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Scalar self-force on static charge in a long throat
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‘We compute the self-force on a scalar charge at rest in the spacetime of long throat. We
consider arbitrary values of the mass of the scalar field and the constant of nonmnimal
coupling of the scalar field to the curvature of spacetime. We also show the coincidence
of explicit calculations of self-force in the limit of large mass of the field with known
results.
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1. Introdution

A very well known phenomenon that occur with a charge in a curved spacetime, is
that it may become subjected to the self-interactions. The origin of this induced self-
interaction resides on the non-local structure of the field caused by the spacetime
curvature or non-trivial topology.

In flat spacetime this effect is produced by a local distortion of the field lines
associated with the particles acceleration. For electrically charged particles in flat
spacetime, the self-force is given by the Abraham-Lorentz-Dirac formula.!2 In the
gravitational field the self-energy problem becomes more complicated. The reason is
that contribution to the self-energy in this case is non-local. The self-force problem
for an electric charge in a curved space background was first investigated by DeWitt
and Brehme?® and later by Hobbs.* The gravitational self-force was first calculated
almost simultaneously by Mino, Sasaki and Tanaka® and by Quinn and Wald.®
Later, Quinn derived the equivalent formula for a charge coupled to a minimally-
coupled massless scalar field.”

A number of simple static configurations has been analyzed, including the
self-force acting on scalar or electric charges held static in the spacetime of a
Schwarzschild black hole,® 1! electric or magnetic dipoles which are static outside a
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Schwarzschild black hole,'? a static electric charge outside a Kerr black hole!3 14
Kerr-Newman black hole,® a static electric charge in a spherically-symmetric Brans-
Dicke field.'® The self-force can be nonzero for a static particle in flat spacetimes of
the topological defects.!” 2! In curved spacetimes with nontrivial topological struc-
ture the investigations of this type have the additional interesting features.2? 27
Unfortunately, the authors do not know the results of calculation of the self-force
of the charge, which is the source of a massive field. In this paper we consider the
problem of computing the self-force on a scalar charge at rest in the spacetimes
of long throats, allowing for the arbitrary values of the mass of field and coupling
constant. It gives the possibility to compare the explicit calculation of the self-force
in the limit of large mass of the field with the corresponding result of paper.28
Throughout this paper we use units ¢ = G = 1.

or a

2. WKB approximation of the self-potential
Let us consider a scalar field ¢ with scalar source j. The corresponding field equation

has a form

dr

V—g® ’

B (R + m?)d = —dmg / 5 (2t 3 (1)) (1)

where ¢ is a coupling of the scalar field to the scalar curvature R and g is the
determinant of the metric g,,,,, m denotes the mass of the scalar field, g is the scalar
charge and 7 is its proper time. The world line of the charge is given by ## (7). We
shall consider the case in which the charge is at rest in a static spacetime

ds? = gu(x)dt? + gjn(x')da? dz®, (2)

where 4,5,k = 1,2,3. This means that one can rewrite the field equation in the
following way

1 0 - e ad)(l'z,i'z)
o (VAT )
(B) (i Fi
~(ER(E) + mP)o(rts ) = - T (3)
g

where ¢(®) = det g;; and we take into account that dr/dt = /gy for the charge at
rest.
In the static spherically symmetric spacetime

ds® = —f(p)dt* + dp* + r*(p) (d6? + sin® 0 dp?) (4)
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one can rewrite the equation (3) in the following way

f/ ( )/ o 82 g
[ +<2f+ - 8p+892+cot989

82 - 5 o~
+8—¢2 - (£R+m2)} ?(p, 0,3 p,0,5)

_ 47rq5(p, ﬁ)5(97 é)é((p, 95) . (5)

r2sin 0

The solution of this equation can be expanded in terms of Legendre polynomials P,
with the result that

=q > (2l+1) Pi(cos7)gilp, p), (6)
=0

where cosy = cos 6 cos 6 + sin 0 sin 6 cos(p — @) and g;(p, p) satisfies the equation

!/ !/ ~
g’ + <§f + (T : )gz - [Z(I:Ql) pm?rer|g =200
In this expression and below a prime denotes a derivative with respect to p. The
homogeneous solutions to this equation will be denoted by p;(p) and ¢;(p). pi(p)
is chosen to be the solution which is well behaved at p = —oco and divergent at
p — 400. qi(p) is chosen to be the solution which is divergent at p — —oo and well
behaved at p = +o0. Thus

e P L R I e S

91(p: p) = Cip1(p<)ar(p>)
= Ci[ 0= ppi(palp) + O(p = ppu(Palp)| ©)

where ©(x) is the Heaviside step function, i.e., ©(z) = 1 for > 0 and ©(z) = 0 for
r < 0, C} is a normalization constant which could be absorbed into the definition
of p; and ¢;. Normalization of g; is achieved by integrating (7) once with respect to
p from p— 6 p+ 6 and letting § — 0. This results in the Wronskian condition

dq, dp, 1
- - 1
Ci (pzdp ldp 2 (10)

The WKB approximation for the radial modes p; and ¢; is obtained by the
change of variables

1 P
- ¢ Wip ),
Di G Xp (/ P>
1 P
- exp (— [ Widp). 11
RVGTE T Xp< / p) (11)
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Substitution of these expressions into (10) shows that the Wronskian condition is
obeyed if

¢ =1 (12)

Substituting the expressions (11) into (6) we can obtain the following expression
for ¢ under the assumptions 0 =0, o =@ and p=p+dp > p

p+ép
Oo exp f W(p,l+ )dp
N 1
\/W p,l—i— W<p,l+2>

Substitution the expressions (11) into the mode equation (8) gives the following
equation for W:

(. 0,;p,0,0) - (13)

~
| I
o

W+ +mir2e (WD 5WH" ) w2

wW? =

r2 AW? 16W4 SFW?2 2f 22
e ) N N G T A N i
e + 4r2 f +§<2 r2 + ot r2f 77+2f2 ) (14)

This equation can be solved iteratively when the metric functions f(p) and 72(p) is
slowly varying, that is,

ewis = Ly /L < 1, (15)
where
_ r(p)
L) = e (16)

and L is a characteristic scale of variation of f(p) and r2(p):

R s i £
L(p)—max{T 7 7 €] 7 ,...}.(17)

We shall call the region of spacetime where the metric functions f(p) and r%(p) is

" 1/2

= Vié

,r,//

) ) 7 ) 7

slowly varying the long throat. This type region exists, for example, in the neigh-
borhood of the ultraextreme horizon.2’
The zeroth-order WKB solution of Eq. (14) corresponds to neglecting terms with

derivatives in this equation

wW?2=Q- ( 1+ O(EWKB)) s (18)

12
l - 2
(13) +»

where

(+1)+m?r?+2¢ 1
2 ~ (o)

Qp,l+1/2) = (19)
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and
1
p? =26 — 1 +m?%r2, (20)
Below it is assumed that
p? > 0. (21)

Let us stress that € is the exact solution of Eq. (14 in a spacetime with metric
ds® = — fodt? + dp® + r¢(d6? + sin? 0 dp?), where fo, 7o are constants.

Substituting the solution (18) into (13), and neglecting terms of the first order
and higher with respect to ey we can obtain

o7 PG Dw)
(1+3) oo+ ) (o0+d)

The sum over [ can be evaluated by using the Plana sum method (see, for example,
paper®?)

$(p: 0,95 5,0,¢) = Z

=0

(22)

o . p+op x =

&(p, 0,0 5,0, ) = — i / exp< fp me)dp)
b b ; b b - lm

ST /0, 2, @)

xdx

é x x . é x x
€ exp ( fp+ "7/ Qp, z)dp) et+ico exp (— fpp+ "7/ Qp, z)dp)
- zZaz — - zd£2
/ v p, 2)Qp, 2) (1 + ei27=) S /SUp 2)p, 2) (1 + em2m2) 4

The first integral in this expression can be rewritten as follows

%0 exp (_ S Jf,x) dﬁ)

q
r<p>r<ﬁ>0/ /2. 2205, 2)

e (~ [+ 0 45/7(5)
\/7/ V2?4 u(p)? /2 + ul(p)?

g0 () [ g oo

2
= exp l_.%wép +0 (5\41036[)) +0 (E\v'KBm26p2)‘|

xdx

dzx

) =
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v [~
_ o g‘p(p)ﬂ ’ {1—&—0 (eméf2> + O (ewism?®dp?) ]

—q [51;) - /:((Z))} [1 +0 (ﬁi’f) +0 (swip2> + O (ewxsm?®6p?) } - (24)

The next two integrals in (23) do not diverge at dp — 0
o (- f”*‘”’ a6, >dp) v exp (- 17\ 205.2)07 )
/ zdz — , zdz
G I Y T TS TR . )0, 2) (1 + e 277)

1e+00 —ie+o00
rdx xdx
=r(p) lim + / +0(6
(p) e—0 / /u2 _ {)3‘2 (1 + eQTr:D) 4 /’u2 _ ZC2 (1 + eZTrw) ( p)
m xdx op
=2r +0 <) . 25
oy o O (25)

Thus the zeroth-order WKB approximation of ¢ is

K xdx

The procedure of the self-force evaluation requires the renormalization of a scalar
potential ¢(x; &) which is diverged in the limit z — 7 (see, for example, papers3!:32).
This renormalization is achieved by subtracting from ¢(z; &) the DeWittSchwinger
counterterm ¢ps(z; ) and then letting z — 7:2833

¢reu<x) = %E}I}r [(b(l', ‘/i’) - ¢D5<x; ‘i')] ) (27)
where
iy 1 9g1+(7) g’ _
¢DS(”"”““’<\/%+ O dgn ()20 m)' (28)
In this expression
= 90D 515 (29)

is one-half the square of the distance between the points x and & along the shortest

geodesic connecting them and (see, for example, papers®* 3%)

o' =—(a" =3 - §F]k (a7 — &) (aF — 7F)

or , ,
-3 (Fszz’é +5 %’“) (@ = &) (@ =) (@' &) + O (@ -8)") . (30)

where Christoffel symbols I‘;k are calculated at point Z.
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The DeWittSchwinger counterterm ¢pg(x;Z) in the limit 6 = 0, = ¢ can be
easily calculated using the metric (4)

20 = 5p® + O (dp*),

5
ot —=a (5 -mro(p)+o(%)). e
Thus ¢,.,(x) is

¢ren(m) hm [¢(P79 ()07p7 1410) ¢Ds(pa 7307p39780)]

"
q xdr

) W(p)_“(pHQO/ e = | (1 +0Em). 62

and the single nonzero component of the self-force is

©w

R o Y e
P B B (1+62w:c) /LQ—SL‘Z

2 Op 2r2 dp

o
5 dr 2™y
+org®m d—p/ TENEE Y e (1 + O(gm)) . (33)

The functions

o
o / (34)
1+ 62” N
0
and
"
27rrd
/ ”““ (35)
J 14+ e27rz M2 _ (E2
can be evaluate numerically. Let us note that if one uses r as the new radial coor-
dinate
2 2 dp ’ 2 2 (102 1 oin2 2
ds® = —f(r)dt* + . dr® +7* (d6” + sin® 6 dp?) , (36)
r
the expression (33) may be rewritten as follows
dp
fr= fp% = |:_22F( ) + ZWQQmQG(M)] ( 1+ O(EWKB)) . (37)

3. Conclusions

The considered approach gives the possibility to compute the approximate expres-
sion for the self-potential (32) and the self-force 33) on a scalar charge at rest in
the spacetime of long throat (4,15-17). Let us note that the used WKB approxima-
tion is valid for all the modes (including ! = 0 mode). This implies also that the
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approximate solution (18) of the equation (14) does not depend on the conditions
at infinity and in considered situation the effect of self-action is a local one even in
the limit of massless field.

We also note that the asymptotic behavior of the function F(u) for p>> 1 is
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Fig. 1. The curve represents the function [p — F(u)]24p for p>> 1.

This means that the limit of ¢,,, at mr — oo is equal to (see paper?®)

q G ;' Bguigu 1 q 1 q
~ Lo I (e VRl - L (- =) r0(-L s
e e P T $7 % 2 \&76) T (mL2 )
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