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I'maBa 1
Inddepentmaababie ypaBHEHNS TIEPBOrO MOPIIKa

Huddepenyuarvnovim ypasnenuem nepeozo nopadka Ha3blBaeTCs ypaBHEHUE BUJIA
F(z,y,y") =0, (0.1)

B KOTOPOM T — He3aBHCHMasi epeMennasi, y(x) — neuspectHast byukius. Jug-
PepeHUUANOHDIM YPABHEHUEM NEPBO20 NOPAJKA, PA3PEWEHHBIM OMHOCUMENDHO
nPou3sodnoti, Ha3bIBAETCST YPABHEHUE

dy

)] 02

[IpaByio qacts ypasuenus (0.2) Oyiem CIUTATH OMPEIETCHHON Ha HEKOTOPOM OT-
KpeIToM MHOXKecTBe D 1ockoctu (x,y). VHorma ypasuenue (0.2) 3amuchiBatoT
B BUJIC

M(z,y)dx + N(z,y)dy =0 (0.3)

1 HA3BLIBAIOT YPAGHEHUEM NEPBO20 MOPAJKG, 3aNUCAHHUM 6 JuPdepenyuanar.

Pewenuem ypasrenust (0.2) (win (0.3)) wa unreppaie I ocu & HasbiBaeTCs
mobast uddepennupyemast Gyukius y = (x), Koropasi IpU MOJCTAHOBKE B
ypaBHeHue obparaer ero B ToxkaectBo Ha I. Obwum pewenuem ypasuenus (0.2)
HA3LIBAETCS MHOXKECTBO BCexX ero pemrennii. O0Imee pelrenne 3aBUCAT OT OJHOM
Hpou3BOJILHOI nocrosinnoit C' u jaercss (hopmysioi

y=p(z,0). (0.4)

Boiparkenue Bujia

¢(z,y,C) =0, (0.5)

U3 KOTOPOI'O Y OLpPEJIe/Isiercst HesiBHO KakK (DYHKIMsl OT T Ha3bIBACTCHA 00UjUM
unmezparom ypasuenusi (0.2).

Permurs ypasrenne (0.2) o3navaer HaiiTn ero obiee perenne uin ooImil wH-
rerpaJt. Ilpu aToM npejamnodTenne, Kax IpaBuiio, OTaaeTcs 6ojee KOMIIAKTHOR 3a-
IICH OTBETA.

Dopwmbr 3amcn ypasrenus B Buje (0.2) win (0.3) paBHOCHIbHBI U U3 OJIHO¥
3aIMCH MOKHO TIOJIYIUTh JApyryio. OHAKO, B HEKOTOPBIX Clydasax, (hopMma 3amm-
cu (0.3) oKa3bIBAETCS MPEJIIOUTUTEIbHEE, TAK KAK B Hee TIEPEMEHHbIC & U 4 BXO-

JAT cuMMeTpudHO. [losToMy, eciin He3aBUCUMYIO TIEPEMEHHYIO U UCKOMYIO (DyHK-

dx
U0 TIOMEHSATH MeCTaMi (pa3peluTh ypPaBHEHUE OTHOCUTEJIBHO d—), TO TIOJIY-
Yy



YEHHOE ypaBHEHUE MOXKET OKasaThCst DoJiee MpocThbiM. Torja ero odiiee perieHue
x = (y, C) onpenenur obmumii uarerpas ypasuenust (0.2).

Pacemorpum crefytoniyto 3asady: Haiitu pernienne ypasuenus (0.2), yaosie-
TBOPSIIOIIEE YCIOBUIO

y(wo) = yo, tae (wo,y0) € D. (0.6)

Yenosue (0.6) HA3BIBACTCS HAYAALHOLM YCAOBUEM, & CAMa TIOCTABJICHHAS 32~
qa — 3adavet Kowwu. Jloboe pemenue y = @(x) ypasuenusi (0.2) onpejessi-
er Ha MHOXKecTBe [) HEKOTOPYIO KPUBYIO, KOTOPYIO Ha3bIBAIOT UNME2PANbHOT
kpueoti ypaBHenns. 110sToMy, reoMeTpruIecKuii CMBICH 3aJaun Komm cocTouT B
TOM, YTOOBI HAHTH MHTErPAJIbHYIO KPUBYIO YPABHEHUSA, IIPOXOJIAIILYI0 9€pe3 TOUKY
(20, %0) € D. Urobn! pemuth 3amauy Kommm, Hy»KHO TOICTaBATH HAYAILHOE YCJIO-
sre (0.6) B (0.4) wiu (0.5) u onpegenurs orrya 3uadenue C' = Cpy, 1pu KOTOPOM
TOYKa (:UO, yo) JIEXKUT HA UCKOMOI MHTerpaJibHOM KpuBoil. Toria perienue 3ajiaqu
Kommu sanummercs B sugie y = ¢(x, Cy) uwiu ®(x,y,Cy) = 0.

81. YpaBHEHHS ¢ pa3aeJsioNIMICcs IIepeMeHHbBIMI 1 YPaBHEHHS,
MPUBOJAIIECT K HIM

1.1. YpaBHeHUd ¢ pa3aeiIdIONMMUCH TTEPEMEHHBIMA

YpaBHEHUSI C PA3CISAIONUMKIC IEPEMEHHBIMU — 9TO YPABHEHUs, KOTOPbIE MOTY'T
ObIThH 3alMCAHDbI B BU/IE
Y = p(x)d(y) (1.1)

UJTU K€ B BU/IE

M(x)N(y) dz + P(2)Q(y) dy = 0. (1.2
Y1o0BI peluTh TaKoe ypaBHEHUEe, HEOOXOJIUMO pa3desumsb nepemertie, TO eCThb,
IPUBECTU ypaBHEHME K TakKoil ¢dpopme, 4Tobbl npu jguddepennnae dr CTOsIA
dyHKIMs, 3aBUCAIIAS JUITL OT X, a npu jguddepenmnuare dy — QyHKIWST, 3aBH-
csmast ot y. st aroro ypashenue suja (1.1) ciaemyer nepenucars B dhopme

dy

o(y) ple)de,
a ypasaenue Buja (1.2) B dopwme
M () Qly) ., _
Plr) dr + Wdy = 0.

Taxum obpa3oM, ypaBHEHUE ¢ pa3JIesONIUMICs IepEeMeHHBIMU CBOJINTCA K yPaB-
HEHUTO

f(z)dx + g(y) dy = 0. (1.3)
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T Y
[Mycrs F(z) = [ f(z)dz u G(y) = / 9(y)dy, (xo,y0) € D — nepBoobpasubie

Yo
agist yukiwit f(x) u g(y) coorsercrenno. Toryua ux jauddepenimasbl paBHbI

dF(z) = f(z)de w dG(y) = g(y)dy.
CurestoBaresibto, ypasaenne (1.3) MOXKHO repernucarh B BUJIE
dF(x) +dG(y) = d(F(z) + G(y)) =

Ho nuddepennman pyakinm paBeH HyJIIO TOT/a U TOJBKO TOT/Ia, KOI/a 3Ta PyHK-
nust — KoucranTa. [losromy obmum pererueM ypasaenus (1.3) Oyaer

F(z) + G(y) /f d$+/y()dy—0—const

Yo

3aMeTnM, 9TO TPHU Pa3/IeJICEHUU [TEPEMEHHBIX MOT'YT TEPSAThCS PEIIeHUsT BUIA
T = Xy, Y = Yo B caydae ypasaenus (1.1) 3a cuer obpaiennst B Hysib GyHKIUHN
Y(y) w dynxmmit P(x) u N(y) s ypasuenus (1.2). [loaromy, ecan norepsinHoe
pelrenne He MOXKeT ObITh MMOJIYIEeHO U3 ODINEro pemrenns Ipu KakoM-uunoya, C =
Cl, ero HeobXOUMO TaK»Ke BKJIIOUUTL B OTBET.

IIpumep 1. Paccmorpum ypasrenue (3amaay Komm)
(z+Dydr+ (y+2)dy =0, y(1)=1. (1.4)

Pemenue. Pazienssa nepeMennble, IOy IUM

(x+1)dx+y+

dy = 0.

Unrerpupyem nostyueHHbIe BEIPAXKEHUs U yIUThIBAS, UTO HEOIPEJIeJIeHHbINA UHTe-
IpaJi O3HAYAET MHOXKECTBO BCEX MEPBOOOPA3HBIX, OTIUIAIONIUXCSA HA TOCTOSHHY IO,
TOJTY YU M

/x—l—l dx—l—/—dy— “(z+1)*+ (y+2Injy|]) + C = 0.

CuiestoBaresibio, obumit narerpas ypastenust (1.4) (eciu mpousBoJIbHYIO 1OCTO-
suuyto C' B3sa1h B Bujie —C') ectb

1
§(:c + 1%+ (y+2In|y|) =

B nporiecce npeobpasoBanusi ypaBHeHHsI Mbl jeuian Ha . IloxcraBus y = 0 B
ypasaenue (1.4), yoexmaemcsi, 9T0 y = (0 TOXKe SBJISETCS PEIICHHEM W He MOJIYy-
yaercst U3 o0IIero uHTerpaJa Hu Hpu Kakom 3nadenun C') Tak KaK HE BXOJIUT B
00J1aCTh €ro orpejieJeHus .



[Tojcrapus © = 1, y = 1 B 00mmit uHTErpaJ, Haiijiem perienue 3ajgadu Korn:
s(x+1)?+ (y+2Injy|) = 3.

IIpumep 2. Pemnm ypaBuenue
2 (y+1)dx+ (2° — 1)(y — 1) dy = 0. (1.5)

Pemenne. Pazjiesiem rnepemenubie:

1'2

xd—1

1
dr + ——dy = 0.
g1

I[Ipu sToM MBI estuM Ha 2° — 1 1 Y+ 1, HO9TOMY HEOOXOAMMO OTIEILHO PACCMOT-

perb ciydan °—1 = 0 u y+1 = 0. [loacrasus B ypasuenue (1.5) cnauana x = 1,

a moroM Yy = —1, yoexxgaemcsi, 4To obe 3T (DYHKIUU SIBJISTIOTCS PEIEHUSIMHA.
VuTerpupys, nojydum:

322 dx 2
d —d = = 1—— =
[y [iqa=g [ 55+ [ (- i)

1
:gln\x?’—1\—|—y—21n\y—|—1\—|—C:O.

CrietoBaresibio, 00muii naTerpas ypapuenns (1.5) MOXKHO 3aMucaTh Tak:
1
gln\x3—1\+y—21n|y+l\ =C, z=1, y=-1L

Ecin nocrosinayto C' B3sth B Bujie In |C|, To obimuii wHTErpas 3amnuiinercs cie-

JIYIOIIAM 00pa30M:
(23 — 1)1/ 3ey

y+102

B sroit popwme zamncu pemenne x = 1 comepxkurcs npu C' = 0. [Tosromy K

o0OIIeMy MHTErpaJjy TaKoro BUJIA CJeJyeT J00aBUTh JIUIIL perenne §y = —1.
Ecin ke nocrosinnyio B3a1h B Buje — In |C| u nepenucars obmuii uurerpaJ B
sune (y + 1)2 = Ce¥(x® — 1)Y/3, 1o, maobopot, permenne y = —1 moay<nTes mpn

C=0.

IIpumep 3. Pemmum ypaBHenue
oy (y 4+ 1) sinz + 2y = ¢

Pemenmne. [lepenuiiem ero B Bujie

dy

- (y+1)smx—y — 2.



PazjiesinB niepeMeHHbIe, TIOJIyYnM

(y+1dy  dx ldy 3 dy  dx

y(y —2)  sinz’ oTiyAd _§?+§y—2_sinx'

[IpounTerpupyem:
1 3
—§ln|y| + §ln|y —2| = ln‘tgg‘ + C.

Bamensist 2C' wa In |C| 1 noreHnupysi, HoJy4aeM OKOHUATEJHHO

Kpowme Toro, Mbl j1oJKHBL HccaeoBarh ciaydan y(y — 2) = 0 u sinx = 0. Ilep-
BbIil ciydait maer dyukiun y = 0 1 y = 2, ABJISIONIHECS PEIICHUSIMA HCXOTHOTO
ypaBHEHUA, & BTOPOil — (PYHKIMKU T = TN, N € Z, KOTOpble YPABHEHUIO HE Y0~
ByieTBOpsifoT. Tak Kak y = 2 comepxkurcs B o0iem uwaTerpase npu C' = 0, To K
HeMY ciiejyer JiobaBUTh Jiniih perienne y = (.

3amgaun.

Pemmurh ypaBuenust:

z(1+y?*) de +y(1+2%)dy = 0.
d
2x2y—y +y* = 2.
p dx
3. & _ zy? + 2zy.
dxd
224 1 = cos 2y.
dx
(1+e¥)dx — e sin® v dy = 0.

dy
(1422} =1,
(1 %)

y — xy® = 2zy.

—_

No o

Haiitn pemenne 3amaun Kormn:

d
8. (2% — 1)% +227* = 0; y(0) = 1.
1

9wy +y=y% y(l) = 5.

dy
10. y—Z4+z2=1: y(1)=1.
ydx%-z > y(1)
Y

1. (x— 1)% +y=0; y(0) =—-1.



12. edr — (1+¢€")ydy =0; y(0) = 1.

OTBeTHI.
1. (1+2°)(1+y*)=C.
2. y?—2=CeY",
3. y=Ce" (y+2); y=—2.
2 2k + 1
4. tgy:C——;y:ﬂTﬂ,kEZ.
x
1
5. ey—ln(1+ey):—ln)tg£’— C(,)Szx +C; x=7k, k € Z.
2 2 2sin” x
6. e¥=1+Ce".
7. (Ce™ —1)y=2; y=0.
8. y(ln(l—2*)+1)=1,
9. y(14+z)=1
10. y>+ 2?22 =0.
1
11. = .
Y r—1
1 X
12. y2:1—|—21n< ze)

1.2. YpaBHeHUs, TPUBOIAIIMECH K YPAaBHEHUAM C Pa3/IeIIONNTMUACT
rnepeMeHHbIMU

K TakuMm ypaBHEHUsIM OTHOCSITCS yPaBHEHWUST BUJIA
v = flax + by + c).

CjiesiaB B TaKOM ypaBHEHUHU 3aMeHy 2z = ax + by + ¢, 1ojyduM ypaBHEHUE C

dz
PA3JIEIISIONMMUCST TePEMEHHBIMI e =bf(2) +a.
T

IIpumep 4. Paccmorpum ypasHenue

y = 2z + 3y +1)% (1.6)
1
Pemrenne. Crienaem 3ameny z = 2(x) = 2z+3y+1, Torna y = g(—2x+z—1).
, 2 1, 2 1, 5
[Tostomy oy = —3 + §Z . [logcTaBuM 3TO B MCXOMHOE ypaBHEHHE: —3 + §Z = 2z,
OTKY/Ia
dz 5 dz
. =3(2"+2) wm o = 3dx.
Uurerpupys nociejiiee ypaBHeHue 1 jiejiasg 00OpaTHYIO 3aMeHy, MOy IuM
20+ 3y +1

1 1
— arctg L 3r + C, orkyma —= arctg =3z + C.

V2 V2 V2 V2



T[TockosibKy BhIpazkenue 22 4 2 He obpalaeTcs B HYJIb B HU TIPH OJHOM 3HAUC-
HUU 2, OTE€PU PeIleHuil He MPOU3OIILIO.

3agaun.
Permurh ypaBHeHust:
dy
1. == — ).
- cos(y — x)
dy
2. —=\/dr+2y—1
. \/dx + 2y
Y
3 ‘= =1
(dx +v) .
. Pypy=2r+1.
dx
d
5. % = sin(z — y).
OTBeThI.

1. ctg% =z+C.

Vidr+2y —1—2In(y/4z +2y —1+2) =2+ C.
r+y=tgly—C).
y=2x—1+4+Ce™".

—x T
ctg(yT-l—Z) =x+C.

AN

§2. 3amaum, MpPUBOAMIIE K YPAaBHEHUSM C Pa3IeISIOIIMICT Tepe-
MEHHBIMI

[Ipu cocrapienun puddepeHimasbHbiX ypaBHEHUN B (pusnvecknx 3ajadax
BaYKHO MPaBUJILHO BHIOPATh HE3aBUCUMYIO MEPEMEHHYI0 U MCKOMYIO (DYHKIIMIO,
OIUCBHIBAIONTYIO TTPOUCXOISIIII TTPOIecc. 3a HE3aBUCUMYIO TepEeMEHHYT0, KaK Mpa-
BIJIO, OepeTcs BpeMsd ¢ OT HavaJia rmporecca. PaccmarpuBast mpupalienne HCKOMO
dyHKIMYU 32 1IPOUBBOJIbHBIT MaJibIil IPOMEXKYTOK BPEMEHU U BbIPpayKast 3TO [PU-
pallieHue 4epe3 JlaHHble, YKa3aHHbIe B 3ajla4e, B 1pe/Jielie, IIPU CTPEMJIEHUN 3TOr0
MPOMEXKYTKa BPEMEHU K HYJIIO, MoJiydatoT jJuddepennmalibHoe ypaBHenue. Ja-
cro auddepeHnagbHOe ypaBHEHHE MOXKHO COCTaBUTb UCXOJIsl U3 (PU3UIECKOIO
cMbICTa pou3BoHoi. Tax mpousBoaHas HewssecTHOH (yHknuu x(t) ozHavaer
CKOPOCTH ee uzMenenus: x(t) — uyrb, /() — ckopocrb; x(t) — ckopocrs, x'(t)
— yckopenue u T.j1. [Ipu cocrapienun juddepeHimaibHbIX ypaBHEHUIT B reoMeT-
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PUYECKUX 3a/a9ax HUCIOJb3YyeTCd MeOMETPUYCCKNAI CMBICI ITPOU3BOJHOM.

IIpumep 1. Yepes 12 yacos 1ocjie Havasa OlbITa YUCJIEHHOCTH HEKOTOPOU 110-
nyJsisanuu 6akTepuit Bozpocia B 3 pasa. Bo CKOJIBKO pa3 yBEJUUUTCS YUCTO OaK-
Tepuii yepe3 Tpoe cyTok! CKOpOoCTb pasMHOXKEHUsI OaKTepHUil IIPOIOPIMOHAJIbHA
X KOJINYECTRY.

Pemrenne. Ilycrs x(t) — kosmuecrBo Gakrepuit B moment Bpemenu t. Cko-

POCTH MX Pa3MHOXKCHUA <I/I3M€H€HI/I€ NX KOJIM49€eCTBa B MOMEHT BPEMECHU t) €CTb

dx
npoussojHas ' (t). Orcioya nosydaem juddepeHinaibHoe ypaBHeHe i kx,

rje k — HeKOTOpblii Ko puimenT, moka Henm3BecTHbIA. Pelas 9To ypaBHeHHe,
nosyuaeM ¢ = CeF. [Ipumem, 4To HAYAIBHOE KOJIXIECTBO OakTepuil pasuo N (B
NPUHIIATIE, HUYTO HE MEIaeT CYMTaTh ITO KOJMIeCTBO paBHbIM eunuIe). [1oj-
crapigs t = 0, nonyuaem C' = x(0) = N. Ilocse sToro nojcrapum t = 12.
[omyuum Ne'?® = 3N, orxyna e'?* = 3. Crenosarennno, x(72) = Ne ™k
N(el??)0 =36. N = 729N .

Omeem: Konm4aecTBo OakTepuit BozpacreT B 729 pas.

Ipumep 2. Iyss, jpurasicb co ckopocrbio vy = 400 m/c, upobusaer creuny
rosimuuoit h = 0,2 M u BbuIeTaET U3 Hee co ckopocrbio v; = 100 m/c. Cunras
CUJIy COTPOTUBJIEHUSI CTEHBI MPOMOPIMOHAIBLHON KBaJIPATy CKOPOCTH JBUKEHUST
myJid, HaiiTy Bpemsi I JIBUKEHUsI IIYJId B CTEHE.

Pemenue. Bropoii 3akon HpioToHA IIacuT, 9TO cyMMa CHUJ, JeHCTBYIOITUX HA

TeJIO, BEKTOPHO PaBHA YCKOPEHUIO Tejia, TTOMHOXKEHHOMY Ha €ro Maccy. YCKope-

dv
HUE Tejla eCTh W = — . B JaHHoM ciydae Ha IyJo JefCTBYyeT Cujia COMPOTHUB-

nenust F, = —kv? (3HaK «—» COOTBETCTBYET HANPABJICHUIO CHJIbI COTPOTURIIC-
Hust). Kpome toro, Ha Hee JIGHCTBYeT Cujia TSYKECTH Mg, KOTOPOil B JaAHHOM CJIy-
yae MOXKHO npeneOpeun. CienoBare/bHO, YpaBHEHHE JIBUXKEHUsT MYJIN UMeeT BHU/I

dv
m— = —kv?. Maccy Iylu MOXKHO CUHTATD €IMHUYHOI (a MOXKHO cUUTATH KO-

dt

dburuenT conpoTusienus paBubiM k/m ). IlosToMy MbI 3amuiiemM 310 ypaBHeHHe

B BUJIC
dv
— = —kv*
dt
1
Pemas ero, nonydaem — = kt + C', orkyna v = ———. [logcrapus t = 0,
v kt+C
nosyanm 1/C' = vy. Ilocne sroro, nojgcrasus t = T, nogyunM ——— = vy,
Y / 0 a Y kT 4+ 1/vg !
1 1
orkyna k1T = — — —. Ocrajnoch onpegennts Bennanny k. [lyTh, npoiigennnrii
U1 Vo

T
nyJieil B crene, papex / v(t) dt. Beraucsium 10T MHTErpaI:
0
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Tt 1 T 1 kT + C 1 kT
1
k

1 1 1 v
In (Uo(— — —) + 1) =—1In (—0> .
V1 Vo k V1
[TojcTraBuB crofa YUCIEHHbIE JIAHHBIE, YKa3aHHbIE B ycJjoBum, nojayduMm 0,2 =

%lnél, orkyna k = 5In4. Hakonen, T = E(Uil — v%) = 3000Ind’

IIpumep 3. Ha jiHe nuinHipuyaeckoro peepByapa, 3ai0JHEHHOTO KU IKOCTHIO,
obpazoBaJoch oTseperue. B Teuenne nepsbix cyTok BeiTeks10 10% cogepkumoro.
OmnpegenTh, KOrja U3 COCya BhITEUYET MOJOBWHA, KuakocTr. CKOPOCTH mcTede-
HUS YKUJKOCTH depe3 MaJjioe OTBepCTHe, HaxXOJdAIleecsd Ha PacCTOIHUM h HuXKe
YPOBHSI KHUJIKOCTH, paBHa jiv/2gh (3akon Toppwdesnm), rjae ( — HEKOTOPHIA KO-
apdunment. Moxxuo cunrars = 0,6.

Pemenne. O6o3naunm h(t) yposenb kujkocTd B pesepryape. Ilycrb S —
IJIOMA/Ih OCHOBAHUS pe3epByapa, a Sg — ILJIOMA/ b OTBepCcTus. PaccMorpum mpo-
MEXKYTOK BpeMeHn oT t 10 t+ At. 3a 3TOT IPOMEXKYTOK KOJTHIECTBO KUJTKOCTH B
pesepsyape uzmenurcs na sejuauny Sh(t+At)—Sh(t). C apyroii croponb, B Te-
YEHUE TOrO IPOMEXKYTKA yPOBEHb xKujkocTr pased h(t)+a(t), rae a(t) = o(At)
— BesimunHa 66sbIero mopsiaka Majgocti, dem At. CiegoBaTebHO, KOJNIECTBO

KHUJIKOCTH, BBITEKINeE 3a 970 Bpems, Oymer pasno jy/2g(h(t) + a(t)) - so - At.
Orcrona

S(h(t + At) — h(t)) = —p/2g(h(t) + a(t)) - so - At.
[Togennm obe vactu ypaaenusi Ha S - At u nepeiigem K npepeny npu At — 0.

V2 V2
[Mosyunm A/ (t) = —%\/ﬁ. O6o3nauns k = _,uso—Sg’ OJTY IUM JIJ1sT (PYHK-

1y h ypaBHEHHE

dh

= kVh.
Ero pemenne uveer sug 2vh = kt + C'. TIoCKOJIbKY HAM HyXKHO HAlTH BpeMs, a
He BLICOTY, He OyJieM BbIpaskaTh f U3 3TOro COOTHOIICHUSI.

Byjewm cunrarh BoicoTy pesepsyapa pasnoii 1. Torna us ycaosuii 3a1a4u BuITe-
kaet, uto h(0) =1 n h(24) = 0,9. [lepBoe u3 s1ux pasencrs jgaer C' = 2, Torya
u3 Broporo cieiyer, uro 12k + 1 = 4/0,9. Ham Tpebyercss pemurs ypasHeHue
h(T) = 0,5. Torna T yuosaersopsier ypasuennio 24/0,5 = kT + 2, u3 Koroporo
po 2052 ) VYOS ees

k /0,9 — 1

Omeem. npumepHo depe3 68 1 30 MuH.
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Ipumep 4. Haiitu kpuByio, npoxojsiiyto depes Touky (2,3) u obsialatonyo
TeM CBOMCTBOM, YTO OTPE30K IIPOU3BOJILHON €€ KacaTeJbHOU, KOHIIBI KOTOPOT'O
JIEXKAT Ha OCSIX KOOPJAMHAT, EJUTCS TOUYKON KACAHMS MOIIOJIAM.

Pemenne. l300pasum Ha pucyHKe 93C-
ku3 rpaduka dyHkiun y(r) 1 1poBejeM B
KaKOU-J1n00 ero Touke (T, Yo) KacarejbHyIo
npamyo. Ormerum Toukn A u B ee mepe-
CeUeHUsT C OCSIMU KOODJMHAT. YCJIOBHE 3a-
JIadM 03HAYAET, UTO TOYKA KACAHWS JICJIUT
orpe3ok AB mnononam. O4eBUIHO, 3T0 paB-
HOCHJILHO TOMY, 4TO abciucca T4 Touku A
110 aOCOJIIOTHON BenduHe BIBOE DOIbIIE a0-

COJIIOTHON BEJIMUMHBI aOCIUCCHI L. 1TOObI

cocTaBuTh JuddepeHnmnajibHOe yPaBHEHHE

KPUBOIi, HAM HEODXOJIMMO OIPEJICJINTh T 4.
SanuireM ypaBHEHHE KacaTeTbHO

y =y (z0)(z — 20) + Yo

. Yo
K KpUBO#i B Touke (xq,yo). [lojgcrasus y = 0, nojayuum x4 = rog————

/
Y (xo)
Bas NeOMETPUYICCKUN CMBICJ ITPOU3BOHONI (TaHPeHC yIJla HaKJIOHA KaCaTeJbHOU

. Y4UTHBI-

K KPUBOIi C [OJIOXKUTEIbHBIM HAIIPABJIEHUEM OCH abCIICC), HAXOUM, U4TO B COOT-
BETCTBYIONIMX KBaJpaHTax 3HAUCHUS To, Yo, Y (To) UMEIOT Cyieyioline 3HaKu: B
nepsom kpajpanre g > 0, yo > 0, y'(xg) < 0; Bo BropoMm kBajpanre xo < 0,
yo > 0, ' (xg) > 0; B Tperbem kBajpanre xo < 0, yo < 0, ¢/ (xo) < 0; B ver-
Beprom KBajpante To > 0, yo < 0, y'(zg) > 0. CienoBaresbHo, jjist UCKOMOT

. Yo
KPHUBOI JIOJIKHO BBIIOJIHATHCA PABEHCTBO To— ——— = 220 1 Y (xg) = —xoYo.

/
Yy (930)
YauThIBasd, 9TO TOUIKA (:L'g, yo) — Ipou3BoJibHas, qud dhepeHIuagbHoe ypaBHeHne

9TOM KPUBOW MMeeT BUJI
, dy dx

Yy = —xy wim — = ——

Y x

C

PermenneM 3Toro ypaBHEHUS CIy»KaT (PYHKIIUNA Y = —

B uacrHOCTH, 4TOOBI HAITH TY KPUBYIO, KOTOPas IIPOXOJAUT Yepes3 TouKy (2,3),
MOJICTABUM 3THU YKCJa B ypaBHeHue KpuBoii u Haiijgem C = 6.

Omeem: y = 6/x.

IIpumep 5. Tesno oxiaguinocs 3a 10 munyr or 100°C g0 60°C. Temnepary-
pa OKpyzKalolero Bosayxa nojjep:xuBaercs papaoit 20°C. Korga rego ocTbiner
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j0 25°C? IlpuHsATh, 9TO CKOPOCTH OCTHIBAHUS WJIM HATPEBAHUST TeJIa, IPOMOPIINO-
HaJIbHA PA3HOCTU TeMIIepaTyp Tejia U OKPYKaoIIeil cpe/ibl.
Pemenue. [Iycts x(t) — memmeparypa Tena B MoMeHT Bpemenu t. CKOpocTh

ocThiBanus ecThb npoussoanas &' (t). Orciomna noaydaem guddepenpuanbHoe ypas-
dx

nenue — = k(z — 20), rye k — HeKoTopbiil KO3 PUIMEHT, 10K HEU3BECTHDIII.

dt

Pemnasi 1o ypashenue, nosyudaem In(z —20) = kt + C' (1o embicay x > 20) uiu
x = 20+ Ce* . Tloncrasus 3ajanubie yeuosus, noiyunm z(0) = 100, z(10) = 60.
13 nepsoro ypasuenus umeem C' = 80, Torya u3 roporo caeuyer, uro e'% = %
Cresosatenno, z(t) = 20 + 80 - (3)/10 = 20 — 80 - 2/10. Permas ypapuenmue
x(t) = 25, naitnem t = 40.

Omeem: Yepes 40 munyT.

3amgaun.

1. U3 skcnepuMmeHTa U3BECTHO, UTO CKOPOCTH Pa3sMHOXKEHHUsI OaKTepuil mpu
JIOCTATOYHOM 3allace IHUIU IPOIOPHUOHAIBHE, MX KOJUIECTBY. 3a KaKOe BPEMSI
KOJINYECTBO OaKTEepHil YBEJIUUNTCA B M pa3 M0 CPABHEHWIO ¢ UX HAYAJIBLHBIM KO-
JINYeCTBOM !

2. Kopabub 3aMejisieT cBoe JIBUXKEHHE IOJT JIeCTBUEM CUJIbI CONPOTHUBJICHUS
BOJIbI, KOTOPOE IIPOIOPIMOHAJILHO CKOPOCTH KOpadJisi. HadajibHasi ¢KOpOCTb KO-
pabuist 10 M/c, ckopocTb KopabJist uepes 5 cekynyl craner 8 M/c. Korjia ckopocTthb
yMeHbImTest 1o 1 M/ c?

3. B cocyn, copepxammuii 20 TUTPOB BOJIBbI, HEIIPEPBIBHO CO CKOPOCTHIO D JIUT-
POB B MUHYTY IIOCTYIIAeT PACTBOD, B KAXKJIOM JUTPE KOTOPOTO cojiepKuTcs 0,2 K.
cosin. B cocyjie pacTBOp lepeMeninBaercs, 1 CMeCh BbITEKaeT U3 COCy/la C TOW »Ke
ckopocThio. CkobKO com Oyzmer B cocyie depes 4 MuHyTHI !

4. KpuBas IpoxouT depe3 Hauajo KOOPJUHAT U JIEXKUT B BEPXHEii I0JIYILIOC-
KoCTH. KaxKIplil NpsiMOyTrOJIbHUK, OPAaHUYIEHHbBIA OCSIMI KOOPJAUHAT M ITEePIICH TH-
KyJIsipaMU K HAM, [IPOBEJICHHBIMU U3 JIIOOOH TOYKU KPUBOIA, 9Ta KPUBAs JEJIUT HA
JIBe YACTH, IPUIEM ILIONAJIh YacTH IPSIMOYTOJIbHIKA, HAXOISIIERCsT 10, KPUBOIA,
B JIBa Pa3a MEHbIIIE ILJIONIA/M YaCTU IPIMOYIOJIbHUKA, HAaXOsIIeiicsd Ha i KPUBOIA.
Haiitu ypaBuenne KpuBoii.

5. Haitru kpusbie, 00J1a/ato11ue cjie/lyIonuM CBOMCTBOM: OTPE30K OCU aDCIuu,
OTCEKaeMblil KacaTeJIbHOW ¥ HOPMAJIbIO, IIPOBEJEHHBIMI U3 TPOU3BOJILHON TOUKH
KpWBOil, paBen 2a.

6. HaiiTu KpuBbIe, y KOTOPBIX TOUYKA IlepecevdeHus 1000 KacaTeabHOM ¢ OChIO
abCITICC UMeeT abCITUCCY, BABOE MEHBIITYI0 aDCIUCCHI TOUKH KacaHU.

7. 3a Kakoe BpeMsl BbITEUET BCS BOJIA U3 IUJINHIPUICCKOrO DaKa ¢ JUAMETPOM

13



1,8 M u BBICOTOI 2,45 M uepes3 orBepcTHe B jHe JuamerpoM 6 cm? Och muanHIpa
BEPTUKAJIbHA.

8. Kycok mertania ¢ TemmnepaTypoit a rpajlycoB MOMEITEH B Tledhb, TeMIIepaTypa
KOTOPO# B T€UEHHE Jaca PABHOMEDPHO MOBBIIIAETCS OT @ I'PaJycoB J0 b Irpajiycos.
[Ipu paznocTu Temieparyp rneun U Merasia B 1 rpajlycoB MeTaJjl HArpeBaeTcs
co ckopocThio kT rpagycoB B MunyTy (rie k 3asgano). Haiitu temmeparypy me-
TaJIa depe3 Jac.

OTBeThl.
dx Inm
1. —=kx, T = & (z(t) — kosmuecrBo bakrepuil B MOMEHT BpemeHu t,
k> 0 — xoaddunuent mponopuunoHaJILHOCTH ).
d 5In10
2. md—z = —kv, T = 111?),8 cekyHapl  (v(t) — ckopocth kopabuist, k > 0 —
KO3(hMUTHEHT TPOTOPIHOHATEHOCTH ).
d :
3. d—T =1-0,25m, m(4) =4(1 —e 1) = 24 k. (m(t) — KoaMIECTBO COMM
B COCyJIe B KUJIOIPAMMax depe3 t MUHYT 10cJe HavdaJa Mporecca ).
d
4. 22— 2y, y = Ca’.
dx
5. aln(at+/a®>—y?) F/a?—y>=x+C.
6. y=Cz%.
7. IIpubausurennuo 1050 c.
b—a
8. b-— 1 — e 00F),
Gor L)

§3. OmHOpoaHBIE ypaBHEHNS W YPaBHEHHS, MPUBOASIIIECT K HIM

3.1. OgHOpOHBIE ypaBHEHNUS

Oyukimst JAByx nepemenubix f(z,y) HasbiBaercs odnopodnot crenenn m (ere
POBOPSIT, C MOKA3aTeIeM OJIHOPOJHOCTH 1), ecyin Jijist Beex t (miim xorst Obl jiiist
t > 0) crpaBeINBO COOTHOIIEHUE

Stz ty) =" f (2, y). (3.1)

Tax, pynxumn f(x,y) = x4+ 2y, glz,y) = 2’y — Ty* + 22%y%, h(z,y) =
Va3 4+ y3 asisiiores opnopoanbimu bynkiuamu creneneit 1, 4 u 3/2, coorser-
creenno (mposephbre aro!). Oynkuus p(x,y) = v2y® — y° ne aasgerca oxHopo-
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HOTM.

Huddepeniuaibioe ypaBHEHHE
M(z,y)dz + N(z,y)dy =0 (3-2)

Ha3bIBACTCsT 00H0PpodHbiMm, eciin M (x,y) u N(x,y) — oguopojtbie pyHKIMHA OJI-
HO#1 1 TO#i Ke crenenn m. MOKHO HOKa3aTh, YTO OJHOPOJHOE YPABHEHUE MOXKET
TakzKe ObITH 3aIIMCAHO B BHJIE

v =1(%). (3.3)

X

O iHOpOIHOE YpaBHEHHE IIPUBOJUTCS K YPABHEHUIO C PA3JIC/IAIONIMMUCS IIepe-
MEHHBIMH C IOMOIIBIO 3aMEHbl UCKOMON (DYHKIUHU Y 110 (POpMYJIe

y(r) = x - t(x). (3.4)
Torna npoussonnasg vy wmm guddepennman dy 3amensorcsa 1o GopMyam
y =tr+t, dy = tdx + x dt.

[Tocie perenust MoJIyIeHHOTO YPaBHEHUST HYYKHO CJIEJIaTh OOPATHYIO 1TOICTAHOBKY

t="2.
x
IIpumep 1. Pemmum ypaBHenue
2xy
/
¥y =27 2 y(0) (3.5)
Pemrerne. Ypasuenue nmeer suj (3.3). Henaem 3ameny y = tz. Torma ypas-
dt t—1°
nenue (3.5) zanmmercst B Buje t'x+1t = Tl OTKYMA T = o vl Paznenus
epeMeHHbIe, TOJIyHYnM
(1+t*)dt  da
t(l—1t2)  x

IIpeobpazoBbiBast IpoOb B JIEBOil YaCTH IIOCIEIHEI0 YPaBHEHUS, 3aIIUIIEM

L2 Y
t 11—t g

1 2t d
[G+r2) = [ v i == =l <

Torna

Bzss nocrosinayo C' B Bugie In |C|, mosyanm

t
1—75220:6'
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[TojcraBus t = y/x, 10JyIUM OKOHUYATEJIHLHO

Ly

mzC:ﬁ wm Cy = (2% — ).

Kpowme Toro, B mporiecce peleHns Mbl geiunn Ha @, t u 1 —t2. HerpyaHo Bujers,
yro x = (0 He gBJgeTCd pelleHreM HCXOMHOTo ypaBHeHus, a t = 0 u t = +£1

/
ABAAIOTCA PENICHUAMN ypaBHeHusa tx + 1 = CiietoBaTeIbhHO, WCXOIHOE

L+t
ypasaenue (3.5) umeer emie permennst y = 0 u y = £x. 3amernm, 9TO perneHust

y = +x BxogsaT B ceputo pemennit Cy = (22 —y?) (onu nonyqatorest ipu C' = 0),
a perienne y = 0 He cojepkuTcs B 910ii cepun (HO nosydaercs npu C' = 0 u3
epBoii (hOPMBI 3amUCH OOITETO PEIeH s ).

[oncrasus = 0, y = —1, nosmyunm pemenne 3anaan Komm: y = 22 — 12,
IIpumep 2. Paccmorpum ypaBHeHne
z(y — x)dy = y*d. (3.6)

Pemenne. [Ipu nudpdepeniuanax dr u dy cTosT OgHOPOAHBIE (DYHKIINKA CTE-
nenn 2. [logcrasum y = tx, dy = tdx + x dt. Honyuum (tdr + z dt)z?(t — 1) =
t*x2dx . Cokpamas na x* (nposepbre, uto T = 0 sABJACTCS perennem!) 1 pacKpbi-
Bast cKOOKH, nostydaeM t2dx —t dx+tx dt —x dt = t*dx, orxyna (t— 1)z dt = tdx
W

S
t x
Peras mocienee ypaBHenue, moJydaeMm

t—Inft| =1In|z| + C.
Ecinu nocrosianyio C' B3sare B Buje In |C|, To
t=In|Caxt|] wm e = Cut.
Bosppainasich K IEpeMEHHBIM T, Y, IMEEM OKOHUYATETHHO
eVt = Cy.

B mporecce perienusi Mbl TPOM3BOAUIN JiejieHue Ha t. PaBencrBo ¢ = (0 skBH-
BaJieHTHO ToMy, 410 Yy = 0. Jlerko BujieTh, 9T0 dTa (DYHKIMUS TAKKE SIBJISCTCS
peIIeHreM UCXOHOTO YPABHEHMSI, TI09TOMY ee cJjieayeT H00aBUTh K I10JIy YeHHOMY
obiemy uaTerpaiy. Ecn ke ofiee permenne samucars B Buge y = Ce¥/? | 1o
pemrenne y = 0 moayumnresa npu C = 0.
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3agaun.
Pemuth ypaBaenus:

] @_y—i—\/:zﬂ—y?
. = » .

dx

5 dy  zy+ er_x/y

Codx 22 '
3. xdy = ycosln Ly

x
4. z(lny — Inx)dy = ydz.
d
5. \/Eézx/iy—x—k\/i.
OTBeThI.

1. arcsinZ = signz In |z| + C.

2. e"V+4+In|z| = C.

3. InCzx =ctg %ln%); y=xe”™ kcZ.
y(lny —Inx —1) = C.

Vy—z—yz=C; y=u.

ot

3.2. YpaBHeHud, IPUBOAAIIECT K OTHOPOIHLIM

, ar + by + ¢
— 3.7
y=1 <a1x+b1y+01> (37)

IPUBOJUTCS K OJHOPOJHOMY YPABHEHUIO 3aMEHOH U = & — Xg, U = Y — Yo, IJIe
(20, Yo) — TouKa nepecedenus npsiMbix ar+by+c =0, ax+by+c; = 0. Ecau
e T TpsiMble He repecekatorcesi, 10 a1x + byy = k(ax + by) juis HEKOTOPOroO
k € R u ypasuenue (3.7) umeer Buyt 3y = fi(ax +by). Pemenue rakux ypaBHenuit
OBLIO paccMOTpeHo B 1. 1.2.

YpaBHeHnne BUJIA

IIpumep 3. IlycTs nano ypaBnenue

(x+y—2)dv+ (v —y+4)dy=0. (3.8)
Pemenue. Pemas cucremy
{ r+y—2=0,
r—y+4=0,
HaxojuMm g = —1, yo = 3. Cuenaem 3ameny v = = + 1, v = y — 3; Torja

r=u—1,y=v+3, dy/dr = dv/du. Ypasuenue (3.8) npuHuMaer Bu/
(u+v)du+ (u—v)dv=0.
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Permus ero ¢ moMoIipio MmojCcTaHOBKU ¥ = tu, MOJIyIUM

u? 4+ 2uv —v? = C.

BosBspaliasich K HCXOJIHBIM [IepeMeHHbIM (T, Y ), Haiijiem

A

2?4 2xy —y? —4x + 8y = C.

3agaun.

Permurh ypaBHeHust:

(22 —4y + 6)dx + (z +y — 3)dy = 0.
dy y+2 y— 2x
7 = t .
dx x—|—1+g:1;—|—1
dy

dz p
x—y—1+(y—az+2)£:0.

(22 +y + 1)dr — (4x 4+ 2y — 3)dy = 0.

Y 4o + 3y — 2.

OTBeThI.
(y—20)' = Cly —o 1% y=a+1
Yy — 2x
=C 1).
p] (x+1)
(y — 4z +2)*(2y + 22 — 1) = C.
(y —x+2)%+2x=C.
20 + 1y — 1= Ce?7,

sin

3.3. O6001mEeHH0-0THOPOTHBIE YPABHEHUS

YpaBHeHne Ha3bIBAETCsT 0000U,eHHO-00HOPOOHBIM, €CIN €r0 MOXKHO TPUBECTH K
OJIHOPOJIHOMY 3aMeHOil y = 2™, rje m — HEKOTOpOe JIeHCTBUTEILHOE YKCIIO.

Jlenast B HeM 3aMeny y = 2™, nosydaem 9mz2" 1z — 18x2™ + 42® = 0. Insa
TOI'0, 4TOOBI 3TO ypaBHEHHUE ObLIO OJIHOPOJIHBIM OTHOCUTEJILHO T U 2, HeoOXO/u-
MO, UTOOBI CTEIIEHH BCeX OJIHOUIECHOB ObLINM OJMHAKOBBIMU: 2m — 1 =1+ m = 3.

IIpumep 4. Paccmorpum ypaBHeHUe

9y — 18zy + 42° = 0.
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DT JiBa PaBeHCTBA 00OPA3YIOT MEPEONPEECHHYI0 CUCTEMY JIBYX YPaBHEHUI OT-
HOCHUTEJIbHO OJIHOI'O HEM3BECTHOI'O 1M, KOTOpas B ODOINEM CJIydae UMETb pelleHUsd
He Jo/nKHa. TeMm He MeHee, BUJIHO, UTO M = 2 dBJdeTcd ee permenueM. [lemaem

3aMeHy Y = 22, IPUJIEM K OJJHOPOJIHOMY YPaBHEHHIO

9232 — 9x2% +22% = 0.

Tenepb 1ojicraHoOBKa 2 = tT HPUBOJUT K YPABHEHUTO

ot3 dt dx
W Hr+1)—9>+2=0 a—)
(to +1) + VY S VD S

CrieslaeM erie ofHy 3aMeHy 12 = u, TOr/a
1 9u du n dx 0 odu 3du n 2dx 0
= — = WJTH — = 0.
2 02 —9u+2 1 3u—2 3u—1= =z

Uurerpupysi, nojydaem

3u — 2 2.2
21n|3u — 2| — In|3u — 1| + 2ln|2| = In|C], orkyma (7;—)1‘” ~C
u J—
>y
CriesraB o6paTHbIE 3aMeHbl U = 12 = — = —5, [0JIy UM OKOHYATEJbHO
x x
3y — 22%)?
(3y 332) _c
3y —x

[Ipm aTOM MBI TpoM3BOAUIN Jenenne Ha r, 3u — 2, 3u — 1. Bunno, yro x = 0 me
SIBJISIETCH perenreM uexognoro ypastuenust. Cayvyan v = 2/3 u w = 1/3 paior,
coorBercrBerto, t = 1/ V3ut=2 / V3. Tlogcrasisist 911 QYHKIMEA B ypaBHEHHe
93 (t'z+t)—9t*+2 = 0, MBI y6esk 1aeMcest, 9TO OHU SABJAIOTCS ero permennsamu. Onn
COOTBETCTBYIOT pemenusM y = x2/3 u y = 2x?/3 ucxoanoro ypapnenus (3.9).
Bropoe u3 atux permennit copepxutea B cepun (3y — 22?)%/(3y — 2%) = C npn
C =0, a uepBoe He COJEPIKUTCs, IIOITOMY €0 HeOOXOJUMO BKJIIOUYUTH B OKOHYA-
TEJIbHBIN OTBET.

3amedanme. YT0o0bI OIpeie/IUTh, OyAeT Jin ypaBHEHHE 00OOIEHHO-0THOPOI-
HBIM, YJIOOHO BBECTH HOHATHE UaMepeHuA. Tak, IepeMeHHON T CTaBAT B COOTBET-
cTBUE M3MepeHue 1, HCKOMOR (PYHKIUKM Y — M3MEPEHKUe M, a INPOU3BOJHON 1 —
uzmeperre m — 1. Ecim ypaBuenne 3ammcano B guddepenimaiax, 7o dxr craBsT
B coorBercrBre maMepenne (), a dy — m3mepenne m — 1. Uucao m nwiTaorcs
110,100paTh TaK, UYTOOLI M3MEPEHHUs BCEX UJICHOB, BXOJAINMX B ypaBHEHHE, ObLIN
OIMHAKOBBIMU. JlelicTBUSA ¢ M3MepeHUsIMU AHAJOTUIHBI JIEHCTBUAM CO CTEIeHS-
MU: €CJIM JIBa YJIeHA yPaBHEHUs 1ePEMHOXKAIOTCS, TO UX U3MEPEHUs! CKJIa/bIBAIOT-
Cs1, €CJIM KaKo#-1nb0 1JjieH ypaBHEHUSI BO3BOJMTCS B CTEIEHb, TO €r0 U3MepeHue
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YMHOYXKAeTCsl Ha MoKazaTesh crernenn. Tak, B pacCMOTPEHHOM NpUMepe, U3Mepe-
nus wienos 9yy', —18zy u 43 pasuwi, coorsercrsenno, m+ (m—1), 1+m u 3.
[IpupaBugas ux Bce: 2m —1 =14+ m = 3, maitnem m = 2. [losTomy B ypaBHEeHIH
(3.9) MOxKHO cpasy cienarh 3aMeny y = 22,

3agaun.

Pemuth ypaBHeHus:
dy

20— (x — 1 3 —0.
xdx(l“ y7) +y

(2%y* — 1)dy + 2xy°dx = 0.

y(1 4+ v/22y* + 1)dx + 2xdy = 0.
d

2xyﬁ = 3(Vab —y* + 7).

dy
5. 2 2y + 1z—2 =0,
y+ (z%y + )ﬂfdx

W

OTBeThI.

y? = xln Cy?.
1+ 2%y =Cy; y=0.
VAR =Cay — 1
2
arcsin —— = In Cz®; 2% = 92
7]
2?ylnCy =1; y = 0.

AR o

84. JIummeitHbIe ypaBHEHNS IIEPBOTO MOPS/IKA M YPABHEHNS, IIPUBO/Id-
muecs K HAM

4.1. JIuneitHble ypaBHEHUS IIEPBOTO MOPIJIKA

JIunetinvim ypasrueruem nepeozo nopAadka Ha3bIBACTCS YpaBHEHHE, JUHEHHOe OT-
HOCUTEJIbHO UCKOMOI (byHKIMK Y(T) U ee HPOU3BOJHOM, TO €CTh, yPaBHEHUE BUJIA

Y +a(z)y = b(z). (4.1)
Oyuxiust b(x) HasbiBaercst c6060dnvim waenom ypashenust (4.1). Ypasuenue

y +a(x)y =0 (4.2)
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HA3BIBACTCSA AUHETHbIM 00HOPOOHDBIM YPABHEHUEM, COOTBETCTBYIOIINM JIMHEHHO-
dy

My ypastenuto (4.1). Pazjenus nepemennnie B ypasuenun (4.2), nosydnm — =
Y
x
—a(z) dz, orkyna Inly| = —/ a(x)dr +1n|C|, wim
o
y = O Jn@@)de (4.3)
Teneps 17151 TOrO, YTOOBI peIuTh ypasaenue (4.1), HyKHO TPUMEHUTH Memod 6a-
puayuy nocmoannot. Ero cyrb cocrour B TOM, 4TO perienue ypashenust (4.1)
WILYT B TOM K€ BHJIE, UYTO U PEIIEHNE COOTBETCTBYIOIErO OJHOPOAHOIO ypaBHe-

HUS (4.2), Ho C' y»e CIMTAIOT HE MOCTOSTHHOW, a HEeM3BEeCTHON (DbyHKIMEH OT .
Takum obpasoM, pererue ypasaenus (4.1) uiem B Buje

y = C(x)e Jn@d, (4.4)

Torna

x

y =C'(x)e” Jep@)de _ C(x)e ffoa(@dxa(x).

[Mopcrasisist y u 3y B ypashenue (4.1), nosydum
C'(x) = b(x) @

CutetoBaTesibHO,

C(z) = / b(z) elro @ gy 4 0 C = const.

Zo

[Togcrasus 510 Bhipaxkenue misg C(x) B (4.4), obiiee perienne ypaBHEeHUsT 3allu-

y = (/ b(z) elro @ gy 4 C) e Jroo@)de. (4.5)

[Ipu perieHrn KOHKPETHBIX YpaBHEHUI MMeET CMbICJI HE NPUMEHSTH (POPMY-

1ieM B BUJIE

ay (4.5), a MPOBOJIUTH BBITHCJICHUS TI0 CXEME CAMOCTOSITEIIBHO.

IIpumep 1. Pemum ypaBuenue
Y

y + = = 3. (4.6)
x
Pemenne. 3anumneM cOOTBETCTBYIONEE OJHOPOJHOE YPABHECHHE:
y+2 =0
x
Pazjiesisisi nepementbie u uarerpupys, nojydaem In|y| = —lIn || 4+ In C'. Tloren-
Upys, HaXOMuM Yy = —. Temepnb MIIeM peleHue HeOTHOPOJHOTO YPABHCHU B
x
BUJIE
C(z)
==
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[TojicTaBiisist 3TO BhIpayke€HUE B UCXOJIHOE YPaBHEHUE, TTOJIY UM

(Sl _c@), co)_,

T 2 2

orkyna C'(x) = 3z%. Unrerpupys, naxomum C(x) = 23 + C. Ilosromy obmiee
perenue ypastenust (4.6) umeer BuJ
4+ C C

y =24+ —.
X X

IIpumep 2. Hekoropbie ypaBHeHUsT TPUBOIATCH K JIMHEHHDBIM, €CJIM TOMEHSATh
MEeCTaMU He3aBUCUMYIO ITEPEMEHHYI0 T U 3aBUCUMYIO riepemennyto y. Hampuwmep,
pPacCMOTPUM ypaBHEHHUE

2y dx + (y* — 2x) dy = 0.

Pemenwe. Ono e gBsgeTCS JTUHEHHBIM OTHOCUTENBHO ¥, TaK KaK COJIEPIKUT
Bbipazkenne y2. OJjHaKo, 910 ypaBHeHue Oyjier JIMHEHbIM OTHOCHTEIbHO . 1le-
penuiineM ero B BUJie

dx 9 dr =z Y
I - 2 — O - — — = __c
y + vy T = WJIn y =5

Permus nosiyuennoe ypaBHenue, Haiijiem

2y

)
=Cy— —.
x Yy 5
4.2. YpaBHeHus bepHyau
YpaBHeHne BuIa,
v +p(@)y =q(x)y", n#0, n#l, (4.7)

Ha3bIBaeTCA ypasuenuem Bepryansu. Pasnennm obe yactu ypaBuenus Ha y". I[o-

JIy9UM ypaBHEHUE
/

y  pl) o)

yn yn—l

1Y /
[TockosbKy ( n_l) =(1- n)y—n, 3aMeHa z = ¥ =" IPUBOJIUT 3TO ypaBHEHUE K
Y ()

HHHeﬁHOMy'OTHOCHTeﬂbHO zZ.

Z/

o pla)z = gla).

[Ipu n > 0 dyuknusa y = 0 asasgercs permennem ypasuenus (4.7), a mpu n < 0

HE SABJISICTCs. 3aMerTuM, 4To B ypasHeHun (4.7) m MOXKHO cuuTarh JIOObIM JIeii-
CTBUTEJILHBIM YHUCJIOM.
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IIpumep 3. Paccmorpum ypaBHeHue

(z —y*) dx + 2xy dy = 0. (4.8)
Pemenmne. [lepenumem ero B Buje
dy v —
de  2xy
OTKY/1a,
r Y x
- Z = 4.9
V=9, = oy (4.9)
Sto ypasunenne Bepnymmm npu n = —1. Jlenaem sameny z = y2, Torma y = /2,
/ Z/
y = ——=. [logcraBus tu Beipaxkenus B (4.9), mosydum

2 N 2

/ [—
N NG OTKy/la 2 ~= x.

Pemmas nosydennoe muneiinoe ypaBuenue, Haijaem

z=(—2+C)r=—2"+Cu.
Bosepainasich K nepeMeHHbiM (1, y), ToJydaeM OKOHUATETIHHO
v’ = —a® + Cu.

K sromy 00memy unrerpady caeiyer n06aputh peienue x = 0, noTepsHHOE 1Py
npuBejieHnn ypasHerns K Bujy (4.9).

4.3. O600mennapie ypaBHeHUS Deprym

Obobwennvim ypasnenuem Bepruyaiu HazbiBaeTCsl ypaBHEHHUE
Py + alz)p(y) = b(z),

rie @(y) — nekoropas juddepennupyemas dyukiust. Henas sameny z = o(y)
(torma 2" = ¢'(y)y'), npugem K JuHeitnomy ypasuenuto 2’ + a(z)z = b(x).

IIpumep 4. Paccmorpum ypaBHeHMe

-+ —=1.
Y x
Pemenne. Posib Gynkiuu ¢(y) B 9170M ypashenuu urpaer Gyukuus lny. Io-
/
2z
naras z(x) = Iny(z), 2/ = 2, npujeM K ypashennio 2’ + — = 1. Pemasg 310
Y x
. C =z
ypaBHeHUe, HaiijieM z = — + 5 [enast 0OpaTHyIO 3aMeHy, MOJTyIuM
x
C =z
ny=—+ —.
x 2
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4.4. Ypasueans Pukkarn

YpaBHeH1e BUJIa,

y = p(x)y’ + q(z)y +r(z) (4.10)
Ha3bIBAETCSA ypashernuem Pukkxamu. B ornmunre or Beex ypaBHeHwMii, paccMarpu-
BaBIIUXCS paHee, ypaBHenne PUKKaTu He Bcerga MHTEIPUPYETCs B KBaJIpaTypax.
YT00BI PEMIUTE €10, HeOOXOAUMO 3HATH XOTs OBl OJIHO YacTHOE pernenne iy = y1(x)
9TOTO ypaBHeHust. Torma 3amMena Yy = Yy + 2 NPUBOJUT 9TO YPaBHEHUE K ypaBHE-
nuio Beprysm. OHako, mpoie cpaldy cliejiaTh 3aMeny

1
y—1y

KOTOpas CBOJUT ypaBHeHne PukkaTtu K quneiitnomy. Permast 3To ypaBHeHUe 1 oCy-

1
y=n+- = z=
VA

HIECTBJIsis 0OpATHYIO 3aMEHy, HOJIyduM o0lee pelieHue ypaBHenusi Pukkaru, B
KOTOPOM pelierne Yy = y1 () He COJePKUTCsT HU TPU KAKOM 3HAUEHUU [IPOU3BOJIb-
Hoii mocrosgaaoit C. [losToMy 9TO pemenne Hy>KHO TaK»Ke BKJIIOUUTDL B OTBET.

IIpumep 5. Paccmorpum ypaBHeHne
zy' 4+ y* — 2y = 42 — 2z, (4.11)

Pemenne. [Ipexx;ie Bcero Hy>kKHO HaiiTh 4YaCTHOE PellleHKre. 3aMeTUM, 9TO IIpa-
Basl YaCThb YPaBHEHUS $BJISETCS MHOIOUWIEHOM BTOPOl CTEIeHU OT & U Y. IDTO
HABOJIUT Ha MbICJIb MCKATh YacTHOE pernerue B Buje y = ar + b. IlojgcraBus 310
BbIPaXKeHHE B ypPaBHEHHE, IIPUJIEM K HEOOXOIMMOCTH BbIIIOJHEHUS TOXK IeCTBa

ar + a’z® + 2abx + v — 2ax — 2b = 42° — 2x.

2

[Ipupapusiem kodddunmuenTsl npu -, x U cBoOOmHbIe WjaeHbl. [logyunm mepe-

OIIPEJICJICHHYIO CUCTEMY YpPaBHEHUI

a’> =4
a -+ 2ab—2a = —2
b2 —2b = 0.

Opnako, JIerko BUAETh, 9TO Tapa uncena a = 2, b = 0 sBjisiercst ee peneHnueMm.

BHavIuT, Y3 = 2T €cTb JYacTHOE perienue ypasaenus (4.11).

Z/

Henaem 3ameny neussecrnoit Gyuxkuuu y = 2x + —. Torpa ¢y = 2 — —-
z z
[Togcrasmss aro B ypasuenue (4.11) u mpuBojisi OJOOHBIE CaraeMble, TOJIYIaeM

ypaBHeHnue



Ero perenne nmeer Buj

1 +C'2x
7= —— 4+ —e™".
4x x

1
y —2x

Crenap oOpaTHYIO IIOJICTAHOBKY 2 = , HaiijieM OOl MHTerpaJl ypaBHe-

Hust (4.11):

1 4Ce* — 1
y—2x 4r
Banucap Boipaxkenne 4C' KaK HOBYIO IPOU3BOJILHYIO HOCTOAHHYI0 C', BHIPA3UM U3
IIOJIy YeHHOTO COOTHOMICHUS ¥

Yy = 2T + Yy = 2.

x
Ce2r — 1’

3amgaun.
Haiitu obriiee permenue (00imiuii nuTerpa) Wi, €cid yKa3aHbl HadasbHbIE
YCJIOBHSI, pertenne 3a1aqu Kot jiist ypaBHeHni:

1. =—4+2y=¢€".
dx+dy e
Yy
2. 2 — = 1) =0.
af+:vdxd y, y(1)
Yy
3. (2r—1y2) 2 =2
(27 y)dx y
i W _ Y
dr 2ylny+y-—x
5 dy 2,/y cos 2
. -2 = x — 2.
dr ) ) Yy
Yy
6 212y 1 —x)—
ety 21l =y
Yy 2
7 DY 1) =
@+ DL - 1) =y

3

d
10. —y—2xy+y2:5—x2.
dx

d
1. &y 2ye’ —y? = e** + €.
dx
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OTBeTsl.

1. y=Ce ™ fe7.
2

y=1x—x°
2
)
3. v=Cy—=.
x Cy 5
4. r=—+ylny.
Y
5. x/y=sinz+C; y=0.
6. ay(C —1In*y) = 1.
7. y¥*=Cx+1)* -2z +1).
8. cosy=(z>—1)InC(2* —1).
9. e YV =Cx®+u.
10. = 24+ —— y = 2.
y=x+ +C€4x_1,y T+
1
11. = e’ — oy =c¢e".
(RIS LE

85. YpasueHms B moJHBIX Juddepenmuanax. NaTerpupyionimii MHO-
XKHUTEJb

5.1. YpaBHeHus B MoJHBIX auddepeHmagax

PaccMmorpuM ypaBHEHHE [IEpBOTO MOpsijKa, 3alicannoe B JuddepeHiuaiax. 1o
ypaBHeHue

M(z,y)dx + N(z,y)dy =0 (5.1)

HA3bIBACTCS YPABHEHUEM 6 NOAHT Jupdepenyuarar, eciv ero jgeBasi 4acTh siB-
asiercst judpdepentnaniom wekoropoit dyukiun F(z,y). Torpa sro ypasuenue
MOXKHO Tiepernucarh B Buje dF (x,y) = 0, Tak 910 €ro perenne Oyg1eT nuMeTh BHI

F(z,y) =C. (5.2)

Ecmu dynkuuun M (z,y) u N(x,y) onpeJesieHbl U HEPEPbIBHLI B HEKOTOPOT
OJIHOCB#ABHON 0bjiactu D ¥ MMEIOT B Hell HelpPEPbIBHbIE YACTHbLIE POU3BOJIHDIE
1o  u 1o y, To ypasuenue (5.1) Gyjer ypaBHeHueM B mosiHbIX Juddbepenipaiax
TOrJIA M TOJBKO TOIJIA, KOTJA BLITOJIHIETCS TOXK JIECTBO

OM(z,y) _ ON(z,y)

e (5.3)




Ecnn yciosue (5.3) BBINIOJTHEHO, TO KPUBOJIMHEHHDBIN MHTErpaJl

(z,y)
/ M dzx + N dy

(w0, o)

HE 3aBUCUT OT BHIOOPA I1yTH WHTErPUPOBaHUst, 103TOMY (DyHKIMIO F(2,Yy) MOXKHO
BOCCTAHOBHTD 110 JTII000i U3 (hopmyJ

F(z,y) = /M(az,y) dx + /N(:Uo,y) dy (5.4)

nJjim

F(z,y) = /N(:z:,y) dy + /M(sc,yo) dx. (5.5)

[Tpu 3TOM HMXKHUE TIpEJIESIbl T U Yy MOXKHO BBHIOMPATH TPOU3BOJILHO, JIUIIH Obl
Touka (Xg,Yp) npuHaekaga obnactu D (obiactu onpempesnenus: dyukiumii M
u N). 3a cuer npaBWILHOTO BBIOOpA UUCEST To U Yy WHOTIA YIAETCS YIPOCTUTH
Boiuucsienust uurerpajios (5.4), (5.5). Haupumep, ecin dyukunun M u N siJisi-
I0TCSI MHOTOWIEHAMHU OT X | ¥, LiejiecooOpa3Ho BbiOupaTh g = 4o = 0.

IIpumep 1. Paccmorpum ypaBHeHME

(42° + 6zy?) do + (62°y + 10y*) dy = 0. (5.6)
oM ON
31eCh (‘9(;67 v) = 8(? y) = 122y, rak uro ycaosue (5.3) BbITOJHEHO.

O6mumit maTerpast waiigem o dhopwmyse (5.4), B3B8 9 = yo = 0:
y
/4:13 + 6:1:y ) dx + /1Oy4 dy = z* + 32%% + 2¢°.
0 0

Taknm o6pasowm, obiiee perenue ypastenus (5.6) umeer suy o +322y*+2y° = C.
DTO ypaBHEHHE MOXKHO periaTh W APyruM crocobom. Ero jesast gacth mpej-
crapjsger coboit uddepenipan HekoTopoit Gynknuu F(z,y), nosromy

OF (x,y) OF (z,y)

— M
e (z,y),

= N(z,y). (5.7)

Byjem Bpementno cuurarh B 1nepBoM ypasHeruu (5.7) nepeMeHHYIO Y He 3aBu-
cameir or x. Torja Ha 9TO ypaBHEHUE MOYXKHO CMOTPETh KaK Ha, OObIKHOBEHHOE
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nnddepennmralibHOe ypaBHEHUE, B KOTOPOM T — He3aBUCHMas repeMerHast, [ —
nckomas (pyHKIusA, a y — napamerp. VHTerpupys, moJjydaem

F(x,y) = /M(x,y) dx + (y), (5.8)

0

TaK Kak neppoobpasubie M (z,y) ornnyarorcs Ha (DYHKIUO, 3aBUCSIILYIO OT .
BosbMeM 0T 5TOro paBeHncTBa 9aCTHYIO TPOU3BOAHYIO MO Y, YIUTLIBAS BTOPOE U3
pasencts (5.7):

(%/M(Sv,y) dr + ¢'(y) = N(z,y).

Orciona ¢ (y) = N(x,y) — (‘? /M(x, y) dz. nrerpupysi, nojydaem
Yy
) 9 T
v(y) :/ N(z,y) — a—y/M(w,y)dx dy.

Yo

[TogcraBus soboe 3HadMeHwe HTOH MepBoobpasnoil B (5.8), Haiijgem OO HHTE-
rpaJjl UCXOIHOTO ypaBHeHus 1mo gopmyie (5.2).

IIpumep 2. Pertum stum criocobom ypasuenue (5.6) 13 IpeJblIyero npuMepa.
[Ipounrerpuposas dyukiuio M (x,y) = 42 4+ 6xy? 10 nepeMennoil o, 1oJ1yduM
F(z,y) = ' + 3% + o(y).

OF
[TpupasauBass — u N(z,y), mogydaem

y
622y + ¢/ (y) = 62%y + 10y*,

orkyna ¢ (y) = 10y* u ¢(y) = 2y° + const. [Monaras ¢(y) = 2y°, obmwmit unTe-
rpajl ypasHenus samuiiem B Buge ot 4+ 3x%y% + 2y° = C.

3agaun.
Pemmurh ypaBHenust:
d
1. z(22%+92) +yla® + 2y2)d—y — 0.
x

1 1
2. (siny+ysin:1:+ —) dr + (:Ucosy — cosx + —) dy = 0.
L Yy
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3. (3z%y +y3)dx + (23 + 3zy?) dy = 0.
in2 .9
4. (Sm - +x> dx + (y — s1n2x> dy = 0.
Y )

d
5. 2ycos? xd—y — (14 y*sin2x) = 0.
T

OTBeTsl.

1. ot 4+ 222+t =C.

2. xsiny —ycosx + In|zy| = C.
3. wy(x®+y?) =C.
n sinx 2?44 _C
Y 2
5. x —1vy*cos’x = C.

5.2. Merox uATErpUpyeMbIX KOMOWHATITIIA

B HeKoTOpbIX Cilydasix ypaBHEHUE y/aeTcsl PEIIUTb WU YIPOCTUTH, BbIJICJIUB B
HEM TI'PYIILY YJIEHOB, HPEJICTABJISIONMX co00i 1osHbINi Juddepennnral i Bbl-
paxkKeHue, JIErKO IIPUBOJINEecs K MOJHOMY jguddepeHIuany yMHOKECHUEM WJIK
JleJIeHeM Ha KaKyo-HuOyab GpyHKIMO. [Ipy 3TOM MOXKHO KCIIOJb30BaTh COOTHO-

IIICHAS
L. Lo 9, o
yde+wdy =d(xy), ydy=cdly), rdv+ydy=;da”+y),
d
ydx—xdy:y2d<z) :—x2d<y), —x:d(lnx) U T. I
Y x x
IIpumep 3. Pemmum ypaBaenue
vy dr = (y* + 2%y + 2%) dy. (5.9)

Pemenmne. Ilepenumiem ero B Buje
w(yde — xdy) = (y° + 2°y) dy
¥, BBIJCJMB HHTEIPUPYEMYIO0 KOMOMHAIMIO, Cjle1aeM 3aMeny t = y/x:
v (—a)d(L) = (v + 2Py dy, —d(2) = ((Q)S + <g>> dy.
x x x x
[Tosiyuaem ypaBHeHue ¢ pas3/iesisdionUMUCs TIePEMEHHBIMMA:
—dt = (1* + 1) dy,
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VHTErPUpyst KOTOpoe, HaleM
1 2
5111\25 + 1| —Injt|=y+C.

Orcrona Haxo UM
2
x
nf1+ 5| =2+ C
Y
B upouecce pewenus Mbl jeansn na  u na t = y/x. deno, uro y = 0 apisercs
perenueM ypasaerust (5.9), a x = 0 He sBjsiercs.

IIpumep 4. Paccmorpum ypaBHeHue

(% + 33:2) dr + (1 + %3) dy = 0. (5.10)

JoMHOXKUM €ero Ha & ¥ BblIenM KoMOuHanmo ydr + x dy:

4
yda:+xdy+3x3d:v+x—dy:()
Y

nJjim

4
d(zy) + 32° do + %dy = 0.

dt tdx
Crenaem 3ameny t = xy, Torma y = t/x, dy = — — —
x x
3 2 rdt tdax 5 x4
dt+ 30t de + (5 = S5) = 0w di 4207 de+ - di = 0,
t \z x? t

VMHOKIM ypaBHEHNe Ha t ¥ CJeaeM elie OJHy 3aMeHy U = x°:

tdt +t-2x-2*de+ (2°)*dt =0,  tdt+tudu+u’dt =0.

BelieuM B MocjieiHeM ypaBHEHUHM WHTerpupyeMmyio Komownarmio tdu + udt =
d(ut) n JOMHOXKUM ero Ha t ele pas:

t*dt 4 ut d(ut) = 0.

CrenoBaresbHO,

1 1

7+ —(ut)* = C.

gt + 5 (ut)
[Ipoussesiem 0OpaTHyIO 3aMeHy U TOJyduM OOTHiA uHTerpasi ypasuenus (5.10) B
BUJIE

1 1
§x3y3 i §x6y2 —_C
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3agaun.
Pemuth ypaBaenus:

1. (2% 4y — =0.
(z°+y" +2x)+ U
d

2. (x2+y2+y)—a:£:0.

3. (*y*+y)de + (23y* — x)dy = 0.
4. (22%* —y)dz + (22%y° — x) dy = 0.
5. Y (ydx — 2z dy) = 2*(x dy — 2y dx).

OTBeThI.

1. 2z +In(2?+¢%) =C.

2. T+ arctgg =C.

3. :Z_z e_nyQ =C; x=0.
Coay(C—2?—y?)+1=0; 2=0; y=0.

5. a3 —4y? = Ca'Py*3, 2 =0; y=0.

5.3. NaTerpupyionuii MHOXUTEJHh

Oynknus (4(T,Y) HASBIBACTCH UHIMELPUPYIOULUM MHOACUMEAEM il YPABHEHUST
M(z,y)dz + N(z,y)dy =0, (5.11)

eCJIM 110CJIe YMHOXKEHHUs Ha, Hee 9T0 YPaBHEHUE CTAHOBUTCS YPABHEHUEM B IOJIHBIX
qnddepenmnuranax. Orcrona cieyer, 910 QyHKIM [ YAOBJIETBOPSIET YCJIOBUIO

O(pM) _ 9(uN)

gy  Ox
o ) 0 OM  ON
N VS (e
NGe = M3, ( %~ B )u- (5.12)

[TosiesB 06€ 9acTH MOCTIEIHETO YPABHEHUS HA (4, TIEPEIUIIEM €0 B BHJIE
Olnp Olmp OM  ON
- M = — :
ox oy oy ox

TakuMm 006pa30M, UHTEIPUPYIONUN MHOXKUTE/b (i YJIOBJIETBOPSAET ypPaBHEHUSIM B

N

(5.13)

qacTHBIX Pou3BOAHBIX (5.12) wmm (5.13). Heemorpst Ha To, 94TO 5TH ypaBHEHUS,
KaK IPaBUJI0, UMEIOT OECKOHEYHO MHOIO PelleHMi, 3a/a4a X HAXOXKIeHUd B 00-
IeM cjiydae HUIyTh He Jierde pereHnst UCxoHoro ypastenust (5.11).
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[Ipenosokum, aro ypashenue (5.11) umeer WHTErpUpYONINi MHOKUTEb,

3aBUCAIINI OT HEeKOTOpoi Kombunanuu w(x,y): pu = p(w(z,y)). Torma yerosus
(5.12) mepemnumyTcsa B BuIe

dp Ow Md,u@_w_ <8M 8]\7)u

dw Ox @83; \ Oy ox
NJIn
oM _ oN
dlnp _ Oy Oz
dw N@_w _ M@_w

ox oy
HeTpyaHo VBUIETDH, UTO TAKOl MHOXKHATEIL CYIIIECTBYET, €CJIM MIpaBasd JacTh €CTh
bl )
byukiust w (T, y) Wik ABJISETCs TOCTOSIHHOIA.

Ha npakTuke 1e1ecoobpa3Ho MmbiTaThCst OTHICKUBATH WHTEIPUDYIOIINH MHOXKW-
TeJib, 3aBUCAIINN TOJBLKO OT T WU TOJBLKO OT Y.
[Iycrn

1) = p(x). Torga
oM ON

dinpg 9y oz
de N ’

U TaKOW MHOXKHUTEJb CYIIECTBYET, €CJIU IpaBasd 4acTh 3aBUCUT TOJBLKO OT T WJIA
SIBJISIETCS [TOCTOAHHOIM.

2) pp=p(y). Torna
OM ON
dinp 8_y - or
dy — -M
" IIpaBad 9aCTb OOJI2KHa 3aBUCETH TOJIBKO OT Y WJIN 6BITI) MOCTOAHHOM.

IIpumep 5. Paccmorpum ypaBHeHne

(1 —2%y)dz + 2*(y — x) dy = 0. (5.14)

3

Pemenne. B stom ypasuennn M =1 — 2%y, N = 2%y — 2% u

oM  ON

:_2_2 o 2:2 o
o or - © (2zy — 327) = 2z(z —y) # 0,

II0O9TOMY 3TO ypaBHEHUE He SIBJIsIeTCs YpaBHEHHEM B HMOJHBLIX Judddepennnaiax.

[IpoBepum, HEe UMeeT Jik OHO MHTEIPUPYIOMIEr0 MHOXKUTE/Is!, 3aBUCSIIEI0 TOJIbKO
oT Z:

oM ON
dinp 9y Ox 2z(-—y) 2
T

dx N Xy —1x)
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B npaBoit yactu crout (byHKIUS OT T, 3HAUUT, TAKOH MHOXKUTEJb CYIIECTBYET 1
HAXOJIUTCS CJEYIONUM 0Opa3oM:
dlnp 2 2dx

—— wm dlnpy=———, orkyla U= —.
dx x x x?

YuMuokuB ypasaenue (5.14) wa a1y DYHKIMIO, TOJIYINM

1 d
(—2—y>d:v+(y—x)dy20, —erydy—(yda:erdy):O.
x x

CaeoBaTesbHO,
1 1 1 1
d(-;) + §d(y2) - d(lﬁy) =0, OTKyla  — E + §y2 Y = C.

Etrie MbI JIOJIKHBI TPOBEPHUTH, He obpataercs i GyHKIyst ((xr) B HYIb U IPH
BCeX Jin T OHa cymectByer. [Iposepka nokasbisaer, 4to r = 0 Tak>Ke SIBIACTCS
pereHreM HexoiHoro ypasrenus (5.14).

3amgaun.
[TpounrerpupoBarh ypaBHEHUs, OThICKAB IPEJBAPUTEILHO UHTEI'PUPYIOIUT
MHOXKUTEJIH, 3aBUCAIIANA OT OJHON M3 MePEeMEeHHbIX:
1. (@®*+y*+2)dz+ydy=0.
(2zy* — 3y®) dx + (7 — 3zy?) dy = 0.
(1 —2%y)dx + 2*(y — x) dy = 0.
20y —ydr — (2> +y) dy = 0.
(x +sinx + siny) dz + cosy dy = 0.

Ok N

OTBeTsl.

1. 2z +In(2? +y*) =C.
7

2. 22—~ —-3ay=0C; y=0.
Y
3. zy? —22%y—2=Cx; z=0.
4. 22 —ylh|y| =Cy; y=0.
5. 2siny+2(x — 1) +sinx — cosx = Ce ™,
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36. YpaBHeHHsI, He Ppa3pemieHHbIe OTHOCUTEIHHO ITPOM3BOTHOM

B stom naparpacde mbl OyjieM paccMaTpuBaTh 00IUEe YpaBHEHMS IEPBOIO MOPSIIKA,

F(z,y,y") =0. (6.1)

6.1. Ocobnie permenust

Pemenne y = ¢(x) ypasuenus (6.1) HasbiBaeTCst 0c00bIM, €CIIU B KaxK IO CBOEH

TOYKE OHO KACAETCsl KAKOrO-JIn0O0 JIPYTroro pereHust Toro ypaBHenus (HO He COB-

MaJIaeT ¢ HUM B HUKAKOW OKPECTHOCTH 3TO# TOUKH). DTO O3HAUAELT, ITO B TOTKAX

0cODOTO pelleHus HAPYLIIAeTCa TeopeMa O e€JMHCTBeHHOCTH pelnlenns 3ajgadn Ko-

. Mnrerpajibias Kpubast, COOTBETCTBYIOIIAST 0CODOMY PELICHUIO, HA3bIBACTCS

0c0007 urnmezparvroti Kpueot.

Ecau dyuknust F(x,y,1y) nenpepbiBHa u nMeeT 4aCTHYIO MPOU3BOJIHYIO 110 Y,

TO 0cOb0e pelIeHre MOXKHO MCKATh caeaytomum obpasoM. Hyxno uckmounts 4
U3 CUCTEeMbI YpaBHEHUI

: OF(z,y,y)

F(z,y,y') =0, W

)

[Tonyuennoe cooTHoIleHne MeX 1y T 1 y Oyaer 3ajiaBaTh KPUBYIO, HA3hIBAEMYIO

~0. (6.2)

duckpumunarnmrot kpueot. Ilocte 3Toro g KaXK0ii BETBU JIUCKPUMUHAHTHOM
KPHUBOIi (€CJM UX HECKOJBKO) HYKHO MPOBEPUTH, SIBJISETCS JIK OHA PEIIeHueM
ypastenust (6.1) u B TOM Cjiydae, eciiu sBJISeTCs, IPOBEPUTh, OyJIeT JIM ITO pelle-
HUE 0COOBIM.
Ecnn cemeiicrso pemennit ®(x,y, C') = 0 ypasuenns (6.1) umeer ozubarousyro,
TO 3Ta orumbdaroras OyjieT 0COObIM pelleHreM. YToObl HalTh OrubaroIy 0, HYKHO
nuckmounTh C' U3 CHCTEeMbI ypaBHEHU
0®(x,y,C)
oC

U [IPOBEPUTDH, OYJET JIU IMOJydYeHHas KPUBasi B KaXKJOW CBOeil TOUYKE KacaTbCsd

O(x,y,C) =0, =0 (6.3)
KAKON-TO 13 KPUBBIX 3TOIO CEMEHCTBA.

IIpumep 1. Pemurh ypaBHuenue
3y%y"? — 2xyy + 4y® — 2% =0, (6.4)

HaWTH OCOOBIE PelleHus, TaTh IepTexK.
Pemenne. [Jannoe ypasnenue — KBaJpaTHoe OTHOCHTEILHO Y . JInckpumm-
nant pasen D = 42%y? — 12y%(4y® — 2?) = 16y% (2 — 3y?). Cnenosarennho,

, 2xy £ 4y/2? — 3y? —iig
— " —

3y 3

Y
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D10 opHOpOHbIe ypaBHeHus. [losromy cienaem 3ameny (3.4): y = tx. [Homyuwuwm

1 1
t’x+t:§:i:\/t—2—3,0TKy/1a

1 —3t2+21 — 3¢t2 3t dt dx
= nJin - —.
t 1—3t24+2V1-3t2 =
3t dt

1— 324921 — 32’

sameny 1 — 3t = u, a notom v = +/u (nposenaiite aro camu!). VnTterpupys,

—In|v/1—3t2 £ 2| = In|Cx

(MBI 3aImcagn MOCTOSIHHY0 WHTerpupoBanust B Buje In|C| u cuwraem, dro sra

3t'x

YT100Obl BBIYUCIUTH HHTerpaJl / HY2KHO CJ€JIaTb CHa4aJla

110J1y HaeM

MOCTOsIHHAST T10I00pata Tak, I9To0bl mpoussejerne C'T ObLIO MOJOKUTETBHBIM ),
orkyna z(v1—3t> £2) = C. Cuenas obparuyio sameny ¢ = y/, noryum

3y C
11— Pl + 2. Ilpu Bo3BejieHNH B KBaJIpaT 3HAK « £ » MOXKHO yOpaTh, Tak
C? 4C 3y?
Kak nocrosgnnas C' Moxker ObITh Jo6oro suaka. [lostomy — ——+4 =1——-,
x x x

i C? —4Cx + 322+ 3y? = 0. Dro ypaBHeHne 3aJaeT KPUBYIO BTOPOTO TIOPSIKa,
Ha IJIOCKOCTH (,Y), a IMEHHO, OKPY?KHOCTD, TaK K03hdUIuenTsl npu x> u >
paBHBI. UTOOBI 3amncarh ee ypaBHeHHe B HamboJiee TTPOCTOM BHJE, 3aMEHUM I10-
crosunyio C na 3C 1 nostyunm okonuarespho 32+ 3y? —12Cx+12C? —3C% = 0
WV

(x —2C)2 +9° = C*. (6.5)

Urak, perennem ypashenus (6.4) CIyKuT ceMeiicTBO OKPYKHOCTEH ¢ MEeHTpaMu
B Toukax (2C,0) u paguycamu |C.

B nporecce periennsi Mbl JeJuiin Ha t 1 Ha Bbipaskenune 1 — 3t2 £ 24/1 — 3¢2.
Cayuaii t = 0 gaer ynkmuio y = 0, KoTopast He SBJISIETCsT PEIeHNeM UCXOIHOTO

ypasHerns. Bcom 1 — 3t2 £ 2v1 —3t2 =0, 10 1 —3t> = 0 wim 1 — 3% = 4.

ITeproe ypaBuenue jaetr t = =—=. Bropoe ypaBHenue He umeer periennii. Jlerko

V3
x
BUJIETh, YTO (DYHKIUK Y = F—= TOXKE sIBJSIOTCSA pelieHnsiMu ypapaernst (6.4).

V3

M300pa3um peliieHust ypaBHeHHs Ha pucyHKe. [Io yeprexKy BHIHO, UTO IpsIMbIe

y = iﬁ KacaloTcst ceMeiicTBa okpyx)kHocTeil. CiieloBaTeIbHO, OHU JIOJIXKHBI

3a/1aBaTh 0COObIEe perIenusi. Y 0eauMcsl, ITO 9TO JeCTBUTEIHLHO TaK.
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O x
Puc. 2.
Banuiem cucremy ypasHenuit (6.2):
3y*y? — 2xyy + 4y* — 22 =0, 6y*y — 2zy = 0.
x
Bripasum u3 BTOpOro ypasnenuss y = 3, 1 NOJCTABAM B 1IEPBOC ypaBHeHHe.

T
[Tociie 0OueBHIHBIX TPeobPA30BAHMIl MOAYUNM Y2 = 3 Takum obpa3oM, JTUCKpPH-

x
MUHAHTHAs KPUBaAsl COCTOUT U3 JIBYX BETBEH — NMPAMBIX Y = £——.

V3
x
Boisicaum, GyjiyT Jjin 9ru perierusi ocobbimu. I[lycrs p(x) = —. Boipasum y

V3

13 GopMyJbl 0b1tero pemienus (6.5):

y=+/C? = (x—20)° = £/ —2? + 4Cx — 3C2.

B cuiy cuMMeTpun KapTHHBI OTHOCUTENBLHO 0cH Oy MOXKHO OIPAHUYUTBLCS Pac-
cmorpenueM caydas ,y = 0. B kaxnoit Touke xg > 0 JIOJKHDBI BBIIOJHATHCS
yciosus Kacanns rpadukos dynkimit y = ¢(x) n y = /—22 + 4Cx — 3C2:

y(zo) = ¢(w0),  y'(w0) = ¢'(20). (6.6)

3amnuinem 5T yCJIOBHUsI:

X 2C — x 1
—22 +4Czy — 3C? = —=, = —.
\/ 0 : V3 V—x2+4+4Cx — 3C? — V3
I3 mepBoro ypasHenusi, BO3BOJs B Kpajpat, umeeM —zi + 4Cxg — 3C?% = %,

2
orkya (3C — 2z)? = 0, caejosarensuo, C = 3%0- [Topcrasum 310 3nauenue C'
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1 1

BO BTOpoe ypaBHenue. JIerko BUJAEThb, 9TO MBI MOJYIYUM TOXKJECTBO —=

V3 V3

X

Takum obpazom, pemternsi §y = — u y = / —x2 + 4Cx — 3C? neiicrBuresbHO
V3
x
KacaloTesa B Touke ¢ abcuuccoit xg upu C = —xg. [losromy y = — sBnsercs
3 9}/5
ocobbim periernem ypashenust (6.4). IIpoBepka Toro, 4ro y = ———= Takxe siB-

V3

JISIETCSA OCOOBIM PEIICHUEM, OCYHIECTBIACTCA aHAJIOIMIHO. BripoueM, ee MOXKHO He
JIeJIaTh, €CIV 3aMeTUTh, 9TO TPadUKN BCEX PEIeHNH CUMMETPUIHBI OTHOCUTEJIHHO
ocu Oz.

B paccmarpuBaeMoM 1puMepe JIerKo MOXKHO BbIPa3uTh Y U3 (POPMYyJibl OOIIEIO
pelenust, 3aJJaHHOr0 HesiBHO coorrotennem (6.5). Tlpu perenun gpyrux 3aiaq
3TO MOYKET OKa3aThCsAd HEBO3MOXKHBLIM. [103TOMY TOKarkeM, Kak IpoBepsTh, SIBJIs-
erca Jin pemenne y = () ocobbiM, He paspemmas coornommenus P(x,y,C) =0,
3a/1a1011ero obIIee perenne, OTHOCUTEILHO 1.

Nrak, obuiee permenne y(x) yjoBiaerBopsieT HesiBHOMY cooTHOIeHuo (6.5):
22 — 4Cx + 30?% + y? = 0. Ilpoguddepennnpyem 310 paBencTBo o . Ioayunm
20—4C+2yy’ = 0, 1.e., yy' = 2C—x. Sanuimem nepsoe u3s yciosuii (6.6) (yciosue
HaJUIHst O0IIeil TOUKY y rpaUKOB PpU T = Tp) KaK CUCTEMY ypaBHEHU

Lo

?JO:%,

[TojicraBum gy u3 nepBoro paBeHcTBa BO BTopoe. [lojiyunm TO ke camoe paBeH-

x5 — 4Cxo + 3C° + y5 = 0.

ctBo (3C' —210)? = 0, uT0 1 BHIME. Tereph TPOBEPUM, UTO BLITIOIHIACTC YCIOBHE

kacanus Y (zg) = ¢'(x9). OHO 03HAYAET, YTO K T = X( NPOU3BOJHBIE DYHKIUI

1
y(x) u p(x) opunakosbl. Umeem ¢'(xg) = —=. Ilpoussoguast y'(z) ymoBierso-

V3
Zo

paer coornomenuio yy = 2C — x. [TojgcTaBuM B 9TO PaBEHCTBO T = Tg, I = ——

2 1 \/§’
€' = So. Moy 7y (xo) = 3, oreyma o/ (w0) = —= = ¢ ().

V3 3 V3

Kpowme Toro, ocoboe perienne MOXKHO HaiiTh Kak ormOaloliyio cemeiicTBa o00-
mux permrennit. CrenaeM 3TO B paccMaTpUBaEeMOM IIpUMepe. SalluIneM YCJIOBUS

(6.3):

2 —4Cxr 4+ 3C* +4* =0, —42 +6C = 0.
2
Boipasum u3 Broporo ypapaenusi C' = gx U 110JICTABUM BO BTOPOE ypaBHEHUE.
, x
[onyaum y= — R 0, orkyna y = :I:ﬁ. Teniepb 11poBEpPKY TOIO, YTO ITO

0CODOBIe PeIIeHus, MOXKHO OCYIIECTBUTD JIFOOBIM U3 BBIIIEONNCAHHBIX CIIOCODOB.
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6.2. Cuaywyaii, KorJa ypaBHEeHHE yJAaeTcd Pa3pemmTh OTHOCUTEIHHO TTPOU3BOTHOIM

[Tostyuurest 0J{HO UM HECKOJILKO ypaBHenuii Buja y' = f(x,y). VIX HyKHO permarh
OOBIYHBIMM METOJIAMHU.

[Ipumep 2. Paccvorpum ypasnenne yy'2 + (x — y)y' — x = 0. Dro ypasuenue

x
— KBaJpaTHOe OTHOCHTEALHO ¥ . Pemus ero, noayunm ¢y = 1 wim 3y’ = ——. Pe-
Y
IIeHHEeM epBOoro ypasHenus ciaykar ¢yukimun y = £+ C'. Bo BTopoM ypasnennu

pazjesaiorcs nepeMennsle: ydy = —x dx. Unrerpupys, noayunuM y? + 22 = C.
B nporecce perieHusi MbI IPOU3BOIAIIN JleJieHre Ha Y. Jlerko Bujgers, ato y = 0
He sIBJISIETCsT PEIeHreM MCXOIHOTO ypaBHeHus. Taknm o0pas3soMm, OHO WMeeT JIBa
ceMeicTBa perleHuil.

3agaun.
Pemuth ypaBHeHusi; BbIAEINTH 0COObIE PEIEHUS (eCJH/I OHU eCTb)I

(y +1)% = 27(x +y)? = 0.
vV +1) =1
y? =41 —y).

8(y' — 1)’ =27(y — ).
A1 -y) = (3y — 2)%".
yP Ayt =gy (y + 1)

y? +ry =y +ay.

y"? — 2zy’ = 822,

. Y2y —y) = y?sin? .

10. y(y — 2xy')? = 2y/.

11. a(y —ay)? = 2y? — 2y
v 12, y(zy —y)? =y — 2zy.

© 0 NPT WD =

OTBeTsl.

y+ro=(x+0)3 y=—uz.
(z+C)P2+y*=1; y==+1.
yl+@+CPl=1y=0; y=1
(y—2)?=(x+C) y=ua.
yl-y)=(@+0)% y=1
4y = (z+ C)?* y = Ce®.
y=Ce"; y=Ce "+ —1.

I
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8. y=222+C; y=—-a2>+C.

9. InCy=x=+sinx; y=0.

10. 3% =C%x — C; 4xy® = —1.

11. 22+ (Cy+1)2=1; y=0.

12. (Cx+1)2=1-y?% y=+1.

6.3. Meto/ BBeZieHIS MapaMeTpa

DTOT METOJI MOXKHO MIPUMEHSTD, Korja ypasaenue (6.1) ymaercs paspemursb OT-
HOCUTENIbHO * min Y. PaccMoTpuM 00a 9THX ciydas mojipoOHee.
1) Ypasuenue (6.1) MOXKHO paspenuTh OTHOCUTEILHO Y, TO €CTh, [EPEINCcATh

B BUJIE
y = flz,y). (6.7)
O6oznauum ' = p. Bosbmem auddepennman or obenx vacreil papencrsa y =
f(x,p). Homyunm dy = %dx + 8—pdp. [logcraBus B Hero dy = pdx, moaydInM
ypaBHEHHe, cojeprKalliee TOJHKO MeEpeMeHHble & W p:
pde = H@w) O @p)
Ox Op

Ecsin B35Th P 3a HE3aBUCHMYTO TIEPEMEHHYIO (Pa3peIuTh yPaBHEHHE OTHOCHTE b-

dx .
HO — ) u HafiTu obiee pemenune © = @(p, C') 110Jy4eHHOrO ypaBHEHUsT, TO 0DIIee

dp

perenne ypasHenusi (6.7) MOXKHO 3alUCATh B TAPAMETPHYECKOM BHUJIE

$:90(p70)7 y:f((»o(pac)7p)’

OTMeTHM, 4TO IIPU 5TOM MOXKET OBbITh IOTEpSHO PeIleHue 3a cueT oOpallleHus B

of (z,p)
HYJIb BbIpaXKeHus p — ———.
ox
Eciu ke 3a HE3aBUCHMYIO MEPEMEHHYIO B3dTh X (Pa3peliuTb ypaBHEHHE OT-
dp
HOCUTEJILHO d_) ¥ 3allMCaTh pelleHre 3Toro ypasuenus B suje p = ¢(x, C'), o
T

IOJICTABJIAST HallJICHHOE 3HAUEHUE P B UCXOjHOe ypasuenue (6.7), HaiijeMm ero oo-

mee perenne B Bujie y = f(x, p(z, C)). llpu sTroM Takke MOXKeT ObITH TTOTEPSTHO

0f(z,p)
Ip

2) Ypasuenue (6.1) MOXKHO pa3pernTh OTHOCUTETHHO &, TO €CTh, EePENnucaTh

pelieHue 3a cuerT ooOpalleHnsi B HYJIb BbIPaXKEHUsI

B BHJIE

r=g(y,y). (6.8)

Cnosa BeegieM napamerp p = . Bospmem quddepennuan or obenx gacreii pa-
dg

sercra = = ¢(y, p). [onyunm dxr = dy+—gdp. [Togcrasus B Hero dr = dy/p,
p

oy 0
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MOJIYINM ypaBHEHWe, coAep:Kaliiee TOJIHKO MmepeMenHbie § 1 p:

dv_99.p) ;. %9.p)

p oy Op
Ecin B3sTh P 3a HE3aBUCUMYIO IIEPEMEHHYIO ¥ HaiTH ero oblee perieHune y =
Y(p,C'), T0o 0bIIEe pelleHre ypaBHEeHUsT (6.8) MOXKHO 3amucaTb B IapamMeTpude-
CKOM BHJIE

y=v({p,C), x=g(p,C),p).

Eciu ke 3a He3aBUCUMYIO TIEPEMEHHYIO B3dThb ¥, U 3allUCaTh PEIleHUe 3TOro
ypaBrenusi B Bujie p = ¥ (y, C'), To nojcraBisis ero B ucxoroe ypasuenue (6.8),
samuiieM ero obnwit uarerpaa x = g(y, ¥ (y, C)). 3uech Takxke Kak B ciaydae 1)
caeyer u3deraTh MOTEPH PerieHuil.

IIpumep 3. Pemuts ypasnenue,

3

T —y = 5?/’2 —y?, (6.9)

HaWTH OCOObIe pelleHus, JaTh IepTexK.
Pemenwe. [lockonbKy JaHHOE ypaBHEHUE SIBISICTCA KyOMUIECKUM OTHOCHTETh-
HO 3/, Mbl He OyJeM IbITATHLCA Pa3PElINTh €ro OTHOCUTEJLHO MPOUM3BOJIHOM, a

IPUMEHAM METOJ BBeJeHMs Tapamerpa. Meem x — y = §p2 — p?, moaToMy
dr — dy = 3(p — p?) dp. 3amenns dy = pdx, nomyanm
(1 —p)dx = 3p(1 —p)dp. (6.10)

3 3
Orciona dxr = 3pdp, caenoBaTebHO T = §p2+C’ ny = a:—§p2+p3 =p*+C. U3

HO.HyLIeHHbIX HapaMeTqueCKI/IX ypaBHeHI/Iﬁ 06H_LGFO pe]_HeHI/IH MO2KHO UCKJIIOYUTH
na 0 : —C==p* y—C=p>.B
paMeTp p CJAeAYIONIUM 00pa30M: 3alUIIeM T = 2p Y = p°. Bossenem

IIepBOE PABEHCTBO B Ky0, a Bropoe — B KBaJipat. [locie nckioderust p6 oCTaHeTcs
27(y — C)? = 8(x — C)°. (6.11)

Kpowme Toro, p = 1 makxe siBisiercs perenneM ypasrenus (6.10). Togcrasists

9TO 3HAYEHUE P B UCXOJHOE ypPaBHEHUE, TOJYUYNM T — Y = 3 Jlerko BuJIeTH, 9TO

1

Y =& — 5 TaKiKe ABIACICA PELICHHUCM YPABHCHH (6.9).

Yro0bl HAWTH JUCKPUMUHAHTHY O KPUBYIO, 3aIIUIIEM CUCTeMy ypaBHenwuii (6.2):

3
w—y=§p2—p3, 0= 3p — 3p°.
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3 Broporo ypasuenusi cpagy noayaum p = 0 wim p = 1. CremoBarenbHo, auc-
KPUMWHATHAS KPUBasl COCTOUT M3 JIBYX MPAMbBIX JIUHUAM

1

y=z, y=z-3.

BeTBb y = & JUCKPUMUHAHTHON KPUBOI BOOOIIE HE SBJISIETCS PEIlleHreM ypaB-
HeHUsl (KAK BUJIHO U3 Y€PTEXKa, OHA COCTOUT U3 TOUYEK BO3BPATA KPUBBIX OOIETO

pereHus ).
Yy

Puc. 3.
1

IIpoBepuM, 4TO HpsMast §y = T — — sBJIA€TCs OCOOBIM peIeHrueM. 3alluilieM

1
ycnosue Kacanus Kpusbix 27(y —C)? =8(z —CP uy =2 — 5 B TOUKE (20, Yo) -

BssB mpomusBojHyo oT nepsoro pasencrsa, noiyunm 9y'(y — C) = 4(z — C)?,
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4(z — C)?
9y —C)

Orcrona iy = . [osromy ycsosust (6.6) 3anmurnyrest B Bujie

1 4(1‘0 - 0)2
27(yo — C)? = 8(wg — C)?, Yo = To — =, — =1
o= € =S =) > O 0)
[IpoBepuM, 4TO 3Ta crHCTeMa COBMECTHA. VI3 TIepBOTO U TPETHEro PABEHCTB TOJTY-
qaem 2(zg — C)* = 3(xg — C)3. Ecim 29 — C = 0, TO n3 NepBoro pasencrsa

Yo — C' = 0, 970 NPOTUBOPEUNT YCJOBUIO Yy = T( — 5 [Tosromy, cokpaTup Ha
(xg — O)3, nonyunm C = g — g Torpa yp — C = g(xo — C)? = 1. Hecnox-
HO YyOeUThCsi, YTO LPU LOJACTAHOBKE To U 1Yy BO BTOPOE YPABHEHUE [OJIYIUTCSH
TOXK JIECTBO.

Ipumep 4. y = 22y + y* + 2%/2.

Pemenue. 3amuiieM ypasnenue B Buie y = 2px + p? + 22/2, BosbmeM ud-
depennmal ot obenx udacreit u 3amennm dy = pdx. [lonyunm ypasnenne pdr =

2z dp + 2pdx + 2pdp + x dx nian
2edp+pdr +2pdp+xdr =0, orkyna (z+p)(2dp+dx)=0.

3 nocneanero ypaBHeHus cieayer, uro jubo x + p = 0, gubo 2dp + dx = 0.
Pemennem nocsennero ypasuenus sipisiercs gyuknus x = C'—2p. [logcrasus 1o
BbIparKeHue B uexojHoe ypasuenue, nojiyanm y = 2p(C' —2p)+p*+(C —2p)?/2 =
—p*> + Cp + %CQ. OTciofa MOYXKHO 3alucaTh pelieHne UCXOAHOrO YpaBHEHWs B
IapaMeTPHUIeCKOM BH/IE

1
x=C —2p, y:—p2+0p+502.

TTockombKy p Jterko uckiouaercs: p = 5(C' — ), pelleHne MOXKHO 3allucaTh B
asrom sujie: y = (C'— x)z + 327 + 1(C — 2)? = —12® + 3Cz + 1C2.

Cayuait x + p = 0 pmaer emie OJIHO pellleHHe YpaBHEHHUS: p = —I, OTCIOJA
Yy = —%xz.
IIpumep 5. = = . + ew',
2y’
Pemenne. Bozbmem juddepennual or obenx dacreili paBeHCTBa T = 2%3 +
eV? . Tonyunm dx = W + e?d(py). Bamenum dx na dy/p, u nocie

1peoOpa30BaHuii OJYIUM ypPaBHEHUE

(2%2 - 6”) d(py) = 0.
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U3 nero noayuaem py = C, orkyja p = C'/y. TlojgcraBus 310 B UCXOJHOE yPaB-

Henue, IoJIyInuM
2

Y C
r=-—=—c".
2C
Kpome Toro, pasenctso e’ = 1/(2p?) NIpuBOAUT K PEIIeHNIo B TAPAMETPIIECKOM
BUJIC
” 1n(valp) S In(valp)) — -
y=——1In pl), z=-——=1In pl) — —.
p p? 2p?

6.4. YpaBuenns JIarpamxka n Kaepo

Ypasrenuem Jlaepanorca Ha3biBaeTCs ypaBHEeHUE, JUHEHHOE OTHOCUTEJBHO T U Y,
TO €CTh, YpaBHEHWE BUJIa

Ay + By )z = C), (6.12)

rie A, B u C — puddepennupyembie Gyukuuu or 3. Ecin A(p) Z 0, 1o 310
ypaBHEHKE MOXKHO Pa3pellinTh OTHOCUTENLHO ¥, TO €CTh, IIEPenucaTh B BUIE

y =)z + (). (6.13)

Bamenum p = y/'(), BosbMeM OT 3T0ro ypasnenus jJuddepenimal, u, HoJCTaBuB
dy = pdz, nepenuiieMm ero B BUJIE
dp

p=op) + (¢pz+ @D’(p))%- (6.14)

Bynem paccmarpuBaTh T Kak (GYHKIUIO OT IepeMerHoit p. Torna ypaBHenue 0y-
JeT JIMHEUHBIM:
dx / /
v _dp) @)
dp  o(p)—p  p— ()
U UHTErpupyercd B KBaJparypax (CM. H.4.1). Ero pemenue umeer Buj r =

(6.15)

Cf(p) + g(p). Cnenosaresnnno, obmee penenne ypasuenus (6.13) MoxkHO 3arnu-
caTh B IapaMEeTPUUCCKOM BUJIE

y=9@(Cfp)+9p)+vp), z=Cf(p)+9[D).

Eciu napamerp p yjaaeTcs UCKJIOUATD, TO IOJYyIUM OOIIMi HHTEerpaJl ypaBHEHNUS.
Kpowme Toro, K obITieMy pelieHnio cjienyer J00aBUTh BCe pelleHus BUIa,

Yy = C()x + w(C()),

rie Cy — Kopenb ypasuenusi ¢(p) —p = 0.
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[Ipumep 6. Paccmorpum ypasuenne y = z(1+ 1) + /2.
Pemenme. to ypasnenne Jlarpamxa y = x(1 + p) + p?, rae p(p) = 1+ p,
Y(p) = p?. Ilepermmem ero B suse (6.15):

Ero pemennem ciyxur dyukiust © = Ce P + 2(1 — p). Togcrasus 910 Bhipaxe-
nue B uexompnoe ypashenne, noayunm y = (Ce™ + 2(1 — p))(1 + p) + p* wm,
oxomuarensno, y = Ce P(1 + p) + 2 — p.

[Tpu pemenuu ypasuenus Jlarpas:ka Mbl npejnoJaraiu, 4ro ¢(p) Z p, unade
B dopmyste (6.15) mosydaercs jpesenune Ha HyJIb. Pacemorpum caydaii ¢(p) = p
OTJIEJILHO.

YpaBHeHu€e BU/JIa,

y = px +(p). (6.16)

Ha3biBaeTCs ypashenuem Kaepo. s wero ypasuenue (6.14) npunuMaer Buj

d d
p=p+(c+d(p)2 mm —C(r+4(p) = 0.

N dp
[TepBbiit MHOXKUTEJIH TPUBOJUT K Jin(depeHiinajbHOMY YPpaBHEHUIO i 0, u3
x

koroporo p = C'. Torma obmiee perenne ypasuenns (6.16) MokHO 3ammcath B
BH/IE

y=Cx+Y(C). (6.17)

[eoMeTprUIecKr 3TO pelIeHne MpecTaB/IseT coboi ceMeiicTBO IPIMbIX.

[IpupaBHsiB K HYJII0 BTOPOH MHOXKHUTEJb, nojayuum = —'(p). Eciau sro
PaBEHCTBO yJIAeTCsl pa3pelinTh OTHOCUTEJILHO D, T.e., BhIpasuTh p = w(x), 1o,
IOJICTABUB €ro B ucxojHoe ypasuenne (6.16), moayanm

y = aw(@) + (w()). (6.18)

Ecan sToro CAeJIaTb HE ydaeTCd, TO Mbl MO2KEM 3allMCaTb TY 2K€ KPHUBYIO B IlIapa-
METPpHUYIECKOM BHJIE

v == (p), y=—pd'(p)+v(p). (6.19)

Hecioxuo mpoBeputh, uTo cooTHoterust (6.19) 3a1ar0T erre ojiHO pereHre ypas-
nernus (6.16). Ecam ¢ (p) umeer orimaHyio or HyJist BrOPYIO IPOU3BOJHYTO, TO Pe-
INeHre B CAMOM JieJie MOXKHO 3anucarh B Bujie (6.18) u 9ra KpuBasi oKa3biBaeTCs
ornbarorrieil cemeiicTa pernennii (6.17), a, 3Ha9UT, 0COOBIM pPEIIEHNEM YDaBHEHNSI.
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Ipumep 7. y = xy/ + /1 — /2.

Pemenne. O61iee perienue 3roro ypasHenust 3anuiiem 1o gopmyde (6.17):

y=Cx++1-C2

[Tockoubky ¥ (p) = /1 — p?, ypasuenue © = —1)'(p) umeer Buy

p

r=—
I—p

X

V1422

-1
V) = V=P = e

[Tosromy ypashenue orubatorieir (0coboii uHTerpajbHOR KpuBoit) Oyer

Pasperiup ero orHocuTe/IbHO P, HalljleM p = . Torpa

2

x 1
= + , owm Yy =V 1+ 2%
Y Vi+a? 1+ 22 Y

3agaun.
Haiitu Bce pemenus ypaBHeHMI:

8y — 12y = 27(y — x).
vty =uzy”
y? — 2zy =2 — 4.
y=uxzy —2—1v.
r*y"? = zyy' + 1.
2" (y —zy) = 1.
20y —y =y Inyy’.
22y —y =Iny'.
Pyt =ayy
y+2y° = ay”.

y = xy/ - 332y’3.
y=2xy +y’y°.

y(y — 2zy')* = y”.

© 0 N oW =

—_ = =
W= o
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o

© 0 N o

11.
12.
13.

OTBeTsl.

4

(Y+CP=@+CPy=a—

27

p—Inp+C

A P ,y=ap’—p;y=0,y=a—1L

(x —C)? C? 7

STy T YT
y=Cr—C—2,

1
xpy/2InCp==+1, y=F <\/21n0p—m>.

20%(y — Cx) =1, 8y = 2722

y> =202 —CInC; 22 =1+ 2Inly|.

2C
xp? =p+C, y:2+?—lnp.

pry =y*+p°, v*(2p+ C) =p* y=0.

C
=t 21, y =
(p— 1)

Cp

(p—

2

1)

+ph y=0y=a-2

ap? = Cy/|pl — 1, y = xp — 2p* y = 0.
C

2xp* = C — C?*p?, y=—; y =0, 322% = —27y*.
p

y? =203 + C?; 27x%y% = 1.
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I'maBa 2
JTndpdepenrmmaabable ypaBHEHNS BBHICIINX TOPSTKOB

§7. YpaBHeHHs, pa3peliaemMble B KBaJIpaTypax. Y paBHEHHs, JIOIIyC-
Kafolye MOHMmKeHne MoPIIKa

HuddepenimaabHbiM ypaBHEHUEM N-T0 TOPsiJIKa HA3bIBACTCS yYpPaBHEHNE

F(.CL’, Y, ylv yllv s ’y(n)> = 07 (71)

rjle © — He3aBUCHUMasi lepeMeHHast, ¥ — uckomasi (pyHKIms, a pyHKIims F omnpe-
JleJieHa U HelpepbiBHa Ha HEKOTOPOM OTKpbITOM MHO)KecTtBe G (n + 2)-MepHoro
IIPOCTPAHCTBA CBOUX apI'yMEHTOB.

Pemenne ypasuenns (7.1) na nekoropom unTepBasie I jeiicrBuresbHO ocu @
ONpeJIesisieTcst Kak 1 pa3 HenpepbiBHO juddepentupyemas dyukius y(x) ra-
Kas, aro st Beex x € I rouka (z,y(x),y (2),y"(x),...,y" (x)) € G un upnm
MOJICTAHOBKe KOTOpoit B (7.1) 9T0 ypaBHEHHe TpeBparaercs B TOXK1ecTBO. (0-
wum pewenuem ypasuenus (7.1) nasbiaercst DyHKIUs

y:¢(x7017'-‘70n)7 (72)

rie Cq, ..., C, — IPOU3BOJIbHbBIE MOCTOSIHHBIE, KOTOPast P JIOOOM (PUKCHPO-
BaHHOM HADOpE TUX MOCTOsSIHHBIX OIPEJesIsieT pelieHue ypapuenusi. e obiiee
pelieHne 3a/JlaH0 HesIBHO COOTHOIIICHUEM

O(x,y,Ch,...,Cp) =0, (7.3)

to (7.3) HazbIBaeTCs obuyum unmezpasom ypasaenus (7.1).
Huddepentmanbroe ypaBHeHHe N-TO TOPSIKA, PA3PEIIEHHOES OTHOCHTETHHO
crapiieil Nponu3BOJHON, UMeeT BU/L

y " = flx,y, 9,y Y, (7.4)

rie GyHKIus [ TakxKe OIpejeeHa U HellPEePhIBHA Ha HEKOTOPOM OTKPBLITOM MHO-
xkecrBe G (n 4 1)-MepHOro npocTpancTBa CBOUX apryMeHTOB.

Yrobbi noctaBuTh st ypasuerust (7.4) sadavy Kowu, O3BOJSIONIYIO BbIjie-
JINTH KOHKPETHOEe peleHne n3 Bceil 6eCKOHEeUHON COBOKYITHOCTH peIIeHuit, ornpe-
neneHabix dopmyiioit (7.2) wim (7.3), Hy>KHO, B OTJIMYHE OT YPABHEHUSI [EPBOTO
Mopsijika, 3a7aTh He ONHO yciaosue y(rg) = Yo, xo € I, a 106aBUTH K 3TOMY

47



YCJIOBHIO €Ille 3HAYeHWs TPOU3BOJHBIX NCKOMON (DYHKIINU B TOYKE T( JO TODsII-
Ka n — 1 BrimounTesnsHo. [losromy, 3amaaa Kommm qst ypasnenus (7.1) craBurcs
ceytonM obpasoM: HaiiTu permenue y(z) ypashenus (7.1), yaoBieTBOpsioIiee
CJIEJIYTOIIUM (HAYAJIBHBIM) YCJIOBUSIM:

y(xo) =vo, Y'(x0) =vo1, -, y" D () = Y0.n—15 (7.5)

B KOTOPLIX To € I, a Yo, Y01, ---, Yon—1 — 38JAHHBIC YUCJIA TAKUE, YTO TOUKA
(20, %0, Yo,15 - - - You1) € G1.

Host pemenus 3agaun Komu myxu0 nojcrasuth yeiosus (7.2) (um (7.3))
B (7.5) u onpenenuts nocrosuubie Cq, ..., Cy, YIOBIETBOPSIONIUE YPABHEHHUSIM,
1IOJIy YEHHBIM B PE3YJILTATE TAKON 110JICTAHOBKU. YCJIOBUS CYHIECTBOBAHUS U €J1H-
crenHocTr 3ajadu Ko hopMympyrorest, Kak mpasuiio, Jyist ypastenust (7.4),
pas3perierHoro OTHOCUTEILHO CTapiieil mpon3BogHoi nckomoit dpyuknnn. Camo
ke ypaprenue (7.1), kak OygerT BUJHO W3 MPHUBEJCHHBIX HIKE PUMEPOB, HHO-
IJla UMeeT HEeCKOJIbKO cepuii pernenuii. [losTomy Ha Bompoce CyIecTBOBaHUS U
eJIMHCTBEHHOCTH perienus 3aiaun Korm jist ypasaenus (7.1) Mbl He ocTaHaBIId-
BAEMCHI.

7.1. YpaBHeHus, pa3pemaeMbie B KBapaTypax
[. Ilycrs ypasuenue (7.1) nmeer Buj

F(z,y™) =0 (7.6)
¥ JIOTyCKAeT MapaMeTpU3aluio

z=o(t), y" = ().

B sTom cayuae yrnaercs HaiTh o0t MHTErpaJi B HapaMeTpudeckoit (hopme
=O(t,Ch,...,Ch), y™ =T(t,Cy,...,Ch). (7.7)

Umeenm dy ™V =y dx = 1)(t)/(t) dt, orkyna

gD /w £ dt + Cr = n(t, Ch).

Anagnornuno, u3 pasencts dy"2 =y Vdy, .. dy =y dz, naiigem

y=v,(t,Cr,...,Ch), x=p(t).

Yacrabiv ciydaem ypasHenusi (7.6) siByisieTcsi ypaBHEHUe

y™ = f(2), (7.8)



riae f(x) — wenpepbiBHasi dyukius va I,
[Ipunumas r € I 3a napamerp, obiiee pelieHue ypaBHeHus MOJIYyIuM B (popme

y_/ / f dZU + Cra"™ L4 .+ Chx + C,.

II. Ypasuenne (7.1) MeeT BUJ
F(y,y) =0, (7.9
1) Ecm ypasrenue (7.9) paspermmo orrocurensio ™, me.
y " = fly" ), (7.10)

TO, BBEJIeM HOBYIO nckoMyio dyrknuio 2(x) = y "V (z) u npusenem ypasrenue
(7.10) x Bujy

7= f(2).
OO61uit mHTErpaJ 3Toro ypaBHEHHSI €CTh
“ dz
x+C) = f(z) #£0).
VA SR

[TpejiroioKum, 9To 1MoJIy YeHHOE PABEHCTBO Y/IaeTCsl Pa3pelinTh OTHOCUTEIHHO
MepeMentHon 2:

&= w(xa Cl)
B srom cayuae nomyunm ypasuenne y" Y = ah(x, C1). Dro — ypasuenue Buja
(7.8), obiriee perrienne 3anuinercst B BUJE

y—/ / Y(x,Ch) d d:UJngx o+ Chx + C,.

Ecin »ke oTHOCHTE/IBHO 2 Pa3pelinTh ypaBHEHNE He YIaeTCs, TO CUUTast rnepe-
MEHHYIO Z IapaMeTpOM, 3alUIleM PaBEHCTBA

dz dz

dr = C oy = 2 gy = gy = 2 .., dy =1 dx,
f(2) f(2)
113 KOTOPBIX OIPEIeJIM § KaK (QyHKIHIO TapaMeTpa 2 :
* dz
(n—2) __
Yy = Z—+Cz Y1(2,Cy), .,
f(2)

f L dzr
Yy = /ZO y(z)f(z) = Yn_1(z,Co,...,Cy).
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2) Tyers ypasuenne (7.9) me paspenmmo ornocutensio y™ | Ho pazpeninmo

n—1)

OTHOCHTEILHO 4t , T.€., UMeeT BU/I

y" = fy).
[Tosaras
y" =ty = (1),

COTVIaCHO paBE€HCTBaM

- g
dz = dy( T fit)dt, dy"? =y Nz, ..., dy =y dr,
y n

[IOCJIeIOBATEJIbHO HalijieM

_/t I v o

€T =
to t

t !

to

Yy = /to y/(t)fit) dt = w(t,Cy,...,Ch).

3) Hakowner, eciu ypasuenue (7.9) g0omycKaeT mapaMeTpuiecKoe Mpe/icTaBie-
HHC

y" = (1), y"Y = (t),

riae Y(t) — nuddepennupyemas QyHKIWA, TO, AHAJOIHIHO HPEJbLYIIEMY, I0-
JIY UM

_ [T oo [TP@Y(R)
Tr = . Sp(t) dt+Cl, Yy —/towdt‘i‘CQ,...,

RN
y—/toy(t)gp(t) dt = w(t,Cy,...,C).

II1. Ypasnenwe (7.1) nmeer Bu

Py, ") =0, (7.11)

n—2)

C 1oMOIIbIO0 3aMEHbI y( = u ypasuenue (7.11) upuBOJUTCs K yPABHEHUIO

BTOPOTI'O NOpAIKa

1
F(u,u") =0.
1) IpeauionoKum, 90 10y YeHHOE YPABHEHUE PA3PEIIMMO OTHOCHTESIbHO U
1
u' = f(u).
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Yuuoxkas 06e gacTu 3Toro ypasnenns Ha 2u’ dr w noab3ysich OUeBUIHBIMYU DPa-
pencrsamu u'2u' dr = 2u' d(v') = d(u'?), u'dr = du, nepenumem ypasHenue B
BH/IE

d(u?) = 2f(u) du

’2:2/ f(u) du+ Ch, du:i\/Z/ f(u)du+ Cy du.

WuTerpupys nocnennee ypaBHEeHIE IEPBOTO MOPSIKA, ITOJYIHM

Orcrona

+ 02 = f(u, Cl, CQ), y(n—2) = U.

B du
i[;¢m;ﬂmm+cl

Torma memovka paBeHCTB

udu

Y
u
V2 L fluydu+Cy
I[IO3BOJIAECT OKOHYATEJIbHO IIOJYYUTDb

r = f(u,Cl,Cg),

dy™3) =y gy = + .., dy=1y dx

+ C(3 - 51(”7017 03)7

B udu
iLOVmeWMu+Cl

Yy = gn—?(ua Clu 037 ceey On)
2) Ecsin ypasuenue (7.11) foryckaer napaMeTrpuaeckoe mpejcrapieHue

y" = p(t), ¥ =(),

10 13 coornoutennit dy" V) =y dz, dy"? =y dz nonyunm ypasuenue

y "D dy" Y = () (¢) d,

13 KOTOPOT'O HalijeM

n D \/ / dt+01 C(t,Cl).

Takum 06pa30M, Mbl OJIYUHIIKE IAPAMETPUUECKOE lpecrasienne suja y™ =

o(t), y™ D = ((t,C}), u Teneps 3a1a9a CBOIUTCS K HHTEIPUPOBAHNIIO Y PABHEHUSI
tuma (7.9).

Paccmorpum rernepsb ciieytomue qacTHbie ciydan ypasHenus (7.1), KoTopbie
1IPU TIOMOIIY 3aMeHbl HEU3BECTHOW (PYHKIIMU MOYXKHO HPUBECTU K YpaBHEHUIO DoJiee
HU3KOT'O TIOPAJIKA.
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7.2. B ypasrenue (7.1) He Bxomur HemsBectHas pyHkmms y(r) u nepsere k — 1
ee I0CJIeI0BaTeIbHbIE IIPOU3BOTHBIE

B Takom ciyuae ypaBHEHHE UMEET BU/I
Flz,y® .y =0, 1<k<n. (7.12)

BBejieM HOBYIO HEM3BECTHYIO (PYHKIIHUIO

2(z) = yW (2). (7.13)

Torma monyuaem 2'(x) = y*(x), ..., 2"(z) = y" M (z) u or ypapuenus
(7.12) mpumem K ypaBHEHUIO

Fz,z,2,...,2") =0, (7.14)

MOPAZOK KOTOPOTO HUXKe Ha k eJUHHUIL.
Econ jist ypasrenust (7.14) ynaercs naiitu obiiee perienue

z=p(x,C1,...,Chi),

T0, TOjIcTaBIsAst ero B (7.13) u nocsie[oBaTebHO HHTErpUpysi k pas, MojydumM

y(k_l)(x) — / 90('567 017 ceey Cn_k) dz + On—k-i—b

Lo

P (7.15)
y(aj):/ oo | op(x,Chy . Cog) do . da +

+Ch iV Chix + O,
Ecnn s ypasuenust (7.14) MOXKHO TIOJy9UTH JHIIL OOIMU HHTETpaJI
O(x,2,Ch,...,Chy) =0,

KOTODbIN YJIaeTCsl PA3PEIuTh OTHOCUTEBHO T, TO pelienue ypasaenus (7.12) 3a-
IACLIBAIOT B ITApAMETPUUCCKOM BHUJE, NPUHAB 3a IapaMeTp 2. B aToMm ciaydae
He3aBUCUMAas llepeMenHast, Kak QyHKIMs [apaMerpa, OlUPeJeJuTes U3 HailjleHHo-
ro obIero uHTerpasa, a papeHcrso (7.13) onpepenut 3nadeHue k-i POU3BOJIHOM
MICKOMOTI'O pelIeHus Kak (PyHKINHU mapaMerpa. TakuM 00pa3oM, Mbl IMEeM CJIeLy-
[OIIJIe PABEHCTBA!

r=1(zC,....,C 1), y¥(z)=2z (7.16)
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[TosTromy, uTOOBI 3alnucaTh perieHrue UCKOMOI'0 YpaBHEHUS B IapaMeTpUIecKOM
BHU/JIe, HAM OCTAJIOCh ONIPEJIETUTh Y KaK (PyHKIUIO TapameTpa. i 3Toro 3amnuiieMm
IIeTIOYKY PaBEHCTB

dy(k—l) — y(k) dor = z dgb(z, Ci, ..., Cn—k))

o (7.17)
dy =" de =" dy(z,Ch,...,Ch_t),
dy =y dx =y dy(z,Ch,...,Chi).

Onpesensisi orciona nocaenosareiasro y*= Y, . o ¢ kak dyskiuE mapa-

Merpa z, HaiijeM 3HadeHue MCKOMOH (yHKIMM Kak (QyHKIUU HapaMerpa u n
TPOM3BOJILHBIX MOCTOAHHBIX WHTEIPUPOBAHNA, NEPBLIe 1 — k N3 KOTOPHIX BOILIN
B [IapaMeTPUUYECKOe IPEJICTABJICHUE T, a OCTAJbHDLIC k IIOABJSIOTCA B IPOIECCe
wHTerpupoBanus paBeHcTB (7.17). 3uauur obmiee perenue ypasaenus (7.12) B
apaMeTpuiecKoil popMe B 9TOM Cilydae MOXKHO 3allUCaTh TaK:

r=9(z0C1,....,Chk), y=w(zC...,Cp). (7.18)

Eciu obmumit uarerpasn ypasuenus (7.14) He paspemmaercss OTHOCUTENBHO &,
HO €ro yJaeTcs 1apaMeTpu30BaTh:

l':@bl(t,cl,...,on_k), z:wl(t,C’l,...,Cn_k), (719)

rae t — mapamerp, To, yuntbiBas (7.13) u (7.19), sanumeM menovuKy paBeHCTB
(7.17):
dy* =D = ") dy = 2 di (t,Cy, ..., Cpy) =
= wl(t, 01, ceey Cn—k) dwl(t, Ol, cee Cn—k‘);

dy' =" de =" di(t,Cy,...,Chy),
dy =y dx =y di1(t,Cr, ..., Cri).

(7.20)

13 s1ux pasencrs (omnpesenss nocaegosarensuo Yy~ o/ o kak dynkiun

mapamerpa t) moJIydrM mapaMeTpudeckoe perienre ypasuenus (7.12) suma (7.18).

IIpumep 1. Pemum ypasuenuwe y” + 3" — 2z = 0, y(0) = 1, ¢/ (0) = —1,
y"(0) = 0.

Pemenune. YpapHenne He cOIEP>KUT KCKOMOMN (DYHKIIMU U €€ TIePBOii ITPOU3BO/I-
woit. [losromy, cienas 3ameny (7.13) npu k = 2, MbI IpUEM K JIHHEHHOMY ypaB-
Henuio 2 +z = x, obmiee perrenue Koroporo uMmeet suj 2 = Cre”*+x—1. 3naunr,
y'=Cre " +x—1 un, cnenys (7.15), y = Cre " + %x?’ — %x2 + Cox + C5. Yiosae-
TBOPsisi HAYAJIBHBIM yea0BUsiM, nipujem K cucreme Ch+Cs5 =1, —C1+Cy = —1,
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C1—1 = 0. U3z s70it cucremnr noayunm C; =1, Cy = 0, C3 = 0, caegoBarebHo,
— T 1,3 _ 1.2
y=e "+ 5L°.

Ipumep 2. (v + 1)y" =y'/z.
Pemenne. Tlosoxkus y' = z(x), upujem K ypaBHEHUIO ¢ pasJleJisiiOIUMUCsT

"o

nepeMenubiMu (2 + 1)2) = z/x, obmmii naTErpas KOTOPOro 3anuiieM B BHJIE
z+In Ciz = In |z| (376ch MOCTOSIHHYIO WHTErPUPOBAHKSI Mbl B3siId B BHUJIE
—In |C4| u cuuraem, uro npoussejenne Chz nojokuresnbHo). Crejyer Takxke
YUECTh, YTO IPU PA3JIEJCHIN TePEMEHHBIX Mbl MOLJIM MOTEPATH 3Hadenue z = 0,
koropomy coorsercreyer y = C'. HerpyHo npoBepuTh, 4T0 9T0 3HAUEHUE Y YJI0-
BJIETBOPSET ypaBHennio. Tak Kak oOIMii MHTErpas He yIaeTcst pa3penmTh OTHO-
CUTEJIbHO Z, TO, Pa3pelluB ero OTHOCUTEIbHO X, mojayunm r = Chze*. Bynem
MCKATH pelleHde B MapaMeTpPUUecKoM BHUJE, IPUHSB 2 3a HapaMerp. 3alllcas,
caepys (7.17), pasencrso dy = y' dx = y d(Cize*) = Ci2(1 + z)e* dz, naii-
nem y = C1(22 — 2+ 1)e* + Oy, 4To, BMecTe ¢ yKe TOoIYUeHHbIM BhIPasKeHHeM
JJIst T, JaeT PeIenne ypasHenust B nmapaMerpudeckoit popwme. Pemenne y = C
cojiepKuTcst B 31oii cepun npu Cp = 0.

Ipumep 3. y'y" + 2 = 0.

Pemenne. Cjienas B ypasHenuu 3ameny Yy = z(x), upujeM K ypaBHEHUIO
2z +x = 0, obumit unrerpan koroporo ecth z2 + 2 = C? (nocrosinnas unre-
IPUPOBAHUs B3dATa B TAKOM BUJE JIUIA yJI00CTBA). DTOT OOIMIUH MHTEIPAJ JIETKO
nmapamerpusyercs: © = Cysint, z = () cost. 3amucas paserctso (7.19), mosy-
unm dy = ' dv = Cjcostdsint = Cjcos’tdt = $C}(1 + cos2t)dt. Orciona
y = 1C3(2t +sin2t) + Cs.

7.3. B ypaBuenmue (7.1) He BXOJuT HE3aBHCHMAs IEPEMEHHAS T

B sTtoMm ciydae ypaBHeHUE UMEET BU]

Fly,v',y", ... ,y(”)) = 0. (7.21)
BBejieM HOBYIO HEM3BECTHYIO (DYHKIHIO
y' = p(y). (7.22)
Torna
dp(y
y// — d( )y/ — ])/I)7
Y
d(p'p)
y/// — dy y/ — (p//p +p/2)p — p//p2 _{_p/2p.

AHAJIOrMIHO BBIYUCIIAIOTCS TPOU3BOJIHBIE 00OJIee BBICOKMX MOPsiiKOB. [lojcraBiisis
BBIPAYKEHUST ITUX TTPOU3BOHBIX B (7.21), mosryunm ypaBHeHHUe, MOPsJIOK KOTOPOTO
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Ha €JIMHUILY HUXKeE:

Fi(y,p.p,....p" V) =0, (7.23)
a POJIh HE3ABUCHMOIT TlepeMeHHO# B KoTopoM urpaet y. Eciv st ypasrnenus (7.23)
yiaercs naiitu obiiee pemtenne p = o(y, Cy, ..., C,_1), T0, nojcrasus ero B (7.22),
IPUJEM K yPABHEHUIO

dy

& oy, O, O, 7.24

o =9y C 1) (7.24)

Nnrerpupyst (7.24), nosyaum obimuit narerpad (7.3) ypasuenus (7.21). Ecou jist
ypasrenusi (7.23) MOXKHO MOJIYyIUTh JIUITH OOIIMiT MHTErpaJt

(D(y,p, 017 .. '7Cn—1) = 07

KOTODBIl yJIaeTCsl paspelinTh OTHOCUTEIBHO Y, TO perienue ypasaerus (7.21)
3alMCHIBAIOT B MAPAMETPUUECKOM BUJE, IPUHSB P 3a mapamerp. B atom ciyuae
nckoMasi PyHKIMS, KakK PYHKIUS TapaMerpa, OlpeJIe/nTcs U3 HailJleHHOTo o0IIe-
ro UHTErpaJa, a paBeHcTBo (7.22) mo3Bosiser BoipasuTh dr depe3 nuddeperinual
napamMerpa. TakuM oOpa3oM, Mbl UMEEM CJIEIYIOINIKe PaBEHCTBA!

@ _ d¢(p7 017 .- '707171)
p p '

Nurerpupys nociejnee ypapuenue, naiijgem x = w(p, Cy,...,C,). B obmem ciy-
qae, nmapaMerpusys oot uHTerpas ypasuenus (7.23) (korga 9To ygaercs cie-
narh), noayaum y = P1(t,Ch,...,Ch1), p = w1(t,Cy,...,Ch_1). loacrapuss

Yy = ¢(p7 Cla-"acn—l)v dr = (725)

9Ty napamerpusaiio B (7.25) W MHTErpupys 1OJyYEeHHOE yDaBHEHHE, Olpejie-
JIUM T KakK QYHKIMIO napaMerpa t:

Xr = @ﬁz(t, Cl, .. ,Cn)

ITpumep 4. Pemum ypasnenne y” — 2yy’ = 0.

Pemenne. Crenas 3ameny (7.22), mocjie COKpaIeHnst Ha p MPHUJIEM K ypaBHe-
mnio p° = 2y. Ilpm stom Tepserca pemenue y = C, COOTBETCTBYIOIIEE
p = 0. ObIree pelreHne MOTyYeHHOTO ypaBHeHus uMmeer sug p = y° + C;. Iox-
crapus ero B (7.22), npugem K ypasuennio dy/dr = y? + Cy. 3uech cuepyer
pasimdarh JBa ciaydas B 3aBucumoctu or 3uHaka Cp u ciayuait C7 = 0. Ilosro-
My, 3aMeHsd B HocaenneM ypapiennn C) na +C7 | 1 mATerpupys 5TO ypaBHeHue,
MOJIYUUM JIBa CEMEHCTBa PelleHnil NCXO[HOIO YPABHEHNS:

1 Y 1 y—C
—arctg — = x + (), In
g 2 ‘y+01

—s4C
c c 50, T+

KOTOPbIE BMeECTe ¢ paHee Haiijiennbim petiennem y = C' u petiennem y = 1/(C'—x)
(koropoe nostydaercst ecsin nosioxkuTh C1 = 0) JgatoT Bee pelieHus ypaBHeHHsI.
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ITpumep 5. Paccmorpum ypasnenue 2y” = €Y.

Pemenne. Cormacuo (7.22), coorBercrByiomniee ypasnenue (7.23), a UMEHHO,
2pp’ = €Y mmeer obmmit mmrerpan y = In [p? + Cy|. Baas p 3a mapamerp,
uz (7.25) naiiem dz = 2dp/(p® + C1). Tlosromy, kax B upumepe 4, nojydaem
TPH TTaPAMETPUICCKNX CEMEHCTBa PEIICHUI yPaBHEHUS, B KOTOPLIX MapaMeTpH-
4ecKoe IpeJICTaB/IeHne HCKOMON (DYHKIME OIPEJIEJIEHO BbIIe, a IIPeJICTaB/IeHue
HE3aBUCUMOII IIepeMeHHoit 1aeTcs (popMmyIaMu

2 D p—cC 2
r=—arctg—+Cy, x=—1In +Cy x=0C-—-.
4 1 Ch p+c p

2 2

IIpumep 6. Paccmorpum ypasnenne 2yy” — 3y — y* =

Pemrenne. Tlociie samennbt ' = p(y) ypasuenue (7.23) npumer Buj 2ypp’ —
3p? —y? = 0. O6muil HHTerpaJ 3TOro ypaBHEHHA BepHy/um nuMeet Buj p° + y? —
C1y® = 0. Tak Kak B HEro BXOAAT OJHOPOIHBIE (DYHKIIMU OT P U Y, CTEICHH KO-
TOPBIX OTJIMYAIOTCS Ha €JAMHUILY, JJId €r0 HapAMeTPU3alUN C1eJIaeM HOJCTAHOBKY
p=ty, y #0. Hoayuum y = (> +1)/Cy, p = (2 +t)/C;. Orcrona nmeem
de = 2dt/(t> + 1), z = 2arctgt + Cy. Kpome Toro, HemocpeacTsentoii mposep-
KOt ybexxkmaemcest, uro y = 0 TakxKe Oyjger pemienueM ypaBHenusd. VICKiaoouns
napaMeTp t, MOXKHO 3allncaTh obIee penieHne ypaBHeHns.

7.4. B ypasuenue (7.1) He BXOmuT He3aBUCHMAs IEPEMEHHAS T, A TAKXKe HEHM3-
BecrHas pynkmus y(r) u mepsbie k — 1 ee mocienoBaTeIbHbIE IPON3BOHBIE

B rakoMm ciydae ypaBHEeHUE UMeeT BT
FiyW™, ...y =0, 1<k<n. (7.26)

Ha ypasnenwue (7.26) MOXKHO CMOTpeTh KaK Ha 9acTHBI ciydail ypasuerus (7.21),
a Takxke ypaprenus (7.12). Omnaxo, eciu cpasy cuenars 3ameny y' = p(y), To
HOPSIJI0OK yPABHEHUST HOHU3UTCH JIMIIDL Ha €AMHUILY U OHO OKAXKETCs yPABHEHHEM
tuna (7.21), npudem JI0OCTATOYHO CJAOKHOrO Buja. [losromy cHauasa oCyIecTs-
nsor Gostee mpocryio 3ameny z = y*) u npuxogar  ypasnenmo (7.21), mopsox
KOTOpOro OyJerT paBeH n — k, a poJib HEeU3BeCTHOU (DYyHKIMU OyJeT urparb Z.
Tenepb MOxKHO ciiesiarh 3ameny 2' = p(z) u OHU3UTH HOPsiJIOK ypasHeHust (7.26)
emie Ha ojiHy ejunuily. Eciau yjpacrest naiitu obiee pernenue noayYeHHoro ypasHe-
HUsT, TO, onpeJiesnB z(x) (ecan 310 BO3MOXKHO), obiriee perenne ypasuerust (7.26)
MOXKIO HaiiTH, HuTerpupyst Bolpazkenne y*) = 2. B ocTalbUbIX ClIydasx pelenme
YPABHEHUS IIPUXOJUTC UCKATD B IIAPAMETPUICCKOM BH/IE.

IIpumep 7. Pemmum ypasuenne ¢ + 3" — 1 = 0.
Pemenne. Ocyiecrsiisisi nocjieioBareibio 3amenbl y = z(x), a 3arem 2’ =
p(2), upujem, coorBercrBerHo, K ypashenusm z + 2’ = 1, z + pp’ = 1. O6-
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M MHTErpaJl MOCIEHEr0 ypaBHEHWsT MOYKHO 3allicarh CJAEAYIOMUM 00Pa30oM:
p* + (2 — 1)? = C?. Beegem ero napamerpusanuio, mogarag p = Cjcost, z =
1+ Cysint. Uz pasencrsa 2z’ = p naxogum dx = dz/p = dt, v =t + Cs. Cuejio-
Baresibio, dy = zdx = (1 + Cysint) dt, orkyna y =t — Cycost + Cs. Boipazus
napamerp t uepes3 T, MOXKHO 3alKcarh 0011ee PelieHre ypaBHeHusl.

7.5. Meron uATErpUpyeMbIX KOMOWHATTIA

DTOT MeTOJI MPUMEHsIeTCsi B TOM Cjiydae, ecyin ypashenue (7.1) yuaercsi yMHO-
JKUTh HA HEKOTOPYIO (PYHKIUIO €r0 apryMeHTOB, TaKUM 00pa30M, UTO €ro MOYKHO
Oy/ieT IpeJCTaBUTh B BHUJE TOJHON MPOW3BOJHYIO MO T OT HEKOTOPOH KOMOWHA-
IIUU STUX apPTyMEHTOB. DTO TTO3BOJISET TTOHU3UTH TOPSIOK YPAaBHEHUS HA €TMHUILY
WHTEIPUPOBAHUEM.

Ipumep 8. Ilycrb jano ypasnenune yy” = 2y2.
Pemrerne. Hecmorpst Ha o, uto 910 ypasuenne umeer suj (7.21), ero nporie
PEIINTD, HoAeanB 0be ero yacru Ha Boipaxkenue yy . Torma ypasHenue mpumer

BU/JT
" /

y—/ —9.7 UJIn (lny/)/ = 2(lny)/.
Y Y

[IponnrTrerpuposan, noayunm Iny’ = 2Iny+1In C, orkyna iy = C1y?. Pemas 310
ypaBHEHUE ¢ pa3JIeIsTioNUMUcs epeMentbiMi, Haxoaum —1/y = Crx + Cy uin
y = —1/(Ciz + C5). Bo Bpems nesenust na 3 6b110 norepsino perenne y = C,
koropoe tipu C' # 0 copepxkurcs B obiiem pemenun (nipu Cp = 0), a npu C' = 0
JIOJIZKHO OBITH BKJIFOUEHO B OTBET.

Ipumep 9. Paccmorpum ypasuenne (yy” + y?)x + (1 — o )ayy’ — yy' = 0.

Pemenne. [Togenms o6e qacTu ypaBHeHUs Ha TYYy , HEpENUIIEM ero B BUJIE

(yy" +y*)
vy’

Orciona monyuaem In yy' = y — x + In Cix, cienosarensno, yy = Cire? " . Pe-

1 d
+(1—y’)—;:0 WJIN %(lnyyur:c—y—ln:c):().

IIMB 9TO yPABHEHHUE C PAa3JIeIsIONMMUCS IeEPEMEHHbIMHU, HafijieM o0Iuii nHTerpad
ncxogHoro ypashenusi: (y + 1)e™? = Cy(x + 1)e™ + Cy. K Hemy eme ny>kuo
n06aButh perenne y = C'| moTepstHHOE DY JICJCHAE Ha LYY .

3ajgaun.

Haiitu Bce perienusi ypaBHeHUit:
1. 1'23/” — 9/2-
2. y'=¢ev.
3 y/// — y//2
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y//3 + xy” — 2y/.
y4 . y3y// — 1.
yy" +y=y">
y///y/2 — y//S-
y'(2y + ) = 1.
y/y/// — 2y//2.
yy// + y/2 = 1.
vy =y +1).
vy’ =2yy' — vy
:z:y” o y/ — :L’Zyy’.
OTBeTnI.
Cix —Cly=In|Clx+1|+Co; 2y =2*+C; y=C.
eV sin?(Crz + Cy) = 20%; e¥sh?(Chra + Cy) = 2C%; e¥(x 4+ C)? = 2.
y=C3— (x+C)InCy(z+CY); y= Clsg + .
x=Cip+3p? y= %p5 + ZClp4 + 012% + Cy; y=C.
ln|y2—|—C’1i\/y4+2C’1y2—|—1] =2z + Cy; y==+1.
C?y+1 = 2ch(Ciz+ Cy); Ciy—1=sin(Ciz+Cy); 2y = (z+C)% y = 0.
r=Inp| +2C1p+Cy, y=p+C1p*> + Cs; y = Cix + Cs.
x=Cie? —2p—2, y=Ci(p—1)e? — p* + Cs.
Ciy =1In ‘0133 + 02| + Cs; y = Chia + Cs.
y? =22 + Cix + O,
Ciy —1=0C%": y=C—a; y=0.
y = Citg(C1InCoz); y — Cy = Co(y + C)|z[*"; yInCx = —1.
21n 'y — Cl| = C1a? + Cy; y = 4C1tg(Cra® + C); y(C —2?) =4; y=C.
y + C1
HOHI/I}KQHHG nopsaaKa B OJJHOPOJAHBIX YPABHEHUAX

8.1. YpaBHeHUsI, OTHOPOJHBIE OTHOCUTEIHHO MCKOMOI (DyHKIMM U €€ TTPOM3BO/I-

HbIX

Huddepennmaibuoe ypaBHeHMe

F(z,y,9,9" ... .y") =0 (8.1)

HA3bIBACTCSA 00HOPOOHBILM OTHOCUTEJILHO MCKOMOW (DYHKIIMKU W ee NPOU3BOJIHBIX,

npu 3amere y Ha ty, vy wa ty, ..., y™ ma ty"™ sro ypasmenme MeHsercs na
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SKBUBaJIeHTHOE eMmy. JIpyrumu cioBamu, pyHKIus F' sBiisiercss 0JHOPOJHON OT-

nocuressro y, ', y", ..., y" cremenn m, To ecro, F(xz, ty, ty ty", ... ty™) =
t"E(x,y,y,y", ..., y"™). B aToM ciydae mopsanoK ypaBHEHHS MOXKHO TOHH3HTD,
clleJlaB 3aMeny

y = zy, (8.2)
rie z = z(x) — HoBas memspecTHas dynKnus. Torma mpomssommsie 4y, ..., y™

BbIPAXKAIOTCS CJEAYIONIMM 00Pa30M;

y' =2y +zy = (¢ + 2Py,

y" = (2" 422y + (2 + 22y = (2" + 322 + 2%)y, (8.3)

[Tojcrasisist (8.2) u (8.3) B (8.1) u n0JIB3YsACH OJHOPOHOCTHIO DyHKIMU F| 110-
JIy UMM

F(z,y, 2y, (2 + 2y, ..., f(z(”_l), 2 2)y) =
=y F(x,1,2,(Z+ 22, f("Y, 2 2) =0.

[Toce cokpamienust Ha Y™ (mpu TOM, ecau m > 0, MOXKeT ObITH MOTEPSHO pe-
menne y = (), moydaeM ypaBHEHUE

Fi(x, z,2,..., 2"y =0, (8.4)
HOPSIIOK KOTOPOro Ha, eIUHUIYy HuxKe. Ecau naiineHo obiee perrenue
&= QO(LU, Cl: SR Cnfl)

ypasrenwusi (8.4), To, nojcraBuB ero B (8.2) ¥ MPOMHTErPUPOBAB MOJIy YEHHOE yPaB-
HEHWe, MOYKHO HaiiTn obiree perenne ypapHenus (8.1):

y — Cneffo (,0(3;‘,017...7071,1)6[33’ (85)

3 koroporo pemrerue y = 0 mosyuaerca upu C, = 0.
Eciu ns ypasrenust (8.4) mostyden Juiib oOIMuil WHTErpaJt

(I)(.%',Z,Cl, cee Cn—l) = 0,

KOTOpLIi yaeTcst pa3pelinTh OTHOCUTEILHO X, TO, IPUHSB 34 IapaMeTp 2, Io-
ayanM © = (2, C4, ..., Cyh_1). Torga uckomyio HyHKIUIO Y Kak (DYHKIUIO Ma-
pamerpa 2z 1nojydum u3 (8.2):

y — CnefzzoZd’l/)(Z,Cl,...,Cn_l). (86)
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Econ obuwit uarerpan ypasrenusi (8.4) He pasperiaercsi OTHOCUTENbHO T, HO
ero yjaerca napamerpusosarb: © = ¥1(t,Cy, ..., Ch1), z =wi(t,Cq, ..., Ch 1),
TO pernenue ypapaenus (8.1) MOXKHO 3aIicaTh B BUJE

xr = ’wl(ta Cl: .. '7Cn—1)7

y — C eftt(J wl(t7Cl,...7C’n,1)dipl(t,Cl,...,Cn,l) (87)

[Ipumep 1. Paccmorpum ypasuenne (yy” — y?)x —yy' = 0.

Pemenue. Ypapaenue sBiIsgeTcs OJHOPOJAHBIM OTHOCUTENBLHO ¥, Y, Y crenenu
m = 2. Cnenas sameny y' = yz (torma y” = (2% + 2')y, cornacuo (8.3)), moce
COKpAIIEHNS Ha y° TOJYYNM ypaBHeHHe Tz — z = (), pelenne KOToporo nuMeer
g 2 = Cx. Tlosromy u3 (8.5) umeenm y = Coe®*” . Permenue y = 0 nosyuaercs
u3 obmero pemennsi mpu Cy = 0.

n_ Y oyl _ y_’2 —

IIpumep 2. Ilycth jano ypasHeHue y yy’e v 0.

Pemenne. 910 ypaBHeHue He COJEPXKUT HE3aBUCHMOM IIEPEMEeHHON 1 ero mo-
PAJIOK MOXKeT ObITh MoHMxkeH 3amenoit (7.22). C apyroif ¢TopoHbl, ypaBHeHHe
SIBJISIETCSL OJIHOPOJIHBIM (CTernenn 1) OTHOCHTEIbHO UCKOMON (DYHKIMU ¥ ee TIpo-
M3BOJHLIX W 3aMeHoil (8.2) mpuBojutcs K ypasuenuto z' = e”/z. Pemus 3ro
ypaBHEHUe, HAXOUM

r=—(z4+1)e "+ (.

[IpuHAB HepeMeHHyI0 2 3a MapaMeTp, MOXKHO HalTH IapaMeTpPUIeCKOe IPEeICTaB-
Jienue uckomoit yunkiuu us (8.6):

y = 026—(224-224-2)6_2.

Ormerum, aro y = 0 He sBJIsIETCS PENIeHUeM YPaBHEHUsI, TaK KaK HE BXOJUT

B €ro 00J1acTh OIPEJICJICHUS.
Qy//y/ 23/3 y/2
Hpumep 3. Pemum ypasuenune —5— — —— — 2 — — = 0.
Y Y LY
Pemenne. Ypapnenue gpiisieTcst OJHOPOIHLIM OTHOCUTENLHO ¥, ', " crenenn

m = 0. IToHnsus ero nopsiioK, NpuieM K ypaHeHuto Bepuyiun 2z2'z — 22 =

x?, obumii uHTErpas Koroporo sanuieM B Buge 22 — a2 — 2C1xz = 0. Brous
napamerpuzanuio 2 = Cysht, x + C; = (' cht, pemenne ypaBHeHUST Oy IAM
o dbopmyse (8.7):

x=Cy(cht—1), y= Coelith=20/4

8.2. 00001mEerH0-0THOPOJHbIE YPABHEHUS

Huddepenipanbroe ypashenue (8.1) HazbiBaercst 0600uen0-00H0POIHbIM, €CIIA
npu 3amene x na tx, y na t%y, v wa t* Y, ..., y™ ma "y e a —
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HEKOTOpOe JIefiCTBUTeIbHOE YUCI0, OHO MeHsleTcsl Ha 9KBUBaJenTHoe eMy. Taknm
obpasom, by F(x,y,1/, ..., y™) yrosrersopser cieayomeMy yeIoBHIO:

Fte, ty, oYy, 07y =" F(z,y, o, .. y™), (8.8)

rJjie M — HEKOTOPOe JIeHCTBUTEJIbHOE YUCIIO.
B srom citydae JiesiaeTcst 3aMeHa KakK He3aBUCHMON 1epEeMEeHHON, TaK U UCKO-
MO (PYHKITNN:

r=¢c (x=—cupnar<0), y=zt)e" (8.9)
[IpousBosiHble IpH Takoil 3aMeHe TpeobpasyroTes mo (hopmyTam

/
_ YU
t

" _ [y/(x)];f (N / (a—2)t _ 1o (a—2)t
Y'(z)="—==(2"+ 2a—- 1) +ala—1)z2)e = go(z,2,2")e ,

y/<$) = (Z, + Oéz>e(a_1)t = gl(Z’ Z/)e(a—l)t)

o
Yy (2) = gu(z, 2, ..., 2")el
(8.10)
[Togcrasisist (8.9) u (8.10) B (8.1), mosyunm
F(e', z(t)e™, gi(z,2)e V. gnl(z, 2, ..., 2M)ele ™M) = 0.
13 ycnosus (8.8) cyiejyer, 9To Mbl MOYKEM BBLIHECTH BbIpaskeHue e’ u3-1oj; (pyHK-

1 F' u npuiiTi K ypaBHEHUIO

F(1,2(t), 01(2,2"), ... gn(2, 2/, ..., 2") =0

Buga (7.21), He cojeprKalieMy He3aBuCUMOl epeMenHoit. [lopsiyiok mosty deHHoro
YDABHEHMUsI TIOHMYXKAETCs Ha, JIMHUILY [IPU OMOIIM 3aMmenbl 2/ = p(2).

Ipumep 4. Paccmorpum ypasuenue vy’ + xyy” — 2y +y = 0.

Pemenne. YToObI poBepuTh, SIBISETCA JIX ypaBHEHHE 000OIEHHO-OTHOPOI-
HbIM, 3aMEHMM B ypaBHeHuu & Ha tx, y na t%y, vy na t* Yy, y” na t* 2%y’
¥ TIONBITACMCS MOA0OpaTh ( TaK, 4TOOBI MHOXKMTEIL § BXOJMI BO BCE HJICHDI
ypaBHEHUsI B OJIMHAKOBOM crenenu. [losyuaem cucremy ypashenuii o+ (a—1) =
l+a+(a—2) = 142(a—1) = a, KoTopas SKBUBaJIEHTHA PaBEHCTBY 200 — 1 = «.
Orcioga o = 1. B Goubmmncerse ciydaes, 4robbl HE OCYHIECTBIISTL YKA3QHHbIE
3aMeHbl, YJI00HO BBECTH MOHsITHE u3MepeHust (cM. 3amedanue K 11. 3.3). Tak, Hesa-
BUCHMOIl TIEPEMEHHOI T HAJI0 TIOCTABATHL B COOTBETCTBUE U3MeEpenue 1, a mepeMen-
HelM 4, v, v, ...— usMepenns o, a — 1, . — 2, ..., coorBercrBeHno. ducio «
JIOJIZKHO OBITH TAKUM, YTOOBI M3MEPEHUsI BCEX WJICHOB YPaBHEHUS OLLIN OJMHAKO-
Bbl. JeiicTBUSI ¢ M3MEPEHUSIMU TIPOU3BOIATCA TaK 2KE, KaK JCHCTBUSL CO CTEeIIeHSI-
MU IPY TEPEMHOKCHUH N3MEPEHUST CKIIAJIbIBAIOTCA, TIPU BO3BEJICHUN B CTEICHD —
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YMHOXKAIOTCsI Ha MTOKa3aTesib crernenn. Toria MOKHO Cpasy 3amiucarh Moy YeHHY 0
CHCTEMY YPABHEHHUIl JIUIs ONPEICIeHs (.

Crnenaem 3ameny (8.9) (mpu o = 1) W BBIUKCIUM TPOM3BOJHBIE O MPABHU-
ay (8.10). Iosyunm

r=e, ylo) =20, yl@) =20 +2(), y(x) = () + ).

[TojcraBuB 9T1 3Ha4YeHus B ypaBHenue u nojaoxkus 2’ = p(z), nosyunm ypasHe-
nuio Bepuymn zpp’ — p? + 2 = 0 na dynxmmio p(z). Orciona dz//C122 + 22 =
+ dt (npu pasjiesieHnu epeMeHHbIX Mbl JIeJIUM Ha 2, [O0ITOMY TepsieM pelleHue
y = 0). [JasnbHreiiliee perieHre 3aBUCHT OT 3HAKA MOCTOsHHON C' .

Ecim Cp =0, 10 V22 = £t + C, orxyna z = (t + C)?/2. Cuenas obparuyio

t

1
sameny t = Inz, z = ye " = y/z, nonyunm y = Ex(ln lz| + C)2.

[Ipu C; > 0 nosyuum napamerpudeckoe 3ajianue perietust (poJib rnapamerpa
urpaer z)

L= 02(\/01(C'1z2 +2z)+ Ciz + 1)i1/\/071’
y = Coz(/C1(C12% +22) + Ci2 + 1)i1/\@.

Anajiornano, npu C7 < 0 nosydaem

y = x(L£sin(n/—CiIn|z| + Cy) — 1)/C4.

Kpowme Toro, B niporecce perienusi 6b110 1morepsino perienne y = 0.

3agaun.
Pemuth ypaBHEHUS:

L 2y — (y —xy)* = 0.

2 Sny” _ SUle — yy/.

3. Y + (xy —y)? = 0.

4. zyy’ + 2y = 2yy.

5. 41'2:933/” — I‘2 _ y4.

6. y(y +ay") =zl —2)y”.

7. yy/ + xyy” _ scy’2 = 3.

8. xt(y? —2yy") = 4x3yy’ + 1.

9. @*(y” - 2yy") = 2zyy — 1.
n Y Y )

10. y2 + ; + ﬁ = ? |

1. % Ly = sy + Y
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OTBeTsl.

1. y= Chze /7,
2. Yy = OQ@Cle.
C
3. y:x<C1+arcsin?2> ;y=Czxupn (C; =C, Cy=0).
4. y2 = CliL‘g + 5.
5. 4C1y? = 4z + 2(C11In Cyx)?.
1/C
6. = O : = O —1/LU — C
Yy 2 z+ ) Y € Y=
7. 20,Coy = C3z|?*C + |22
8. 2Cyr?y = (Cox — Cl) —1; 2y = £1.
9. 4(Cyy—1) = C?In* Cya.

10. y = 02|SC|01 ln\x|/2

1
11. _:CQ_SIH‘__Cl
X x

.y = Cu.

89. JIwmeiitHbIe ypaBHEHHS ¢ IepeMeHHBIME K03 dumueaTamm

9.1. JlunmeitHble 0/THOPOJIHBbIE YPaBHEHNS

Jluneiinoe 0JfHOPOJIHOE YpaBHEHUE 7-TO MOPSIJIKA UMEET B/
Ly = ag(@)y™ + a1 (2)y" YV + ..+ an1(2)y + an(x)y = 0, (9.1)

rie a;(z), i = 1,...,n — QYHKIUH, HENPEPLIBHbIE HA HEKOTOPOM HHTepBaje [
och .

Oyuxipn yi(x), yo(x), ..., ym(xr) ypashenus (9.1) HazbiBaroTcst aunedno
3asucumvLMU, ecan HajigyTes nocrostaabie Cp, Cy, ..., C,,, He Bce paBHbBIE HYIIIO,
Takue, 4TO JuHeHas komOunanus stux pemienuit Ciyi(x) + Coya(z) + ... +
Crym(z) = 0 ma I. B nporusnom cayuae, dbyukmun y1(x), y2(z), ..., Yn(x)
Ha3bIBAIOTCS AUHETHO HE3AEUCUMbBLMU.

HeobxoMMbIM 1 JIOCTATOYHBIM YCJIOBUEM JIMHEHHONH HE3aBUCUMOCTH T pellie-
HUit

yl(x)> y2($), SRR yn(l‘) (92)

ypasrenusi (9.1) sisusiercst yeaosue W(xg) # 0 xorst Obl B 0j1HO# TOUKe X € I,
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rue

(731 Y2 Yn
y, y/ o o o y’:’l/
W) =Wy, yoroowal = 70 2T
n—1 n—1 n—1
R

ecTb onpejennTesib Bponckoro (Bponckuan) cucremsr pemternnii (9.2). Jlumeitno
HE3aBUCUMas CUCTEMA, pelleHuil HasbBaeTcsa @yndamenmanrvroti cucmemoti pe-
wenud (d.c.p.) ypasrenust (9.1) na unrepsase . Ecin uzsecrna ¢.c.p., o obiiee
perenue ypastenust (9.1) naercs popmyoit

Yo = Ciyr + Coya + ... + Cryn, (9.3)

e Cp, Cy, ..., C, — MPOU3BOIHHBIE TOCTOSTHHBIE.
Hust onpenenurenst Bporckoro umeer mecto gopmyaa Ocmpozpadckozo-Jluy-
GUNNA

W (z) = W (xg)e Jro n®/a0lt)dt (9.4)

B ob1iem ciydae mertosia nocrpoenust ¢.c.p. He cyiiecrsyer. Koneuno, Ha ypas-
wenne (9.1) MOXKHO cMOTpeTh Kak Ha ypaBHeHue 1. 8.1 u MOHU3UTH €ro Mopsi oK
npu nomory 3amenbl (8.2). Ho B 9ToM ciryvae HApyIuTCs OCHOBHOE CBOMCTBO
ypaBHeHUst — cBoiicTBo JmHeitnocTr. Tak, eciu jis ypasaenus (9.1) npu n = 2
OCYTIECTBUTH MOJOOHYIO 3aMEHy, TO MpUjeM K ypapHeHuio Pukkatu (cM. 1. 4.4),
KOTOpOE B 0DIIIEM ciIydae He MHTerpupyeTcs B KBajparypax. O HaKo, eCIu y1aeT-
cst moj1obpaTh Kakoe-mbo perienne yi(x) ypasuenus (9.1), To ero nopsijiok Moxer
ObITH MOHVKEH Ha eJWHUITY ¢ cOXpaHeHueM JuHeinocTu. leficTBUTEIbHO, TOJIa-
rast Yy = Y12, rjie z(x) — HoBasi HeM3BeCTHAsT (DYHKIINS U BHIYUCIIsISA TIPOU3BOJTHBIE,

LOJLY UMM

v =vietuyd, Y =ylar2yd e, L oy ™ =y g™, (9.5)
Tak xax upomssonmas y*(x), k = 1,... n, npeicrasiser coboil IHHEHHYTO
kKoMbunanmio z, 2, ..., 2 ¢ kosddurmenramu or x, To, noxcrasus (9.5) B (9.1),

noJiyuuM Jiid z(x) JiMHeiiHOe OJIHOPOJHOE ypaBHEHHE TOrO Ke MOopsijiKa, HO He
cojiepakaiiee uckomoit dbyukimn (kosddurment npu z paser Ly = 0):

bo(2)2™ 4+ by (2)2" Y + . 4 by ()2 =0, bo() = ao(x)y1(z).

CresioBaTebHO, TOPSIOK MOJYIEHHOTO YPABHEHUST TOHUKACTCS HA CJIUHUILY 3a-
menoit 2 = w(x) wim uw = (y/y1), Hocse Yero CHOBaA LOJIyYACTCs JIMHEHHOE
ypaBHEHUE

Lyu = by(2)u" Y + by ()u™ 2 + . 4+ b,y (2)u = 0. (9.6)

64



Ecin ynaercst nogobparh Bropoe perienvie yo(z) ypasaenus (9.1), suneil-
HO HezaBucuMoe ¢ y1(x), To pernennem ypashenus (9.6) Oyger GyHKIms U =
(y2/y1)". Tlosromy 1pu momony 3aMennbl v = (u/u1) MOXKHO MOHU3UTD TIOPSIOK
ypastenust (9.6) Ha ejunuiy ¢ coxpaHenuem Jjmnedinocru. Takum obpasom, eciiu
M3BECTHO M JIMHEHHO HesasucuMbIxX perenunit yi(x), yo2(x), ..., ym(x) ypashe-
rust (9.1), TO TOPSIIOK yPABHEHUST MOXKET ObITh MOHUKEH ¢ COXPAHEHWEeM JIMHEi-
HOCTHU Ha, M €JMHMUII.

B cayuae n = 2 ypasuenue (9.1) mpuHuMaer Buj

ao(2)y’ + ar(a)y’ + as(a)y = 0 (9.7)

¥ 1IPY HAJIMUUK OJIHOTO €r0 4aCTHOrO peiierust Y1(x) yKazaHHBIM CIIOCOOOM HpPHU-
BOJIMTCS JIMHEHHOMY OJIHOPOJHOMY yPaBHEHHUIO TIEPBOTO nopsigka. OHako MOXKHO
cpasy 3aImcaTh o0Iee PeeHne ypaBHeH s, BOCIOIb30BaBIIHCH (hopmysioit (9.4).
JeiicTBUTeNHHO, TIyCTh Y(2) — JII00O0E JIPYroe pelenre ypaBHeHns, TUHEHHO He3a-
sucumoe ¢ Y1 (). Oboznauum p(x) = ai(x)/ag(x). Torga

= [, p(@)de

novy
W[yhy]:' ) =y —yy, = Ce

n Yy

Pasjienius 06e 4acTu 10J1yYeHHOIO PABEHCTBA Ha U, Oy UM

xT

/ — (7 p(z)dx
C' " i) da e Jzo () dx
(g) s CE S 0/ - + 0
U1 Y1 Y1

Lo

[Tocnenusist hopmysa maer obmiee perenue ypauenus (9.7):

;0 p(x) dx dz

-
yo = Cry1 + Cova, Yo = y1/ 7 : (9.8)
1

Zo

B HekoTophix caydasx qactHoe perienue ypasaenns (9.7) (wim (9.1)) yraercs
HaiiTH B BUJIe MHOIOYJIEHA OT T WJIM IIOKazaTesibHON (pyHkimuu e,

IIpumep 1. Pemnuts ypasnenne (22 —z + 1)y” — (22° + 1)y’ + (4o — 2)y = 0.

Pemenne. Byjem nckaTh 0JHO pelleHre 3TOrO ypaBHEHUS B BHUJE MHOTOUJIE-
Ha. MOXKHO cumMTarh, IPU HEOOXOAMMOCTU JOMHOXKHUB PEIIEHNEe Ha MOCTOSHHYIO,
910 KO3 (DUIMEHT TPU cTapiieil crerneHn 3Toro MHorodjeHa pasen 1. Ilycrb
y1 = 2" 4+ ... — uckomoe perenne (ToIKaMu 0003HAYECHBI UJICHBI HUBIICH cTere-
uun). [logcraHoBKa 9TOr0 MHOTOWIEHA B ypABHEHUE JIOJIKHA TIPUBECTH K TOXKJIE-
CTBEHHOMY PaBeHCTBY. B pesyibTaTe Takoii MOJCTAHOBKY B JIEBOI YaCTH ypaBHe-
HUsA OyJIeT CTOSATHL MHOIOYJICH

(2 —z+1D)(n(n—1)z" 2+ ... )= 22>+ 1) (na" '+ .. )+ (da—2)(z"+...) = 0.
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Craprmast cTenenb X, BXOISIIAs B JEBYIO 9acTh, ecth N+ 1. [IpupaBauBast K HyJ110
KO DUIMEHT IIPU Hell, IOJIyUUM ypaBHEHUE JiJisd OIpeJie/IeHUsl CTeIIeHn MHOI'O-
yinena: —2n+4 = 0, orkyna n = 2. CjieioBaTe/IbHO, KICKOMOE pellleHne, COTJIacHO
CJLCJIAHHOMY BbIIIE 3aMEeYaHUIO, HY»KHO UCKaTh B Buje y; = 2 + ax + b. [Tojcra-
BUM 3TO BBhIPaykKeHUe B MCXOjHOe Jud hepeHnmraibHoe YpaBHEHNE W TPUPaBHIEM
HYJII0 KO3(DDUIIMEHTHI TIPU BCEX CTENeHsIX X MOoJIyuYeHHOro MaorovieHa. [loayuen-
Has cHCcTeMa ypaBHeHnit Ha a 1 b naer a = 0, b = 1, mosromy y; = 22 +1. Obmiee
pelenne ypaBHeHust 3anuiercs mo gopmyiie (9.8).

Yrobbl He BBIUKCIATH MOy deHHbii B (9.8) uHrerpas, nonpobyem Haiitu ere
OJIHO perieHne ypaBHenusi. Byjaem nckarh ero B Buje Yo = €. [lomcraBus s B
ypaBHEHHe, MoCIe coKpalieHusa Ha e # 0 moysydnM ypaBHEHHe

(a® — 2a)z* — (a® —4)v + (a* —a —2) =0,
[IpupaBusiem Bce ero KoadgduimenTsl K Hysro. [logydaum cucremy ypaBHeHU
a2—2a=0, a>—4=0, a*—a—2=0.

IIpu @ = 2 st paBeHcTBa OYAYT BHITOJTHATHCA oHOBpeMeHHO. CreoBaTenbHO,
Yo = €** gBadeTcs permeHneM HCXOIHOTO ypaBHEeHHA. B CHTy JUHEHHON HezaBH-
cumocty (BYHKIUI 41 U Y2, UX JuHeinas kombunamus yo = Cp(2? + 1) + Che?

OIpPEJICJTUT ODIIee pelieHne ypaBHEHUsI.

3agaun.
Pemuth ypaBHeHus:

2z + 1)y" + 4oy’ — 4y = 0.

vy’ — 2z + 1)y + (x + 1)y = 0.

xy" — 2z + 1)y + 2y = 0.

2z + 1)y +2(x+ 1)y’ — 2y = 0.
z(z+4)y" — 2z +4)y + 2y = 0.
z(x? +6)y" — 4(x* + 3)y + 62y = 0.

n

xy" —y —axy +y=0.

SO s W

OrBeThI.

y = Cix + Che 27,

y = C1e” + Cox?e®.

Yy = 01(256 + 1) + 026256.
1

Yy = 01(517 + 1) + 02;

Yy = C’l(x + 2) + 021’2.

A
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6. Yy = 01($2 + 2) + 025133.
7. y=Cz+ Cee” + Cse™™.

9.2. JIuneitHoe HEOJHOPOHOE YPaBHEHUE
Paccmorpum ypaBHeHue
Ly=y"™ + a1 (2)y" YV + . +an1(2)y + an(z)y = f(z), (9.9)

B [IPaBOii 4acTU KOTOPOro CTOMT 3aJiaHHas HelpepbiBHas Ha uHTepBaie I (yHK-
st f(x). Jdas ypobersa Mbl OyjieM cautaTh KOIMMUIMEHT NPy cTapiieii mpons-
BOJIHO# paBHbIM 1. YpasHenue (9.9) HA3BIBACTCS AUHETHOM HEOOHOPOIHBLM YPa G-
nenuem n-20 nopadka (byukuus f(x) HazbiBaeTcst CBOOOJHBIM YJEHOM ypaBHe-
rust). Jlnneiinoe ogHoposHoe ypaphenue (9.1) WHOTIA HA3BIBAIOT COOTBETCTBYIO-
UM OJIHOPOJIHBIM ypaBHeHueM Jijisi ypaBaenus (9.9). Ecsiu usBecrro obiee pe-
menne (9.3) COOTBETCTBYOIIETO OJIHOPOTHOTO YPABHEHUS Yy M HEKOTOPOE TaCTHOE
pemenue § ypastetusi (9.9), To obiee perieHne HeO[HOPOJHOIO yDABHEHUs J1a-
ercst bopmyJioit Yy = Yo+ §. duist orbicKaHust 4acTHOrO perienus ypaprenus (9.9)
YJI0OHO MOJIL30BATHLCS TEOPEMOR O CA0AHCEHUU PeueHull, KOTOPasi COCTOUT B CJle-
aytorem. [IpaByto qacthb ypasuenus (9.9) pasbupator Ha cymmy dynknuii 6osee
npocroro Buga: f(x) = fi(x) + ... + fiu(x) m HAXOAAT YACTHBIE PEIICHUS U
ypasuenuit Ly = fp(z), k=1,...,m, coorsercreenno. Torga § = 91 + ... + Um
Oyzer periennem ypasrenus (9.9) ¢ npaBoit qactbio f(x).

Eciu pemenne ypasuenusi (9.9) nomobpaTh He ymaercs, HO U3BECTHO oDIIee
perenne (¢.c.p.) COOTBETCTBYIOIIETO OJHOPOAHOrO ypapHenus (9.1), To MOXKHO
HaiiTu 00Iee peleHne HEOJAHOPOJHOIO yPABHEHUS MEmodom Gapuauut npous-
BONLHHLT NOCMOAHHYLT UK METOJIOM HeonpedeseHHbx muoxcumenet Jlazpanorca.
CyThb 3TOro MeToJa 3aKJII0UACTCA B TOM, UTO PelleHue HeOJHOPOIHOrO ypaBHe-
rns (9.9) umercs B Tom ke Buge (9.3), 9To U 001IIee PEIeHne COOTBETCTBYIOIIETO
onHOpoTHOTO ypasuerust (9.1), Ho koaddurmentsr Cy, i = 1, ..., n, canTamoTcs He
IIOCTOSIHHBIMU, & 110Ka Heonpejesentbimu dyukiusivu C; = Cy(x), i =1,...,n.
Haittu st pyHKIMN MOXKHO, PEInB aJredpaniecKkylo CUCTeMy ypPaBHEHUNH OTHO-
cuTebHO X mpousBojanbix C(x):

C’{yl + Céyg + ... + C,’lyn = 0,

Cly; + Cly), + ... + Cly, = 0,

(9.10)
Ciy"™ + Cy™ + .+ G = o,

C’{yinil) -+ C’éyén*l) + ... + C;Lyfln*l) = f(x).
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Onpejiesaresib 9T0# cucreMbl ecTh onpejesnress Bpouckoro Wy, ya, ..., yn)
dbyHIaMeHTANIbLHOM CHCTEMbI PeIleHuii, KOTOPbIii He obpalnaeTcs B HyJb Ha HHTEp-
sasie 1. [Tosromy cucrema (9.10) umeer epuncrentoe pemenue C)(z) = ¢;(x),
i=1,...,n.Orciona nonyuaem C;(x) = f;o ¢i(x)dx+Cii=1,...,n,t0e C; —
IPOM3BOJIbHbBIE [IOCTOsIHHBIE WHTErprpoBanus. [lojgcrasisist oru 3Hadenus B (9.3),
saruiieM obiree perierne ypaierus (9.9) cuepyionmm 06pasom:

y = Cry1+Coyn+. . .+Cnyn+y1-/¢1(m) dx+y2-/¢2(:r:) dx—+. . .+yn-/¢n(x) dx.

(9.11)
B dopmyse (9.11) nepsble n ciaraeMbix HpPeJCTaBIsiorT u3 cebst obiiee perire-
rue ypasaenns (9.1), a cymMMa OCTaJIbHBIX ONpEJEJIsieT HEKOTOPOe YacTHOE perrie-
nue ypastenust (9.9), KoTopoe mojiydaercst u3 00IIEro PereHns, eciu MOJ0KHUTh
C;=0,1=1,...,n. OgHako, cieayer yIUTLIBATb, IYTO IPHA ODOCHOBAHUU Me-
TOJIa BapUALMK POMU3BOJIBHBIX HOCTOSIHHBIX, Ko duuuent ag(x) upn crapuuei
11pou3Bo/HON ypasHeHust (9.1) cauraercst paBubiM egunuiie. Eciu 910 yeioBue He
BBITIOJIHSIETCsT, TO B MocaeHeM ypaBHenun cucrembl (9.10) dynknuio f(z) Hy»kHO
samenuThb Ha f(x)/ag(z).

Ecnu ussectno perenne yi(x) ypasuernus (9.1), To nopsiiok ypasuenus (9.9),
KaK ¥ jiJis1 ypaHerust (9.1), HOHMKAeTCst Ha €JIMHUILY TIPK TTOMOIIM TOM YKe 3aMeHbl
u = (y/y1)’. B arom ciyuae nosyuaercst HeoiHoposiHoe ypastuenue Liu = f(x),
JeBasi 4acTb KoToporo onpejeiena B (9.6). Takum o6pasom, ecjin U3BECTHO M
JIMHEHO HE3aBUCUMBIX DEIIeHUd Y1, Y2, ..., Yy ypaBuerus (9.1), To mopsaok
ypastenusi (9.9) MoxkeT ObITh MOHUKEH Ha M €JJUHUL C COXPAHEHUEM JIMHEHHOCTH.

[Tycrh usBectro m pemenuit Yy, Yo, - .., Um ypasuenus (9.9). Torypa pasno-
CTU Y1 = Y2 — Y1, + -+ Ym-1 = Um — Ym—1 OYJYT PEIICHUSIMU COOTBETCTBYIOIIEIO
onHoposiHoro ypasuerus (9.1). Tlosromy, eciiu 3TH pazHOCTH OKAXKYTCsl JTUHEHHO
HE3ABUCUMBIME, TO TOPsIOK ypasuerns (9.9) MoxkeT ObITh MOHUKEH ¢ COXpaHe-
HueMm JiHeitnoctn Ha (m — 1) epunuir.

4 1
IIpumep 2. Paccmorpum ypasrenue xy” + vy — 2 —.
r

Pemenne. Peuienve coorsercrByiomero 0jHOPOJHOIO yPaBHEHUST MOXKHO Haii-
TH B BJe MHOrowIeHa y; = x2. Jajee, ero obriee perieHne HaxomuTcst o $hop-

myse (9.8): yp = Ciz? + —22 Permenue meoHopoiHoro ypaBuenusi OyJjieM UCKaTh
x

B TOM K€ BUJIe, HO 1pu 3ToM cuurarh, uyro C; = Ci(x), i = 1,2. Yuurbisas, 4to
crapimii koaddunnenT ypasHenust papen x, cucrema (9.10) samummercs cueryo-

68



UM 00pa3oM:

C/
Cha® + —2 =0,
2@ 1
2011' gj3 = P
P fen O = o = % Cola) = Cy — —
CIINB 3Ty CUCTEMy, HaiijeMm = — = ——, OTKYJIa x) =0 — —
y ) Ys it 1 43}3 3 2 4 ) YA 1 1 81'2 3
Cy(x) = Cy — il CuieoBaTesIbHO, 00IIee pelleHre NCXOJAHOIO HeOIHOPOIHOIO
ypasrenus umeet Buj (9.11):
CQ 1 x2 1 CQ 1
= C1(x Co(z)ys = Oa® + —= — — .2 — —. ——C:z: Pt
(Y 1(2)y1 + Co(x)yo 127 + 232 3 2 177 + 1

Ipumep 3. Paccmorpum ypasuenue 2y + 4xy’ + 2y = 62 ¢ usBecrHbIMu
YACTHBIMY PEIICHUsIMY §1 = X, o = & + 1/x.

Pemenme. ITocko/ibKy M3BECTHBI JiBa YaCTHBIX PeNIeHUs ypaBHEHUs, UX pas-
HOCTD Yo — 1 = 1/ sIBJIsIeTCsI pelenrneM COOTBETCTBYIOIIEr0 OJIHOPOIHOIO YPaB-
nenust. Torya obimee pererne o[HOPOIHONO ypaBHeHus Hafiem o dopmye (9.8):
yo = C1/x + Cy/x?. Urobbl 3amucars obliee perenyue NCXOAHOro HeOAHOPOJIHO-
ro ypaBHEHWS, HY>KHO K 3TOMY DPEHICHUIO NPUOABUTHL JII000E YaCTHOE DEeIIeHue,
HaIIpUMep, U1 = T:

Cy O
y=— + —5 t
x
3amgaun.
Pemmurh ypaBHenust:
1
1. :c(:z:+1)y"+(sc+2)y’—y:a:+—.
2. r+1)y' + 2z —1)y —2y=2*+1z.
3. (32 +a)y" + 2y — 6zy = 4 — 122°.
4. (2+ 1)y 4z —y=-1.
5. (x—1)y" —ay +y = (v —1)%"
6. z(x—1y"—2x -1y +2y==x (2x —3).
7. 2%y —xy — 3y = 5at.
OTBeTHI.
1 x 3
. y=Ci(x+2)+Co—+ (—+1) In|z| + =.
x 2 2
22+ 1
2. y=0Cq(2 :1:—1)—|—C'26_”3—|—T.

C
3y:QW+m+f+m.
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4. y=Clz + Cy/1+ 22 4+ 1.

5. y=Cix+ Cye” + (%2 — x) ev.
6. y=C1(2z — 1)+ Cox? + 3.

7. y:%+02:1:3+3:4.

810. JImmeiiAple ypaBHEHNS ¢ TOCTOSHHBIME K03 pummeaTamn

10.1. JIwneitnoe ogHOPOIHOE YPaBHEHWE € TIOCTOSHHBIME K03 urmeaTaMm

D10 ypaBHEHHUE SIBJSETC YaCTHBIM ciydaem ypasHenust (9.1), B KOTOpoMm K-
dunuenTs! a;, 1 = 1,...,n, — JelcTBUTEILHBIC TOCTOsIHHbIE:

vy 4+ ay" Y a1y 4 any = 0. (10.1)

st 9TOr0 ypaBHeHus 3ajia9a MOCTPOEHUST (P.C.P. CBOAUTCS K ONPEIEJICHUI0 KOP-
HEN MHOTOYJIEHA

Lp)=p"+ap" ' +...+a,1p+a, =0, (10.2)

B KOTOPOM CHMBOJI P O3Hadaer omepanuio auddepeHnpoBanus 1o & (TO eCTb,
p = d/dx). Muorounen L(p) HA3BIBACTCS Tapaxkmepucmuueckum MHo204AEHOM
ypasrenus (10.1). [IpaBusio nocrpoennsi XxapakTepucTHIecKoro MHOIOUIEHa CO-
crout B TOM, 4ro B ypasHernu (10.1) HY’KHO KaxKJIyIO TPOU3BOIHYIO y(k), k =
0,...,n, samennts Ha p*, (0 =y 3amenserca ma p° = 1).
[IycTn
P1,P2y---3Pn

ecTh COBOKYITHOCTH Beex KopHeit L(p) ¢ yderom KparHocreil (B 910 mocsieoBa-
TEJIHLHOCTH KAXKJIBIH KOPEHb MOBTOPSIETCS CTOJIHKO Pa3, KaKoBa ero KPaTHOCTH).
PaccmoTpuM ciieyioniue cydan.

1. Kopuu py, pa2, ..., pp — BellleCTBEHHbIE U pazdJinubbie. Torja ¢.c.p. ypas-
wenns (10.1) cocrapisiior dyHKIHKI

Y = el oy =e?* Ly, = et
Obiee perenne ypasaennst (10.1) samuimercs mo gopmyse (9.3):

yo = C1eP" + Cyel?* + ...+ Cel".

70



2. Bee kopuu pi1, po, ..., Pp PA3JIMYHBI, HO CPEJIN HUX €CTh KOMILJIEKCHBIE.
Ilycts p = a + 1 — oaun u3 KoMILIeKCHBIX KopHeil. Torma compskennoe -
JO o — 13 TaK¥kKe SBJSETCS KOPHEM XapakTepuctuieckoro ypasuenus (10.2), u6o
BCe KOO(PMUIMEHTBI 9TOI0 YPABHEHMSI BEIIECTBEHHbI. DTUM JBYM KOPHSIM COOT-
BETCTBYIOT JiBe (DYHKIUN

y = e*cosPx, y=e*sinpfzr,

pxoggime B ¢.c.p. ypasuenus (10.1). [Tosromy B arom ciayuae ¢.c.p. crpoutcs
TaK: KaykKJOMY BEIECTBEHHOMY KOPHIO P XapaKTEePUCTUIECKOTO YpPaBHEHUs CTa-
BUTCS B COOTBEeTCTBHE OjiHA (byHKIMS y = eP’  a KaxKJoil mape KOMILIEKCHO-
CONPSIKEHHBIX KOpHEH « & ¢f8 cTaBATCA B COOTBETCTBHUE [BE (DYHKIUH ¥ =
e cos fx, y2 = e sin fx. Obiuee perenue 3anucbiBaercs 110 dhopmyJe (9.3).

3. XapakreprcTiieckoe ypaBHeHUE UMeeT KPATHble KOPHY (BEIECTBEHHBIE JTH-
00 KOMIIJIEKCHBIE).

[TycTts cHavasa p — BENECTBEHHBIH KOPeHb KpaTHOCTH k = 2. DTOMY KOPHIO
COOTBETCTBYIOT k (DyHKIMi, BXOAANINX B (D.C.D.:

U1 = epx, Y2 = xepI) sy Yk = xk—lepx.

Ecin ke xapakTepucTuieckoe ypaBHEeHUe NMeeT 1mapy KOMILJIEKCHO-COTIPSIyKEeH-
HBIX KOpHE#H a4 ¢ KpaTHOCTH k, TO 9TWUM KOPHSIM COOTBETCTBYIOT 2k (DyHKIINIA,

BXOJIAIIHUX B ].C.D.:

y1 = e cos fx, yp = e sin fx, y3 = xe® cos fx, ys = xesinPx, ...,
Yor—1 = "1 cos fx, Yo = x Le™ sin fx.

Obiee perenne ypastaenns (9.1) samucsiBaercst 110 dhopmyJie (9.3).

OTMeTnM Tak»Ke, 9TO Bce (DYHKIMHU, BXOAAIINE B (.C.P., ONPeeaeHbl Ha Beei
ocu z. [Tosromy moboe perrerne ypasuenusi (9.1) Takzke onpe/eJieHO JIJIst BCeX .

Ipumep 1. vy’ — 3y + 2y = 0.

Pemenne. XapakTepucTHIeCKUii MHOTOUIEH ypaBHeHus umeer Buj L(p) =
p?> — 3p + 2. Ero kopuu p; = 1, pp = 2 BemecTBeHHbl U paziuuabl. D.c.p.
ypasHenus 06pazyior GyHKIml Y = €7, ys = e2*. Obliee perieHne ypaBHeHust
nmeer B Yy = Cre® + Che?®.

Hpumep 2. vV — 2" +y = 0.

Pemenue. Xapaxrepucruaeckuii muorounen L(p) = p* — 2p* + 1 ypasnenus
uMeeT KpaTHble KopHU P12 = —1, p34 = 1. Obmiee perienue ypaBHeHHs MMeeT
Bun yo = Cre™ + Coxe " 4+ C3e” + Cyze”.
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Ipumep 3. 'Y + 8y = 0.

Pemenue. XapakTepiCTHICCKHil MEOTOUIeH ypasaenns L(p) = p* + 8p nmeer
JIBa KOMILJIGKCHO COIPSXKEHHBbIX KOpHA P12 = 1 =+ iV3 u JIBa JIEMCTBUTEJIbHBIX
Kopusi pg = —2, py = 0. OO1iee pemienne ypaBHeHUs gaeTcst GOPMYIOR Yy =
Chre® cos V3x + Chesin/3x + Cie™ 2 + Oy,

Mpumep 4. 4V +2y" +y = 0.

Pemenue. Kopnu xapakTepucTHIecKoro MHorouiena ypasuennsa L(p) = p* +
2p* + 1 JByKpaTHbIE U KOMILUIEKCHO CONPSAXKEHHbIe: p1o = 4, p34 = —i. ObIee
petenune ypastenusi umeer suj yo = (C1 + Cox) cosx + (Cs5 + Cyz)sinx.

3agaun.
Pemuth ypaBaenus:

Loy =3y +2y=0.
2. ¢y —4y +5y=0.
3. YV +4y =0.
4. " =2y +y=0.
5. yIV + 2y” +y= 0.
6. " —3y' +3y —y=0.
7. yV _ 6yIV + 9y/// = 0.
OrBeTHlI.
1. y=Cie” + Cye®.
2. y=(Cicosx + Cysinx)e®.
3. y=(Cicosx+ Cysinx)e” + (Cscosx + Cysinx)e ™.
4. y = (01 + Ogﬂf)ex.
5. y=(Cy+ Coz)coszx + (C3 4 Cyx)sinx.
6. Yy = (Cl + CQZU + 031’2)630.
7. y=C1+ Cox + Cz2% + (Cy + Csz)e®.

10.2. JIuneitnoe HEOTHOPOHOE YPABHEHME C TMOCTOTHHBIMU KO3 pummeaTamMmm

[Tpu periennn HEOJHOPOJIHBIX YPABHEHUI C HOCTOSTHHBIMU KO UiieHTramu
y ™+ £+ +ay = f(x) (10.3)

C HEUPEPbIBHOM 11paBoil yacThio f(X) TakKe NPUMEHSIIOT TEOPEMY O CJIOXKEHUU
pereHnii ¥ MeToJ| BApUAIMK TTPOU3BOJILHBIX OCTOSHHBIX (CM. 1. 9.2).
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Mpumep 5. v +y=x+ 1/sinz.

Pemenne. Pazobnem npasyio yacth ypasuenus na jgse: f(x) = fi(x) + fao(x),
rie fi(x) = x, fo(x) = 1/sinz. HacTHoe pemenne ypaBHEHHs ¢ TPABOH YaCThIO
fi(x) uiercst B BUjie MHOrOWIEHA U JIErKO nojdupaercst: 4§ = . Perienune ypas-
HEHUsI C IPaBoil YacThio fo(x) OyjeM uckaTh METOJOM BapUAIMU [TPOU3BOJILHBIX
IOCTOSTHHBIX.

Ob11iee pereHre COOTBETCTBYIONIErO OJHOPOIHOIO YPABHEHUS JIETKO 3alliChl-
BAETCs 110 KOPHAM XapPaKTEPUCTUIECKOIO MHOTOWICHA D] = §, Do = —i U UMeeT
Bt g = Crcosx 4+ Cysinz.

Cunras 31ecy C; = Cy(x), i = 1,2, noka e onpejeseHHbIME (DYHKIUSIMHE,
3aIuieM cooTBeTCTBYyoNyio cucremy (9.10):

Clcosx + Cysinz = 0,

—(Cfsinz + C)cosx = 1/sinz.

Pemus a1y cucremy, nonyunm Cf = —1, C) = ctgx, cueposarensuo, Ci(x) =
—x + C1, Cy(z) = In|sinz| + Cy. ocrosintble MHTErpUPOBaHKs TPOIIE BCErO
B3sTh paBHbiMu Hymo: C; = 0, ¢ = 1,2. Torma gacrtHOe pelenne ypaBHEHHS C
MpaBoil 4acThbio fo(x) uMmeeT BUJ Yo = —x cosx + sinx - In |sin z|. TTo Teopeme o
cJoKeHun perienuii, GyHkius § = gy + Yo = ¢ —xcosx +sinzx - In | sin z| Gyjer
JACTHBIM PEIeHneM MCXOJHOrO ypasHenus. IIpubaBuB 5T0 perenue K 00meMy
PEIIEHIIO OIHOPOJIHOIO YPaBHEHMsI, IIOJIyYkiM ero obiiee perenne: y = Cp cos T +
Cysinx +x — xcosz +sinzx - In|sinz|.

Osnako, B psijie caydaesn, ecan pynknus f(x) umeer cnenmaabubiii Bujy, 4acT-
noe perenne ypasruenus (10.3) ypobHee uckath memodom neonpedesennvis koagh-
duyuenmos.

1. [Iycrs f(x) = P,,(x) — MHOrOWIEH CTeNeHn m or .

1.1. Yucno p = 0 He sBisiercss KOPHEM XapPaKTEPUCTUUECKOIO MHOI'OYJICH,
L(p) ypasuenwus (10.3) (B nocsegoBarebHOCTH €ro KOPHEit Py, Pa, . . . , Pp HET 3Ha-
aennst p = 0). Torga cymecrByer yacTHoe perierne ypaBHeHUsT BUA

g = Pn(z), (10.4)

rje pm(as) — MHOT'OYJIEH CTEIIeHU M OT X C HeOolIpeJe/IeHHLIMU KO(DDUImeHTaMMI.
[Togcrasus ero B (10.3), MOIyInM TOXKJIECTBEHHOE PABEHCTBO JBYX MHOTOWICHOB.
[IpupapusiB Ko3(MDUIUMEHTHI IPU OJUHAKOBBLIX CTEIEHSIX 3TUX MHOI'OUJIEHOB, I10-
JIVUUM JIMHEHHYIO aJireOpandecKyio CUCTEeMY JJis OlpejiesieHust KOdppUIimeHTon
muorowieHa (10.4).

1.2. Yucno p = 0 siBiisieTcss KOpHeM KpatHocTu k jiisi Muorowiena L(p) (B
MOCJIEJIOBATEILHOCTH ero KopHeil 3uadenne p = 0 mosropsiercss k pa3). Torma
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dacTHOE perenne ypapHenust (10.3) MOXKHO uCKaTh B BUJIE
g = 2" P, (). (10.5)

Heorpesiesenbie k03 duiments Muorodiena Py, () HimyTest aHajiorndmo.

2. llycrs f(z) = Pp(x)e™, vue P (x) — MHOrOWwIeH crenenu m or &, a «
— HEKOTOPOE JIEHCTBUTEIbHOE YKUCIIO.

2.1. Yueno p = «v we siByisiercst KopHem Muorouiena L(p) (B nocsiegoBaresin-
HOCTH €ro KOpHeil Dy, pa, . .., P, HET 3HaueHus p = «). Torja 4acTHOE pelieHne
ypasuenus (10.3) umercs B Buje

§ = Pn(z)e™. (10.6)

[Topcrasus (10.6) B (10.3), mocse cokpaiienus: Ha €™ MpUjeM, KaK ¥ B Mpe/bl-
NYIIAX CIyvasx, K TOXKJECTBEHHOMY PABEHCTBY MHOTOYJICHOB CTCIEHU 1.

2.2. Hucso p = « siByisleTcst KOpHeM KpartHocTu k jyist muorodiena L(p) (B
HOCJIE/I0BATE/LHOCTH €10 KOpHEil 3Hadenue p = « 1nopropsiercst k pas). B srom
ciydae qacTHoe perienue ypasaenus (10.3) Hy>KHO McKaTh B BHJIE

= 2 P, (x)e”. (10.7)

3. Ilycrs f(z) = Pn(z)cos Br + Qi(r)sin Bx, rae Pp(r) u Qi(x) — muo-
POUJIEHBI CTereHeil m U [ COOTBETCTBEHHO, a [ — HEKOTOpOoe JeHCTBUTEILHOE
GUCIIO.

3.1. Hucsa p = +if ue sapisiiores kopasimu muorowiena L(p). B arom ciyuae
qacTHoe pentenne ypasuenus (10.3) umercsa B Bujie

§j = Py(x) cos fz + Q,(z) sin B, (10.8)
rie Py(x), Q4(x) — MHOrOUseHb cTenenn s, rae s = max(m,[), ¢ Heompee-
aertbiMu Koabdunuenramu. Hogcrasum (10.8) B (10.3) u npupaBHsiem OTJebHO
MHOTOUJICHDBI, CTOSIIIME B OOEMX HYaCTAX MOJYYEHHOrO PABEHCTBA NPHU COS ST U
sin S (9T0 MOXKHO C/eJaTh B CHJIy JIMHEHHON HE3aBUCHMOCTH ITHX (DYHKIMI).
Taxum 06pasoM, Mbl CHOBa IPUJIEM K TOXKJICCTBEHHOMY PABEHCTBY MHOTOUJICHOB
W crcTeMe ypaBHeHuH st onpeserenns koabdurmentos P, () 1 Qs(z).

3.2. Hucia p = =£if8 siBjsitorcst KOpHsiMu KpaTHOoCTH k MHOrOWwIieHa L(p).
Torma gacTHoe perenne Hy»KHO UCKaTh B BUJE

§ = 2"(P,(z) cos Bz + Qy(x)sin fz), s = max(m,). (10.9)

4. lycrs f(z) = e*(Pr(x) cos Br+Qi(x) sin fz), rae Pp(x) u Qi(x) muoro-
WIEHBL OT & CTeneHeit m u [ coorBeTCTBeHHO, &,  — HEKOTOpbIE JeHCTBUTE bHbIE
qucIa.
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4.1. Eciu uncia p = a £ i He sBisiiorcs KOpHsiMu MHOrowieHa L(p), o
qacTHoe perntenne ypasuenus (10.3) MOXKHO UCKATh B BUJIE

§ = e (Py(x) cos Bz + Q,(x) sin fz), s = max(m,1). (10.10)

[Toce mopcranosku (10.10) B (10.3) u cokparmenus Ha e*” HEOOXOANMO TPUPAB-
HSIThH MHOTOYJIEHBI, CTOsIIMEe B 00eMX 4acTsiX PaBeHCTBa Hpu cos Sxr u sin fz.
[Tonyaurcst cucrema ajrebpanieckux ypaBHEHUI s ONpeJie/ieHnst uxX Kodpdu-
ITUEHTOB.

4.2. Ecim uncna p = « &£ if ABAAIOTCS KOPHSIMU KPATHOCTH Kk MHOTOUJICHA
L(p), To yacTHOE pelienne ypaBHEHUs: UIIETC B BUJIE

U= xkeo‘x(]ss(x) cos Bx + QS(ZL’) sin fx), s = max(m,l). (10.11)

OrmeruM, uTo ciaydait 4 obobmaeT Bee caydan 1-3. B camom neste, caydait 3
nosiyudaercs upu « = 0, cayuait 2 — npu § =0, a caygait 1 — opu a = 5 = 0.
Tem He MeHee, Ha HPAKTUKE yji00HEe PACCMATPUBATD UX OTJIE/LHO.

IIpumep 6. Paccmorpum ypasuenue 4" + vy = x + 2e* + cosx + e “sinx.

Pemenme. XapakTepuCTHUECKHIT MHOIOWIEH 3TOrO YPABHEHHS WMEET B/
L(p) = p* + p. Ero kopnu pasnbl py = 0, pa3 = =+i. [losromy obmee pertie-

"

HME COOTBETCTBYIOMEro ognopoanoro ypasuennst Ly = y" + 3/ = 0 umeer sus

yo = C1 + Cycosx + Cssinx.

PazobbeM mpaByio 4acTh ypaBHeHnus Ha deTbipe ciaraembix: f(x) = fi(z) +

fo(z) + f3(x) + fa(x), rne
filx) =z, folx) =2¢", f3(xr) =cosz, fi(zr)=e "sinz.

[Ipasast uacrs ypasuenusi Ly = fi(x) umeer suj 1: 3pece m =1, Pi(x) = x.
Ona nopnagaer noj caydait 1.2 npu k& = 1. IlosroMy "acTHOe pemienue HyKHO
nckaTh B Bujie (10.5):

U1 = x(ax +b).
IloncraBuB 5TO BbIpaXkKeHue B ypaBHEHME, IOJIyIUM PaBeHCTBO 2ax + b = x, u3
koroporo a = 1/2, b = 0. Cnenosarensuo, §; = 22/2.

[Ipasast wacrb ypasuenusi Ly = fo(x) umeer Buj 2 upu m = 0, Py(x) = 2,
a = 1 unognagaer nog cayuait 2.1. CregoBaTesibHO, YACTHOE PENICHUE yPABHEHUST
¢ Takoii mpaBoii gacThio uiercs 1o dbopmyse (10.6):

UJo = ae”.

[ToyicraBuM 9Ty (DYHKITUIO B YpaBHEHHE U COKPATHM TIOJyYeHHOE PABEHCTBO Ha e”.
Torjia 1nocrosinHast @ JIOJ2KHA ObITh  BEIHIECTBEHHBIM KOPHEM  ypaBHEHWUs
a® +a — 2 = 0. Takoii KOpeHb TOJBKO OfUH: @ = 1, 1osromy fJp = €*.
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[Ipasast yacrs ypasuenust Ly = f3(x) umeer sujg 3: m =1 =0, Py(z) = 1,
Qo(x) =0, 8 =1 u nopnagaer noj, caydait 3.2 npu k = 1. ITosromy vacrHoe
pemerne Oymem nckars B Buje (10.9):

U3 = x(acosz + bsinz).

[TojicraBuM 9TO BbipakKeHue B ypaBHEHUE U [IPUPABHSEM B JIEBOU U 1IPABOil 4acTsix

MHOIOUJIEHBI [IPU COST U sinx coorsercrsento. [losyunm a = —1/2, b = 0,
ciiejloBaTesibHo, 43 = —(zrcosx)/2.
[Ipasast wactb ypasuenus Ly = fy(z) umeer Bujg 4 npu oo = —1, m =1 =0,

Py(z) =0, Qo(zr) =1, f =1 u nopnagaer noy, cayuaii 4.1. [Mosromy, yacrhoe
pelleHre ypaBHeH sl ¢ TaKO# MPaBOil 9acThio Hy»KHO uckarh B Buje (10.10):

Uo =€ “(acosx + bsinx).

—T
[TojicTaBuM 3TO BhIpaXkeHue B ypaBHEHWE, COKPATUM Ha €

¥ [IPUPABHSIEM MHO-
rOYJIEHBI NIPH COST M Sinx B 00EMX YacTAX IOJYUEeHHOro ToxjecrBa. Orcrona
naiiiem a = 3/8, b = —1/8. [losromy 34 = e (3 cosx — sinx)/8.

Takum 00pa3oM, IO TeopeMe O CJIOXKEHUU perenuit, GyHKuust ¥ = 41 + Jo +
U3 + 94 OyJIeT 9acTHBIM PeIeHrneM HCXOJHOIO0 YPaBHEeHUsI, a ero o0Inee pelrreHne

Jaercss popMyJIoit
_ o (3 1 .
y:C’1+C’gcosx+Cgsmx+?+e —§cosx+e (écosx—gsmx).

3agaun.
Pemurh ypaBuenus:

1. o' +y=4xe".
2. Y —y=2e" — 2
3. y/'+y=4dsinz.
X
4. y"—2y'+y:6—.
x

1

y//+y: . .

sin

Yy +4y = 2tgx.
Y’ 4y = 2sec’ .

OTBeThI.

1. y=Cicosz+ Cysinz + (22 — 2)e”.
y = Cre” + Coe™ + ze® + 22 + 2.
y = Cicosx + Cysinx — 2x cos x.

o N
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4. y=(Cy+ Cex)e” + ze” In |x|.
5. y=Cicosx + Cysinz + xcosx + sinz In | sin z|.
6. y = C}cos2x + Cysin2z — x cos2x + sin 2z In | cos z|.
2
7. y:Clcosx+Cgsin:z:—COS a:.
COS T

10.3. Ypasuenue Jdiimepa

Ypapuennem Ditepa HA3BIBACTCSA yPaBHEHUE
"y 4+ gy 4 aay + any = f(@), (10.12)

e a;, 1 = 1,...,n,— aeiicrBuTenbHbie ocTosiHHbIe. POpMaIbHO, 9TO yPABHEHHE
SIBJISICTCSI ypaBHEHUEM C IepeMeHHbIMU Kodddunuentamu. OHAKO, P TOMOIIK
3aMeHbl He3aBUCUMOW TepeMeHHOI

t

r=¢€, t=Inx nmpu x>0 (z = —¢

npu x < 0), (10.13)

OHO IIPUBOJUTCS K YPABHEHUIO C IIOCTOSHHLIMU Kodd dbunmentamu. JleiicTBuTe /b
HO, BBIUUCJISAS TPOU3BOIHBIE, TTOJYINM

y(0) =y =y(0),
V@) = () =y ) e~y (1) = () (1)),

Y (x) = (y”’(t) —3y"(t) + Qy’(t)) %;

y"M(z) = <y(")(t) +... ) L

:LaTL

(B Bopaskenun st y™(z) MHOrOTOUHEM OGO3HAMEHA JIMHEHHAS KOMOGMHAIS
y® (), k = 1,...,n—1, ¢ nocrosmnpivu kosbdurmenramu). Togcrasus st
npousBojrbie B (10.12), mosyunm ypaBHeHUe ¢ MOCTOSHHBIMEI Koddh duimentamu

Yy by b bay + by = f(€).

Ipumep 7. 22y” — 2y = Inx.
Pemrenne. 3amvena (10.13) npuBoguT K ypaBHEHHIO

y//_y/_Qy:t.

_ 2 _
Kophu xapakrepucruieckoro muorowiena L(p) = p° — p — 2 paBubl p; = —1,
p2 = 2. HacrHoe perienie noJiy YeHHOro ypasHenust uieM B Bujie (10.4), a umenHo,

7



y(t) = at + b. Tlpupasuss ko3 duUIMEHTHI IPU CTENeHsIX ¢ B paBeHCTBE —a —
2(at +b) = t, monyuum a = —1/2, b = 1/4. Cnenosarensno, y(t) = Cre™! +

Cye?t — §t + 1 CnesiaB 0OpaTHYIO 3aMeHy, IOy IUM
4 1 1
= — 4+ Cya? — -1 -
y(x) " + Cox Hine + 1

Ecmu B ypasuennn (10.12) mpu y*)(2) Bmecro muoxurens 2 crour muo-

xurensb (ax + b)*, k = 1,...,n, To Takoe ypaBHEHHUE HA3BIBACTCS YYPAGHEHUCM
Jazpanorca. C nomonipio 3aMennsl ax + b = e! ono Takyke CBOUTCA K yPaBHEHHIO
C TMOCTOSTHHBIMU KO DUIITMEHTAMHU.

3amgaun.
Pemurs ypaBuenust:

2%y — day’ + 6y = 0.

23y +xy —y=0.

2%y — xy 4y = 8.

x22y" + xy’ + 4y = 10x.

2%y — 6y = bad + 8a>.

(22 + 3)3y" +3(2z + 3)y’ — 6y = 0.

S Ul WD

OTBeThl.

y = C1a? 4+ Cya’.

y = z(Cy + Cyln |2| + C31n® |z|).

y = x(Cy + Cyln |x]) + 223,

y = Crcos(2In|z|) + Cysin(21n |x]) + 2z.

y = C1a3 + Cox™2 + 2 In |x| — 222

y = C1(2x + 3) 4+ Co|2x + 3)3/% 4 Cs|2x + 3|V/2.

AN e
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