüíî, èñêîìîå ðåøåíèå, ñîãëàñíî

ñäåëàííîìó âûøå çàìå÷àíèþ, íóæíî èñêàòü â âèäå y1 = x2 + ax+ b. Ïîäñòà-

âèì ýòî âûðàæåíèå â èñõîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå è ïðèðàâíÿåì

íóëþ êîýôôèöèåíòû ïðè âñåõ ñòåïåíÿõ x ïîëó÷åííîãî ìíîãî÷ëåíà. Ïîëó÷åí-

íàÿ ñèñòåìà óðàâíåíèé íà a è b äàåò a = 0, b = 1, ïîýòîìó y1 = x2+1. Îáùåå

ðåøåíèå óðàâíåíèÿ çàïèøåòñÿ ïî ôîðìóëå (9.8).

×òîáû íå âû÷èñëÿòü ïîëó÷åííûé â (9.8) èíòåãðàë, ïîïðîáóåì íàéòè åùå

îäíî ðåøåíèå óðàâíåíèÿ. Áóäåì èñêàòü åãî â âèäå y2 = eax . Ïîäñòàâèâ y2 â

óðàâíåíèå, ïîñëå ñîêðàùåíèÿ íà eax ̸= 0 ïîëó÷èì óðàâíåíèå

(a2 − 2a)x2 − (a2 − 4)x+ (a2 − a− 2) = 0.

Ïðèðàâíÿåì âñå åãî êîýôôèöèåíòû ê íóëþ. Ïîëó÷èì ñèñòåìó óðàâíåíèé

a2 − 2a = 0, a2 − 4 = 0, a2 − a− 2 = 0.

Ïðè a = 2 ýòè ðàâåíñòâà áóäóò âûïîëíÿòüñÿ îäíîâðåìåííî. Ñëåäîâàòåëüíî,

y2 = e2x ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ. Â ñèëó ëèíåéíîé íåçàâè-

ñèìîñòè ôóíêöèé y1 è y2 , èõ ëèíåéíàÿ êîìáèíàöèÿ y0 = C1(x
2 + 1) + C2e

2x

îïðåäåëèò îáùåå ðåøåíèå óðàâíåíèÿ.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. (2x+ 1)y′′ + 4xy′ − 4y = 0.

2. xy′′ − (2x+ 1)y′ + (x+ 1)y = 0.

3. xy′′ − (2x+ 1)y′ + 2y = 0.

4. x(2x+ 1)y′′ + 2(x+ 1)y′ − 2y = 0.

5. x(x+ 4)y′′ − (2x+ 4)y′ + 2y = 0.

6. x(x2 + 6)y′′ − 4(x2 + 3)y′ + 6xy = 0.

7. xy′′′ − y′′ − xy′ + y = 0.

Îòâåòû.

1. y = C1x+ C2e
−2x.

2. y = C1e
x + C2x

2ex.

3. y = C1(2x+ 1) + C2e
2x.

4. y = C1(x+ 1) + C2
1

x
.

5. y = C1(x+ 2) + C2x
2.
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6. y = C1(x
2 + 2) + C2x

3.

7. y = C1x+ C2e
x + C3e

−x.

9.2. Ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå

Ðàññìîòðèì óðàâíåíèå

Ly ≡ y(n) + a1(x)y
(n−1) + . . .+ an−1(x)y

′ + an(x)y = f(x), (9.9)

â ïðàâîé ÷àñòè êîòîðîãî ñòîèò çàäàííàÿ íåïðåðûâíàÿ íà èíòåðâàëå I ôóíê-

öèÿ f(x). Äëÿ óäîáñòâà ìû áóäåì ñ÷èòàòü êîýôôèöèåíò ïðè ñòàðøåé ïðîèç-

âîäíîé ðàâíûì 1. Óðàâíåíèå (9.9) íàçûâàåòñÿ ëèíåéíûì íåîäíîðîäíûì óðàâ-

íåíèåì n-ãî ïîðÿäêà (ôóíêöèÿ f(x) íàçûâàåòñÿ ñâîáîäíûì ÷ëåíîì óðàâíå-

íèÿ). Ëèíåéíîå îäíîðîäíîå óðàâíåíèå (9.1) èíîãäà íàçûâàþò ñîîòâåòñòâóþ-

ùèì îäíîðîäíûì óðàâíåíèåì äëÿ óðàâíåíèÿ (9.9). Åñëè èçâåñòíî îáùåå ðå-

øåíèå (9.3) ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ y0 è íåêîòîðîå ÷àñòíîå

ðåøåíèå ŷ óðàâíåíèÿ (9.9), òî îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ äà-

åòñÿ ôîðìóëîé y = y0+ ŷ . Äëÿ îòûñêàíèÿ ÷àñòíîãî ðåøåíèÿ óðàâíåíèÿ (9.9)

óäîáíî ïîëüçîâàòüñÿ òåîðåìîé î ñëîæåíèè ðåøåíèé, êîòîðàÿ ñîñòîèò â ñëå-

äóþùåì. Ïðàâóþ ÷àñòü óðàâíåíèÿ (9.9) ðàçáèâàþò íà ñóììó ôóíêöèé áîëåå

ïðîñòîãî âèäà: f(x) = f1(x) + . . . + fm(x) è íàõîäÿò ÷àñòíûå ðåøåíèÿ ŷk
óðàâíåíèé Ly = fk(x), k = 1, . . . ,m, ñîîòâåòñòâåííî. Òîãäà ŷ = ŷ1 + . . .+ ŷm
áóäåò ðåøåíèåì óðàâíåíèÿ (9.9) ñ ïðàâîé ÷àñòüþ f(x).

Åñëè ðåøåíèå óðàâíåíèÿ (9.9) ïîäîáðàòü íå óäàåòñÿ, íî èçâåñòíî îáùåå

ðåøåíèå (ô.ñ.ð.) ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ (9.1), òî ìîæíî

íàéòè îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ ìåòîäîì âàðèàöèè ïðîèç-

âîëüíûõ ïîñòîÿííûõ èëè ìåòîäîì íåîïðåäåëåííûõ ìíîæèòåëåé Ëàãðàíæà.

Ñóòü ýòîãî ìåòîäà çàêëþ÷àåòñÿ â òîì, ÷òî ðåøåíèå íåîäíîðîäíîãî óðàâíå-

íèÿ (9.9) èùåòñÿ â òîì æå âèäå (9.3), ÷òî è îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî

îäíîðîäíîãî óðàâíåíèÿ (9.1), íî êîýôôèöèåíòû Ci , i = 1, . . . , n, ñ÷èòàþòñÿ íå

ïîñòîÿííûìè, à ïîêà íåîïðåäåëåííûìè ôóíêöèÿìè Ci = Ci(x), i = 1, . . . , n.

Íàéòè ýòè ôóíêöèè ìîæíî, ðåøèâ àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé îòíî-

ñèòåëüíî èõ ïðîèçâîäíûõ C ′
i(x):

C ′
1y1 + C ′

2y2 + . . . + C ′
nyn = 0,

C ′
1y

′
1 + C ′

2y
′
2 + . . . + C ′

ny
′
n = 0,

. . .

C ′
1y

(n−2)
1 + C ′

2y
(n−2)
2 + . . . + C ′

ny
(n−2)
n = 0,

C ′
1y

(n−1)
1 + C ′

2y
(n−1)
2 + . . . + C ′

ny
(n−1)
n = f(x).

(9.10)
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Îïðåäåëèòåëü ýòîé ñèñòåìû åñòü îïðåäåëèòåëü Âðîíñêîãî W [y1, y2, . . . , yn]

ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé, êîòîðûé íå îáðàùàåòñÿ â íóëü íà èíòåð-

âàëå I . Ïîýòîìó ñèñòåìà (9.10) èìååò åäèíñòâåííîå ðåøåíèå C ′
i(x) = ϕi(x),

i = 1, . . . , n. Îòñþäà ïîëó÷àåì Ci(x) =
∫ x
x0
ϕi(x) dx+Ci , i = 1, . . . , n, ãäå Ci �

ïðîèçâîëüíûå ïîñòîÿííûå èíòåãðèðîâàíèÿ. Ïîäñòàâëÿÿ ýòè çíà÷åíèÿ â (9.3),

çàïèøåì îáùåå ðåøåíèå óðàâíåíèÿ (9.9) ñëåäóþùèì îáðàçîì:

y = C1y1+C2y2+. . .+Cnyn+y1·
x∫

x0

ϕ1(x) dx+y2·
x∫

x0

ϕ2(x) dx+. . .+yn·
x∫

x0

ϕn(x) dx.

(9.11)

Â ôîðìóëå (9.11) ïåðâûå n ñëàãàåìûõ ïðåäñòàâëÿþò èç ñåáÿ îáùåå ðåøå-

íèå óðàâíåíèÿ (9.1), à ñóììà îñòàëüíûõ îïðåäåëÿåò íåêîòîðîå ÷àñòíîå ðåøå-

íèå óðàâíåíèÿ (9.9), êîòîðîå ïîëó÷àåòñÿ èç îáùåãî ðåøåíèÿ, åñëè ïîëîæèòü

Ci = 0, i = 1, . . . , n. Îäíàêî, ñëåäóåò ó÷èòûâàòü, ÷òî ïðè îáîñíîâàíèè ìå-

òîäà âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ, êîýôôèöèåíò a0(x) ïðè ñòàðøåé

ïðîèçâîäíîé óðàâíåíèÿ (9.1) ñ÷èòàåòñÿ ðàâíûì åäèíèöå. Åñëè ýòî óñëîâèå íå

âûïîëíÿåòñÿ, òî â ïîñëåäíåì óðàâíåíèè ñèñòåìû (9.10) ôóíêöèþ f(x) íóæíî

çàìåíèòü íà f(x)/a0(x).

Åñëè èçâåñòíî ðåøåíèå y1(x) óðàâíåíèÿ (9.1), òî ïîðÿäîê óðàâíåíèÿ (9.9),

êàê è äëÿ óðàâíåíèÿ (9.1), ïîíèæàåòñÿ íà åäèíèöó ïðè ïîìîùè òîé æå çàìåíû

u = (y/y1)
′ . Â ýòîì ñëó÷àå ïîëó÷àåòñÿ íåîäíîðîäíîå óðàâíåíèå L1u = f(x),

ëåâàÿ ÷àñòü êîòîðîãî îïðåäåëåíà â (9.6). Òàêèì îáðàçîì, åñëè èçâåñòíî m

ëèíåéíî íåçàâèñèìûõ ðåøåíèé y1 , y2 , . . . , ym óðàâíåíèÿ (9.1), òî ïîðÿäîê

óðàâíåíèÿ (9.9) ìîæåò áûòü ïîíèæåí íà m åäèíèö ñ ñîõðàíåíèåì ëèíåéíîñòè.

Ïóñòü èçâåñòíî m ðåøåíèé ŷ1 , ŷ2 , . . . , ŷm óðàâíåíèÿ (9.9). Òîãäà ðàçíî-

ñòè y1 = ŷ2 − ŷ1 , . . . , ym−1 = ŷm − ŷm−1 áóäóò ðåøåíèÿìè ñîîòâåòñòâóþùåãî

îäíîðîäíîãî óðàâíåíèÿ (9.1). Ïîýòîìó, åñëè ýòè ðàçíîñòè îêàæóòñÿ ëèíåéíî

íåçàâèñèìûìè, òî ïîðÿäîê óðàâíåíèÿ (9.9) ìîæåò áûòü ïîíèæåí ñ ñîõðàíå-

íèåì ëèíåéíîñòè íà (m− 1) åäèíèö.

Ïðèìåð 2. Ðàññìîòðèì óðàâíåíèå xy′′ + y′ − 4y

x
=

1

x
.

Ðåøåíèå. Ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ ìîæíî íàé-

òè â âèäå ìíîãî÷ëåíà y1 = x2 . Äàëåå, åãî îáùåå ðåøåíèå íàõîäèòñÿ ïî ôîð-

ìóëå (9.8): y0 = C1x
2 +

C2

x2
. Ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ áóäåì èñêàòü

â òîì æå âèäå, íî ïðè ýòîì ñ÷èòàòü, ÷òî Ci = Ci(x), i = 1, 2. Ó÷èòûâàÿ, ÷òî

ñòàðøèé êîýôôèöèåíò óðàâíåíèÿ ðàâåí x, ñèñòåìà (9.10) çàïèøåòñÿ ñëåäóþ-
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ùèì îáðàçîì: 
C ′

1x
2 +

C ′
2

x2
= 0,

2C ′
1x−

2C ′
2

x3
=

1

x2
.

Ðåøèâ ýòó ñèñòåìó, íàéäåì C ′
1 =

1

4x3
, C ′

2 = −x
4
, îòêóäà C1(x) = C1 −

1

8x2
,

C2(x) = C2 −
x2

8
. Ñëåäîâàòåëüíî, îáùåå ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî

óðàâíåíèÿ èìååò âèä (9.11):

y = C1(x)y1 + C2(x)y2 = C1x
2 +

C2

x2
− 1

8x2
· x2 − x2

8
· 1

x2
= C1x

2 +
C2

x2
− 1

4
.

Ïðèìåð 3. Ðàññìîòðèì óðàâíåíèå x2y′′ + 4xy′ + 2y = 6x ñ èçâåñòíûìè

÷àñòíûìè ðåøåíèÿìè ŷ1 = x, ŷ2 = x+ 1/x.

Ðåøåíèå. Ïîñêîëüêó èçâåñòíû äâà ÷àñòíûõ ðåøåíèÿ óðàâíåíèÿ, èõ ðàç-

íîñòü ŷ2− ŷ1 = 1/x ÿâëÿåòñÿ ðåøåíèåì ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâ-

íåíèÿ. Òîãäà îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ íàéäåì ïî ôîðìóëå (9.8):

y0 = C1/x + C2/x
2 . ×òîáû çàïèñàòü îáùåå ðåøåíèå èñõîäíîãî íåîäíîðîäíî-

ãî óðàâíåíèÿ, íóæíî ê ýòîìó ðåøåíèþ ïðèáàâèòü ëþáîå ÷àñòíîå ðåøåíèå,

íàïðèìåð, ŷ1 = x:

y =
C1

x
+
C2

x2
+ x.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. x(x+ 1)y′′ + (x+ 2)y′ − y = x+
1

x
.

2. (2x+ 1)y′′ + (2x− 1)y′ − 2y = x2 + x.

3. (3x3 + x)y′′ + 2y′ − 6xy = 4− 12x2.

4. (x2 + 1)y′′ + xy′ − y = −1.

5. (x− 1)y′′ − xy′ + y = (x− 1)2ex.

6. x(x− 1)y′′ − (2x− 1)y′ + 2y = x2(2x− 3).

7. x2y′′ − xy′ − 3y = 5x4.

Îòâåòû.

1. y = C1(x+ 2) + C2
1

x
+
(x
2
+ 1

)
ln |x|+ 3

2
.

2. y = C1(2x− 1) + C2e
−x +

x2 + 1

2
.

3. y = C1(x
2 + 1) +

C2

x
+ 2x.
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4. y = C1x+ C2

√
1 + x2 + 1.

5. y = C1x+ C2e
x +

(
x2

2
− x

)
ex.

6. y = C1(2x− 1) + C2x
2 + x3.

7. y =
C1

x
+ C2x

3 + x4.

�10. Ëèíåéíûå óðàâíåíèÿ c ïîñòîÿííûìè êîýôôèöèåíòàìè

10.1. Ëèíåéíîå îäíîðîäíîå óðàâíåíèå c ïîñòîÿííûìè êîýôôèöèåíòàìè

Ýòî óðàâíåíèå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâíåíèÿ (9.1), â êîòîðîì êîýô-

ôèöèåíòû ai , i = 1, . . . , n, � äåéñòâèòåëüíûå ïîñòîÿííûå:

y(n) + a1y
(n−1) + . . .+ an−1y

′ + any = 0. (10.1)

Äëÿ ýòîãî óðàâíåíèÿ çàäà÷à ïîñòðîåíèÿ ô.ñ.ð. ñâîäèòñÿ ê îïðåäåëåíèþ êîð-

íåé ìíîãî÷ëåíà

L(p) = pn + a1p
n−1 + . . .+ an−1p+ an = 0, (10.2)

â êîòîðîì ñèìâîë p îçíà÷àåò îïåðàöèþ äèôôåðåíöèðîâàíèÿ ïî x (òî åñòü,

p = d/dx). Ìíîãî÷ëåí L(p) íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì

óðàâíåíèÿ (10.1). Ïðàâèëî ïîñòðîåíèÿ õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà ñî-

ñòîèò â òîì, ÷òî â óðàâíåíèè (10.1) íóæíî êàæäóþ ïðîèçâîäíóþ y(k) , k =

0, . . . , n, çàìåíèòü íà pk , (y(0) = y çàìåíÿåòñÿ íà p0 = 1).

Ïóñòü

p1, p2, . . . , pn

åñòü ñîâîêóïíîñòü âñåõ êîðíåé L(p) ñ ó÷åòîì êðàòíîñòåé (â ýòîé ïîñëåäîâà-

òåëüíîñòè êàæäûé êîðåíü ïîâòîðÿåòñÿ ñòîëüêî ðàç, êàêîâà åãî êðàòíîñòü).

Ðàññìîòðèì ñëåäóþùèå ñëó÷àè.

1. Êîðíè p1 , p2 , . . . , pn � âåùåñòâåííûå è ðàçëè÷íûå. Òîãäà ô.ñ.ð. óðàâ-

íåíèÿ (10.1) ñîñòàâëÿþò ôóíêöèè

y1 = ep1x, y2 = ep2x, . . . , yn = epnx.

Îáùåå ðåøåíèå óðàâíåíèÿ (10.1) çàïèøåòñÿ ïî ôîðìóëå (9.3):

y0 = C1e
p1x + C2e

p2x + . . .+ Cne
pnx.
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2. Âñå êîðíè p1 , p2 , . . . , pn ðàçëè÷íû, íî ñðåäè íèõ åñòü êîìïëåêñíûå.

Ïóñòü p = α + iβ � îäèí èç êîìïëåêñíûõ êîðíåé. Òîãäà ñîïðÿæåííîå ÷èñ-

ëî α− iβ òàêæå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (10.2), èáî

âñå êîýôôèöèåíòû ýòîãî óðàâíåíèÿ âåùåñòâåííû. Ýòèì äâóì êîðíÿì ñîîò-

âåòñòâóþò äâå ôóíêöèè

y = eαx cos βx, y = eαx sin βx,

âõîäÿùèå â ô.ñ.ð. óðàâíåíèÿ (10.1). Ïîýòîìó â ýòîì ñëó÷àå ô.ñ.ð. ñòðîèòñÿ

òàê: êàæäîìó âåùåñòâåííîìó êîðíþ p õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ñòà-

âèòñÿ â ñîîòâåòñòâèå îäíà ôóíêöèÿ y = epx , à êàæäîé ïàðå êîìïëåêñíî-

ñîïðÿæåííûõ êîðíåé α ± iβ ñòàâÿòñÿ â ñîîòâåòñòâèå äâå ôóíêöèè y1 =

eαx cos βx, y2 = eαx sin βx. Îáùåå ðåøåíèå çàïèñûâàåòñÿ ïî ôîðìóëå (9.3).

3. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò êðàòíûå êîðíè (âåùåñòâåííûå ëè-

áî êîìïëåêñíûå).

Ïóñòü ñíà÷àëà p � âåùåñòâåííûé êîðåíü êðàòíîñòè k > 2. Ýòîìó êîðíþ

ñîîòâåòñòâóþò k ôóíêöèé, âõîäÿùèõ â ô.ñ.ð.:

y1 = epx, y2 = xepx, . . . , yk = xk−1epx.

Åñëè æå õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò ïàðó êîìïëåêñíî-ñîïðÿæåí-

íûõ êîðíåé α± iβ êðàòíîñòè k , òî ýòèì êîðíÿì ñîîòâåòñòâóþò 2k ôóíêöèé,

âõîäÿùèõ â ô.ñ.ð.:

y1 = eαx cos βx, y2 = eαx sin βx, y3 = xeαx cos βx, y4 = xeαx sin βx, . . . ,

y2k−1 = xk−1eαx cos βx, y2k = xk−1eαx sin βx.

Îáùåå ðåøåíèå óðàâíåíèÿ (9.1) çàïèñûâàåòñÿ ïî ôîðìóëå (9.3).

Îòìåòèì òàêæå, ÷òî âñå ôóíêöèè, âõîäÿùèå â ô.ñ.ð., îïðåäåëåíû íà âñåé

îñè x. Ïîýòîìó ëþáîå ðåøåíèå óðàâíåíèÿ (9.1) òàêæå îïðåäåëåíî äëÿ âñåõ x.

Ïðèìåð 1. y′′ − 3y′ + 2y = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí óðàâíåíèÿ èìååò âèä L(p) =

p2 − 3p + 2. Åãî êîðíè p1 = 1, p2 = 2 âåùåñòâåííû è ðàçëè÷íû. Ô.ñ.ð.

óðàâíåíèÿ îáðàçóþò ôóíêöèè y1 = ex , y2 = e2x . Îáùåå ðåøåíèå óðàâíåíèÿ

èìååò âèä y0 = C1e
x + C2e

2x .

Ïðèìåð 2. yIV − 2y′′ + y = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí L(p) = p4 − 2p2 + 1 óðàâíåíèÿ

èìååò êðàòíûå êîðíè p1,2 = −1, p3,4 = 1. Îáùåå ðåøåíèå óðàâíåíèÿ èìååò

âèä y0 = C1e
−x + C2xe

−x + C3e
x + C4xe

x .
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Ïðèìåð 3. yIV + 8y′ = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí óðàâíåíèÿ L(p) = p4+8p èìååò

äâà êîìïëåêñíî ñîïðÿæåííûõ êîðíÿ p1,2 = 1 ± i
√
3 è äâà äåéñòâèòåëüíûõ

êîðíÿ p3 = −2, p4 = 0. Îáùåå ðåøåíèå óðàâíåíèÿ äàåòñÿ ôîðìóëîé y0 =

C1e
x cos

√
3x + C2e

x sin
√
3x+ C3e

−2x + C4 .

Ïðèìåð 4. yIV + 2y′′ + y = 0.

Ðåøåíèå. Êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà óðàâíåíèÿ L(p) = p4 +

2p2 + 1 äâóêðàòíûå è êîìïëåêñíî ñîïðÿæåííûå: p1,2 = i, p3,4 = −i. Îáùåå
ðåøåíèå óðàâíåíèÿ èìååò âèä y0 = (C1 + C2x) cos x + (C3 + C4x) sin x.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. y′′ − 3y′ + 2y = 0.

2. y′′ − 4y′ + 5y = 0.

3. yIV + 4y = 0.

4. y′′ − 2y′ + y = 0.

5. yIV + 2y′′ + y = 0.

6. y′′′ − 3y′′ + 3y′ − y = 0.

7. yV − 6yIV + 9y′′′ = 0.

Îòâåòû.

1. y = C1e
x + C2e

2x.

2. y = (C1 cosx+ C2 sinx)e
2x.

3. y = (C1 cosx+ C2 sinx)e
x + (C3 cosx+ C4 sinx)e

−x.

4. y = (C1 + C2x)e
x.

5. y = (C1 + C2x) cos x+ (C3 + C4x) sin x.

6. y = (C1 + C2x+ C3x
2)ex.

7. y = C1 + C2x+ C3x
2 + (C4 + C5x)e

3x.

10.2. Ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå c ïîñòîÿííûìè êîýôôèöèåíòàìè

Ïðè ðåøåíèè íåîäíîðîäíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

y(n) + a1y
(n−1) + . . .+ an−1y

′ + any = f(x) (10.3)

ñ íåïðåðûâíîé ïðàâîé ÷àñòüþ f(x) òàêæå ïðèìåíÿþò òåîðåìó î ñëîæåíèè

ðåøåíèé è ìåòîä âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ (ñì. ï. 9.2).
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Ïðèìåð 5. y′′ + y = x+ 1/ sinx.

Ðåøåíèå. Ðàçîáüåì ïðàâóþ ÷àñòü óðàâíåíèÿ íà äâå: f(x) = f1(x) + f2(x),

ãäå f1(x) = x, f2(x) = 1/ sinx. ×àñòíîå ðåøåíèå óðàâíåíèÿ ñ ïðàâîé ÷àñòüþ

f1(x) èùåòñÿ â âèäå ìíîãî÷ëåíà è ëåãêî ïîäáèðàåòñÿ: ŷ1 = x. Ðåøåíèå óðàâ-

íåíèÿ ñ ïðàâîé ÷àñòüþ f2(x) áóäåì èñêàòü ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ

ïîñòîÿííûõ.

Îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ ëåãêî çàïèñû-

âàåòñÿ ïî êîðíÿì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà p1 = i, p2 = −i è èìååò

âèä y0 = C1 cosx+ C2 sinx.

Ñ÷èòàÿ çäåñü Ci = Ci(x), i = 1, 2, ïîêà íå îïðåäåëåííûìè ôóíêöèÿìè,

çàïèøåì ñîîòâåòñòâóþùóþ ñèñòåìó (9.10):

C ′
1 cosx+ C ′

2 sinx = 0,

−C ′
1 sinx+ C ′

2 cosx = 1/ sinx.

Ðåøèâ ýòó ñèñòåìó, ïîëó÷èì C ′
1 = −1, C ′

2 = ctg x, ñëåäîâàòåëüíî, C1(x) =

−x + C1 , C2(x) = ln | sinx| + C2 . Ïîñòîÿííûå èíòåãðèðîâàíèÿ ïðîùå âñåãî

âçÿòü ðàâíûìè íóëþ: Ci = 0, i = 1, 2. Òîãäà ÷àñòíîå ðåøåíèå óðàâíåíèÿ ñ

ïðàâîé ÷àñòüþ f2(x) èìååò âèä ŷ2 = −x cosx+ sin x · ln | sinx|. Ïî òåîðåìå î
ñëîæåíèè ðåøåíèé, ôóíêöèÿ ŷ = ŷ1 + ŷ2 = x− x cosx+ sinx · ln | sinx| áóäåò
÷àñòíûì ðåøåíèåì èñõîäíîãî óðàâíåíèÿ. Ïðèáàâèâ ýòî ðåøåíèå ê îáùåìó

ðåøåíèþ îäíîðîäíîãî óðàâíåíèÿ, ïîëó÷èì åãî îáùåå ðåøåíèå: y = C1 cosx+

C2 sinx+ x− x cosx+ sinx · ln | sinx|.
Îäíàêî, â ðÿäå ñëó÷àåâ, åñëè ôóíêöèÿ f(x) èìååò ñïåöèàëüíûé âèä, ÷àñò-

íîå ðåøåíèå óðàâíåíèÿ (10.3) óäîáíåå èñêàòü ìåòîäîì íåîïðåäåëåííûõ êîýô-

ôèöèåíòîâ.

1. Ïóñòü f(x) = Pm(x) � ìíîãî÷ëåí ñòåïåíè m îò x.

1.1. ×èñëî p = 0 íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà

L(p) óðàâíåíèÿ (10.3) (â ïîñëåäîâàòåëüíîñòè åãî êîðíåé p1, p2, . . . , pn íåò çíà-

÷åíèÿ p = 0). Òîãäà ñóùåñòâóåò ÷àñòíîå ðåøåíèå óðàâíåíèÿ âèäà

ŷ = P̃m(x), (10.4)

ãäå P̃m(x) � ìíîãî÷ëåí ñòåïåíè m îò x ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè.

Ïîäñòàâèâ åãî â (10.3), ïîëó÷èì òîæäåñòâåííîå ðàâåíñòâî äâóõ ìíîãî÷ëåíîâ.

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ýòèõ ìíîãî÷ëåíîâ, ïî-

ëó÷èì ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ

ìíîãî÷ëåíà (10.4).

1.2. ×èñëî p = 0 ÿâëÿåòñÿ êîðíåì êðàòíîñòè k äëÿ ìíîãî÷ëåíà L(p) (â

ïîñëåäîâàòåëüíîñòè åãî êîðíåé çíà÷åíèå p = 0 ïîâòîðÿåòñÿ k ðàç). Òîãäà
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÷àñòíîå ðåøåíèå óðàâíåíèÿ (10.3) ìîæíî èñêàòü â âèäå

ŷ = xkP̃m(x). (10.5)

Íåîïðåäåëåííûå êîýôôèöèåíòû ìíîãî÷ëåíà P̃m(x) èùóòñÿ àíàëîãè÷íî.

2. Ïóñòü f(x) = Pm(x)e
αx, ãäå Pm(x) � ìíîãî÷ëåí ñòåïåíè m îò x, à α

� íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî.

2.1. ×èñëî p = α íå ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà L(p) (â ïîñëåäîâàòåëü-

íîñòè åãî êîðíåé p1, p2, . . . , pn íåò çíà÷åíèÿ p = α). Òîãäà ÷àñòíîå ðåøåíèå

óðàâíåíèÿ (10.3) èùåòñÿ â âèäå

ŷ = P̃m(x)e
αx. (10.6)

Ïîäñòàâèâ (10.6) â (10.3), ïîñëå ñîêðàùåíèÿ íà eαx , ïðèäåì, êàê è â ïðåäû-

äóùèõ ñëó÷àÿõ, ê òîæäåñòâåííîìó ðàâåíñòâó ìíîãî÷ëåíîâ ñòåïåíè m.

2.2. ×èñëî p = α ÿâëÿåòñÿ êîðíåì êðàòíîñòè k äëÿ ìíîãî÷ëåíà L(p) (â

ïîñëåäîâàòåëüíîñòè åãî êîðíåé çíà÷åíèå p = α ïîâòîðÿåòñÿ k ðàç). Â ýòîì

ñëó÷àå ÷àñòíîå ðåøåíèå óðàâíåíèÿ (10.3) íóæíî èñêàòü â âèäå

ŷ = xkP̃m(x)e
αx. (10.7)

3. Ïóñòü f(x) = Pm(x) cos βx + Ql(x) sin βx, ãäå Pm(x) è Ql(x) � ìíî-

ãî÷ëåíû ñòåïåíåé m è l ñîîòâåòñòâåííî, à β � íåêîòîðîå äåéñòâèòåëüíîå

÷èñëî.

3.1. ×èñëà p = ±iβ íå ÿâëÿþòñÿ êîðíÿìè ìíîãî÷ëåíà L(p). Â ýòîì ñëó÷àå

÷àñòíîå ðåøåíèå óðàâíåíèÿ (10.3) èùåòñÿ â âèäå

ŷ = P̃s(x) cos βx+ Q̃s(x) sin βx, (10.8)

ãäå P̃s(x), Q̃s(x) � ìíîãî÷ëåíû ñòåïåíè s, ãäå s = max(m, l), ñ íåîïðåäå-

ëåííûìè êîýôôèöèåíòàìè. Ïîäñòàâèì (10.8) â (10.3) è ïðèðàâíÿåì îòäåëüíî

ìíîãî÷ëåíû, ñòîÿùèå â îáåèõ ÷àñòÿõ ïîëó÷åííîãî ðàâåíñòâà ïðè cos βx è

sin βx (ýòî ìîæíî ñäåëàòü â ñèëó ëèíåéíîé íåçàâèñèìîñòè ýòèõ ôóíêöèé).

Òàêèì îáðàçîì, ìû ñíîâà ïðèäåì ê òîæäåñòâåííîìó ðàâåíñòâó ìíîãî÷ëåíîâ

è ñèñòåìå óðàâíåíèé äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ P̃m(x) è Q̃s(x).

3.2. ×èñëà p = ±iβ ÿâëÿþòñÿ êîðíÿìè êðàòíîñòè k ìíîãî÷ëåíà L(p).

Òîãäà ÷àñòíîå ðåøåíèå íóæíî èñêàòü â âèäå

ŷ = xk(P̃s(x) cos βx+ Q̃s(x) sin βx), s = max(m, l). (10.9)

4. Ïóñòü f(x) = eαx(Pm(x) cos βx+Ql(x) sin βx), ãäå Pm(x) è Ql(x) ìíîãî-

÷ëåíû îò x ñòåïåíåé m è l ñîîòâåòñòâåííî, α, β � íåêîòîðûå äåéñòâèòåëüíûå

÷èñëà.

74



4.1. Åñëè ÷èñëà p = α ± iβ íå ÿâëÿþòñÿ êîðíÿìè ìíîãî÷ëåíà L(p), òî

÷àñòíîå ðåøåíèå óðàâíåíèÿ (10.3) ìîæíî èñêàòü â âèäå

ŷ = eαx(P̃s(x) cos βx+ Q̃s(x) sin βx), s = max(m, l). (10.10)

Ïîñëå ïîäñòàíîâêè (10.10) â (10.3) è ñîêðàùåíèÿ íà eαx íåîáõîäèìî ïðèðàâ-

íÿòü ìíîãî÷ëåíû, ñòîÿùèå â îáåèõ ÷àñòÿõ ðàâåíñòâà ïðè cos βx è sin βx.

Ïîëó÷èòñÿ ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ èõ êîýôôè-

öèåíòîâ.

4.2. Åñëè ÷èñëà p = α ± iβ ÿâëÿþòñÿ êîðíÿìè êðàòíîñòè k ìíîãî÷ëåíà

L(p), òî ÷àñòíîå ðåøåíèå óðàâíåíèÿ èùåòñÿ â âèäå

ŷ = xkeαx(P̃s(x) cos βx+ Q̃s(x) sin βx), s = max(m, l). (10.11)

Îòìåòèì, ÷òî ñëó÷àé 4 îáîáùàåò âñå ñëó÷àè 1�3. Â ñàìîì äåëå, ñëó÷àé 3

ïîëó÷àåòñÿ ïðè α = 0, ñëó÷àé 2 � ïðè β = 0, à ñëó÷àé 1 � ïðè α = β = 0.

Òåì íå ìåíåå, íà ïðàêòèêå óäîáíåå ðàññìàòðèâàòü èõ îòäåëüíî.

Ïðèìåð 6. Ðàññìîòðèì óðàâíåíèå y′′′ + y′ = x+ 2ex + cosx+ e−x sinx.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ýòîãî óðàâíåíèÿ èìååò âèä

L(p) = p3 + p. Åãî êîðíè ðàâíû p1 = 0, p2,3 = ±i. Ïîýòîìó îáùåå ðåøå-

íèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ Ly ≡ y′′′ + y′ = 0 èìååò âèä

y0 = C1 + C2 cosx+ C3 sinx.

Ðàçîáüåì ïðàâóþ ÷àñòü óðàâíåíèÿ íà ÷åòûðå ñëàãàåìûõ: f(x) = f1(x) +

f2(x) + f3(x) + f4(x), ãäå

f1(x) = x, f2(x) = 2ex, f3(x) = cos x, f4(x) = e−x sinx.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ Ly = f1(x) èìååò âèä 1: çäåñü m = 1, P1(x) ≡ x.

Îíà ïîäïàäàåò ïîä ñëó÷àé 1.2 ïðè k = 1. Ïîýòîìó ÷àñòíîå ðåøåíèå íóæíî

èñêàòü â âèäå (10.5):

ŷ1 = x(ax+ b).

Ïîäñòàâèâ ýòî âûðàæåíèå â óðàâíåíèå, ïîëó÷èì ðàâåíñòâî 2ax + b ≡ x, èç

êîòîðîãî a = 1/2, b = 0. Ñëåäîâàòåëüíî, ŷ1 = x2/2.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ Ly = f2(x) èìååò âèä 2 ïðè m = 0, P0(x) ≡ 2,

α = 1 è ïîäïàäàåò ïîä ñëó÷àé 2.1. Ñëåäîâàòåëüíî, ÷àñòíîå ðåøåíèå óðàâíåíèÿ

ñ òàêîé ïðàâîé ÷àñòüþ èùåòñÿ ïî ôîðìóëå (10.6):

ŷ2 = aex.

Ïîäñòàâèì ýòó ôóíêöèþ â óðàâíåíèå è ñîêðàòèì ïîëó÷åííîå ðàâåíñòâî íà ex .

Òîãäà ïîñòîÿííàÿ a äîëæíà áûòü âåùåñòâåííûì êîðíåì óðàâíåíèÿ

a3 + a− 2 = 0. Òàêîé êîðåíü òîëüêî îäèí: a = 1, ïîýòîìó ŷ2 = ex .
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Ïðàâàÿ ÷àñòü óðàâíåíèÿ Ly = f3(x) èìååò âèä 3: m = l = 0, P0(x) ≡ 1,

Q0(x) ≡ 0, β = 1 è ïîäïàäàåò ïîä ñëó÷àé 3.2 ïðè k = 1. Ïîýòîìó ÷àñòíîå

ðåøåíèå áóäåì èñêàòü â âèäå (10.9):

ŷ3 = x(a cosx+ b sinx).

Ïîäñòàâèì ýòî âûðàæåíèå â óðàâíåíèå è ïðèðàâíÿåì â ëåâîé è ïðàâîé ÷àñòÿõ

ìíîãî÷ëåíû ïðè cosx è sinx ñîîòâåòñòâåííî. Ïîëó÷èì a = −1/2, b = 0,

ñëåäîâàòåëüíî, ŷ3 = −(x cosx)/2.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ Ly = f4(x) èìååò âèä 4 ïðè α = −1, m = l = 0,

P0(x) ≡ 0, Q0(x) ≡ 1, β = 1 è ïîäïàäàåò ïîä ñëó÷àé 4.1. Ïîýòîìó, ÷àñòíîå

ðåøåíèå óðàâíåíèÿ ñ òàêîé ïðàâîé ÷àñòüþ íóæíî èñêàòü â âèäå (10.10):

ŷ2 = e−x(a cosx+ b sinx).

Ïîäñòàâèì ýòî âûðàæåíèå â óðàâíåíèå, ñîêðàòèì íà e−x è ïðèðàâíÿåì ìíî-

ãî÷ëåíû ïðè cosx è sinx â îáåèõ ÷àñòÿõ ïîëó÷åííîãî òîæäåñòâà. Îòñþäà

íàéäåì a = 3/8, b = −1/8. Ïîýòîìó ŷ4 = e−x(3 cosx− sinx)/8.

Òàêèì îáðàçîì, ïî òåîðåìå î ñëîæåíèè ðåøåíèé, ôóíêöèÿ ŷ = ŷ1 + ŷ2 +

ŷ3 + ŷ4 áóäåò ÷àñòíûì ðåøåíèåì èñõîäíîãî óðàâíåíèÿ, à åãî îáùåå ðåøåíèå

äàåòñÿ ôîðìóëîé

y = C1 + C2 cosx+ C3 sinx+
x2

2
+ ex − x

2
cosx+ e−x

(3
8
cosx− 1

8
sinx

)
.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. y′′ + y = 4x ex.

2. y′′ − y = 2ex − x2.

3. y′′ + y = 4 sin x.

4. y′′ − 2y′ + y =
ex

x
.

5. y′′ + y =
1

sinx
.

6. y′′ + 4y = 2 tg x.

7. y′′ + y = 2 sec3 x.

Îòâåòû.

1. y = C1 cosx+ C2 sinx+ (2x− 2)ex.

2. y = C1e
x + C2e

−x + xex + x2 + 2.

3. y = C1 cosx+ C2 sinx− 2x cosx.
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4. y = (C1 + C2x)e
x + xex ln |x|.

5. y = C1 cosx+ C2 sinx+ x cosx+ sinx ln | sinx|.
6. y = C1 cos 2x+ C2 sin 2x− x cos 2x+ sin 2x ln | cosx|.

7. y = C1 cosx+ C2 sinx−
cos 2x

cosx
.

10.3. Óðàâíåíèå Ýéëåðà

Óðàâíåíèåì Ýéëåðà íàçûâàåòñÿ óðàâíåíèå

xny(n) + a1x
n−1y(n−1) + . . .+ an−1xy

′ + any = f(x), (10.12)

ãäå ai , i = 1, . . . , n, � äåéñòâèòåëüíûå ïîñòîÿííûå. Ôîðìàëüíî, ýòî óðàâíåíèå

ÿâëÿåòñÿ óðàâíåíèåì ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Îäíàêî, ïðè ïîìîùè

çàìåíû íåçàâèñèìîé ïåðåìåííîé

x = et, t = ln x ïðè x > 0 (x = −et ïðè x < 0), (10.13)

îíî ïðèâîäèòñÿ ê óðàâíåíèþ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Äåéñòâèòåëü-

íî, âû÷èñëÿÿ ïðîèçâîäíûå, ïîëó÷èì

y′(x) = y′(t)
dt

dx
= y′(t)

1

x
,

y′′(x) =
d

dx

(
y′(t)

1

x

)
= y′′(t)

dt

dx

1

x
− y′(t)

1

x2
=

(
y′′(t)− y′(t)

) 1

x2
,

y′′′(x) =
(
y′′′(t)− 3y′′(t) + 2y′(t)

) 1

x3
,

. . .

y(n)(x) =
(
y(n)(t) + . . .

) 1

xn

(â âûðàæåíèè äëÿ y(n)(x) ìíîãîòî÷èåì îáîçíà÷åíà ëèíåéíàÿ êîìáèíàöèÿ

y(k)(t), k = 1, . . . , n− 1, ñ ïîñòîÿííûìè êîýôôèöèåíòàìè). Ïîäñòàâèâ ýòè

ïðîèçâîäíûå â (10.12), ïîëó÷èì óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

y(n) + b1y
(n−1) + . . .+ bn−1y

′ + bny = f(et).

Ïðèìåð 7. x2y′′ − 2y = ln x.

Ðåøåíèå. Çàìåíà (10.13) ïðèâîäèò ê óðàâíåíèþ

y′′ − y′ − 2y = t.

Êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà L(p) = p2 − p − 2 ðàâíû p1 = −1,

p2 = 2. ×àñòíîå ðåøåíèå ïîëó÷åííîãî óðàâíåíèÿ èùåì â âèäå (10.4), à èìåííî,
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ŷ(t) = at + b. Ïðèðàâíÿâ êîýôôèöèåíòû ïðè ñòåïåíÿõ t â ðàâåíñòâå −a −
2(at + b) = t, ïîëó÷èì a = −1/2, b = 1/4. Ñëåäîâàòåëüíî, y(t) = C1e

−t +

C2e
2t − 1

2
t+

1

4
. Ñäåëàâ îáðàòíóþ çàìåíó, ïîëó÷èì

y(x) =
C1

x
+ C2x

2 − 1

2
lnx+

1

4
.

Åñëè â óðàâíåíèè (10.12) ïðè y(k)(x) âìåñòî ìíîæèòåëÿ xk ñòîèò ìíî-

æèòåëü (ax + b)k , k = 1, . . . , n, òî òàêîå óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì

Ëàãðàíæà. Ñ ïîìîùüþ çàìåíû ax+ b = et îíî òàêæå ñâîäèòñÿ ê óðàâíåíèþ

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Çàäà÷è.

Ðåøèòü óðàâíåíèÿ:

1. x2y′′ − 4xy′ + 6y = 0.

2. x3y′′′ + xy′ − y = 0.

3. x2y′′ − xy′ + y = 8x3.

4. x2y′′ + xy′ + 4y = 10x.

5. x2y′′ − 6y = 5x3 + 8x2.

6. (2x+ 3)3y′′′ + 3(2x+ 3)y′ − 6y = 0.

Îòâåòû.

1. y = C1x
2 + C2x

3.

2. y = x(C1 + C2 ln |x|+ C3 ln
2 |x|).

3. y = x(C1 + C2 ln |x|) + 2x3.

4. y = C1 cos(2 ln |x|) + C2 sin(2 ln |x|) + 2x.

5. y = C1x
3 + C2x

−2 + x3 ln |x| − 2x2.

6. y = C1(2x+ 3) + C2|2x+ 3|3/2 + C3|2x+ 3|1/2.
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