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Àííîòàöèÿ

Ðàññìîòðåíà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìîé, îïèñûâàåìîé çàäà-
÷åé Äèðèõëå äëÿ ëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ, ïðè íàëè÷èè ïîòî÷å÷-
íûõ îãðàíè÷åíèé íà ôóíêöèþ óïðàâëåíèÿ è íà ñîñòîÿíèå ñèñòåìû. Ôóíêöèåé
óïðàâëåíèÿ ñëóæèò ïðàâàÿ ÷àñòü ïàðàáîëè÷åñêîãî óðàâíåíèÿ. Ôóíêöèîíàë öå-
ëè ñîäåðæèò ðàñïðåäåëåííîå â ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè íàáëþäåíèå.
Ïîñòðîåíà êîíå÷íî-ðàçíîñòíàÿ àïïðîêñèìàöèÿ ðàññìàòðèâàåìîé çàäà÷è îïòè-
ìàëüíîãî óïðàâëåíèÿ ñ èñïîëüçîâàíèåì ÿâíîé ïî âðåìåíè àïïðîêñèìàöèè ïà-
ðàáîëè÷åñêîãî óðàâíåíèÿ ñîñòîÿíèÿ. Äîêàçàíî ñóùåñòâîâàíèå åå åäèíñòâåííîãî
ðåøåíèÿ. Ïîñòðîåíà ñîîòâåòñòâóþùàÿ ñåòî÷íîé çàäà÷å îïòèìàëüíîãî óïðàâëå-
íèÿ ñåäëîâàÿ çàäà÷à ñ îãðàíè÷åíèÿìè. Äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ ñåä-
ëîâîé çàäà÷è è ñõîäèìîñòü îáîáùåííîãî èòåðàöèîííîãî ìåòîäà Óäçàâû äëÿ åå
ðåøåíèÿ. Ïðèâåäåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, ïàðàáîëè÷åñêîå óðàâíåíèå ñîñòîÿ-
íèÿ, îãðàíè÷åíèÿ íà ñîñòîÿíèå, êîíå÷íî-ðàçíîñòíàÿ àïïðîêñèìàöèÿ, èòåðàöèîííûé
ìåòîä

Ââåäåíèå

Çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñ îãðàíè÷åíèÿìè íà ñîñòîÿíèå ñèñòåìû, îïèñûâà-
åìîé ïàðàáîëè÷åñêèì óðàâíåíèåì, âîçíèêàþò, íàïðèìåð, ïðè ìîäåëèðîâàíèè ïðè-
êëàäíûõ çàäà÷ ñ ôàçîâûìè ïåðåõîäàìè (ñì. [1] - [3] è áèáëèîãðàôèþ ýòèõ ðàáîò).
Â ñòàòüå ðàññìîòðåíà ìîäåëüíàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñ ëèíåéíûì ïà-
ðàáîëè÷åñêèì óðàâíåíèåì ñîñòîÿíèÿ è ñ ïîòî÷å÷íûìè îãðàíè÷åíèÿìè íà ôóíêöèþ
ñîñòîÿíèÿ. Äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ ñôîðìóëèðîâàííîé çà-
äà÷è íà îñíîâå îáùåé òåîðèè âûïóêëîãî àíàëèçà è îïòèìàëüíîãî óïðàâëåíèÿ [4], [5].
Ïîñòðîåíû åå êîíå÷íî-ðàçíîñòíàÿ àïïðîêñèìàöèÿ è èòåðàöèîííûé ìåòîä ðåøåíèÿ,
ÿâëÿþùèéñÿ ïðåäîáóñëîâëåííûì âàðèàíòîì ìåòîäà Óäçàâû. Îáîñíîâàíû ðàçðåøè-
ìîñòü ñåòî÷íîé çàäà÷è è ñõîäèìîñòü èòåðàöèîííîãî ìåòîäà, ïðèâåäåíà àïîñòåðèîðíàÿ
îöåíêà òî÷íîñòè èòåðàöèé. Îòìåòèì, ÷òî ðåàëèçàöèÿ ìåòîäà îñóùåñòâëÿåòñÿ ïîëíî-
ñòüþ ïî ÿâíûì ôîðìóëàì. Ïðèâåäåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ,
êîòîðûå ñâèäåòåëüñòâóþò îá ýôôåêòèâíîñòè ïðåäëîæåííîãî ìåòîäà.

Â ñòàòüå íå çàòðîíóòû âîïðîñû ñõîäèìîñòè ñåòî÷íîé ñõåìû. Èññëåäîâàíèþ ñõîäè-
ìîñòè è òî÷íîñòè ìåòîäà êîíå÷íûõ ýëåìåíòîâ äëÿ ïàðàáîëè÷åñêîé çàäà÷è îïòèìàëü-
íîãî óïðàâëåíèÿ ñ ïîòî÷å÷íûìè îãðàíè÷åíèÿìè íà ôóíêöèþ ñîñòîÿíèÿ ïîñâÿùåíà
ðàáîòà [6].
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Èòåðàöèîííûå ìåòîäû ðåøåíèÿ äëÿ íåêîòîðûõ ïàðàáîëè÷åñêèõ çàäà÷ ñ ïîòî÷å÷-
íûìè îãðàíè÷åíèÿìè íà ôóíêöèþ ñîñòîÿíèÿ èññëåäîâàíû â [7], [8]. Íàñòîÿùàÿ ðàáîòà
ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé â îáëàñòè èòåðàöèîííûõ ìåòîäîâ äëÿ ñåòî÷-
íûõ àïïðîêñèìàöèé çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ îãðàíè÷åíèÿìè íà ñîñòîÿíèå
[8] - [16].

1. Ôîðìóëèðîâêà çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ è åå àïïðîêñèìàöèÿ.

Ïóñòü Ω = (0, 1)n, n > 1, QT = Ω × (0, T ], Σ = ∂Ω × (0, T ] è ñîñòîÿíèå y(x, t)
óïðàâëÿåìîé ñèñòåìû ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ òåïëîïðî-
âîäíîñòè ñ óïðàâëåíèåì u(x, t) â ïðàâîé ÷àñòè

∂y

∂t
−∆y = u â QT ; y = 0 íà Σ; y(x, 0) = 0 ïðè x ∈ Ω. (1)

Äëÿ ëþáîãî u ∈ L2(QT ) ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è (1) èç

ïðîñòðàíñòâà W (QT ) = {y ∈ L2(0, T ;H
1
0 (Ω)),

∂y

∂t
∈ L2(QT )} è ñïðàâåäëèâî íåðàâåí-

ñòâî óñòîé÷èâîñòè ([17], p.370)

∥y∥L2(0,T ;H1
0 (Ω)) +

∥∥∂y
∂t

∥∥
L2(QT )

6 c∥u∥L2(QT ). (2)

Îïðåäåëèì ñëåäóþùèå ìíîæåñòâà îãðàíè÷åíèé íà óïðàâëåíèå è ñîñòîÿíèå:

Uad = {u ∈ L2(QT ) : |u(x, t)| 6 umax ï. âñ. â QT}, umax > 0,

Yad = {y ∈ W (QT ) : ymin(x, t) 6 y(x, t) 6 ymax(x, t) ï. âñ. â QT},
ãäå ymin(x, t), ymax(x, t) � íåïðåðûâíûå â Q̄T = Ω̄ × [0, T ] ôóíêöèè, ymin(x, t) 6 0 6
ymax(x, t). Çàäàäèì öåëåâîé ôóíêöèîíàë ñ ðàñïðåäåëåííûì â îáëàñòè QT íàáëþäåíè-
åì yd ∈ L2(QT ):

J(y, u) =
1

2

∫
QT

(y(x, t)− yd(x, t))
2dxdt+

α

2

∫
QT

u2dxdt, α > 0.

Áóäåì ðåøàòü çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ

min
(y,u)∈K

J(y, u),

K = {(y, u) ∈ Yad × Uad : âûïîëíåíî óðàâíåíèå ñîñòîÿíèÿ (1)}.
(3)

Ëåììà 1. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ (3) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ ìíîæåñòâ Uad, Yad è íåðàâåíñòâà (2) ñëåäóåò îãðà-
íè÷åííîñòü è çàìêíóòîñòü âûïóêëîãî ìíîæåñòâà K â W (QT )× L2(QT ). Êðîìå òîãî,
K íå ïóñòî, òàê êàê ñîäåðæèò íóëåâîé ýëåìåíò W (QT )×L2(QT ). Ïîñêîëüêó êâàäðà-
òè÷íûé ôóíêöèîíàë J(y, u) � íåïðåðûâíûé è ñòðîãî âûïóêëûé â ýòîì ïðîñòðàíñòâå,
òî îòñþäà ñëåäóåò ñôîðìóëèðîâàííûé ðåçóëüòàò (ñì., íàïðèìåð, [4], ãëàâà II, ïðåä-
ëîæåíèå 1.2).
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Ïîñòðîèì êîíå÷íî-ðàçíîñòíóþ àïïðîêñèìàöèþ (3) íà ðàâíîìåðíîé ïî x è t ñåò-
êå ωx × ωt â Q̄T , ãäå ωx = {xi = ih, i = 0, 1, . . . Nx; Nxh = 1}, ωt = {tj = jτ, j =
0, 1, . . . Nt; Ntτ = T}. Ïóñòü Vh � ïðîñòðàíñòâî ñåòî÷íûõ ôóíêöèé, îïðåäåëåííûõ íà
ñåòêå ωx è ðàâíûõ íóëþ â ãðàíè÷íûõ óçëàõ ñåòêè, yj = y(x, tj) ∈ Vh � ñåòî÷íàÿ
ôóíêöèÿ íà âðåìåííîì ñëîå tj = jτ ∈ ωt. Â äàëüíåéøåì èñïîëüçóåì îäèíàêîâûå îáî-
çíà÷åíèÿ äëÿ ñåòî÷íûõ ôóíêöèé è âåêòîðîâ èõ óçëîâûõ çíà÷åíèé. ×åðåç Nx îáîçíà-
÷èì ðàçìåðíîñòü ïðîñòðàíñòâà Vh, ÷åðåç ∥.∥x � åâêëèäîâó íîðìó ýòîãî ïðîñòðàíñòâà.
Ïóñòü A � ìàòðèöà ñåòî÷íîãî îïåðàòîðà Ëàïëàñà ñ íóëåâûìè óñëîâèÿìè Äèðèõëå
â ãðàíè÷íûõ òî÷êàõ ñåòêè ωx. Åå ñïåêòð ëåæèò íà îòðåçêå [µmin(A), µmax(A)], ãäå
µmax(A) èìååò ïîðÿäîê h

−2, à µmin(A) > 0 îãðàíè÷åíî ñíèçó ïîëîæèòåëüíîé ïîñòîÿí-
íîé, íå çàâèñÿùåé îò h.

Àïïðîêñèìèðóåì êðàåâóþ çàäà÷ó ñîñòîÿíèÿ (1) ÿâíîé ðàçíîñòíîé ñõåìîé

yj − yj−1

τ
+ Ayj−1 = uj, j = 1, 2, . . . , Nt, y0 = 0, (4)

ñ÷èòàÿ âûïîëíåííûì óñëîâèå τ <
2

µmax(A)
, îáåñïå÷èâàþùåå óñòîé÷èâîñòü ñõåìû.

Ïóñòü ôóíêöèÿ yd íåïðåðûâíà. Îïðåäåëèì ñåòî÷íóþ öåëåâóþ ôóíêöèþ

I(y, u) =
1

2

Nt∑
j=1

∥yj − yjd∥
2
x +

α

2

Nt∑
j=1

∥uj∥2x, (5)

è ìíîæåñòâà îãðàíè÷åíèé

Uh
ad = {(u1, . . . , uNt) : uj ∈ Vh, |uj| 6 umax},

Y h
ad = {(y1, . . . , yNt) : yj ∈ Vh, y

j
min 6 yj 6 yjmax}.

Ñåòî÷íàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ èìååò âèä:

min
(y,u)∈Kh

I(y, u),

Kh = {(y, u) ∈ Y h
ad × Uh

ad : âûïîëíåíî óðàâíåíèå ñîñòîÿíèÿ (4)}.
(6)

Ëåììà 2. Çàäà÷à (6) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî. Íåïóñòîå ìíîæåñòâî Kh îãðàíè÷åíî è çàìêíóòî â êîíå÷íîìåðíîì
ïðîñòðàíñòâå, ò.å. êîìïàêòíî. Â ñâîþ î÷åðåäü, ôóíêöèÿ I(y, u) íåïðåðûâíà, ïîýòîìó
ñóùåñòâîâàíèå åå ìèíèìóìà íà Kh ñëåäóåò èç òåîðåìû Âåéåðøòðàññà. Ïîñêîëüêó
êâàäðàòè÷íàÿ ôóíêöèÿ I(y, u) ñòðîãî âûïóêëà, à ìíîæåñòâî Kh âûïóêëî, òî ðåøåíèå
åäèíñòâåííî.

2. Ðåøåíèå ñåòî÷íîé çàäà÷è
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Ïóñòü N = NxNt � ðàçìåðíîñòü âåêòîðîâ óçëîâûõ ïàðàìåòðîâ ñåòî÷íûõ ôóíêöèé
îò x è t, E ∈ RN×N � åäèíè÷íàÿ ìàòðèöà, ìàòðèöà L ∈ RN×N îïðåäåëåíà ðàâåíñòâîì

(Ly)j =
{y1
τ
ïðè j = 1,

yj − yj−1

τ
+ Ayj ïðè j = 2, . . . , Nt

}
.

Ìàòðèöà L ïîëîæèòåëüíî îïðåäåëåíà ïðè óñëîâèè τ <
2

µmax(A)
. Ïóñòü äàëåå ψ è φ �

èíäèêàòîðíûå ôóíêöèè ìíîæåñòâ Y h
ad è U

h
ad, ñîîòâåòñòâåííî, à ∂ψ è ∂φ � èõ ñóáäèô-

ôåðåíöèàëû. Ñåòî÷íàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ (6) ìîæåò áûòü çàïèñàíà â
âèäå

min
Ly=u

{I(y, u) + ψ(y) + φ(u)}, I(y, u) =
1

2

Nt∑
j=1

∥yj − yjd∥
2
x +

α

2

Nt∑
j=1

∥uj∥2x.

Ñòðîèì äëÿ ýòîé çàäà÷è ôóíêöèþ Ëàãðàíæà

L(y, u, λ) = I(y, u) + ψ(y) + φ(u) + (λ, Ly − u),

ãäå (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â RN . Èç îáùåé òåîðèè ñåäëîâûõ çàäà÷ (ñì. [4],
ñ.169) ñëåäóåò, ÷òî ñåäëîâàÿ òî÷êà ôóíêöèè Ëàãðàíæà óäîâëåòâîðÿåò ñèñòåìåE 0 LT

0 αE −E
L −E 0

yu
λ

+

∂ψ(y)∂φ(u)
0

 ∋

yd0
0

 . (7)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: z = (y, u)T , f = (yd, 0, 0)
T , Ψ(z) = ψ(y) + φ(u) è

A = diag
(
E, αE

)
, B =

(
L −E

)
. Òîãäà çàäà÷à (7) ìîæåò áûòü çàïèñàíà â âèäå(

A BT

B 0

)(
z
λ

)
+

(
∂Ψ(z)

0

)
∋
(
f
0

)
(8)

Ïðè èññëåäîâàíèè è ðåøåíèè (7) áóäåì èñïîëüçîâàòü ñëåäóþùèå ðåçóëüòàòû äëÿ
îáùåé ñåäëîâîé çàäà÷è (8):

Óòâåðæäåíèå 1. [11]
1) Ïóñòü ìàòðèöà A ïîëîæèòåëüíî îïðåäåëåíà, ìàòðèöà B èìååò ïîëíûé

ñòîëáöîâûé ðàíã,Ψ � âûïóêëàÿ, ñîáñòâåííàÿ è ïîëóíåïðåðûâíàÿ ñíèçó ôóíêöèÿ,

{z : Bz = 0}
∩

int domΨ ̸= ∅.

Òîãäà çàäà÷à (8) èìååò ìíîæåñòâî ðåøåíèé X = {(z, λ)} è z îïðåäåëåí îäíîçíà÷íî.
2) Åñëè âûïîëíåíû óñëîâèÿ ï.1, à ìàòðèöà D = DT > 0 è ïàðàìåòð ρ óäîâëå-

òâîðÿþò íåðàâåíñòâó

(Dλ, λ) >
ρ

2
(A−1

s BTλ,BTλ) ∀λ ̸= 0, As = 0.5(A+AT ), (9)
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òî ïðåäîáóñëîâëåííûé ìåòîä Óäçàâû

Azk+1 + ∂Ψ(zk+1) ∋ BTλk + f,
1

ρ
D(λk+1 − λk) +Bzk+1 = 0, ρ > 0

(10)

ñõîäèòñÿ ñ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ: (zk, λk) → (z∗, λ∗) ∈ X ïðè k → ∞.

Òåîðåìà 1. 1) Çàäà÷à (7) èìååò ðåøåíèå (y, u, λ) ñ åäèíñòâåííûìè êîìïîíåí-
òàìè (y, u), ñîâïàäàþùèìè ñ ðåøåíèåì çàäà÷è (6).

2) Ìåòîä Óäçàâû äëÿ (7) ñ ïðåäîáóñëîâëèâàòåëåì D = (L+α−1/2E)(LT +α−1/2E),

αuk+1 + ∂φ(uk+1) ∋ λk,
yk+1 + ∂ψ(yk+1) ∋ yd − LTλk,

(L+ α−1/2E)(LT + α−1/2E)
λk+1 − λk

ρ
+ uk+1 − Lyk+1 = 0

(11)

ñõîäèòñÿ, åñëè èòåðàöèîííûé ïàðàìåòð ρ óäîâëåòâîðÿåò íåðàâåíñòâàì 0 < ρ 6 1.

Äîêàçàòåëüñòâî. Ïðèìåíèì óòâåðæäåíèå 1 ê çàäà÷å (7). Î÷åâèäíî, ÷òî ìàòðèöàA =
diag

(
E, αE

)
ñèììåòðè÷íà è ïîëîæèòåëüíî îïðåäåëåíà, à ìàòðèöà B =

(
L −E

)
èìååò ïîëíûé ñòîëáöîâûé ðàíã. Ôóíêöèÿ Ψ(z) = ψ(y) + φ(u) � âûïóêëàÿ, ñîáñòâåí-
íàÿ è ïîëóíåïðåðûíàÿ ñíèçó. Êðîìå òîãî, íóëåâîé âåêòîð (y, u) = (0, 0) ÿâëÿåò-
ñÿ âíóòðåííåé òî÷êîé ìíîæåñòâà Y h

ad × Uh
ad = int domΨ è óäîâëåòâîðÿåò ðàâåíñòâó

Bz = Ly− u = 0. Òàêèì îáðàçîì, çàäà÷à (7) óäîâëåòâîðÿåò âñåì óñëîâèÿì ï.1 óòâåð-
æäåíèÿ 1, ïîýòîìó îíà èìååò ðåøåíèå (y, u, λ) ñ åäèíñòâåííûìè êîìïîíåíòàìè (y, u),
ñîâïàäàþùèìè ñ ðåøåíèåì çàäà÷è (6).

Ïåðåéäåì ê èññëåäîâàíèþ ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà (11). Â ðàññìàò-
ðèâàåìîì ñëó÷àå BA−1

s BT = LLT + α−1E è D = (L + α−1/2E)(LT + α−1/2E) =
LLT + α−1E + α−1/2(L+ LT ). Èç íåðàâåíñòâ

0 < α−1/2((L+ LT )λ, λ) 6 ∥Lλ∥2 + α−1∥λ∥2 ∀λ ̸= 0

ñëåäóåò ñïåêòðàëüíàÿ ýêâèâàëåíòíîñòü BA−1
s BT è D = (L+ α−1/2E)(LT + α−1/2E):

((BA−1
s BT )λ, λ) < (Dλ, λ) 6 2((BA−1

s BT )λ, λ) ∀λ ̸= 0.

Â ÷àñòíîñòè, óñëîâèå ñõîäèìîñòè (9) âûïîëíåíî ïðè 0 < ρ 6 1.

Ïðè ðåàëèçàöèè êàæäîãî øàãà ìåòîäà (11) òðåáóåòñÿ ðåøèòü äâà âêëþ÷åíèÿ îò-
íîñèòåëüíî uk+1 è yk+1 è ñèñòåìó óðàâíåíèé ñ ìàòðèöåé (L + α−1/2E)(LT + α−1/2E).
Ðåøåíèå âêëþ÷åíèÿ αuk+1 + ∂φ(uk+1) ∋ λk ýêâèâàëåíòíî ïðîåêòèðîâàíèþ α−1λk íà
ìíîæåñòâî Uh

ad, à âêëþ÷åíèÿ y
k+1+∂ψ(yk+1) ∋ yd−LTλk � ïðîåêòèðîâàíèþ yd−LTλk

íà ìíîæåñòâî Y h
ad. Â ñèëó òîãî, ÷òî ýòè ìíîæåñòâà � ïàðàëëåëåïèïåäû, ïðîåêòèðîâà-

íèå íà íèõ ñâîäèòñÿ ê ïðîåêòèðîâàíèþ êîîðäèíàò âåêòîðîâ ïðàâûõ ÷àñòåé íà îòðåçêè
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ïðÿìûõ. Â ñâîþ î÷åðåäü, â ñèëó òðåóãîëüíîãî âèäà ìàòðèö L+α−1/2E è LT +α−1/2E
ðåøåíèÿ ñèñòåì óðàâíåíèé òàêæå âû÷èñëÿþòñÿ ïî ÿâíûì ôîðìóëàì.

Ïóñòü y∗, u∗ � òî÷íîå ðåøåíèå ñåòî÷íîé çàäà÷è (6). Èñïîëüçóÿ ðåçóëüòàò [15], ìîæ-
íî ïîëó÷èòü ñëåäóþùóþ îöåíêó ïîãðåøíîñòè ïðè îïðåäåëåíèè y∗, u∗ â ìåòîäå (11)
÷åðåç íîðìó âåêòîðà íåâÿçêè vk = Lyk − uk íà k-é èòåðàöèè:

∥y∗ − yk∥2 + α∥u∗ − uk∥2 6 c∥λ∗ − λk−1∥D∥vk∥D−1 =

= c∥λ∗ − λk−1∥D∥(L+ α−1/2E)−1(Lyk − uk)∥,

ãäå ïîñòîÿííàÿ c íå çàâèñèò îò øàãîâ ñåòêè è ïàðàìåòðà α, à ∥λ∗ − λk−1∥D → 0 ïðè
k → ∞. Ïîñëå óìíîæåíèÿ îáåèõ ÷àñòåé ýòîãî íåðàâåíñòâà íà hτ ïîëó÷èì â ëåâîé
÷àñòè ñåòî÷íûå àíàëîãè íîðì L2(QT ). Îòìåòèì, ÷òî âåêòîð (L + α−1/2E)−1(Lyk −
uk) âû÷èñëÿåòñÿ ïðè ðåàëèçàöèè èòåðàöèîííîãî ìåòîäà, ïîýòîìó êîíòðîëü òî÷íîñòè
èòåðàöèé íå òðåáóåò áîëüøèõ äîïîëíèòåëüíûõ âû÷èñëèòåëüíûõ çàòðàò.

3. Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ

Ðåøàëàñü îäíîìåðíàÿ ïî ïðîñòðàíñòâó çàäà÷à íà îòðåçêå ïî âðåìåíè [0, T ] =
[0, 0.1]. Ðåøåíèå ëèøü îäíîìåðíûõ çàäà÷ íà íåáîëüøîì ïðîìåæóòêå âðåìåíè ìîòè-
âèðîâàíî òåì, ÷òî ýòî ñóùåñòâåííî óìåíüøàåò îáúåì äàííûõ è âðåìÿ âû÷èñëåíèé,
â òî âðåìÿ êàê âñå òåîðåòè÷åñêèå ðåçóëüòàòû, îñíîâàííûå íà àëãåáðàè÷åñêîì ïðåä-
ñòàâëåíèè ñåòî÷íûõ çàäà÷, îñòàþòñÿ â ñèëå è äëÿ ìíîãîìåðíûõ çàäà÷.

Â êà÷åñòâå ôóíêöèè íàáëþäåíèÿ âûáèðàëèñü yd = t sin πx è yd = 1/2t sinπx. Ïà-
ðàìåòð ðåãóëÿðèçàöèè â öåëåâîé ôóíêöèè α = 1. Ãðàíèöû â ìíîæåñòâå ïîòî÷å÷-
íûõ îãðàíè÷åíèé íà ôóíêöèþ ñîñòîÿíèÿ âûáèðàëèñü ñëåäóþùèìè: ymax = tx èëè

ymax =
1

2
tx, ymin = −10 (â êà÷åñòâå íèæíåé ãðàíèöû ymin ìîæíî âçÿòü ïðîèçâîëüíîå

îòðèöàòåëüíîå ÷èñëî, òàê êàê ïðè ëþáûõ ïàðàìåòðàõ ðåøåíèå y çàäà÷è îïòèìàëüíîãî
óïðàâëåíèÿ íåîòðèöàòåëüíî).

Çàäà÷à áûëà àïïðîêñèìèðîâàíà êîíå÷íî-ðàçíîñòíîé ñõåìîé ñ øàãàìè ïî ïðî-
ñòðàíñòâó h = 0.01 è h = 0.005 è ïî âðåìåíè τ = h2/4. Èòåðàöèîííûé ïàðàìåòð
ρ âàðüèðîâàëñÿ â ïðåäåëàõ îò 0.75 äî 1. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ áûëà
âûáðàíà ñåòî÷íàÿ ôóíêöèÿ λ

(0)
i,j = 0.

Êðèòåðèåì îñòàíîâêè èòåðàöèîííîãî ìåòîäà ñëóæèëà ìàëîñòü íîðìû íåâÿçêè:

∥v∥D−1 = (τh
∑
x,t

∥(L+ α−1/2E)−1(Ly − u)∥2)1/2 < ε.

Ðåçóëüòàòû ðàñ÷åòîâ ïðåäñòàâëåíû â ñëåäóþùèõ òàáëèöàõ è íà ñîîòâåòñòâóþùèõ
ãðàôèêàõ.

6



ρ = 0.75 ρ = 1
h = 0.01 7 5
h = 0.005 7 5

Òàáëèöà 1: ×èñëî èòåðàöèé äëÿ äîñòèæåíèÿ òî÷íîñòè ε = 0.0001 ïðè yd = t sin(πx) è
îãðàíè÷åíèè ymax = tx. Íà ãðàôèêå ïðèâåäåíî ïîâåäåíèå íîðìû íåâÿçêè ∥v∥D−1 äëÿ
ðàçëè÷íûõ ïàðàìåòðîâ.

h = 0.01 h = 0.005
yd = t sin(πx) 5 5

yd = 1/2t sin(πx) 3 3

Òàáëèöà 2: ×èñëî èòåðàöèé äëÿ äîñòèæåíèÿ òî÷íîñòè ε = 0.0001 ïðè îãðàíè÷åíèè
ymax = tx, èòåðàöèîííîì ïàðàìåòðå ρ = 1 äëÿ ðàçëè÷íûõ yd. Íà ãðàôèêå ïðèâåäåíî
ïîâåäåíèå íîðìû íåâÿçêè ∥v∥D−1 äëÿ ðàçëè÷íûõ ïàðàìåòðîâ.
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h = 0.01 h = 0.005
y = tx 5 5

y = 1/2tx 8 8

Òàáëèöà 3: ×èñëî èòåðàöèé äëÿ äîñòèæåíèÿ òî÷íîñòè ε = 0.0001 ïðè yd = t sin(πx),
èòåðàöèîííîì ïàðàìåòðå ρ = 1 è ðàçëè÷íûõ îãðàíè÷åíèÿõ ymax ≡ y. Íà ãðàôèêå
ïðèâåäåíî ïîâåäåíèå íîðìû íåâÿçêè ∥v∥D−1 .
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Èç ïðîâåäåííûõ ðàñ÷åòîâ ñëåäóåò, ÷òî

• ìåòîä (11) ëó÷øå ñõîäèòñÿ ïðè èòåðàöèîííîì ïàðàìåòðå ρ, ðàâíûì åãî òåîðå-
òè÷åñêîé âåðõíåé îöåíêå.

• Ñêîðîñòü ñõîäèìîñòè ïðàêòè÷åñêè íå çàâèñèò îò øàãîâ ñåòêè è îò êîëè÷åñòâà
àêòèâíûõ îãðàíè÷åíèé íà y.

Summary

A. Lapin, A. Platonov. Numerical solution of a parabolic optimal control problem with
point-wise state constraints

An optimal control problem of a system governed by Dirichlet boundary value problem
for a linear parabolic equation is considered. Point-wise constraints are imposed both for
control and state functions. The right-hand side of the equation is a control function
in the problem. Objective functional contains an observation which is distributed in the
space-time domain. Finite-di�erence approximation using Euler forward scheme for the
state parabolic equation is constructed for the optimal control problem. The existence
of its unique solution is proved. Constrained saddle point problem corresponding to the
mesh optimal control problem is constructed. The existence of a solution for this saddle
point problem and the convergence of generalized Uzawa iterative method are proved.
The results of numerical experiments are given.

Key words: optimal control, parabolic state equation, state constraints, �nite di�erence
approximation, iterative method
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